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AN INTEGRAL TRANSFORM AND LADDER
REPRESENTATIONS OF U(p,q)

JOHN D. LORCH

The positive spin ladder representations of G = U(p,q),
which occur naturally on a Fock space F?9, can each be re-
alized within a space of polynomial-valued functions on the
bounded realization D, , of G/K. This is achieved via an in-
tegral transform constructed by Mantini, 1985. An inversion
formula is given for Mantini’s transform. Then, natural uni-
tary structures are obtained for the geometric realizations of
the positive spin ladder representations over G/K by using the
inversion formula to pull the representations back to the Fock
space setting, where the unitary structures are well-known.

1. Introduction.

1.1. Statement of the problem. The ladder representations of the Lie
group U(p,q) may be constructed in a geometric setting as solutions to
generalized massless field equations over U(p,q)/K. This is achieved via
an integral transform devised by L.A. Mantini. The purpose of this work
is to invert the integral transform, and then use the inversion formula to
construct inner products for the geometric realizations of the positive-spin
ladder representations.

Several key results in this paper were inspired by the work of Faraut
and Koranyi (see [5]). In particular, we use the integrals and measures
employed in [5] to obtain more natural, group invariant results than those
of the author in [10]. Finally, the author would like to thank L. Mantini,
E. Dunne, L. Barchini, and R. Zierau for many helpful conversations.

1.2. History. Several realizations of the oscillator representation have been
given in a Fock space setting where the underlying unitary structure is well-
known. For example, see [1], [2], [8], and [16]. Of interest to us is the
realization given in [2]. Here the oscillator representation o is realized on a
Fock space F of functions on CP? that are holomorphic in the first p co-
ordinates and antiholomorphic in the last g. The unitary structure is given
by integration against a Gaussian measure. We will use this realization of
o. We may write F = @, 5 Fn, where the F,, are the irreducible subrep-
resentations of F. The F, are referred to as ladder representations, since
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the highest weights of their K-types lie on a line in the weight lattice. The
realizations of the ladder representations in the Fock space setting prove to
be an important tool.

We wish to realize the ladder representations in a geometric setting, where
the group action is induced from the natural geometric action on sections
of a vector bundle over G/K. In [7], Jakobsen and Vergne show the uni-
tarity of a multiplier representation m, of U(2,2) on a Hilbert space H, of
holomorphic functions on U(2,2)/K realized as the generalized upper half
plane. The elements of H, satisfy the mass 0, spin s equations. Also, the 7,
are realizations of ladder representations, and the unitary structure for 7, is
given by a Fourier transform over the boundary of the light-cone.

The work of Jakobsen and Vergne in [7] is generalized by Mantini in [11].
In [11], the positive spin ladder representations JF, of U(p,q) are realized
via an integral transform ®,, as a subspace S,, of sections of a homogeneous
holomorphic vector bundle E,, over U(p, q)/K in its model as a generalized
unit disk D, ,. The fiber of E,, over any point ¢ € D, , is essentially the
space P(n, CY) of antiholomorphic polynomials homogeneous of degree n in
g complex variables. If the real rank of U(p,q) is larger than one, or if the
rank of E,, is larger than one, these sections satisfy certain linear partial
differential equations. In the U(2,2) case, these equations are the massless
field equations and the natural action on §,, is equivalent to the multiplier
representation of [7]. The transform &,,, which is injective on F,, bears
many similarities to the Penrose transform (see [4], [14] and [17]). We will
discuss a version of ®, in Section 2 below. There also exists an analogous
construction for the negative spin ladder representations (see [12]), but here
we restrict to the positive spin case, n > 1. The transform &, and its
properties play a key role in this work.

1.3. Statement of results. We give an explicit inversion formula for Man-
tini’s transform ®,,. A natural unitary structure on S, is then obtained by
using the inversion formula to pull the representation back to the Fock space
setting F,,, where the unitary structure is well-known. These results, which
are discussed in detail in Section 4, are as follows: For ¢ € S,, (n > 1) and
z € CP*1 we obtain

)
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where 7 = min(p, q), A =n+p+ q— 1, m is Lebesgue measure, and

dpn(¢) = det(I, — " O+l dm(().
The number C' is a constant depending on p, ¢, and n, given by

= DITa(r— 2y’

r

C =

where I'q is the Gindikin gamma function.

