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As an introduction we present a new, elementary and con-
structive proof of the multisummability properties of formal
solutions of linear ODE’s at irregular singular points. This
serves to illustrate the geometric approach to multisumma-
tion. Basic properties of multisums and the associated sheaves
are derived. Next, we study Cauchy-Heine transforms in re-
lation to multisummation and the Stokes phenomenon. We
show how to construct multisums with a prescribed Stokes
phenomenon, using the Malgrange-Sibuya isomorphism.
Starting from the Stokes automorphisms we introduce the
alien derivations of J. Ecalle and derive Ecalle’s bridge equa-
tion for the general integral of linear ODE’s. The main ideas
are illustrated with some very simple examples.

Introduction.

Consider the differential equation (D): Dy = 0, where D is a linear differ-
ential operator of order n, with coefficients in C{z}. It has n independent
formal solutions of the form:

(1) g(z) = eq’(z)zplﬁl(z)

where p; € C, q; € 2~ V/PC[z71/P], and h; € C[[z1/?]][log 2] for some p € N.

According to the main asymptotic existence theorem (cf. [26]) there
exists € > 0 such that for every interval I C R with length |I| < € and every
I € {1,... ,n}, there exists a solution y; ; of (D) with the property that
yir ~yonl,ie.

e*ql(z)z*plyl,j(z) ~ le(z) as z — 0, argz € I.

In general, however, this solution is not unique. The object of exact asymp-
totics is to associate a unique “sum” with a given divergent power series.
For the class of divergent power series arising in the theory of analytic dif-
ferential equations this can be achieved by means of a process called ‘multi-
summation’. There exist two, essentially equivalent, approaches to the the-
ory of multi-summability: The analytic approach, which is based on the use
of Borel and Laplace transformations, and the geometric approach. In the
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latter, an important part is played by so-called (k-precise) quasi-functions:
Analytic functions which are defined modulo functions with exponential de-
crease of some order (k). The term k-precise quasi-function was introduced
by J.-P. Ramis in [24]. In this paper, we explain and develop the second
approach.

The paper is organized as follows. In §1 we give an elementary and
constructive proof of the multi-summability of the formal series h; in (1).
This section serves as an introduction to and motivation of the geometric
approach. In §2 we derive some basic properties of quasi-functions and
multi-sums. §3 deals with Cauchy-Heine transforms in relation to multi-
summability and the Stokes phenomenon. Here, also the inverse problem is
considered: To construct multi-sums with a prescribed Stokes phenomenon.
In §4 we discuss the Stokes phenomenon in a fixed direction. In §5 we
introduce Stokes automorphisms and give a definition of the alien derivations
of J. Ecalle in terms of quasi-functions. The main ideas are illustrated in
two very simple examples of linear differential equations.

1. Introductory example.
We begin by introducing some notation.

Definition 1.1. Let I C R be an open interval. A(I) is the set of all
functions f with the property that, for any closed interval I’ C I, there
exists a positive number r such that f is holomorphic on the sector S(I’,r) :=
{z : |z] < ryargz € I'} of the Riemann surface of logz. With the natural
restriction mapping, the sets A(I) form the sheaf A on R of holomorphic
functions in a sector with vertex at O. For any 6 € I, the germ at 8 of
f € A(I) is the equivalence class of functions f’ € A(I’), where I’ 6, such
that f’|;» = f|» for some open interval I"” C I NI’ containing #. This germ
is denoted by fy. The stalk Ay of A is the set of all germs at 6 of functions
f € A(I), where I is any open interval containing 6.

Let £ > 0. By AS™F A<7F ASF and A<* we denote the sheaves on R
of holomorphic functions with at least exponential decrease of order k, with
‘supra-exponential decrease of order k’, with at most exponential growth of
order k and with ‘subexponential growth of order k’, respectively, in some
sector with vertex at the origin. More precisely, if I C R is an open interval,
ASTR(D), A<7K(I), ASF(I) and A<K(I) are the sets of all functions f with
the property that, for any closed interval I’ C I, there exists a positive
number r such that f is holomorphic on the sector S(I',r) := {z : |2] <
r,arg z € I'} of the Riemann surface of log z, and

sup | f(2)]e* " < o0
zeS(I',r)

for some ¢ > 0, for all ¢ > 0, for some ¢ < 0 and for all ¢ < 0, respectively.
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We consider the differential equation (D) with formal solutions (1). For
I,me{l,... ,n}, let ¢ = gm — q- If @@ Z qm, there exist K,y € %N and
Wy, € C* such that

Gmi(2) = Wiz” "™+ o(27 ).

Definition 1.2. The numbers k,,; are called the levels of the differential
equation (D). We say that m < [ on the interval I if e?m(*) decreases
exponentially of order x,,; as z — 0, arg z € I (so if cos(argwy,; — kmif) < 0
if @ € I). 0 is a Stokes direction of level k,, for the pair (m,l) if
cos(argwpm; — kmif) = 0. Let the increasing sequence of Stokes directions
be denoted by {0}nez. If m < [ on an interval (65,0,) of length /Ky
then {6,,60,} is called a (m < [)-Stokes pair or a Stokes pair of level

kmi and we denote 0, by 0,,. If I;,7 = 1,... ,r, are open intervals such
that I, C I,y C ... C I then (I1,...,1I,) will be called a nested multi-
interval. If I and I®¥),y = M, ... ., N, are open intervals where M and

N are integers such that M < N, UN_ T®) = T and 1) N IW #£ ¢ iff
lv — | <1 then {IM}Y_, s called a finite covering of I.

