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SHARP BOUNDS FOR EIGENVALUES AND
MULTIPLICITIES ON SURFACES OF REVOLUTION

Martin Engman

For surfaces of revolution diffeomorphic to S2, it is proved
that (S2, can) provides sharp upper bounds for the multiplic-
ities of all of the distinct eigenvalues. We also find sharp
upper bounds for all the distinct eigenvalues and show that
an infinite sequence of these eigenvalues are bounded above
by those of (S2, can). An example of such bounds for a metric
with some negative curvature is presented.

1. Introduction.

Upper bounds for the multiplicities of eigenvalues have been found by Cheng
and Besson in [5] and [2], respectively. Besson obtained the upper bound
mk(g) ≤ 4p+2k+1 for the multiplicity of the kth eigenvalue of any compact
Riemannian surface of genus p. Since these multiplicity bounds are for eigen-
values which are not necessarily distinct, even the bound mk(g) ≤ 2k+ 1 for
p = 0 cannot be sharp for all k. If, for p = 0, one could obtain the same
formula, but for the distinct eigenvalues, then the bound would be sharp
since the multiplicity of the kth distinct eigenvalue on (S2, can) is 2k + 1.
However, without additional restrictions on the metric g, this problem seems
to be quite difficult. We will restrict our attention to surface of revolution
metrics in order to obtain a special case of this result via the methods of the
author’s previous article [9]. Although one might still hope to obtain such a
result for arbitrary metrics on S2, there can be no generalization to higher
dimensional spheres because of the results of [1] and [11].

Another problem of considerable interest is that of bounding the eigen-
values themselves. Cheng ([6]) obtained upper bounds and later, Li and
Yau ([10]) obtained both upper and lower bounds in a very general setting.
Again, these bounds are for the sequence of eigenvalues counted with their
multiplicities and, therefore, may not be sharp. In this paper we obtain, for
the special case of surfaces of revolution diffeomorphic to S2, sharp upper
bounds for the distinct eigenvalues. It is also shown that the upper bounds
are achieved only for the constant curvature metric. In general, these upper
bounds are not, themselves, bounded by the eigenvalues of (S2, can). But
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it is shown that there exists an infinite subsequence of distinct eigenvalues
which are bounded by the corresponding eigenvalues of (S2, can).

The paper concludes with an example of a metric with some negative
curvature whose spectrum is strictly less than that of the standard sphere
and, in fact, diverges from that of the standard sphere.

2. Previous Results.

In this section we present, without proof, those results from [9] which are
necessary for our purposes here.

Let (M, g) be a surface of revolution of surface area 4π which is diffeo-
morphic to the sphere. In [9] it was shown that on a certain chart the metric
can take the form:

g =
1

f(x)
dx⊗ dx+ f(x)dθ ⊗ dθ(1)

where (x, θ) ∈ (−1, 1) × [0, 2π) and f(x) ∈ C∞(−1, 1) ∩ C0[−1, 1] satisfies
the following conditions:

f(x) > 0 ∀x ∈ (−1, 1), f(1) = f(−1) = 0 and f ′(−1) = −f ′(1) = 2.(2)

This metric has Gauss curvature given by K(x) = (−1/2)f
′′
(x). The canon-

ical (i.e. constant curvature) metric is obtained by taking f(x) = 1−x2 and
the metric in this case is denoted by can.

Let ∆ denote the Laplacian on (M, g) and let λ be any eigenvalue of −∆.
We use the symbols Eλ, and dimEλ to mean the eigenspace for λ and its
multiplicity, respectively. In this paper λm will always mean the mth distinct
eigenvalue. Since S1 (parameterized here by 0 ≤ θ < 2π) acts on (M, g) by
isometries, the orthogonal decomposition of Eλ has the special form:

Eλ =


⊕l

j=1(e−ikjθVkj ⊕ eikjθVkj ) if dimEλ is even{⊕l
j=1(e−ikjθVkj ⊕ eikjθVkj )

}
⊕ V0 if dimEλ is odd

(3)

where kj ∈ N and Vkj is the one dimensional eigenspace of the ordinary
differential operator