Observe that the inversion formula and unitary structures on S, involve
integration against a G-invariant measure over G/ K, allowing for more nat-
ural results than those of the author’s previous work (see [9] and [10]). In
particular, the operator £ first introduced in [10] is no longer needed. The
kernel function and measure for our present inversion formula were inspired
by the work of Faraut and Koranyi as well as that of Orsted and Zhang (see
[5] and [13], respectively).

2. The Oscillator Representation and Mantini’s Transform.

We begin by describing the oscillator representation of G = U(p, q) realized
on a Fock space. We also introduce G/K in its bounded model as the
generalized unit disk, as well as a natural action of G on polynomial-valued
functions over the generalized unit disk.

2.1. Notation. The following notation is used throughout the paper.

Notation 2.1.

(a) For r € N, let Ny denote the set of nonnegative integers and let Nj,
denote the set of r-tuples of nonnegative integers.

(b) If m = (my,ma,...,m,) € Ni, then m! := my!my!---m,! and |m| :=
miy+mg+---+m,. If z€ C", then 2™ = 27" 25" .. 2",

T

(¢c) LetaeNg, 1<s<r, andlet J = (j1,72,...,Js) € N be such that

1<j1 <ja<--<js<r. Then, if z € C", z; := (2,,2j5,--- »2.),
2517 = |22 + |2 + - + |2,]% and 2§ o= 251257 - 250

(d) Let R,:=(1,2,...,p),and S,, := (p+1,p+2,... ,p+¢q). When there
is no danger of confusion, we will let R represent R, and S represent

Sp.g- Thus zg = (21,... ,2p), while zg = (2p41, .. -, Zpiq)-
(e) We have a partial order < on N{ given by a < g if ay; < ; for all
ie{l,...,q}.

(f) For p,q € N, the set of p x ¢ matrices with complex entries will be
denoted by CP*9, and the set of matrices with entries in Ny will be
denoted by Nb*. If X € CP*9, the conjugate transpose of X will be
written as X*.
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2.2. The group U(p, q) and the oscillator representation. Recall that
for p,g e N, U(p,q) :=={9 € GL(p+q,C) | g*I, ,9 = I, 4}, where

I, 0
- (50).

The oscillator representation of G may be realized on the Bargmann-
Segal-Fock space FP9 of functions on CP*¢ given below in Definition 2.2. A
complex-valued function f on CP™? is said to be (p,q)-holomorphic if f is
holomorphic in zg and antiholomorphic in zg (i.e., holomorphic in Zg).

Definition 2.2. For p,q € N, put

Fra = {f : CPT — C| f is (p,q)-holomorphic and

L 5@k dm() < oc .
Cr+a
where, in general, m represents Lebesgue measure on C” scaled by 1/7".

The integral condition in Definition 2.2 gives rise to a natural inner prod-
uct (-,-) on FP4, giving FP? the structure of a Hilbert space.

Definition 2.3. For f,g € FP9, set
(F.9)i= [ f@g@e i),
Let f € FP7 and suppose
f2)= ) amzps.

leNb
meN{

Integration gives

(1) £ )= lagmlliml.

leN?}
meN{
We now define a version o of the oscillator representation. From the
work of Blattner and Rawnsley (see [1]), we know that this representation
is unitary.

Definition 2.4. For g = (é g) € G and f € FP1 define o(g)f by

[0(9)f1(2) = det(D) flg w)em 2ol erientszs 3l i (w).

Cpr+a
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The representation o of G on F?? decomposes into irreducibles, called lad-
der representations, as exhibited below. The ladder representations gained
their name from the fact that the highest weights of their K-types lie equally
spaced along a ray in the weight lattice.

Definition 2.5. For n € Z, let
FPri.={feFri| fle2) =" f(2), 0 € R}.

Observe that FP is a G-invariant subspace of F?4. For g € G, let 0,(g)
denote the restriction of o(g) to F-1.

