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DIFFERENTIAL OPERATORS AND C-WELLPOSEDNESS
OF COMPLETE SECOND ORDER ABSTRACT
CAUCHY PROBLEMS

XI1A0 T1JUN AND LIANG JIN

This paper presents a unified treatment of the complete
second order Cauchy problem with differential operators as
coefficient operators in L?(R") (1 < p < o0) or other function
spaces. Concise criteria for strong C-wellposedness and ana-
lytic wellposedness of the Cauchy problem are obtained.

1. Introduction and preliminaries.

In this paper, we try to give a unified treatment of the (wellposed or illposed)
complete second order Cauchy problem

(1.1) {u”(t) + Bu/(t) + Au(t) =0, >0,

u(0) =up, w(0)=uy,

in the case when A, B are differential operators on some function spaces.
Since integrated semigroups, C-regularized semigroups, etc., were intro-
duced at the end of the 80s, it has become possible for us to treat illposed first
order abstract Cauchy problems (cf., e.g., [1, 2, 4, 5, 11, 12, 13, 16, 20, 27]
and references therein). A great deal of differential operators have been
shown to generate these new types of operator families in L?(R™) (1 < p <
o0) or other function spaces, while very few of these operators generate the
classical Cyy semigroups (i.e. strongly continuous semigroups); for example,
iA on LP(R™) (1 < p < 00) generates a strongly continuous semigroup only
if p =2 (cf. [15]). Though (1.1) may be reduced in a traditional way to a
first order problem, a straightforward approach presents some advantages as
stated in Fattorini [7] (see also Remark 3.2 in Section 3 of this paper). The
authors have made a series of direct investigations on the abstract Cauchy
problem of the complete second order or higher order (cf. [17, 18, 21-26]).
In this paper, following a general presentation about the strong C-well-
posedness, analytic wellposedness of (1.1) in Section 2, we obtain in Section 3
a series of concise criteria for the strong C-wellposedness of (1.1), in the case
of A, B being certain constant coefficient differential operators in LP(R™)
(1 <p< ), Co(R™), UC,(R™) or Cy(R™). Then in Section 4, we show that
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in the space LP(R"™) (1 < p < o0), Co(R™) or UC,(R™), (1.1) can be wellposed
in the classical sense with its two propagators extendible analytically to the
open right half plane, in the case when both A and B are strongly elliptic;
meanwhile some perturbation cases are considered. Finally in Section 5, we
present two examples showing possible applications.

Throughout this section, A and B are closed linear operators in a Banach
space E, and C is a bounded, injective operator on F such that A = C~*AC,
B=C"!'BC.

Terminology 1.1. The Banach space L(E) will be all bounded linear op-
erators from F to E. We will write D(A) for the domain, and R(A) for the
image of the operator A. N denotes the positive integers, Ny := N [J{0}
and C denotes the complex plane. For 0 € (0, 7],

Yo ={2€C; z#0, |argz| < 6}.
For A € C,
Py:= )X +AB+ A,
and
Ry = P!

if the inverse exists.

pc(A, B):={)\€ C; P exists, D(Ry)) D R(C),
R,C € L(F) and R,CA is closable},

and
p(Aa B) = pI(Aa B)v

where I denotes the identity operator on F.
Given a continuous and exponentially bounded f : [0, c0) — E, we will
write the Laplace transform of f by

LHN = [ e

0

for A sufficiently large.
We will need:
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Lemma 1.2 ([17, Lemma 2.3]). Let f1, f> € C([0, o), E) satisfying
IA®I, @l < Me*" for some M, w > 0,

and let A be a closed linear operator on E satisfying that for each X > w,
L{f1)(N) € D(A) such that

AL(f1)(N) = L{fo)(A)  for A > w.
Then for each t > 0, fi(t) € D(A) and Afi(t) = fo(t).

Definition 1.3. (1) By a solution of the Cauchy problem (1.1) we mean
a map u(-) € C*([0, o), E) such that u(t) € D(A), v/(t) € D(B) for each
t >0, and Au(-), Bu/(+) are continuous, satisfying (1.1).

(2) The Cauchy problem (1.1) is called C-wellposed, if (1.1) has a solution
for any uy € C(D(A)), u; € C(D(A)ND(B)) and there exists a nondecreas-
ing, positive function M (t) defined in [0, co) such that

lu@®ll < M) (| uol| + [ ), £>0

for any solution u(t) of (1.1) with wug, u; € R(C).
Definition 1.4. The pair {Sy(t), Si1(t)}+>0 of strongly-continuous families
of bounded operators on E is called a strong C-propagation family for (1.1)
if:

(i) C commutes with Sy(t), S1(t) for each t > 0;

(i) for each u € E, S;(-)u € C*(|0, ), E), Si(t)E C D(B) (t > 0) and

BS;(1)u € C([0, o), E);

(iii) for each u € E and t > 0, fot Si(s)uds € D(A) such that

(12) A / 'Sy (s)uds = Cu— 8. (tu— BSi (O, $1(0) = 0;

(iv) there exist constants M, w > 0 such that
1.3)  Se@I,  [I1BSi(WI  IS1@)] < Me', £ >0,

where and in the sequel, S7(¢) denotes the operator:
d
—(S:(t
wrs (i)
from F to E;
(v) any solution wu(t) of (1.1) with initial values ug, u; € R(C) can be

expressed as

(14) U(t) = S(](t)C_IUO + Sl(t)C_lul, t Z 0.
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Definition 1.5. The Cauchy problem (1.1) is called strongly C- wellposed
if there exists a strong C-propagation family for (1.1).

Immediately, we know that any solution u(t) of (1.1), with initial values
ug, U1 € F, is unique and

(1.5) u(t) = C71(So(t)ug + Si(t)uy), t>0,
whenever (1.1) is strongly C-wellposed. Indeed, Cu(t) is also a solution of

(1.1) with initial values u(0) = Cuy € R(C), v'(0) = Cuy € R(C), since C
commutes with A, B. Hence

CU(t) = So(t)UO + Sl(t)U1, t Z 07

by (1.4). Then (1.5) follows.

Remark. When D(A)D(B) is dense in E and C = I, the definition
here of strong C-wellposedness coincides with that of strong wellposedness
n [21] (see also [7]). This can be seen from the following result.

Proposition 1.6. Let the Cauchy problem (1.1) be strongly C-wellposed.