Suppose that (D) has r distinct levels: ki, ...k, in order of increasing
magnitude. It is known that one can associate a unique sum to ¢; and any
nested multi-interval (Iy,...,1), if |I;| > 7/k; and I; does not contain
Stokes pairs of level k; (cf. [22], [2], [5], [21]). Here we give another proof
of this property based on the main asymptotic existence theorem mentioned
above. Another proof based on this theorem has been given by M. van der
Put (to appear). Similar ideas can be found in B. Malgrange [19]. From the
main asymptotic existence theorem we first derive a fundamental system of
normalized solutions, due in the generic case to G.D. Birkhoff [3] and in the
general case to W. Balser, W.B. Jurkat and D.A. Lutz (cf. [13, p. 85]).

Lemma 1.3. Let | € {1,...,n},iy € Z. Then there exist solutions
{?Jz(y)}uez of (D) such that yl(,,) ~ g on (0,-1,0,11) and
(2) u =y = 3T ety if v >,
On1=0,
(3) y =y = N )y ifv <.
01,=0,—1

Proof. Let I := (a,b) be an interval that contains a Stokes direction 6, and

with |I| < € as in the Introduction. Then it is well known and easy to see
that Y~ Ql on ((9,,,1,(9,,+1). Denote Y1 by gjl(")
Let yl(yo) = gl(”O) for I = 1,...,n. Let v > vy + 1 and suppose the

construction of yl(y) satisfying (2) has been performed up to v — 1. Let
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I=(0,-1,0,4+1). Then there exist constants by, such that

i - = 3 e Y
0r,1=0, h<l on I

since the solutions y}(lyfl) with 0, = 6, and g,(l’” with h < [ on I can be
extended to a fundamental system by solutions gj,(ly) which dominate the

lefthand side on (0,_1,6,). Therefore we choose

=g = 3 ng =y Y by,
h=<lon I On1=06,

so that yl(y) ~ g; on I and (2) holds up to v. Thus we recursively obtain all

yl(y) with v > vg. Similarly the case with v < vy can be handled. O

From this lemma we deduce:

Theorem 1.4. Letl € {1,... ,n} and (I1,...,I) be a nested multi-interval
such that |1;| > m/k; and I; does not contain any (h < 1)-Stokes pair of level
kp =kj for j=1,...,r. Let k.1 := co. Then there exist a finite covering
{IWY} of I and solutions wl(l’) of (D) such that the endpoints of all I; belong
to the set of endpoints of all I'Y) and such that

(4) wl(y) ~ g on I(”),

(5) e (wf” —wf" V) € AT (10T A I@) VU0 C 1,

Thus e~ 4 {wl(y) defines an element

}W)clj
(6) e %wy € AJASTF1(;) with e %wy; (mod ASTH) = e w1z,

Moreover, if j € {1,...,r} then wy; is uniquely determined by §; and the
multi-interval (I1,... ,1;). In particular, wy, is an ordinary function which
is a uniquely determined solution of (D) on I,.

Proof. 1t is sufficient to give the proof for the case that the intervals I;
have Stokes directions as endpoints since otherwise we can enlarge I; to
such intervals with the other assumptions remaining satisfied. Let I; =
(aj,b),7 = 1,...,r and @ = (0y—1,0,41),v € Z. We use Lemma 1.3
with v > vg where 0,, < a;. Let the linear operator M j('/)
space of (D) be defined by

(7) M;V)y%) = yr(g_l) + Z ah(mv V)y}(Ly_l)>m = 1a cee N,

Ohm =00, Kknm <kj

on the solution
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except if
(8) 0,1 =ap, €l (sop>j)and Ky = kp,m < on 2

in which case we replace the righthand side of (7) by 0. Then (2) implies
that

9)
e ¢ (1 — M;V)) y¥) ¢ ASTkin (I(”fl) N I(”)) if m=1orm=1onI",

Define w, v) = yl(y), Vv € Z with 6,41 > b; and and from these by downward
recursion in v with a1 < 0,_1 < 8, < by:

(10) wl(yfl) = M;V)wl(y) if j := max{t: [0,-1,0,] C I;}.
We will show that there exist constants ¢, (v) such that if 6, > ay:
() w =y = 37 el
med (v)
if
(12)

Jw)={me{l,... , n}:m#Il,kpn =kp,0, €L,,m=<1on (apb0,41)}
If m € J(v) then a, < 6,_; and m < 1 on I®). Hence (4) follows from (11).
Since wl(y) — wl(l’_l) = (1 - M](V)> wl(y) we obtain (5) from (11), (12) and
(9)-

Proof of (11). If 6,41 > by then wl(y) = yl(y) and (11) follows. Next suppose
(11) holds for some v with [0,_1,6,] C I;. From (10) and (7) it follows that

v— v—1 v—1) v
(13) wl( b _ yl( ) = Z ax(l,v § + Z cm(v ,%(n),
Oxi=0u,kx1<k; meJ(v)
where
(14) ji=max{t:[0,-1,0,] C I},
(15) kx = ks, 8 < J,kmi = kp,0, € I,m < lon (ap,0,41).