Theorem 2.6 ([16]). Let n € Z. The representation o, of G on FP? is
wrreducible, and there is an orthogonal direct sum decomposition

Fra =P Fre.

nez

2.3. A representation of G over G/ K. Ultimately, we want to realize the
ladder representations o, as polynomial-valued functions on G/K. In this
section we will introduce the generalized unit disk D, ,, which is the model
of G/K that we will use. Also, we construct a representation w, of G that
acts on polynomial-valued functions over D, ,. Later, we intertwine o,, and
w, via an integral transform.

Definition 2.7. The generalized unit disk D, , is given by
D,,:={CeC|I,—("(>0}.

Recall that D, , parameterizes G /K. This may be accomplished via a one-
to-one correspondence between elements of D, , and the negative g-planes
in CP*? under the metric of signature (p, ¢) with matrix I, ,, given by

¢ — col span (Ii)

Tracing back from the natural action of G on the negative ¢g-planes in CP*¢,
one obtains the appropriate action of G' on D, ,, given by

(2) 9.¢=(AC+B)(C¢+ D)™,

where g = (é f)) € Gand ( €D,,.
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Note that D,, , is a bounded domain in C?*4. In fact, it is one of the four
classical domains (cf. [15] or [6]). In the U(1,q) case, Dy, is simply the
unit ball B? in C?.

We now work toward a definition of the representation w,, of G over D, ,.
Let P(n,C9%) denote the set of antiholomorphic polynomials on C?¢ that
are homogeneous of degree n and let O(D, ,, P(n,C?)) denote the set of

functions holomorphic on D, , taking values in P(n, C?). Furthermore, for
¢ € O(D,4, P(n, C?)), we put

(3) ¢(¢v) = d(O)(v),

where ¢ € D, , and v € C.
Definition 2.8. For n > 0, define J,, : U(p,q) x D, , — GL(P(n,C?)) by

Ju(9,C)f (v) = det[CC + D] f([CC + D]"v)

for g = <ég>,(er7q and v € C.

Definition 2.9. Suppose g € G and ¢ € O(D,, ,, P(n, C?)). Define w,(g)¢
by

(Wa(9)9)(Cv) = Tu(g™", ) P97 ¢ w)
for ( € D, , and v € C.

Observe that the representation w, is the natural geometric action of G
on sections of the vector bundle E,, = D,, , x O(D,, 4, P(n, C?)) via the factor
of automorphy J,,.

2.4. The transform ®,,. In [11], Mantini gives a geometric construction of
the positive spin ladder representations o, via an integral transform ®,,. In
this section, we explain the transform ®,, and some of its properties. Further
details may be found in [11] and [12].

Proposition 2.10 ([11]). Suppose n € Ng and f € Fi»?. Then there is
an integral transform ®,, : F29 — O(D,,,, P(n, C?)) given by

@0 = [ fww)er e dm(w)

where v € C? and (®,,f)((,v) depends holomorphically on ¢ € D, ,.
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The transform ®,, of Proposition 2.10 is simplified from the transform
constructed by Mantini in [11]. Here we have used the trivialization of the
vector bundle in [11] with the multiplier action w,. We have also used
Davidson’s model of the Fock space representation o, instead of the L2-
cohomology realization of Blattner and Rawnsley (see [1]). The transform is
essentially given by restriction to a negative g-plane followed by a projection
operator, giving rise to an L2-version of the Penrose transform.

The properties of ®,, play a key role in this work. We present the conti-
nuity and G-equivariant properties of ®,, below.

Theorem 2.11 ([11]). The mapping P, is one-to-one for n > 0 and
identically zero for n < 0. Furthermore, for all f € F21, g € U(p,q), and
n > 0, the mapping ®,, satisfies

Lemma 2.12 ([11]). Fizn € Z and ¢ € D, ,. The mapping of F2? into
Fo given by
f = cI)nf(C? )

18 continuous.

3. Some Technical Considerations.

We now take care of some technicalities that are necessary for the statement
and proof of our main results.

3.1. A computation involving ®,,. In order to develop an inversion for-
mula for ®,,, we need to be able to describe explicitly certain elements in the
image of ®,,. In this section, we develop notation and compute some image
elements.

Definition 3.1. Define, for « € N5, 8 € N{¢ and z € CP19,

fap(z) = 2875,
We will compute the image of f,s under the transform ®5_4)). In order
to simplify our expressions, we first introduce notation.