Lkj = − d

dx

(
f(x)

d

dx

)
+

k2
j

f(x)
,(4)

acting on functions which vanish at 1 and −1. Consequently, the spectrum
of −∆ can be studied via the spectra SpecLk = {λ1

k < λ2
k < · · · < λjk < · · · }

for all k ∈ Z. When k = 0 the spectrum is called S1 invariant, otherwise it
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is called k-equivariant. Each Lk has a Green’s operator, Γk, whose spectrum
is, of course, {1/λjk}∞j=1 and whose trace is given by trΓk =

∑
1/λjk. Recall

that for any constant curvature metric, can, on S2, dimEλm(can) = 2m+ 1.

Proposition 2.1 (See [9]). The following hold on any (M, g) where g is a
surface of revolution metric of area 4π, and M is diffeomorphic to S2.
(i) Spec(−∆) = ∪k∈Z {SpecLk} .
(ii) If 0 < k < l then λ1

k < λ1
l . (Monotonicity.)

(iii) tr Γk = 1
|k| , for k 6= 0. (Trace Formula.)

(iv) Let λm be the mth distinct eigenvalue of −∆. Then dimEλm = 2m+ 1
for all m if and only if (M, g) is isometric to a sphere of constant
curvature.

(v) If h and h2 are both non-constant eigenfunctions of −∆, then the met-
ric is of constant curvature ≡ 1.

Remark.
1. The explicit form of the trace formula is:

∞∑
j=0

1/λj+1
k =

1
|k| .(5)

This formula is the main ingredient in the proof of iv. and will play
an important role in what follows.

2. Item iv. is one of the main results of [9]. Since its publication, S.Y.
Cheng (unpublished) and S. Zelditch, [12], have used similar multi-
plicity assumptions to prove that certain metrics are Zöll metrics. In
particular, Zelditch has proved that a metric on an n-dimensional man-
ifold with dimEλm = amn−1 + O(mn−2), for some a > 0, must be a
Zöll metric.

3. Sharp Bounds for the Multiplicities.

Before presenting the main theorems we prove a lemma which shows the re-
lationship between the distinct eigenvalues of −∆ and those of the operators
Lk.

Lemma 3.1. We will assume the same hypotheses as Proposition 2.1. For
all k ≥ 1 and j ≥ 0, λk+j ≤ λj+1

k .

Proof. Because of Proposition 2.1, (i), (ii), and the simplicity of the spectrum
of Lk, there is a strictly increasing subsequence of eigenvalues of −∆, λ1

1 <
λ1

2 < · · · < λ1
k < λ2

k < · · · < λj+1
k . As there are (k+ j) distinct eigenvalues in
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this list, we must have that λj+1
k is at least the (k+ j)th distinct eigenvalue

of −∆. In other words, λk+j ≤ λj+1
k .

And now the multiplicity result can be proved.

Theorem 3.2. Let (M, g) be a surface of revolution which is diffeomorphic
to S2 and let λm be the mth distinct eigenvalue of −∆. Then dimEλm ≤
2m+1 for all m, and equality holds for all m if and only if (M, g) is isometric
to a sphere of constant curvature.

Proof. The second part of the theorem is just Proposition 2.1, (iv) above.
So we need only prove dimEλm ≤ 2m+ 1 for all m.

If m = 0 then λ0 = 0 and dimEλ0 = dimH0(M,R) = 1 by Hodge theory.
So we may assume, henceforth, that m > 0. From Lemma 3.1 with j = 0,
we have:

λm ≤ λ1
m (∀m).(6)

Using Proposition 2.1, (i) we see that λm ∈ SpecLk for some k ∈ Z, and
hence for some k ≥ 0, due to the symmetry exhibited by Equation (3). Find-
ing dimEλm is just a matter of counting the summands in Equation (3). This
is done in the following manner. Define lm = card {k ∈ N|λm ∈ SpecLk}.
Then:

dimEλm =

{
2lm if λm 6∈ SpecL0

2lm + 1 if λm ∈ SpecL0

.