We only have to show that the righthand side of (13) is a linear combination
of y“"V with h € J(v — 1). As [6,-1,6,] C I; C I, and {8, — 7 /ks,0,}
a (A < [)-Stokes pair which by assumption is not included in I; we have
0, —m/ks < as and therefore A <[ on (as,0,) and A € J(v —1).
Remains to consider the terms Mj( )yq(ﬁ) in (13), sowithm € J(v). If j <p
then since 6, € I, we have 8,1 & I, (cf. (14)). Therefore 6,1 = ap, m <1

on I (cf. (15)) and M;V)y,(;f) =0 (cf. (8)). Finally suppose p < j. Then
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0,-1 € I; C I, and m € J(v — 1). We have to show that for h in the sum
in (7), so if Opp, = Oy, K, = kit < j, we have h € J(v —1). Now h < m
on (0, — 7/ki,0,). From this and (15) we get h < m < [ on (a,8,), where
a := max{f, — 7/k;,ap} < 0,. Since qn = qhm + G We have kp = k,
where p = max{i,p}. Then u < j,ap, < a, <aj <6, <bj <b,. Hence the
condition on Stokes pairs implies a,, > 6, — 7'(‘//1'# >0, —7/k; and so a, > a.
Therefore h <l on (ay,6,), i.e. h € J(v —1). Thus (11) holds in general.
The uniqueness statement follows from the next Proposition 1.5. O

Proposition 1.5. Let j € {1,... ,r},k:=kj,m :=kj;1. Let I be an open
interval of length > 7. Suppose there exist a finite covering {I(”)}]VV:1 of I

and solutions ul(y) and UZV) of (D), v=1,... ,N, 1l =1,... ,n, satisfying
the folowing conditions

1) u”)(2) ~ Gi(z) on 1),
2) e (uf”) —uf V) € AT (IO N IVY) iy > 1,
(v) (v)

3) vl(y) satisfies the same conditions as ul(y) and e~ 4 (ul — ) €
ASTR(T0),
Then e~ % (ul(y) - UZ(V)) e ASTm(IW)Y),v=1,... ,N.

Proof. There exist constants ¢y, such that

(16) Ul(y) - ul(y) = Z chyu,(ly) (mod equg_m(I(”))).
h=<l on I gk =k

Hence if v > 2 then on I A 1"=1) e have
Ul(y_l) = vl(y) (mod e‘”.AS_m(I(”) N I(”_l)))

= ul(y) + Z chﬂ,ug/) (mod e® A=~ (1) 0 1=1)Y),
h=<l on IW gk, =k

In the last sum we have ugy) = ug/_l) (mod et A== (1) 0 T#=D)) b < 1
on I and kp = k. So using (16) with v replaced by v — 1 we see that
Chy = Chp—1 and ¢y, # 0 only if b < 1 on Iy -1, By varying v we see
that ¢j,,, # 0 only if h < [ on I which is impossible since ky; = k, |I| > 7/k.
The assertions now follow from (16) with ¢, = 0. O

Remark 1.6. e %y, is called the multi-sum of e~ %¢; associated with
the multi-interval (I1,...,I,). A generalization of Proposition 1.5 is Wat-
son’s lemma (cf. Proposition 2.3). Note that any interval I; in Theorem
1.4 contains a Stokes direction of level k;. The construction in the proof of
Theorem 1.4 only uses coverings by intervals I*) = (6,_1,6,,1) and inter-
vals I; bounded by Stokes directions. It could also be given with upward
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recursion by choosing 6,, > b; in Lemma 1.3. If yl(y) is a normalized solu-
tion in the sense of Jurkat (cf. Lemma 1.3) with 6,41 — 60,1 > 7/k, then

the proof of Theorem 1.4 implies that e_qul(y) is the multisum of e~ %y,
on nested multi-intervals (I1,... ,I,) where |I;| > m/k;, I; does not contain
any (h < [)-Stokes pair of level k,; = k; and either I; = (a;,0,41),7 =
1,... ,TyQp = 0,,,1 or Ij = (9,/,1,()]'),]' = 1,... ,T,br = 0,,+1.

Next we consider the Stokes phenomenon for multi-sums of formal solu-
tions of (D). As we have seen above it is sufficient to consider multisums on
intervals bounded by Stokes directions.

Proposition 1.7. Letl € {1,... 7} and let (I1,... ,I.) and (I,... ,I,) be
nested multi-intervals such that if j € {1,... ,r} then I; and I~j have length
> 7w/k; and they do not contain any Stokes pair of level k;. Moreover,
assume that there exist i € {1,...,r} with the property I; = I:j if j #1, and
LN = (0,,0,) such that 0, € I; and {0,,0,} is a (s < 1)-Stokes pair of
level kg = k; for some s € {1,...,r}. Let A :={h : Oy = 04,6 = ki}
and let wy; and vij,j = 1,...,r satisfy the properties of Theorem 1.4 with
respect to (I1,...,1I,) and (1:1, ..., I,.) respectively.
Then there exist constants yn, h € A such that

(17) Uy — Uy = Z YhUhj ij > 1.
heA

Proof. We may assume that ul(u) and vl(y) are constructed as in the proof

of Theorem 1.4. Let I; = (04,0,) and I; = (6,,05). Then a < o <
p < B,(04,0) C Ii—y and if i < r also Ii11 C (05,0,) and 0 < p — 1.
Let j —max{s: —1,0, GI}] —max{s: v—1,0, € I;}. v >p
then j < i,j < i and therefore j = j. From (10) it now follows that
Ul()—ul()lfVZﬁ—l.