Definition 3.2. Giveny € C?*?and i € {1,...,p}, let 7, denote the i-th
row of v, let r(7) denote the element of C? obtained by taking the sum of
the rows of 7, and let ¢(vy) denote the element of C? obtained by taking the
sum of the columns of . Finally, let || denote the sum of the entries of .
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Definition 3.3. Given o € N5 and & € N{, let
MP9(&, o) ={y e NT™ [ c(y) =a and r(y)=a}.

Notice that M (&, o) is nonempty only when |a| = |&|. When p and q are
understood, let M (&, o) stand for MP*(&, «).

Definition 3.4. If y € N}*? and ¢ € D, ,, we write

Pas
P P
V(i
7= HC(Z.‘)) and = Hy(i)!,
i=1 i=1

respectively.

Lemma 3.5 ([10]). Suppose that n > 0, and that « € N{ and § € N
with |B| — || =n. Then f,z € F? and

(@0 fap) (Gv) = > 3 (MC”) o"

! nl’
nENg(n) "YGM(ﬂ_nva) ’Y' 77.
n<p
where ( € Dy, 4, v € C%, and f.3 is as in Definition 3.1. For the order <,
refer to part (e) of 2.1.

3.2. The action of u(p,q) and highest weight vectors. In order to
understand how an inverse for @, should behave on generic elements of
®,,(Fp1), we begin by understanding how it works on highest weight vectors
of K-types. In this section we explore the K-types of ¢,, and w,.

We first examine the K-types of 7?7 under o,, (see Definition 2.4).

Theorem 3.6 ([16]). Forn >0, the Fock space FP9 decomposes under
o, into an orthogonal direct sum of K-types

fﬁ’q = @(Hfs ® HZ+S)’
s=0
where
H? = {f(2r) | f € P(s,C")}
and

Hiyo={f(zs) | f € P(n+s,CN}.

Here P(r,C™) (resp. P(r,C™)) stands for holomorphic (resp. antiholomor-
phic) polynomials homogeneous of degree r on C™.
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Recall that a basis for the Lie algebra g = u(p, q) of G = U(p, q) is given
by

Xl—E.—EM ﬁ1§j<k§%(p+)§ <k< (g
ij—Ek-i‘Ekj if1<j<p, (p—i—l)SkS( +q)

Vi =i(Ej—FEy) if1<j<p, (p+1)<k<(p+q).
Observe that the collection of X;’s forms a basis for k, where g =k + p is
the Cartan decomposition of g. Taking the differential of o, we see that k
acts irreducibly on H”, ® H,, by
z'?—f—zk% f1<j<k<p
Zivey — 2oy, H(+1)<j<k<(p+q),

and

(6)
—i(z 2L + 2 8L) if1<j<k<p
do(X7)f(2) = Q. 00" o . :
Z(Z]az + Zk 5z +25]kf) if(p+1)<j<k<(p+9q).
We extend the action of k to its complexification ke = gl(p, C) ® gl(q, C),
where

~zi 5t if1<j,k<p
do(E;) f(2) = { 0%

z; 3L +5jkf if (p+1)<j,k<(p+q).
A highest weight vector for an action of k¢ will be a weight vector whose
weight is contained in d*(p) @ d*(¢q) and is annhilated by n(p) ® n(q), where

d(r) and n(r) are the diagonal and strictly upper triangular subalgebras of
gl(r, C), respectively.

Lemma 3.7. A highest weight vector for the action of ke on H? , @ H |
s given by

fus(2) = 2,217,
and every f € HY @ H! , of the form f(z) = 2275 can be written as
f=k.fns, for somek € kc.

Now, applying Lemma 3.5, Theorem 2.11, and Lemma 3.7, we have:
Lemma 3.8. Forn>1, and ¢ = ((;;) € D, 4,

!
bualCo) = ulf)C) = P G,

and ¢, is a highest weight vector for ®,,(F??) under the action of kc.
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3.3. An orthogonal family of polynomials over D, ,. We review some
facts about the orthogonal family of polynomials over D,, , introduced in [9].
These polynomials prove to be important, because we can express elements
in the image of ®,, in terms of them.