So that

dimEλm ≤ 2lm + 1.(7)

We can now prove the inequality by contradiction. Suppose, for some
m > 0, that dimEλm > 2m + 1. Then from (7), 2m + 1 < 2lm + 1 i.e.
m < lm. In other words, there are more than m distinct natural numbers
in the set {k ∈ N|λm ∈ SpecLk}. Hence, there exists an element of this
set, say k∗, which satisfies m < k∗ while at the same time λm ∈ SpecLk∗ .
To summarize: λm ≤ λ1

m by (6), λ1
m < λ1

k∗ because of Proposition 2.1,
and λ1

k∗ ≤ λm because λm ∈ SpecLk∗ and λ1
k∗ is the first eigenvalue of

Lk∗ . Putting these three inequalities together produces the contradiction
λm < λm, and the proof is finished.

4. Sharp Bounds for the Eigenvalues.

In the case of Surfaces of Revolution diffeomorphic to S2, sharp upper bounds
for the distinct eigenvalues can be found.
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Theorem 4.1. Let (M, g) be a surface of revolution which is diffeomorphic
to S2 and whose metric is given by (1) and (2). Let λm be the m-th distinct
eigenvalue of −∆, then

λm ≤ m2

[∫ 1

−1 f
m−1(x)dx∫ 1

−1 f
m(x)dx

]
+
m
∫ 1

−1 f
m(x)K(x)dx

2
∫ 1

−1 f
m(x)dx

(8)

and equality holds for all m if and only if (M, g) is isometric with (S2, can).

Proof. From Lemma 3.1 with j = 0, λm ≤ λ1
m ∀m. Since λ1

m is the first
eigenvalue of the operator (4), the minimum principle shows that

λm ≤
∫ 1

−1

[
f(x)

(
du
dx

)2
+ m2

f(x)
u2
]
dx∫ 1

−1 u
2dx

∀u ∈ C∞(−1, 1) such that u(−1) = u(1) = 0. Setting u = f l/2(x), integrat-
ing by parts, and using the fact that K(x) = (−1/2)f ′′(x) yields

λm ≤ m2

[∫ 1

−1 f
l−1(x)dx∫ 1

−1 f
l(x)dx

]
+
l
∫ 1

−1 f
l(x)K(x)dx

2
∫ 1

−1 f
l(x)dx

∀l ∈ N.(9)

The inequality (8) follows immediately by setting l = m in this formula.
If (M, g) is isometric with (S2, can) then f(x) = 1−x2 and K(x) ≡ 1 and

a simple calculation shows that∫ 1

−1(1− x2)m−1dx∫ 1

−1(1− x2)mdx
= 1 +

1
2m

,

so that λm ≤ m2 + m. But these upper bounds are the eigenvalues for
(S2, can).

Conversely, if equality holds in formula (8) for all m, then fm/2(x) is an
eigenfunction with eigenvalue λm and fm(x) is an eigenfunction with eigen-
value λ2m so by Proposition 2.1 (v), (M, g) is isometric to (S2, can).

Remark. It should be observed that to prove (M, g) is isometric to
(S2, can), Proposition 2.1 (v) requires only that equality hold in (8) for λm
and λ2m for some m > 0. It is for the sake of simplicity that we have not
stated the stronger form of Theorem 4.1 arising from this fact.

The following theorem produces explicit sharp upper bounds for a subse-
quence of the distinct eigenvalues.

Theorem 4.2. Let (M, g) be a surface of revolution of area 4π which is
diffeomorphic to S2, and let λm be the mth distinct eigenvalue of −∆. For
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every k ∈ N there exists an m ≥ k such that λm ≤ m2 +m (i.e. there exists
a subsequence, {mk}∞k=1 ⊂ N, such that λmk(g) ≤ λmk(can)).

Proof. We will show that for every k ∈ N, there exists jk ≥ 0 such that

λjk+1
k ≤ (k + jk)2 + (k + jk),(10)

then, by lemma 3.1, since λk+jk ≤ λjk+1
k , the theorem follows by letting

m = k + jk.
To prove (10) we assume the contrary: That for some k0, λj+1

k0
> (k0 +

j)2 + (k0 + j) for all j ≥ 0. This means that for all j,

1
λj+1
k0

<
1

(k0 + j)2 + (k0 + j)

and hence, by the trace formula (5)

1
k0

=
∞∑
j=0

1/λj+1
k0

<
∞∑
j=0

1/[(k0 + j)2 + (k0 + j)] =
1
k0

,

producing the contradiction, 1
k0
< 1

k0
.