Letu::min{)\z;z:vl( )—ul( )} So,uﬁuﬁﬁ—l,@,jefi\[i. Then
j =14 —1, and except in case v = u = o + 1 moreover j = 4. From (10) and
(11) it follows that except in case v = u = o + 1:

vl(yfl) — ul(yfl) = (M-(V) — MZ(E)l) ul(y)

7

:(Mi(y)_Mi(E)l> yl )+ Z

meJg(v )
with ¢ = max{t:0,,0,+1 € I;}. Then g < i as 0, ¢ I;. From (7) we get
(a = M) = > anlmwy .

ehmZHV Khm=k;
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If m € Jg(v), kpi = kp, Khm = ki, Opm = 0, then p < g < i and m < [ on
(ap,0u41). AS qni = qhm + @mu we have Ky = k;, 0 = 60, Since 6, € I; we
have 0, — 7 /k; & I; = (0, — 7/ki,03) and as v > p we get v = p. Hence

vl(y):ul(y) ifv>p. Soif p>o+1 we get:

(18) vl(“ 2 (“ 2 Zéy
heA

Next we consider (11) for u%“ -,

wf =yt ST - Dy
meJp;(p—1)

where Jp;(n —1) :=={m :m < h on (as,0,), kmn = ks, s <i}. f he A,m €

Jpi( — 1) then m € A by the same argument as above. Since the solutions
uﬁf 2 ,h € A, are linearly independent and the same holds for y(“ ), we
obtam
(19) of) = =3 ) (mod e AR (10)))

heA

v) )

for v = p— 1,7 = i. From the construction of w; ’ and v;”’ for v < u—1 by
means of (10) we now deduce (19) for I®*) € I; N 1;,j > iif u > o + 1 and

(17) follows.
(1) (p=1)

Incase v = p =0+ 1 we have i = r,j = r — 1 and thus v;"" —; =
(1 — MffD ul(“) = <1 - Myﬂ) (yl(”) + e, (w) Cm(1t )yv(#)) From this
and (7) we deduce in the same way as above vl(“) - ul(“ D= = heA fyhu(“ 2
which implies (17) since v, = vl(”) and ;. = ul(“_l). O

Remark 1.8. Proposition 1.7 shows that the only contributions to the
Stokes phenomenon come from solutions which have as exponential fac-
tor exp ¢, such that {6,,60,} is a (h < [)-Stokes pair of level kp; = k;. So
exp gp; has maximal descent near 0 of order k; in the direction 6, — m/(2k;),
a so-called singular or anti-Stokes direction of level k; (cf. [5], [17]). For
calculations of the Stokes multipliers see [5], [6] and Example 5.10.

The Stokes phenomenon of level k; occurs in general if in Proposition 1.7
the condition on I; N I; is replaced by: I; U I; contains exactly one Stokes
pair {6,,6,} of level k; and this is a (s < [)-Stokes pair for some s, 6, € I;.
Without affecting the multisums we may replace I; by (64,0,) and I; by
(05, 03) with suitable «, 8 such that a < o, < 3, in view of Proposition
1.5. Now again Proposition 1.7 is applicable. The case where there are more
than one i with I; # jzi can be reduced to the case with a single such 1.
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2. Some basic properties of quasi-functions and multisums.

In this section we introduce some notations that will be used throughout
the paper. Unfortunately, there is no uniformity of notation in the existing
literature on Gevrey series and functions and the like. Furthermore, we
recall a number of known properties of quasi-functions and multi-sums and
prove some new results of a rather technical nature (cf. [1], [21], [20], [24]).

Definition 2.1. By A we denote the sheaf on R of holomorphic functions
admitting an asymptotic expansion € C[[z]] as z — 0 in some sector with
vertex at O and by A®) the subsheaf of functions that are Gevrey of order
%. If f e A its asymptotic expansion will be denoted by f or .J (f). By
A<Y we denote the kernel of the map J : A® — C[[2]].

By CJ[z]]x we denote the set of formal power series that are Gevrey of
order k1.

Let £ > 0 and let I be an interval of R, open, half-open or closed. A
k-precise quasi-function f on [ is a section on I of the quotient-sheaf Oy, :=
AJASTF e f € Qp(I) = AJASTF(I). A k-precise quasi-function f can
be represented by a collection of functions {f;};cs defined and analytic on
an open covering {I;};c7 of I. Two such collections {f;};cs defined on a
covering {/;};e7 and {f}};es defined on a covering {I}};c 7 are considered
equivalent if fj[r,ny — ff/L‘IjﬂI;L € ASH(I;n 1) forall j € J and h € J'
such that I; NI} # (. We say that f is bounded, has exponential growth
of order [ > 0, etc. if the functions f;,j € J have this property. If, for all
jed, fje A®) (1 ;) then the asymptotic expansion of f; is independent of
j. This asymptotic expansion will again be denoted by f or J(f).

k-precise quasi-functions with at most subexponential growth of order k,
i.e. sections of the sheaf Q;k = A<F/ A=K have a property of analytic
continuation. The following proposition is due to Malgrange [19, “quasi-
analyticité relative”]. It can be derived from Proposition 2.4 below.

Proposition 2.2. Let kK > 0, I an interval of R and f € Q,fk(l). If the
germ of f vanishes in a point 0 of I then f=0. More generally, the result also
holds if we replace the condition that f vanishes in 0 by: On a neighborhood
Iy of 0 f is represented by a function which has exponential decrease of order
k in the direction 0.

Proposition 2.3. Let f € AS7%/A<=K(I) where k > 0 and I is an interval
with length > m/k. Then f = 0.