Then:
(i) The Cauchy problem (1.1) is C-wellposed;

(ii) fort >0,

So(t)u = Cu — /Ot Si(s)Auds  (u € D(A)),

Sy (tu = /Ot(So(s)u — Sy(s)Bu)ds  (ue D(A)(\D(B
(iil) (W, 00) C po(A, B) and for A > w

AR\Cu = L (S} (t)u) (N), uek,
BR,Cu = L (BS;(t)u) (A), uek,

0

t
AN TARNCu = <A S1(s) uds> (N), ue kb,
AN 'RA\CAu = L (Cu — Sy(t)u) (N), u € D(A).

Proof. 1t is easy to verify by (1.2) that, for each u € D(A),

t
v(t; u) = Cu—/ Si1(s)Auds
0
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is a solution of (1.1) with initial values uy = Cu, u; = 0; for each u €
D(A)ND(B)

w(t; u) = /Ot(v(s; u) — Si(s)Bu)ds

is a solution of (1.1) with initial values uo = 0, u; = Cu. This indicates that
(1.1) has a solution for ug € C(D(A)), u; € C(D(A)ND(B)), and by (1.3),
(1.4), both (i) and (ii) are true.

In order to show (iii), we take the Laplace transform to the two sides of
the first equality in (1.2) (noting (1.3)) and obtain
(1.6)

£<A /O Sl(s)uds> )
=A"'Cu— L{S|(t)u) (\) — L(BS:(t)u) (\), u€E, \>w.

Integrating by parts and using the closedness of A, B, we have
(1.7) P, L (S:(t)u) (A) = Cu, uekE A>uw.

Next, we prove that for any A > w, Py is injective. If this is not true, then
there exist vy # 0, Ay > w such that Py vy = 0. Clearly, u(t) := ey, is a
solution of (1.1) with initial values ug = vg, u; = A\gvp. So by (1.5)

BAOtC’UO = So(t)'l)o + )\osl (t)vo, t> 0.
Therefore by (1.3),
e!||Coll < M(1+ 2w~ e ([fvoll + [Aowoll), £ >0.

This is in contradiction with A\g > w. Thus R, exists for A > w. From (1.7),
we infer that

(1.8) R\Cu = L (S:1(t)u) (N), ueE, A>w.

This, together with (1.3), gives the first two equalities in (iii). The third
equality follows immediately, with the aid of (1.2) and the identity

)\_1 — BR,\ — )\R)\ = )\_1AR)\, A > w.

Finally, making use of (1.8) and the first equality in (ii) we deduce that for
u € D(A), A > w,
Ry\CAu = L (S, (t)Au) (N
= —L(Sg(t)u) (A)
= Cu — AL (Sp(t)u) (N),
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by integrating by parts. This yields the last equality in (iii). The proof is
then complete. |

Remark. We now pay attention to the first equality in (iii) of Proposition
1.6. When A = 0, it reduces to

A+ B)10u= LS\ () (),  A>w,

and so one is getting a C-regularized semigroup Sj(¢t). When B = 0, it
reduces to

AN+ A) 7 Cu = L (S (t)u) (N), A > w,
in which case, S (t) is a C-regularized cosine function.

Definition 1.7. The Cauchy problem (1.1) is called analytically wellposed
in Xy (0<0< %) ik
(i) D(A)ND(B) is dense in E, and (1.1) is strongly I-wellposed;
(ii)) both Sy(-) and S;(-) can be extended analytically to X4, Si(2)E C
D(B) and BS;(z) is analytic in Xy;
(iii) for each ¢ € (0, ), u € E,

So(z)u — u, BSi(z)u—0, Sij(z)u—u, as z— 0 (z€3,),
and there exist My, wy > 0 such that for z € ¥,

1So(2)l,  1BS1(2)l, [1S1(2)]| < Mye“sBe.

Definition 1.8. The Cauchy problem (1.1) is called analytically solvable
in ¥y (0<0<3%)if D(A)ND(B) is dense in £, (1.1) has a unique solution
u(-) for each uy € D(A), vy € D(A)ND(B), and u(-) can be extended
analytically to ¥y such that for each ¢ € (0, ),

u(z) = u(0) as z — 0 (z € Xy)

and
Ju(2)[| < My([[Auoll + lusl)ers o=, 2 € 2y

for some constants My, wy.

Definition 1.9. A linear operator B in F is called nonnegative if for each
A >0, A € p(—B) (the resolvent set) and

sup{[[A(A+ B)7'|l; A >0} < +oo.
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We define the fractional powers of a nonnegative operator in a usual way
(cf. [3, 6, 10]).

Definition 1.10. A complex polynomial p(z) = 3 agz” on R" is called
|B<t
elliptic if its principal part

Z agxﬁ =0 implies z = 0;
|B=1

p(x) is called strongly elliptic if
Re Z agr’ >0, x¢€ R"\{0}.
|Bl=t

Terminology 1.11. An n-tuple of nonnegative 8 = (81, [a2,...,0,) is
called a multiindex which we sometimes denote by 8 € Nj and we define

By S(R"™), we denote the space of all rapidly decreasing functions on R™
with the local convex topology defined by the family of norms

£l := sup sup (1+[z|*)"|(D?f) ()], m € No.

|8|<m zE€R™

The Fourier transform and its inverse transform are denoted by

n

(FN@) = fa)i= [ e )y
and

(F' ) = (27r)—"/ e @) f(z)d.

n

FL' will denote the Banach algebra {Ff; f € L'} under pointwise multi-
plication and addition with the norm

lgllzes = 17 gl

The space of all Fourier multipliers on L?(R") (1 < p < oo) will be
denoted by M, which is a Banach algebra under pointwise multiplication
and addition with the norm

[l ag, o= sup{[|F~ (ud)||o; ¢ € S(R™), ||6]|» < 1}.
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We note that
FL' < M; — M, forall p.
For more information on multipliers, we refer to [11, 15, 19].

Lemma 1.12. Let j, n € N, j > % and f € C7(R"). Assume that there
exist b, M; > 0 such that, for each multiindex 5 with |3| < j,

D f(z)] < My(1+[z)"P=0, w e R™
Then f € FL* and ||f||7z2 < LoM; for some constant Ly independent of f.