Definition 3.9. Fix p,q € N and suppose o € N} and p € N with
|a| = |p|. For ¢ € D,,, define

1
SDPQ(C) = Z %C’Ya
'yEM(p,Ot)
where M (p, «) is as in Definition 3.3.
For a € N{ and 8 € N¢ with |5]| — |a| = n, write ¢po5 = @, f,s where
fap(z) = z%ig . Then we may rewrite the conclusion of Lemma 3.5 as

n

(7) bus(Cr) = Y (a Bloga-p.alO)) .
nENg(n) T
n<pg

Lemma 3.10 ([9]). The mapping of D,,, into C given by
P q
¢ — exp Z Z Gij
i=1 j=1

possesses the series expansion

exp (ZZQ]) = Z Z PpalC)
i=1 j=1 m=0 | ,eNd(m)

a€eNP (m)

In addition to summing to an exponential function, the collection of ¢,,’s
has the virtue of being an orthogonal set of functions with respect to K-
invariant inner products. Consider the Hermitian inner product on holo-
morphic polynomials over D, , given by

®) (o= [ 10510 dnalc).

where du,(¢) = det(I, — ¢*Q)P~@+Dldm(¢) for X € N, A > (p + q). Also,
the action of K on D, , as in (2) induces an action of K on the holomorphic
polynomials over D, ,, given by

(9) (k-£)(Q) = f(k™.Q) = f(AT'C(D),
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for k = z(‘)ll()) € K. Observe that the inner product (-,-), is invariant
under the action of K, since for k € K, det(I, — (k.¢)*(k.¢)) = det(L, — (*(),
and the mapping

(= AT(D

is a linear automorphism of D, , having a determinant of modulus 1.

Theorem 3.11 ([9]). For A € N and A > (p+q), the collection of ¢, s
1s an orthogonal family of holomorphic polynomials with respect to the inner
product (-, +)x.

Proof. The theorem is proven in [9] only in the case A = (p+¢). However, the
same argument is valid for any K-invariant scalar product on the holomor-
phic polynomials over D, ,, including the inner products (-, -), mentioned in
the statement of the theorem. [l

3.4. Norms of certain highest weight vectors. We compute the
norms of highest weight vectors for the action of K given in (9) with re-
spect to the inner products (-,-), of Equation (8). Those seeking further
details may consult [6], [5], [13], and [9].

First, observe that in the case G = U(p, q), the Gindikin gamma function
is given by

min(p,q)
(10) Fo(A) = J[ T(A+1-3)
j=1

for A € C, and I' the ordinary gamma function. For a discussion of the
general form of Gindikin’s gamma function, see [5] or [13].

Theorem 3.12. For p,q,n € N and m € Ny, we have

mi2 Lo(A—2) (A —1)!m!
f e e = e (§+m>_ L

where A\=p+q+n—1 andr:min(p,q).

Proof. By differentiating the action of K on the holomorphic polynomials
over D, , as given in (9) and extending to k¢, we see that the monomial ¢}
is a highest weight vector of weight (m,0,...,0) (in the notation of [5]). We
let V;,, denote the kg-module generated by (. Recall that each of the inner
products (-,-)x of Equation (8) on V,, is invariant under the action of K,
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and observe that any two K-invariant inner products on V,, must be scalar
multiples of one another.

According to Theorem 3.6 of [5], there exists a spherical polynomial 1,
on V,, with
_Talp+a—") (p+g—1Dm! ml(p—1)!

U W bndees =040 o Dl motp— D1

and

FoA=2) A=1!m! ml(p—1)!
12 my Wm)x = - .
(12) (s P ) To(A) A+m—1)!(m+p—1)
By Theorem 2.4 of [9], we established that

Fa(p+q—") (p+qg—1'm!

T

( ) ( pl pl)p-i-q FQ(p+Q) (m+p+q . 1)|
Hence combining Equations (11), (12), and (13) yields

M( m o -m Fo(A -2 (A—1)Im!
(¢m7¢m)p+q

(;}7 ;{)A:

pls pl)p+q: FQ()\) ()\+m_1)!‘

4. Main Results.

We now relay the main results of the paper. An inversion formula for Man-
tini’s transform @, will be presented, and then we will use this inversion
formula to create unitary structures for the ladder representations ®,,(F*7)
over D, , by pulling back to the Fock space setting, where the unitary struc-
tures are well-known.