This proposition extends a result for ordinary functions (i.e. f €
AS7F(I)), due to Watson. In the present form it can be found in Malgrange-
Ramis [21] (lemme de Watson relatif) and Kostov [15] (cf. also II'yashenko
[11]). We give another proof using the following proposition:
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Proposition 2.4. Letf be holomorphic and of exponential type in the neigh-
borhood of co in a sector S with vertex 0. Let the extended indicator func-
tion Hy : S — [—00,00) be defined by H(z) := limsup,_,., v~ 'log|f(rz)| if
z € S. Then Hy is homogeneous of order 1 and convex on S. In particular:
If the segment [z1,22] C S and Hy(zj) < Aj where Aj € R, j =1,2, then

fr(Azi1+ (1 —=XN)z2)) = O(1)exp{r(AA; + (1 — N\)A2)}
as r — oo, uniformly in A € [0,1].

This result can be deduced from the Phragmén-Lindel6f theorem as has
been shown by E.G.F. Thomas (private communication). It also follows
from the subharmonicity and homogeneity of Hy (cf. [10, p. 313]). The
restriction of Hy to the unit circle is the usual indicator function.

Next consider the case that f € AS!/A<~Y(I) where I is an interval (a, b).
Then we may define the extended indicator function for f as follows. Let
I; = (aj,b;),j = 1,2 be intervals with nonempty intersection and such that
f may be represented by functions f; € ASY(I;) on I;. Let g;j(2) = fj(z71)
on a neighborhood of co in the sector S; : —b; < argz < —a;. Then the
extended indicator function Hy, is convex on S; and moreover Hy, = Hy,
on S; NSy since g1 — g2 € A<7H(S; N S2) (cf. [15]). Thus we obtain a
uniquely defined function on the sector S : —b < arg z < —a which is convex
on overlapping subsectors of S and hence is convex on S. Moreover it is
homogeneous of order 1. We denote this function by H -

Proof of Proposition 2.3. We may assume k = 1 without loss of generality.
Then H ¢ is defined on a sector S of opening > 7 and H ¢ is negative and
convex on S. From this it follows that H 7 has to be a negative constant
on lines which belong entirely to S. Since any pair of points in S can
be connected by segments on such lines it follows that H 7 is a negative
constant in S. Because H 7 is homogeneous of degree 1 this has to be —oo.
So by proposition 2.4 each of the representatives of f has supra-exponential
decrease of order 1 and therefore f = 0. (|

Proof of Proposition 2.2. We may assume that £ = 1. Suppose that f
is represented by a function fy on Iy. Let Sy be the sector with z € Sy
iff argz € Iy. Then H fo 1s negative in the direction —6 and since it is
nonpositive on Sy (by the assumption) and convex it has to be negative on
So. Hence f|;, € AS71(Iy). Repeating this reasoning we obtain a chain of
subintervals of I on which the representatives of f are sections of AS~!. So
f=0. O

Lemma 2.5 (“Borel-Ritt”, cf. [21]). The mapping J : A /A<0 — C[[2]]
is an isomorphism of sheaves of differential algebras and so is its “restric-
tion” J : A®) JASTF — C[[2]]i.
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Definition 2.6. Let » € N, r > 1, let 0 < k4 < --- < k. and k =
(k1,... k). For j = 1,...,r, let I; be an open, half-open or closed in-
terval of R. If I, C -+ C I} we call I := (I3,...,I,) a nested multi-interval.
Let f; be a kj precise qua51functlon on Ij: f; € Qx,(I;), j € {1,... ,r}. If,
forall j € {2,...,r},

fi (mod AS7Hit) = fi 4y,

we call f := (f1,...,fr) a k-precise (or (ki,...,k,)-precise) quasifunction
on the nested multi—interval I. The set of all k-precise quasifunctions on
I will be denoted by Qu, . k) (I1,...,Ir) or Qk(I). By QE’(I), QEfl(I),

QE) (I), etc. we denote the sets of k-precise quasifunctions on I that have
subexponential growth of order [, exponential decrease of order [, that are
Gevrey of order 1/1, etc.

Definition 2.7. Let r € N, let 0 < ky < --- < ki1 = 00. Let f € C[[2]l,
and fo = J7'(f). For j = 1,...,r let I; be an open interval of R of
length > =, or a half-open or closed interval of length > ij, such that

k‘j’
I, C ... C L. If there exists £ = (f1,....,f) € Q") IPARICRY
such that f; (mod AS~%) = fyl;,, the formal power series fis (k1,...,ky)-
summable on (I1,...,I,) with (ki,... , k)-sum (or multi-sum) (fi,..., fr).

The set of all (ki,...,ky)-sums on ([i,...,1,) will be denoted by Xk(I),
where k = (k1,... k) and I = (I1,...,I;).
A formal series f of the form

=> Z fo(2)="(log 2)f

aceJ =0

where p € N, 7 is a finite subset of C and f* € C[[z]] for all [ and «, will be

called k-summable on the multi-interval I, with k-sum (f1,..., f.), if fal is
k-summable on the multi-interval I for each o € J and each [ € {1,... ,p},
with k-sum (f4,..., fo), such that

ZZfal logz), j=1,...,r

aceJ =0

LetdjeR,j=1,...,r. d:=(di,...,d,) is called an admissible multi-
direction with respect to k if, for j =2,... | r,
d; —d 7T T

< -
2]{/‘]',1 2k‘j

f is k-summable in the multi-direction d if f is k-summable on the multi-
interval (Iy,...,1I,), where I; = [d; — ﬁj,dj + ﬁ] By C{z}x.a we denote
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the set of all formal power series that are k-summable in the multi-direction
d.