Proof. Copying the proof of [11, Lemma 3.1] leads to the result as de-
sired. u

Lemma 1.13. Let1<p<oo, j, n€N, j> % and f € C/(R"). Assume

that there are a > 0, r > n\% - %, My > 1, Ly > 0 such that for each

multiindex 3 with || < j, x € R,
IDPf ()| < LMY (1 + |])lem DAl

Then f € M,, and there is a constant Ly independent of f such that || f|| s, <
nl3 -1l

LoL;M;
Proof. Tt follows from [19, Theorem 1] immediately. u

Lemma 1.14. Let j, n € N, j > 2 and {f;}+>0 be a family of C7(R")-
functions. Assume that for each x € R, 8 € N with |B] < j, t — DPf,(x)
is continuous in [0, 00), and there exist a >0, r > %, and a locally bounded
function M; > 0 such that

ID? fi(w)| < MY (14 [a]) 0P 1B < G, we RME > 0.

Then, for each t > 0, f, € FL', t — f, is continuous under the norm of
FL', and

I fill 70 < const M2, ¢ > 0.
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Proof. Proceeding similarly as in the proof of [11, Lemma 3.3] and applying
the dominated convergence theorem leads to the desired result. [l

2. General criteria.
Let A, B,C, and E be as in Section 1.

Theorem 2.1. The Cauchy problem (1.1) is strongly C-wellposed if and
only if the following statements hold:
(i) (w, o) C pc(A, B) for some w >0,
(ii) for eachi € {1, 2, 3}, there exists a strongly continuous function T;(-) :
[0, 00) — L(E) satisfying || T;(t)|| < Me*t (t > 0) for some M > 0 such
that for A > w,
AR\Cu = L(Ty()u)(N), N 'AR\Cu = L{Tr(t)u)(\), u€E,

A IRA\CAu = L{Ts(t)u)(\), u € D(A).

Proof. The “only if” part follows from Proposition 1.6.
The “if” part. For ¢t > 0, define

21)  St)=C—Ty(t),  Si(t)u= /tTI(s)uds, (u € E).

Then for A > w,

(2.2) L{So(H)u)(\) = A"'Cu — A" Ry\C'Au, u € D(A),

(2.3) LIS(Du)(\) = RaCu, L < /O t Sl(s)uds> (\) = \'RyCu, ucE.

Observe

BR)\CU = )\71(P)\ — )\2 - A)R)\CU
=A"1Cu— AR,Cu— \"1AR,Cu
=L{Cu—Ti(t)u —Te(t)u)(N), u€E, A>w.

We have by (2.3) and Lemma 1.2 that

which implies that

t
A/ Si(s)uds = Cu — S} (t)u — BS;(t)u, t>0, ue E.
0
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Moreover, from (2.2) we get that for each u € D(A), A\ > w,
L{CSy(t)uy(N) = (A'C = AT RA\CA)Cu = L{So(t)Cu)(N),
and therefore
(2.4) CSo(t)u = So(t)Cu, we€D(A), t>0,
by the uniqueness theorem for Laplace transforms; similarly
(2.5) CSi(t)u=5:(t)Cu, wekE, t>0.
Next, let u € D(A), v € D(A)ND(B). Then for A > w,

LIS, (t)0)(\) = RyCv
= A (AIC — AIR\CA)w — RyC(Bv)]

"y < /0 (So(s)v — S, (t)Bv)ds> ),

and therefore

t
(2.6) Sy (t) = / (So(s)v — S1(s)Bv)ds, > 0;
0
similarly
t
(2.7) So(t)u = Cu — / Sy (s)Auds, t> 0.
0

Thus, we can see from (2.1), (2.6) and (2.7) that

(2.8) So(0)u = Cu, Si(0)u=0, S1(0)v=0, S;(0)v=_Cu,
(2.9) Si(t)u = —=Si(t)Au, Sy (t)u = =T (t)Au,
' S(tyv = =S, (t)Av — Ty (t)Bv, t>0.

Observing that for A\ > w,

ANT'Cu — N'R\CAu) = L{ACuU — Ty (t) Au)(N),

AR\ Cv = \"2ACv — N"YAR\CBv — \"2AR,\C Av

) <tACv —T(t)Bu — /O t Tg(s)Avds> ),
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we obtain by (2.2), (2.3) and Lemma 1.2 that for A > w,

So(t)u € D(A) and L{AS,(t)u)(\) = AN 'Cu— N"'Ry\CAu), t>0,
Si(t)v € D(A) and L{AS;(t)v)(\) = AR Cv, t>0.

This together with (2.1), (2.2), (2.3), (2.9) yields, noting Lemma 1.2 again,
that for A > w,

LSy (t)u + SY (t)v + ASo(t)u + AS1(t)v)(N)

= - AR\CAu + A\"'Cu — A\ 'RyCAu) — R\CAv — AR\, CBv + AR,Cv
= BR)\CA’LL - )\BR,\C’U

= L(—BS)(t)u — BS,(t)v)()).

In conclusion,
t— So(t)u+ Si(t)v

is a solution of (1.1) with initial values (Cu, Cwv).
Finally, let w(t) be an arbitrary solution of (1.1). Then

1

w(t) € D(A), /m m(s + 1)w'(t + s)ds € D(A)(\D(B), t>0, me N.
0

So, (2.6) holds for v = w'(t) (¢t > 0) by letting m — oco. From this and (2.7),
we get,

%[So(t —s)w(s) + Si(t —s)w'(s)] =0, 0<s<t.

Therefore
Cw(t) = So(t)w(0) + Si(t)w'(0), t>0.

If w(0), w'(0) € R(C), then C~'w(0) € D(A) and
w(t) = So(t)C'w(0) + S, (t)C'w'(0), t >0,
by (2.4) and (2.5). This completes the proof. |

Theorem 2.2 ([23]). Let 6 € (0, 3]. Then the Cauchy problem (1.1) is
analytically wellposed in Xy if and only if D(A) N\ D(B) is dense in E, and
for each ¢ € (0, 0) there exist constants M, wy > 0 such that wy + ¥z 4y C

p(A, B) and

IARAll,  [IATTARML INTRAAL S M| AT, A € wy + Bz
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From the proof of [23, Theorem 1], as well as from [17, Theorem 2.5] for
the uniqueness, we obtain immediately:

Theorem 2.3. Let 0 € (0, Z|. Assume that D(A)D(B) is dense in

2
E, and for each ¢ € (0, 0) there exist constants My, wy > 0 such that for

A€ wy +Bzig, Ry € L(E) and [|AR,]|, [ANTAR,|| < My|A|~'. Then the
Cauchy problem (1.1) is analytically solvable in .