Remark. We suspect that Proposition 2.1, (iv), Theorem 3.2, and Theo-
rem 4.2 hold for all metrics on S2. Some justification for this belief can be
found in the contrapositive statements of these results.

If there exists a Riemannian manifold (M, g), diffeomorphic to S2, which
satisfies any one of the conditions
(i) dimEλm = 2m+ 1 ∀m but λm(g) 6= λm(can) for some m,
(ii) dimEλm > 2m+ 1 for some m,
(iii) λm(g) ≤ λm(can) for only a finite number of eigenvalues,

then the group of isometries, =(M, g), is finite.

In item (ii) m 6= 1 because, as mentioned in the introduction, Cheng [5]
has proved dimEλ1 ≤ 3 for all Riemannian surfaces which are homeomorphic
to S2. Generically, one would not expect to find metrics satisfying any of
these conditions. There are examples of metrics with “large” multiplicities,
but these examples occur in higher dimensions ([1], [8], and [11]) or for
surfaces of larger genus ([4], [7]).

5. Examples.

Although one would expect the best estimates to come from the inequality
(8), the inequality (9) with l = 1 provides rough upper bounds for all the
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eigenvalues which are much easier to compute and still quite useful. They
are:

λm ≤ m2

[
2∫ 1

−1 f(x)dx

]
+
∫ 1

−1 f(x)K(x)dx

2
∫ 1

−1 f(x)dx
.(11)

The form of the coefficient of m2 suggests that one might distinguish
between the two cases

∫ 1

−1 f(x)dx < 2 and
∫ 1

−1 f(x)dx ≥ 2. In the former
case it is easy to see that these rough bounds exceed the eigenvalues of the
standard sphere and so provide little new information about the nature of
eigenvalues. The second case is more interesting as we can see from the
following:

Proposition 5.1. Let (M, g) be a surface of revolution which is diffeor-
morphic to S2 and whose metric is given by (1) and (2), and let λm be the
m-th distinct eigenvalue of −∆. If

∫ 1

−1 f(x)dx ≥ 2 then K(p) < 0 for some
p ∈M and

λm ≤ m2 +
∫ 1

−1 f(x)K(x)dx

2
∫ 1

−1 f(x)dx
.(12)

Consequently,

λm(g) < λm(can) for m sufficiently large,

and
lim
m→∞ (λm(can)− λm(g)) =∞.

Proof. Integrating
∫ 1

−1 f(x)dx by parts twice leads to the identity:∫ 1

−1

f(x)dx = 2−
∫ 1

−1

x2K(x)dx.

So if
∫ 1

−1 f(x)dx ≥ 2 then
∫ 1

−1 x
2K(x)dx ≤ 0 and hence K(x0) < 0 for some

x0 ∈ [−1, 1].
The inequalities and the limit formula follow immediately from (11).

Although these methods do not prove it Proposition 5.1 suggests that
metrics on S2 whose curvature has variable sign have spectra which diverge
away from that of the standard sphere.

It is easy to find examples for which all of the eigenvalues are less than,
and diverging from, those of the standard sphere.
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Example. The function f(x) =
2(1− x2)

1 + x2
satisfies the conditions (2) and

so defines a surface of revolution metric on S2 of area 4π. It is an elementary
exercise to verify that ∫ 1

−1

f(x)dx = 2π − 4,

K(x) = 4
1− 3x2

(1 + x2)3
and(13) ∫ 1

−1

f(x)K(x)dx = π +
4
3
.(14)

From (13) we see that this metric has negative curvature on the polar regions
defined by the union of intervals (−1,−1/

√
3) ∪ (1/

√
3, 1) and from (11) we

have

λm ≤ 1
π − 2

m2 +
3π + 4

12π − 24
.

As a result

λm < m2 + 1, ∀m.
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