R AI} admissible multi-direction d € R" is called a singular direction of
fif f ¢ C{z}ka-

Let f € C[[z]]s, and fo = J1(f) and suppose there exist s € N and,
if § > 1, positive numbers k; < --- < kg, an admissible multi-direction
(d1, ...,ds) with respect to (ki,...,ks) and (f1,...,fs—1) EQ(kQ,__ka)(Il, wods—1),
where [; = [dj—ﬁj,dj—kﬁj], j=1,...,s—1, such that flA (mod AS—F1) =
folr,- ds is called a singular direction of level k, of f if f & C{z}w o
for any k' = (k{,...,k.) with » > s and any admissible multi-direction
d' = (d},...,d)) such that k:; = k; and d9 =d;forj=1,...,s.

Let f € C[[z]], k > 0 and € R. The pair {6,60 + 71 will be called a
Stokes pair of level k for f if the number 6 + 7 is a singular direction of
level k for f. By C{z}i we denote the set of all f € C[[z]] with the property
that f € C{z}k,a for every admissible multi-directiond = (d, ... ,d,) € R",
except for a finite number of values of each single direction dy, ... ,d,.

If f is (k1,...,k,)-summable with (ki,...,k,)-sum f = (f1,..., f), we
say that f (mod C{z}) is (ki,...,k,)-summable with (ki,...,k,)-sum f
(mod C{z}).

The above definition of k-summability is easily seen to be equivalent to

the following.
Definition 2.8. Let k := (k1,... k) with 0 < k; < ... < k, and I :=
(I1,...,I,) a nested multi-interval and let Iy = R. The formal power series
f € C[[2]]x, is k-summable on T if fo = J~'(f) has a representative {fo, }
defined on a covering {Iy,} of R, with the property that fo, — fo.,+1 €
Agfkj“(lo,y N Jo,u+1) for all v such that Iy, U Iy 41 C 1.

Remark 2.9. Obviously, if (f1,..., fr)isa (ki,... , ky)-sumon (I1,...,I,),

then f; € Ql(clji)l(lj) for all j € {1,...,7}. Suppose that (f{,...,fl_1,[r)
is another (k1,...,k;)-sum on (I,...,I,). Then we have, for all j €

{0,...,r},
filt, = fil, = fr  (mod A="Fiv1),

By Proposition 2.2, this implies that f; = f; for all j € {0,...,r}. Thus
the quasi-functions fo, ..., fr—1 are uniquely determined by f,.. Therefore,
we will sometimes simply denote the multi-sum (f1,..., f.) by f;.
More generally, suppose that I = ([1,...,I,) is a nested multi-interval,
k= (ki,... k) with 0 < ky < --- < k, and (f1,..., fr) € O (I). Then
the quasifunctions fi,..., f, are uniquely determined by f;.

Let 0 < k1 < --- < k.. Suppose we are given a formal power series f and,
for every j € {1,...,r}, an interval (¢, 5;) C R. The following statements
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are equivalent: (i) («j, ;) contains no singular direction of level k; for f,
and (ii) (o — ﬁj,ﬂj + ﬁ) contains no Stokes pair of level k; for f. This
can be deduced from Lemma 2.11 below. The next lemma is an immediate
consequence of this fact.

Lemma 2.10. Let r € N, 0 < k1 < -+ < kp1 = 00 and let (I1,... ,I,) be
a nested multi-interval with the property that |I;] > g—] forj=1,...,r. A
formal power series f is (k1,..., ky)-summable on (I1,...,1I,) if and only
if, for 3 =1,...,r, I; does not contain any Stokes pair of level k; for f.

Lemma 2.11. Let r € N, let 0 < k1 < --- < kypy1 = 00. Let I, j =
0,...,7, be open intervals of R with the property that I, C I,_1 C ... C Io.
For j = 0,...,r, let {I;}icg be an open covering of I; such that I, C
I' y C...CIj forallic J, where J is an index set. Moreover, assume
that I N 12 # O for some iy,ia € J implies I'* N 12 # (. Suppose there
e}glm'st fo=(f,... . fh € Q(<k’:...,kr+1)(18"" I8, i € J, with the property
that

f77:1|1j_1m17'£2 = f'::2|lilmli2

for all iy,is € J such that I'* N 12 # (. Then there exists a unique f =
(fo,-- s fr) € Q(<k’j1“ (Io, ... ,I), such that, for all j € {0,... ,r},

. 1k'r+1)

Proof. By means of induction on r — j we shall prove the existence and
uniqueness of f; € Q,jj:l (I;) such that fj‘[;l = fiforallie J. For j=r
this statement is true. Now suppose it is true for some j < r. Then we have

; <k :

-1l = filpp (mod A=7H), i€ J.
Hence it follows that

j ' <—k;j

(F21 = fil)lnpys =0 (mod AZ7H)

i
for all 41,42 € J such that I* N[22 # (. In view of Proposition 2.2 this
implies that

(20 = F)lpn gz, =0 (mod ASTH).

pl
Consequently, there exists a unique fj_; € Q,jjkl (Ij—1) such that fj_1|1;71 =
¢ |y fori € J. Thus the statement is true for all j € {0,...,r}. This
J=1%
i
implies that, for all j € {1,... ,r}, and i € J,

fi—tlp = filpp - (mod A=k
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and thus
fimal = f;  (mod AS7H).
Hence the result follows. O

Lemma 2.12. Let k := (k1,... k) and let d' and d®> € R" be two multi-
directions with the property that ]d]l —d?| < g forallje{l,... ,r}. Let f be

j
k- summable in the multi-directions d* and d? with multi-sums (fi,..., f})
and (f2,...,f?), respectively. If f} = f2, then f is k- summable in every

multi-direction d such that d; € [min{d},d?},max{djl-, d?}} .