4.1. Inversion formula.
Definition 4.1. For n € N and ¢ € O(D,,, P(n,C?)), put

dp+q—2

1 (#)(2) = lim Cors [t“ /| (G 25)eHE dpn (€]

whenever it converges. Here z = (zg,25) € CPT4, X = n+p+q— 1,
r = min(p, q),
dpx(¢) = det(I, — ¢~ #+Il dm(Q),

and C is a constant depending on n, p, and ¢ given by

n! To(N)

O G- DiTaO - By
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We assert that @' will invert the transform ®,. The following results
address this assertion, culminating in Theorem 4.5.

Lemma 4.2. For k = <18110)> € K and ¢ € O(D,,,P(n,C9)) with ¢

polynomial in ¢ € D, ,, the mapping ®,* satisfies

O, (wa(k)9)(2) = (04 (k) (@1 9))(2),
where z = (zg, z5) € CPT1.
Proof. Applying Definition 2.9, we obtain
(14) (@n(k)8)(C,v) = det D $(A71CD, D)
while for f € FP, Definition 2.4 gives
(15) (00 (k) f)(2) = det D f(A™ 2zg, D™"2).

Hence, applying (14) and making the change of variable { — A{D™! gives

(@, (wa(k)9))(2)
. dar+a=? | A—1 —1 1 2TCzs
= Jim Comms 1070 [ det D o((ATCD), D 20)e R dps(€)
. drra? | A-1 ~1 (A~12p)TC D12
= tlirﬁ CW t /D det D ¢(t¢, D™ zg)e R S duy(C)

= (0u(k)(2,79))(2).

Lemma 4.3. Forn € N and s € Ny, we have

(@ Gns)(2) = fus(2),

where z € CPT and ¢, s, fns are as in Lemmas 3.8 and 3.7, respectively.

Proof. First, observe that if z = (zg, 2z5) € CP™¥ and ¢ € D,, 4, since zp is a
p x 1 matrix and zg is a ¢ x 1 matrix, we have

(16) 2pCzs = ZZ(D(ZR)ED(ZS))W
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where the p x p matrix D(zr) and the ¢ x ¢ matrix D(zg) are diagonal
matrices whose main diagonals are zp and zg, respectively. Referring to
Definition 3.9, one obtains

(17) ‘Ppa(D(ZR)ED(ZS)) = Zi‘é%a(f)ifé-

Put p = (5,0,...,0) and a = (0,...,0,s). Applying Lemmas 3.8 and 3.10,
Theorem 3.11, Equations (16) and (17), along with Theorem 3.12 gives

/D Gnn(tC, 25) RS djiy (€)

p,q

(s+n)!

|
Dyp,q n

=zn ZT?
1 Zp i€ 6% dpy(C)

= /D (s+ N)!tSC;1Z;;L+1<Ppa(D(ZR)C_D(ZS)) dpy(¢)

|
P,q n

(s+n)! . o s .
- Wt Zp’zp-tl /DM |Cp1|2 dpx(Q)
(s +n)! To(A—22) (A= 1)ls!

— ts s =-n+s .
sl P Fo(A)  (A+s—1)!

Hence, with C as in Definition 4.1,

qrta—2

(q)r_11¢n,s)(z) = t1—1>r1n* Cdtp+q_2 |ij_1 /Dp,q ¢n75(tC7 zs)ezga dHA(C)]

lim 2°Z
t—1- dtpta—2

. T dp+q—2 t)\+571 (8 + T'L)' s=n-+s
- (At s— 1)1 77t

= f’l’L,S(Z)' |:|

We now state and prove a lemma that will be used to invoke the Fubini
theorem in the proof of our main results. Recall that for a € N and 5 € IN{,
fop(2) = 2372 and Gas(C,v) = ®(fas)(C,v), where z = (2g, z5) € CPT,

Lemma 4.4. Put z = (zg,25) € CP™, ¢t € (0,1), n € N, and

f= Z Cbagfa@ e Fr1,
aENE,BENY
|Bl—lal=n



LADDER REPRESENTATIONS OF U(p, q) 103

Then

Gapap(tC, zs) det(I, — ") tentss

>

a€eNY,BeN]
|B]=la|=n

dm(¢) < oo.