Theorem 2.4 (Perturbation). Let ¢ € (0, 7]. Let Ay, By be nonnegative
operators such that their resolvents commute and the Cauchy problem

u’(t) + Bou/(t) + Aou(t) =0, t>0,
u(0) =up, w(0) =uy,

is analytically wellposed in Y. Suppose that A,, By are closed linear opera-

tors such that D(A,) D D(A§), D(By) D D(B}), for some a, b € [0,1). Let

A= Ao + Al, B = Bo + Bl. Then:
(i) The Cauchy problem (1.1) is analytically solvable in Xy;

(ii) the Cauchy problem (1.1) is analytically wellposed in Yy,
provided (I + Ag)~*Ay, (I + By)™"B; have bounded extensions on E.

Proof. Fix ¢ € (0, #). By hypothesis, we have using Theorem 2.2 that there
exist constants My, wy > 0 such that

(2.10) IARoxll,  I|1BoRoall,  [IA" AgRoxl| < My|A|7Y,

WheneVer )\ € W¢ + E%+¢ C p(A()’ Bo) Here Ro)\ = )\2 + Bo)\ + Ao.
An appeal to the moment inequality yields that for A € wy + ¥z 14,

IAB1Rox|| < |By(I + Bo) " |[IA(I + Bo)" Ros||
< const [A[[[(1 + Bo) Rox ||| Roal|*~*
< const [A\|7U7Y by (2.10).

Similarly, we have
| Ay Rox || < const |\ 72079,

Thus we see that there exists w;, > wy such that for A € wj + Xz, 4,

1
HABIRO/\ + A1R0)\H < 5,
and therefore R, exists and

ARy = AR, [I 4+ ABy Roy + Ay Rox] 7Y,
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)\_1AR)\ — {)\_le + [Al(I—i—Ao)_l])\_l(I+A0)}R0)\[I+)\BlRO)\ +A1RQ)\}_1.
Then (i) follows immediately by an application of Theorem 2.3.
When (I+ Ay)~*A;y, (I+ By)~?B; have bounded extensions on F, we have
that for A € wg + Xz 44,
AR Bl < IN[(1 + Bo)" Roall[[(1 + Bo)~*Bu|
< const |A|7(07Y),
| RoxA1|| < const |A|720-%),

Accordingly, there exists wy > wy such that for A € wj + ¥z 4,

AN 'RAA = [I + ARoxB;y + Roa Ayl "N " Rox{ Ao + (I + Ag)[(I + Ag) " A]}.

It follows by Theorem 2.2 that the Cauchy problem is analytically wellposed
in 29.
The proof is then complete. [l

Remark 2.5. We refer to [8, 25| for related results.

3. Differential operators as coefficient operators.

Throughout this section, E is one of the Banach spaces L?(R") (1 < p < 00),
Co(R™), Cp(R™) or UC,(R™) (the space of uniformly continuous and bounded

functions). Given a complex polynomial p(z) = 3 ag(iz)? on R", we define
IBI<!

p(D)= 3 ;D" = 3 as (82)6 (ain)ﬁ”

with

D(p(D)) = {f €E; Y agD’f € E}

|Bl<i

It is easy to see that p(D) is a closed operator on E and p(D)f = F~1(pf)
for all f € D(p(D)).

Define
nNg = {

With a given G(x) € FL', we associate a bounded linear operator T(G(z))
on E as follows

if E=LP(R")(1<p<o0),

otherwise.

1_1
2 p

[N

T(G(x))f := F 'Gx f=F Gf), foral fekE.
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Assuming H(z) € M, (1 < p < 00), we define
T(H(z)): f— F Y Hf), forall feS(R"),

which extends to a bounded linear operator on LP(R™) (1 < p < 00).
2

5.
0x;

By A, we will denote the Laplacian Z For each z € C, we will write
i=1

V7= |z]7er 8 —r <argz <m,
so that Re/z > 0.

Theorem 3.1.  Let p(z), q(x) be complex polynomials of degrees I, m
respectively on R™. Write h = max{2l, m}. Assume

sup Re (—p(:n) + \/M) < 0.

rER™

Let A = q(D), B =p(D). Then the Cauchy problem (1.1) is strongly (I —
A)~*-wellposed for

>
a
>

If in addition, there exists v € (0, h| such that

(ng+1)h if E=LP(R") (1<p< o),
(ng+1)h otherwise.

LN

(3.1) p*(2) — 4q(2)| = Colz|", |z| = Lo
for some Cy, Lo > 0, then the o can be improved as

(3.2) a{z Lngh+h—7r) if E=L*(R") (1<p < o0),

> (nph+h—r) otherwise.
Proof. For A € R, define

D(P) ={f € E; F'[(X+p@)A+q(2))f] € E},
Pyf = F U + p@)\ + q(x))f] for all fe D(P,).

Clearly, P, is a closed operator on FE and

(33) PyC P\, DB)(\D(P)CDA), DA ()DP)CDB).

W= L sup Re (—p(x) + \/m> .

2 rER™

Write
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Then w < oo by hypothesis. We note that for each A > w,
(A +p(x)X +q(z))"' € C(R™).
For each A > w, put
D(R)) ={f € B; F (N +plx)A+q(x))"f] € E},
Ryf = F N+ p@)A+q(z)) "' f] forall f e D(R)).
It is easy to see that
P\Ryf=f (f€D(R), RPf=f (f€D(P)).

Whence, P, is injective and ]5/( U — R, for ecach A > w. As a consequence,
R, is a closed operator in E for A > w.
Set

ca®) = (L+|2[)"", z€R",

(3.4) MOEE (—pm + o) 4q<x>) . zeR

We have that for each multiindex 3,
(3.5) |DPco(x)| < const (14 |z|)727 181 z e R™.
This shows by Lemma 1.12 that ¢, (z) € FL' when « # 0. Let
c. — {I if £=L*(R"),
T(c,(x)) otherwise.

Then C, = (I — A)™“.
Next, we set

. 0 o A U
7’”‘<—<1+|x12>-*fq<x> (@) ) < f

By virtue of [9, p. 169, Theorem 2], we have

(36) e

< const (1+t+t|x!g) et t>0, € R".