Proof. Let k,41 = oo. By assumption, there exists a positive number ¢

such that, for i € {1,2}, (fo, fi,..., f}) € QEZ? kT+1)([8"" ,I%), where

I=I2=Rand I! = (dé-—e m di~+e+ﬁj) for j € {1,...,r}. Let

— g
fo=J ), o =Rand, for j = 1,...,r, let I; = <min{d},d§ — -
e,max{d},d?}—kzikj—ke). Obviously, I}QIJZ # () for all j € {1,...,r}. Thus,
according to Lemma 2.11, there exist quasi-functions fi,..., fr such that
k

(for fro--o s fr) € Qélfm,kerl)(IO’”. ). O
Lemma 2.13. Letr € N, let 0 < k1 < -+ < kpp1 = 00. Let IJZ:, j =
1,...,r, i € Z, be open intervals of R such that I¢ C Iﬁ;l C ... C I{
and ]IJZ N IJ’:H] > % for all i € Z. Suppose there exist fi = (fi,... , f}) €
Q(ic];f--.,krﬂ)(li’ o, 1), i € Z, with the property that

(fﬂlfﬁlﬁl - f12+1|limli+l> (mOd Ag_kl) = O
foralli € Z. LetI; := UiEzIJi. Then there exists a unique f = (f1,..., fr) €
Q;f... er)(Il, ..., I), such that, for all j € {1,... 1},

Proof. By means of induction on j one shows that, for all j € {1,... ,r} and
all ¢ € Z,

i i+1 <—kj ri i+1

fi= 157 eQy, (GNnIT)
and, consequently, by Proposition 2.3,

= =0,

fJ|IJ'ﬂIj+1 fg |Ijmj+1

Hence the quasifunctions f; can be glued together to an element of

Q,jjlill (Uiesz’:) and the statement of the lemma follows immediately. O
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The following lemma is concerned with the Stokes phenomenon, i.e. the
difference between two multi-sums of the same formal power series on dif-
ferent, overlapping, multi-intervals. It will be used in §4 and §5.

Lemma 2.14. Let r € N, 0 < k1 < ky < -+ < kypp1 = o0. Let i €
{1,...,7r} and let T € R" be two nested multi-intervals with the prop-
erty that I; = I} and |I;] > kl for all j # i and |I; N I}| = . Suppose

that there exist £ = (f1,...,fr) € <k1 kr+1)(I) and ' = (f1,...,fl) €
Q5 ko)X, such that (f{ = f1) (mod ASk1) Z 0. Then fi=f; for all

7 <1, whereas
T
f fi € kaﬂ <<_%’%>>

().

and, for all j > 1,
fi—1fie or
Proof. For all j € {1,...,r} we have
fj=fi€ Qi (LN I))

J+1

and, for all j > 1,
(f; = f;)  (mod AS™M) = (fi_y — fi-1)lrnn-

By means of induction on j and Proposition 2.3 it is shown that, for all
J<,

fi— fJGQk (NI

and f; = f; for all j <4, and f] — f; € Qij’ (I; N I}). The remaining part
of the lemma now follows easily. O

In various applications (e.g. in the theory of linear differential equations,
cf. §1) one deals with multi-summable formal power series having a finite
number of singular directions of each level in any finite interval. In that
case, each quasi-function in a multi-sum of the formal series possesses a finite
representative, consisting of multi-sums of the same formal power series.

Lemma 2.15. Letr € N, 0 < ky < kg < -+ < kpy1 = 00. Let f € C[[2]],
and suppose that f possesses a (k1,..., kp)-sum (f1,..., fr) on the multi-
interval (Iy,...,1I.) where Iy,... I, are open. Assume that the interval
I only contains a finite number of Stokes pairs of level k; for each j €
{2,...,r}. Then the quasi-function f; has a finite representative of the
form {f(”) cve{Mj,...,N;}}, where My < My <--- <M, <N, <...<
Ny < Ny and f¥) is a (ky,... , k.)-sum of f for each v € {My,... ,Ni}.
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Proof. There exists a covering of I} by intervals I*) = (a®) b)) v =
My, .. Nl, where M; and N are integers with M; < Ny, such that |I*)] >
7 [k, I ) does not contain any Stokes pair of level kj for j = 2,...,r,
a¥ < o) < b < p+1) and for all j € {1,...,r} there exist integers
M; and N; such that I; = (a(Mj),b(Nf)). Hence M; < My < --- < M, <
N, < .-+ < Ny < Ni. We may assume that M, = N,.

Let v € {Mi,... , N1} and let j be the largest integer such that IV ¢ I;.
Then we define I,(ZV) =TIy if h e {1,...,j} and Lgy) =1V Ifj < r—1,
there exist open intervals I,(:') of length > w/kp, h € {j+1,... ,r—1}, such
that I ,SV) does not contain any Stokes pair of level kj, and (Ify), 1Y) s
a nested multi-interval. Then, by Corollary 2.10, f is multi-summable on
this multi-interval with multisum (fl(y), . ,fﬁy)). Note that I = I; and
= h. Let f0) = f{").