p,q

Proof. We first observe that the function ( ~— det(I, — CrO)nlernles g
bounded in modulus on D, ,, and so there is a constant ¢, such that

>

a€NP BeNg P
1Bl —la|=n

Seo X sl [ [0usltC,29)] dm(O)

«eNP,BeN?
1B]=lo|=n

Gaphap(tC, zs) det(I, — C*C)"LePrt™s

dm(¢)

Now, applying Equation (7), the Schwarz inequality, and Theorem 3.11, we
have

e 3 o] /D (Gap(tC, 25)| dm(C)

aeNp,BeN?
[Bl=lee|=n

<Y JaaslalB [ 1S papa(Q)] dm(Q)
a€NP BENY P9 IneNg(n)
1Bl—lal=n n<p

™)
Nl

<Y easlalt® | [ Y pa(Q) dm(©)
a€NP BENY P9 IneNg(n)
181-lal=n n<h

N|=

« 2
=Y lawglalBt | [ [pea(OF dm(Q)
aENSﬂENg Dy.q nENg(n)
181—lal=n n<s

One may calculate the integral over D, , by applying Theorem 2.4 of [9].
Also,

18]!

I
2 (g < dimePln. O g

neENG(n)
n<p
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Using these two results and the Schwarz inequality again gives

1

2

<Y Jansalgiee / S le@maQ dm(C)

aeNY,BeEN] P4 neN(n)
1Bl =|a|=n n<pg
1
2
al! 1
= > agslepitt [ > |
: — D) (3 —=n)lal
a€eNY,BeN{ neENG(n) (’a‘ +p - q 1) (ﬁ 77)0[
[Bl=le|=n n<p
1
2
1o afl 6]
SCED SR IR EIEEN IS |
o & Tlrr+a- DI G-
|Bl—lal=n n<pB

! 18! )5

@ agl(a)Z ()7 (2]
<AV X el 00} (2 e -

aeN?,BeN{
|Bl=la|=n

<cW > aaslol!
aeNYP,BeN¢
161~lal=n

% Z 42l af! 13!
o (el +p+a= DB - )
18- lal=n

The last expression is finite, since the first factor is just || f||zr.«, while the
second factor is finite for ¢t < 1. u

Theorem 4.5. Letn € N, f € FP and ¢ = ®,,f. Then (9,'¢)(z) =
f(2), where z € CP*? and @, is as in Definition 4.1.

Proof. We have already shown in Lemma 4.3 that the theorem holds for
highest weight vectors of the K-types of F24. In fact, due to Lemmas 4.2
and 3.7, we may conclude that the theorem holds for all polynomials in F2-9.
In particular, it works for all f,; = zj‘éig € FP4. So suppose that f is a
generic element of F2 that possesses the expansion

f2)= D aasfas(2).
aENE,BENY
181~ lal=n
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Put ¢ = ®,,f. Then by Lemma 2.12, we have
P(C,v) = Z s (Pn fas)(C,v) = Z AapPas(C,v).

aeNg,BeNG a€NP BeN?
1Bl —|al=n 1B]=la|=n

Hence

(®,'¢)(2) =@, Y apdas | (2),
aeNP, BeN?
18] —loe|=n

and by Lemma 4.4, we may apply the Fubini-Tonelli Theorem to interchange
integration with summation, obtaining

o, Y aapbas | ()= D (D, apdap)(2)
a€ENG,BENE a€ND, BeNY
1Bl—]a|=n [8]—|a|=n
= > aapfas(2)

«€eNP,BeN!
|B]—la|=n

= f(2). O

4.2. Unitary structures.

Definition 4.6. For n € N and ¢ € O(D, ,, P(n,C?)), put

p+q—

. d
I9ll2 = Jim C

2
dtrta—2

L“ L L ot dm(eidin(©)]

whenever it converges. Here r = min(p,q) and A = n+p+ ¢ — 1. The
constant C' and the measure du, are as in Definition 4.1.

We will show that ||-|,, is a unitary norm on ®,,(F?7). Hence the mapping
®,, is a unitary isomorphism of the ¢, and w,, actions.