In order to get a better estimate on ||e'”®)|| for |z| > L, in the case of (3.1)
holding, we put

1
p*(z) — 4q(2)
wy(x) ="+ @ =) 1 >0, |z > L.

gi(x) == t >0, |x| > Lo,

)

eth+(@) _ ptn—(z)
( )
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Clearly, for A > w, t > 0,

1

/OOO e Mg(z)dt = (N + p(z)\ +q(z))

/ T oMy (@)dt = 2\ + p(a)) (V2 + p(a)h + q(z)) "

0

From this and the easily verified equality
(A=P(x)! =

((A +p(2)) (A2 + pla)A + q(x))
—(1+ 22" F (@) (A2 + p@)A +¢(@) T A2+ p@)A + (@)

-1

1

(1+ 2% (A2 + p()A + q<x>)‘1>

(3.7) A > w,

it follows, by the uniqueness theorem for Laplace transforms, that if we write

i t) wva(x; t)
3.8 etP@) _ (U1l 2B >0, 2 € R,
( ) ’Ugl(fx; t) ’U22(.Z'; t) -

then for t > 0, |z| > Ly,

o 0) = 5 (o) + pe)g(@)),
vl 0) = 5 (o) = ple)(®)),

vip(w; 1) = (1+ ’$|2)%gt(x)v

oo (2 t) = —(1 + |2*) % () gu ().
Obviously,
|wt($)| S 2ewt7 t Z Oa |:L“ Z LO7
and by (3.1),
lgi(2)] < 205 Fla|~Fe, >0, |2 > Lo.

This combined with (3.6) yields that for all ¢ > 0, x € R",
wt

t

11 (25 8], |vaa(a; )] < const (14 )(1 + |z])' e
5wt

lv1a (5 )|, |var (w5 t)| < const (14 ¢)(1 + |z]) =
and therefore by (3.8),
etP(z)

3.9 < const (1 +)(1 + |z|)zP—"et, t>0, z€R",
(
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valid for the case of (3.1). In fact for the otherwise case, (3.9) also holds
by (3.6), if we let » = 0 (here and in the sequel). Now, note that for each
multiindex (3

(3.10) | DPP(x)|| < const (1 + ED e x € R".

Then using Leibniz’s formula, we deduce by (3.9) and (3.10) that for each
multiindex (3

H DB etP@)

< const (1 + ¢)/PH1 (1 + |z|)F-DIFHFz (=gt >0, € R™.

This implies by (3.8) that for each multiindex £,

(3.11)

|Dﬁv11($§ t)|7 |D6022($; t)|a |D5U12(1U; 75)|

< const (1 + ¢)/PH1 (1 + |z|)F-DIFFz (=gt >0, € R™
Set
(3.12) vo(z; t) = (1 + |2*) " Fwup(z; t), t>0, x€ R™

Then combining (3.11) with (3.5) shows, by Leibniz’s formula, that for each
multiindex (3,

1D [vo(z; t)ea ()], |D? fona(zs thea(@)]],  |D? vaa(zs t)ea(@)]|
< const (14 )P4 (1 4 |g)(F-DIBHF3(-n=2acwt 4> 0 4 e R™

Therefore, we deduce by virtue of Lemmas 1.13 and 1.14 that, if o >
i(hn‘%—%‘—i—h—r), 1 < p < o0, then

vo(z; t)ca (), vi1(2; t)ca (), vaz(w; t)ea(z) € M,
and

[vo(; t)ca (@) a,s 011 (25 E)ea(@)lnm,: [va2(@; t)ealz)|nm,

< const (1 + t)1+"|%7%|e‘”t, t>0;
if « > 1 ($hn+h—r), then

vo (5 ) (), vi1 (x5 t)ea (), vao(x; t)ea(x) € FLY,
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being continuous in ¢ € [0, co) under the norm of FL!, and

[vo(2; t)ca (@)l 7o, llon (e Hea(@)|For, lvea(@; Healw)lFo
< const (1+t)'TEe*! > 0.

Accordingly, putting

Vo(t) = T(vo(z; t)ea()), Vir(t) = T(vii(z; t)ea()),
Voo (t) = T(vaa(z; t)ea(x)), t>0,

we have that

(3.13) BVy(t) = Vii(t) — Vao(t), >0,
and
(3.14) Vo)l Vi@l Va2 (t)]| < comst (1 4 1) =et, ¢ > 0;

moreover, when
E=L'(R"), L>*(R"), Co(R"), Cy(R"™), or UC,(R"),

t— Vo(t), t—Vii(t), t— Vaalt) (for ¢ >0)

are continuous in the uniform operator topology. On the other hand, we
observe that for each ¢y € [0, ), ¢ € S(R"),

~ ~

lim v (z; t)ca(x)d = vo(x; to)ca ()

t—>t0

under the topology of S(R"), and therefore

lim F ! (vo (a3 t)ca()) = F " (vo(z; to)ca(2)9)

t—to

under the topology of S(R™). This indicates that

Jim V()6 = Va(to)o
under the topology of S(R™), and so under the norm of L?(R™) (1 < p < 00).
Thus, (3.14) and the denseness of S(R™) in LP(R") (1 < p < o0) together
yield that V4(+) is strongly continuous when E = LP(R™) (1 < p < o). So
do Vi1(+) and Vaa(+) by a similar argument.
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Finally, define
Inf :/ e MVo(t) fdt, Kyf :/ e MV (t)fdt, A>w+1, f€E.
0 0
We note by (3.7), (3.8) and (3.12) that for A > w + 1, z € R,

| e et Dt = (02 + p() -+ @)
/0 T ey (a3 )t = (0 + p(2) (02 + p()A + g(@) Y,
/0DO e Mugy(m; t)dt = AN + p(x)\ + g(x)) "

From this, we obtain using Fubini’s theorem that for A > w+1, ¢ € C°(R"),
and
fe {S(R") if E=LP(R")(1<p<o0)

E otherwise,

(Inf, (W +p(—=D)A+q(—D))¢)
_ / e MF " (wo(w; )ea(@)f), (V2 +p(—=D)A+ g(~D)))dt

oo

= [ e MF (wolas heal@)f) x (N + p(D)A + ¢(D))g-)(0)dt

= [T e s Beala) FOC + pla)d +a(a))-) (0)ds

= F ! (ca(2)f6-)(0) = (F ! (cal)f) x 6-)(0)
= (Caf, ¢), where ¢_(z) = ¢(—2).

Similarly, we get that for A, f, ¢ as above,
(Kaf, (W +p(=D)A+q(=D))d) = (A\Cuf, ).
In conclusion, for A, f as above,
PuLf = Cof, PAKAf = ACaf.

Using the closedness of Py and the denseness of S(R") in LP(R"), we infer
that the above equalities hold for all f € E in any case. Consequently

(3.15) Inf = R\Cof, Kif=AR\Cof, A>w+1, f€E.
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The first equality together with (3.13), (3.14) implies that

R(RiCa) € D(B), BRCaf = [ ¢ (Vult) = Vaalt) f,

A>w+1, feF.
Combining this with (3.3) establishes that R (é,\Ca> C D(A). Therefore

(3.16) R(C,) CD(Ry), R\Co=R\C., A>w+1.
Accordingly, we obtain by (3.15) that for A >w + 1, f € E,
(3.17)
BR\C.f = / e N (Viy(8) = Vas()) fdt, AR\Cf = / e MV (1) ft.
0

0

Moreover, it is plain that

1

Ca()
= FYq(x)Ff} = Af. feD(C;'AC,) = D(A);

C.'BC.f=Bf, feD(C;'BC,)=D(B);

P\AR,C, = AC, on D(A),

P\BR,C, = BC, on D(B).

€1 ACf = F PP FF eala) P

This shows by (3.16) that

R, C,Au= AR\C,u, u € D(A),
R,C,Bu= BR,C,u, uc€ D(B),

which implies that R\C,A, R\C,B are closable. Thus, recalling (3.17), we
can apply Theorem 2.1 to obtain the desired results. |

Remark 3.2. (1) In [5, Chapters XIII and XIV] and [13], arbitrary sys-
tems of constant coefficient partial differential operators are dealt with by
introducing a matrix of differential operators

A= (pij(D)) s s

with the usual matrix reduction of (AC'P;) to (ACP;), with
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the related theorems in [5, 13] will produce a similar result as Theorem 3.1,
for

max{l, m} if E=L*R"),

2

a> {1 (2 +1)max{l, m}

+% ([%] +1- %) (max{l, m} —1) otherwise.

By comparison, the a in Theorem 3.1 is sharper. Moreover, there is also
another advantage of Theorem 3.1. In order to illustrate this, we write

pla) =Y as(iz)’,  qlz)= ) bs(iz)”.

181<i 1Bl<m

From Theorem 3.1 one gets the information that the solution u(-) satisfies

t— Z agD"u'(t), t+— Z bgD"u(t) € C([0, o), E).
1BI<i |Bl<m
On the other hand, we note that A is not closed in general. Thus using the
related theorems in [5, 13] with the operator matrix A shows merely that

t— > agDP(t)+ > bsDPu(t) € C([0, o), E),

|Bl<i |BI<m

without giving the information whether

t— Z agD"u'(t), t+— Z bg D u(t) € C([0, o), E).

1BI<i |Bl<m

(2) Let g(x) = 0. Then Theorem 3.1 gives a result for regularized semi-
groups (recalling the remark after Proposition 1.6). Moreover, in the case
when p(z) is elliptic (corresponding to » = h in (3.1)), one is getting the
best possible «, that is

a{z Ingh if E=LP(R") (1<p< ),

1 .
> snph otherwise,

in view of the original results for regularized or integrated semigroups (cf.
(11, 12, 27)).

Similarly, letting p(z) = 0 in Theorem 3.1 will yield a result for regularized
cosine function; see also Remark 3.4 for related information.

Theorem 3.3. Suppose that p1(z), pe(z), ¢1(x), ¢2(x) are real polynomials
of degrees 1y, ly, my, my respectively on R™. Let A = q;(D) +iqx(D), B =
p1(D) + ip2(D). Then for any o with

P
> 5 otherwise,

(3.18) a{zn‘i—l\ if E=LP(R")(1<p< o),
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(1) (1.1) is strongly (I — A)~="2*-wellposed, provided either
(i) 11 =0, my <2y, my <ly, and pa(x) is elliptic,
or
(ii)) &y = 0, my = 2ly, mo < ly, pa(x) is elliptic, and ¢ (x) > 0
(|x| > Lo) for some Lo > 0;
(2) (1.1) is strongly (I — A)~1™*-wellposed, provided either
(iil) 5 =0, < imy, my < tmy, and qi(z) is strongly elliptic,
or
(iv) 0<l; < %ml, Iy < %ml, my < Iy + %ml, and pi(x), q1(z) are
strongly elliptic;
(3) (1.1) is strongly (I — A)~=""*-wellposed, provided
(v) 1< %ll, my <1y, mo < 31y, and pi(x) is strongly elliptic.

Proof. For z € R", let
p(x) = pi(x) +ip2(2),  q(z) = qi(x) + iga(x),
and let
ri(z) = pi(z) — pa(@) — 4qu(x), ra2(z) = 2pi(2)pa(w) — 4ga(x).

Then
p*(x) — 4q(z) = ri(z) +iry(x), 2 € R™

It can be verified that

p*(x) — 4q(z) = s1(x) +isa2(x), x € R",

where
\gi (rl(:v) + ri(x) + 7“%(33))é if ri(z) >0,
a1(@) = V2 2 2 -3
5 @] (V@ T3 —n@) T i ni) <o,
) = frg(ac) (rl(x) +/ri(z) + r%(w))ié if ri(x) >0,
fsign(rg(x)) ( ri(z) + r3(x) — rl(x)) Cif r(x) <0

Keeping this in mind and recalling Definition 1.10, we begin the following
discussion. When condition (i) or (ii) holds, we have that

max{2degp, degq} = 2,
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and
p*(x) — 4q(z)| > |r1(2)| = Colz|**,  |2| > Lo,

for some Cy, Lo > 0; r1(z) < 0 and

( r%(x)JrT%(:c)—rl(;g))_éSconst 2|t

for |z| sufficiently large; degry < Iy, so that
s1(z) < const (1 + |z|2|x|7"2)

and therefore

(3.19) sup Re (—p(:n) +4/p?(x) — 4q(ac)> < 0.

rER™

When condition (iii) holds, we have that
max{2degp, degq} =my
and
(3.20) p*(z) — 4q(z)| = |ri(2)| = Cilz|™,  |z] = Ly,

for some Cy, Ly > 0; ry(z) < 0 for |z| sufficiently large,
1
degry < max{ly, my} < §m1,

so that
s1(x) < const (1 + |a]2™ |z]72™),

and therefore (3.19) is satisfied.
When condition (iv) holds, we have that

max{2degp, degq} = m,
and (3.20) is satisfied; ri(x) < 0 for |z| sufficiently large,
degry < max{l; + Iy, may},

so that
81(.%‘) < const (1 + |$|max{l1+l2’ mg}‘$|—%m1)’

and therefore (3.19) is satisfied noting

1
max{h + lg, mg} - §m1 < ll

189
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as well as the strong ellipticity of p;(x).
Finally, let condition (v) hold. We have that

max{2degp, degq} = 2l;

and
p*(x) — 4q(z)| > |r(2)| = Colz|®,  |2| > Lo,

for some Cy, Ly > 0; r1(z) > 0 for |z| sufficiently large,
degry < max{l; + lo, ma}.