Lemma 4.7. Forn € N, let « € Nj and 3 € N{ be such that |3|—|a| = n.
Also, let \=n+p+q—1 and r = min(p, q). Put

—1)!
C. - C(]a\ + A 1).’
(laf +n)!
where C is as in Definition 4.1. Then
alp! . 1
> T\@(ﬁfn)a@)\zdet(]q — () du(¢) = o

D
P,q nENg(n)
n<pB



106 JOHN D. LORCH

Proof. As usual, let fo3(2) = 2825, and let ¢o5 = @, fag. By Theorem 4.5,
we have || fogl%ra = |9, asllFr.c. Using Theorem 3.11 and the fact that
¢ap 1s homogeneous polynomial of degree || in ¢ € D, ,, we compute

19, Gasll7r.a
- /<3p+q @5 G (2)2e71* dm(2)

2

- Ca/D $as(C,25) Y. 200p-na(OZ8 " dua(Q)| e dm(2)

Cpr+a
nENg(n)
n<p
_ a Bsazhb —\z\Q
= |, FnsZRise dm(z)
pPT4q

131
< / S (O mal® din(Q)
p.q nENg(n) n:
n<p

131 _
= alp! Ca/ > C;,ﬁ.‘:ﬁ(ﬁ—n)a(o@(ﬂ—n)a(o dux(C)
"1 neNg(n)
n<p

On the other hand, using (1) we compute that [|®, ' ¢usllFre = || fapllFre =
a!B!. The conclusion of the lemma follows immediately. [l

Theorem 4.8. Forn € N, put f € FP4 and ¢ = @, f. Then ||¢|> =
1150

Proof. Fix t € [0,1) and put
f(Z) = Z aa,@faﬁ with ¢ = Z aaﬁ¢a6‘

aeN} aeNP
BENG BENY
[B]=|a|=n B8] —|e|=n

Expanding into Taylor series and applying (1) for the integral over C?, along
with (7) gives

/D /Cq B(tC,v)d(C, v)e 1 det (I, — ¢*¢)* dm(v) du(C)
B /D /cq Z Z aaﬁdw(baﬁ(tc’v)mei‘vp dm(v) d,u,)\(C)

aeN} TEN]
BENG  peENG
|Bl=lar|=n |p|—|T|=n
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o D SR SR O
aeNP TEN]

ﬁENq peN‘f
|Bl=lal=n |p|=|T|=n

1
X Z 77|90(ﬁ ma(tO)P (- n)r(o dpy ().
neNg(n)
n<pB.p
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Using the fact that ¢ € [0, 1) we may use the dominated convergence theorem
to interchange integration over D, , and summation in the last line above.

We then apply Theorem 3.11 and Lemma 4.7 to obtain

/ Z Z Uaplnr,(alB)?

aeNP TEN?
BENq pENq
IBl=lal=n [p|—|7|=n

1 _
<[ Y msowfn)a(tcw(p,ny(c) dpir(C)

nENG(n)
n<B.,p
o alp! ~
= X aBlanl [ 3 e (OpimnelQ) din (0
aeNP 1 neNg(n) '
BeN n<p
1B —la|=n
1
= > alBlagft .
a€eNP Ca
BEN{
|Bl—]a|=n

Hence

dp+qf2

MmO [tkl /Dp,q co 3(t¢,v)B(C,v)e™ " dm(v)dpa(C)

qrta—2 1 2ol 1
= lim C " alBlagg| t' M —
t—1-  dtpta—2 Z Bllaas| Cy
a€eNY
BENG
[Bl—lal=n
= Z a!ﬁ!|aag|2
aeN?
BEN]
|Bl—lal=n

= I fIIZzs-
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Let ((+,-))» be the inner product on ®,(F??) induced by polarizing the
norm given in Definition 4.6. We have the following corollary.

Corollary 4.9. Forp,q,n € N,

(a)
(b)
()

[11]
[12]

[13]

[14]

The space ®,,(FP7) endowed with the inner product ((,)), is a Hilbert
space.

The representation w, of G on ®,(FP?) is unitary with respect to
(D

The representations w, and o, are unitarily equivalent via ®,,.
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