Observe

Re (~pla) + /p2(a) — 44(2))
= @)+ 9 (i) + i) + i)
r3(e) ~ 4R )3() + A9 @) (@)
201(@) + VE (11 (a) + V(@) + 730
1
[V/r2@) +13(@) + p (@) + p3(w) + da ()]

< const (1 + |$|max{2(l1+l2),2m2,2l1+m1}|$‘—l1—211>’ r € R

1
2

We see that (3.19) is satisfied.
Consequently, using Theorem 3.1 leads to the results as required. |

Remark 3.4. Regarding the incomplete second order Cauchy problem

(3.21)

{u”(t) +q(D)u(t) =0, t>0,
u(0) = ug, u'(0)

(A

Theorem 3.3 (2) shows that (3.21) is strongly (I — A)~ 3@ dee®Rela®)_wellposed
for any « as in (3.18), if g(z) is strongly elliptic, and

deg(Imfg(x)]) < J de(Relg(x)]).

This will yield a larger set of initial values for the solutions of (3.21) under
a weaker condition, compared with [2, Theorems 6.5-6.7].
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4. Analytic wellposedness.

In this section, we assume that E is one of the Banach spaces L?(R") (1 <
p < 00), Co(R"™) or UC,(R™). Given a polynomial p(x), p(D) will be defined
as in Section 3. We claim that D(P(D)) is dense in E. Indeed, if E = LP(R")
(1 <p<o0)or Cy(R™), then the Schwartz space S(R™) (which is contained
in D(P(D)), is dense in E. If E = UC,(R"), then

D(P(D)) > {J.  f; e > 0, f(z) € B},

where J. € C*°(R™) with support in {x € R"; |z| < ¢} satisfying

Jo(x)dx = 1.

R™

This implies that D(P(D)) is dense in UC,(R™) since
lim J. « /(@) = /()

uniformly in R", whenever f € UC,(R").
We also remark that in general, D(P(D)) is not dense in L>*(R") or
Cy(R").

Theorem 4.1. Suppose that p(x), q(z) are real polynomials of degrees I,
m respectively on R™ such that they are strongly elliptic and I < m < 2I.
Assume Ay, By are closed linear operators on E such that D(A;) D D(A™%"),
D(B,) D D(A*%), for somea,be [0, 1). Let A= q(D)+A,, B=p(D)+B,.
Then the Cauchy problem (1.1) is analytically solvable in Xz ; furthermore,
(1.1) is analytically wellposed in Xz provided (I — A)~*" Ay, (I — A% B
have bounded extensions on E.

Proof. Firstly, we write
Ay =q(D), By=p(D), Rg= M+ BoA+ Ap.
By hypothesis, there are constants Ly, Cy > 0 such that
p(z) = Colzl',  q(a) = Colz|™,  |z] > L.

Without loss of generality, we may and do assume (with A; + diI, By + doI
replacing A;, B; respectively for some dj, dy > 0, if necessary) that

(4.1) q(z) = Cila]™, p*(z) —4q(2) > Co(1 + |=])*,

p*(z) — 4q(z) + p(x) > C1 (1 + |=|)", x € R,
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for some C; > 1. Define py(x) as in (3.4). Since

(12) (@) = 20(z) re R

p(z) + Vp?(z) — 4g(z)’

we have

0o := sup Repy(z) <0.
reER"

Also, a simple calculation shows by (4.1) that for each multiindex /3,

(4.3) |DPu_(z)| < const (1+ |z[) P!, 2 € R",
|DP 1y ()] < const (1 + |z[)™ 1%, 2 € R™

vo(x; 2) = et+r@z _en-@z) = e R 2 e C,
’ (@) — 4q(z) ( )

v(z; 2) = p(x)ve(z; 2), x € R", z€ C,
w(x; 2) = e+ @7 per-@= g c R 2 e C.
Then, (4.1) implies that for each z € C,
=2 o (x; 2), v(xs 2), wz; 2) € C(R™).

)

Fix 29 € Xz. Observe that for each multiindex £,
‘Dﬁ [M_(x)em(m)z}

8 p(z)p_(r) e,t_(r)z] | gl p—(x) ey_(m)z]
|D l 7@ 1) NP e - @

< const (1 + ’x‘)“r(l*l)\me*%CﬂwVREZO

valid for all z € R", z € C with |z — 2| < § Re z, by (4.1) and (4.3);

’Dﬁ [m(x)ew“)ﬂ ’
8 p(z)p(z) oht+ (@)2 ’ 8 l oy () 6#+(z)z]
‘D l (@) — 440 S Ve

< const (1 + |z|)™HHm=t=DI8lg=Cale™ ! Re zo

(where C, is some constant) valid for z, z as above, by (4.1), (4.2) and (4.4).
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Accordingly, we can see by Lemma 1.12 that the FL!-valued functions

p(z) r@z 1 it (2):

p*(w) — 4q(z) p*(r) — 4q(z)

2 @7

are analytic in ¥=. Hence, letting
Vo(z) = T{vo(z; 2)), V(2) = T(u(z; 2)), W(z) = T(w(z; 2)), z € X3,
we know that

(4.5) Vo(z), V(z), W(z) are analytic in ¥z,

(4.6) Vo(z2) CD(By) and ByVy(z) =V (z), z€ Xx.
Next, we have by (4.1) and (4.2) that

(47) 'eu,(a:)z < e—Cg|J;\lRez

, TER" z€Xx,
2

’emz)z

—C. m—1
<e Cs|x| R627 = Rn’ = 2%7

for some constant C3 > 0. This combined with (4.1)-(4.4) implies that for
any multiindex # with |3| > 1,

1

‘DB [euf(w)z} ,
8 it @)z 3 p(z) 6#_<x>z]
’D [ p*(z) — 4q(z) ] ’ ’D [ p*(x) — 4q(x)
151

< const Z 2|/(1 + |z|)=1Ple=Calal' Rez 5 e pr 4 ¢ Yz,
=1

‘ DA {emmz} :

o it
p2

s [ !
D 2
p*(z) — 4q(x)
18l . . m—1
< const Z |2|"(1 4 ||)(m=VizBle=Calel™ " Rez " R 2 € Bs.
=1

2

eu+($)2‘| ’
) — 4q(z)

When
n

li — -
i— 1ol < -2
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we get
H(]' + |5[;Dli_|5|e—c3lm\chz
L2(R")
< li*lﬁl‘
< fJas iz, .,
< const, z€ Yz.
When .
—5 <li—|ﬁ’ <(),
we have
H(l + ‘x’)li_|3|e—03|m|l Rez
L2(Rn)
< const (Re z)*”wz'f" ‘$|lif\ﬁ|e—cg|mw
— LZ(R”)
< const (Re2) ™75, 2 €3y,
When
we get
H(]' + |$Dli_‘5|e—c3|x\lRez
L2(R")
< const H (1 + |x‘li7|ﬁ|) o—Cslal' Rez
L2(Rn)

< const ((Re 2)72 + (Re z)"*zm’é"fn) , Z€Xx.

Keep these observations in mind. Now, we fix ¢ € (0, 5). Then |z] <
2_Rez for z € 4. Take 8 € NJ such that |3] = [2] + 1. Then

cos ¢

li — |8 # —g for every i€ {1, ..., |3},

noting [ > 2 by the strong ellipticity of p(x). Hence

HDB [e”—(m)z} < const (Rez) 2 efez 4 ¢ s
L2(Rn)
Moreover by (4.7),
He“—(m)z < const (Rez) 2, z¢& %,
LZ(Rn)

Thus, an application of the classical Bernstein theorem shows that

Rez

He”*(“’)z - < const %, z € Mgy,
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noting

af L CA—m 0
2l (1 2\/3I>+ o 28

Similarly, we can obtain

Heu+<z>z ’ || 1 @]
FL! VPP (z) — 4q(x) Fr1
= p(z) eh=()z < const e®°*, z € Y
VP (.’L’) - 4q(:c) FL1
Consequently,
(4.8) Vo)l IV W ()] < const e®, 2 € By

Pick A\g < 0. Then (4.1) implies by Lemma 1.12 that
Ao =p*(@))7"  a(@)(No —p*(2)) " € FL!

and
T((Xo — p*(2))"") E = D(B?).

A simple calculation shows that for z € R", z € Xz,

(i 2)0 = 22@) ™ = 300 — @)™ [ T ) = ofas wd
wlii )0 — (@) = = 3p(@) 00— #(@) " [ Tulas n) — ol m)ldn

— @) 00— @) [ = mlwtas ) — ol pldy+ 200 — )

0
It follows that for each ¢ € (0, 5),

Vo(2)T((Ao —p*(2)) 1) — 0, V(2)T((Xo — p*(2))"") — 0,
W (2)T{(Xo — p*()) ) — 2T((Xo — p*(2)) "),

as z — 0 (z € X,). Thus conferring to (4.8) and the denseness of D(Bg)
yields that for each u € E, ¢ € (0, %),

(4.9) lim Vo(z)u =0, lim V(z)u =0, lim W(2)u = 2u.

z—0

z€Xy z€Xy zEXy
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Then proceeding similarly as in the proof of Theorem 3.1 and noting that
for A > 09, x € R",

e M untas e = (02 4 p)h + g(a))
| e ot tydt = p(@)0 + p()A + @)

/ e (s )t = 2\ + p(2)) (A + p@)A + g(2)) ",

0
we obtain that for each A > oy,

RO)\ c L(E), BoRO)\U = Ro,\Bou (U S D(BO)),
AgRoau = RoxAou (u € D(Ay)),

BOROAu:/ e MV (t)udt,

0

QMhu:/ e MW () = V(1))udt, e E.
0

Thus Theorem 2.1 applies (by (4.8), (4.9)) and we see that the Cauchy
problem

(4.10) {“"(t) +p(D)u'(t) + q(D)u(t) =0, t=0,

u(0) = ug, w(0)=wuy,

is strongly I-wellposed with two propagators

So(t) = 5 (W(1) + V(1)

Sﬁm:w@mzilﬁw@—V@m@,tzaueg

It follows from (4.5), (4.6), (4.8), (4.9) that the Cauchy problem (4.10) is
analytically wellposed in ¥x.
Finally, (4.1) implies that p(D), q(D) are nonnegative operators,

D(A%) D D((p(D))"), D(A™#) D D((a(D))");

also

am

(I+p(D) (I = A)%, (I+q(D))"(I-A)% € L(E).

Therefore, applying Theorem 2.4 establishes the results as claimed. The
proof is then complete. [l
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5. Examples.

We first consider the damped Klein-Gordon equation in one dimension

(5.1)

Uy + AUy — PUge +yu =0, t>0, x € R
u(0, 2) = ¢(x), (0, ¥) = (), xR

in £ = LP(R) (1 < p < ), Cy(R), Cy(R) or UC,(R), where a € R, p,
v > 0.
Take

pl(x) = 07 pg(-’IJ) = axz,
a(z) = pr* +7, @(x) =0,
1120, l2:1, m1:2, mQZO.

Then we can apply Theorem 3.3 (2) to conclude that the Cauchy problem
(5.1) is strongly (I — A)~2%-wellposed for

>3 -1 if E=Lr(R") (1<p<o0),
(6%
% otherwise.

., 0a;(z) Oa;(x) Oa;(z)
‘ 1(p3
Next, let a;(z) € C'(R?) with 92, ' Ozy | O

i =1,2,3. We consider the Cauchy problem

\%

€ Cy(R?), for each

3 0
Uy + A%up + > ai(2) —u, — AN3u=0, t>0, € R?
(5.2) tt ¢ Z; ( )8$i ¢ =

u(()’ 1’) - ¢($)7 ut(oa 1‘) = 1/1(3?)7 (S Rg’

in L?(R?*) (1 < p < ).
Take
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— B ;
Let ¢ = P Observing

(I = A)~F e L(LY(RY)),

Q‘Qg

o

we have by a duality argument that (I — A)~! Z a;(z) 5o 9 has a bounded

extension on L?(R?) (1 < p < o). Thus, Theorem 4.1 tells us that (5.2) is
analytically wellposed in Xz, and so for ¢, ¢ € WOP(R?), it has a unique
solution

u() € C*([0, 00),  LP(R*)) [ CH([0, o0),
W (R))(C([0, 00), WOP(R?)),

which can be extended analytically to Xz such that for each ¢ € (0, 7),
[u(2)[zr(re) < Coe? = ([u(0)lore) + 10/ (0)|zo(rey), 2 € By

for some Cy, wy > 0.
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