If M <v<Njand he{l,...,j}, then I,SV) = I and from Proposition
2.3 it then follows that f}(LV) = fp. Furthermore, fj|;0) = f](y)|l(u) = f@
(mod A=7Fi+1) which implies that f; can be represented by {f),v =

Gy, NG O

3. Multisummability and Cauchy-Heine transforms.

Suppose we are given two open intervals I; and Ig such that Iy NIy # (), and
two analytic functions f; € A (1) and f, € A9 (1), admitting the same
asymptotic expansion f as z — 0. Obviously, the difference f; — fo belongs
to A<O(I; N I3). Conversely, if we are given an interval I = (a,3) and a
function f € A<O(I), we can construct two functions f; € A ((a, B + 27))
and fy € A ((a — 2, 3)) with the property that fi=foand fi — fo=f.
To this end, choose p € C such that argp € I and f is holomorphic on (0, p).
Now define f; and fs by

p
fi(z) == CH, (f) :—/0 %ijzé“gzz)dc —2r <argz—argp <0
and
p
fa(z) == CH;(f) = /0 %;Eégzz)dg 0 < argz —argp < 2.

CH, (f)and CHJ (f) are so-called Cauchy-Heine transforms of f. Note that
CH, (f)(2) = CH}(f)(ze*™). By deformation of the path of integration,
the functions f; and fy can be continued analytically to elements of A((a —
2m,3)) and A((«, 8 + 27)), respectively. With the aid of the expansion
S0 0 ¢ for (¢ — 2)71, it can be shown that f; and fo admit an
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asymptotic expansion CH o(f)=>0"anz" as z — 0, where

2m/f O,

It is easily seen that f1— fo = f. A different choice of p leads to a pair of func-
tions fi and fo such that fi — fi = fo— fo and this difference is regular at O.
The construction described above is extremely useful in ‘many applications.
For example, suppose we are given a formal power series f € Cl[=]]. f defines
an element fy € A /A<O(S1), where S! is the unit circle and, with a slight
abuse of notation, we let A© and A< denote sheaves on S! instead of R. f
can be represented by a 0-cochain of A(®) with respect to some open covering
{U;}X| of S! and its coboundary defines an element of H'(S*, A<?), which
is independent of the choice of representative of fy. Conversely, if {g;}},
represents an element ® of H'(S', A<9), then, with the aid of Cauchy-Heine
transforms of the g;, we can construct a 0-cochain { fz}f\il with coboundary
{gl} ¥, and asymptotic expansion fl = f € C[[z]] for all i € {1,... ,N}.
The equivalence class modulo C{z} of the formal power series f is inde-
pendent of the choice of cochain representing ®. This construction yields a
well-known isomorphism from H'(S!, A<?) onto C[[z]]/C{z}. In an anal-
ogous manner one can construct an isomorphism from H'(S', AS~*) onto
C[[2]]x/C{z}, for any positive number k (cf. [18, 23]). In this section we
derive similar results for multi-summable power series. To that end, we be-
gin by studying Cauchy-Heine transforms of functions with properties that
are characteristic of differences of multi-sums.

In this and the next section, we shall frequently use the symbols + and
F to combine two statements: One statement is obtained by reading the
upper signs, the other one by reading the lower signs.

Definition 3.1. Let f € A<°(I) where I is an open interval of R. By
CHZ(f) we denote the equivalence class modulo C{z} of the function de-
fined by the (analytic continuation of the) Cauchy-Heine transform

A
HE(f) = + — 2
CH;(f) /0 QWi(C—z)dC 0 < +(argz —argp) < 2w
where |p| is sufficiently small and argp € I.

By CH(f) we denote the equivalence class modulo C{z} of the formal

power series expansion of the function defined above.

Lemma 3.2 (cf. Ramis, [23]). Let & > 0 and let a,b € R : a < b. If
f € A=7*((a,b)) then

CH*(f) € A®((a,b+ 27))/C{z}

and

CH(f) € A®((a — 2m,b))/C{z}.
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For a proof of this lemma cf. [19, pp. 114, 115].

Corollary 3.3. Let k > 0, let a,b be real numbers such that a < b, and
f e AS*((a,b)). Then F := CH(f) € C{z}xa/C{z} for all d € (a —
2r + J5.b — 35) mod 2m. CHT(f) is the k-sum of F in the directions
d e (a+ g5,b+2m — 3p) and CH™(f) is the k-sum of F in the directions
de (a—2m+ 5¢,0— g5p). In particular, if a = —gp and a < b+ 21 — T,
then CH*(f) is a k-sum in the directions d € (0,€) for some ¢ > 0, and
if a < —gp then it is a k-sum in the direction 0. Similarly, if b = 5 and
a<b+2r— 7, then CH™(f) is a k-sum in the directions d € (—¢,0) for
some € >0, and if b > g it is a k-sum in the direction 0.

Lemma 3.4. Let Iy = (ag,bg) C I = (a,b),0 < k <1, fo € AS7F(Iy), f €
ASTFRJASTUT), such that f|;, = fo (mod AS7Y). Then there exists F €
A®) J A=Y a, b4 211) with the property that

(20) F|(a0,b0+277) (mod C{z}) = CH+(fo) (mod Ag—z)'
If there exist bt € (a,b),b" < by + 27 and fT € Af—k(b+,b) such that

flotpy) = f1 (mod A=Y then there exists gt € AW (b by 4 27) with the
property that

(21)  CH™Y(fo)l+boron) = CHT(f )| (ot pot2m + 97 (mod C{z}).

Similarly, if there exist a~ € (a,b),a” > a9 — 27 and f~ € AS*(a,a™)
such that f|g .-y = f~ (mod A=) then there exists g= € AW (ag, a™ +27)
with the property that

(22) CH+(f0)|(ao,a—+27r) = CH+(f_)|(a0,a_+27r) +g (mOd C{Z})

Proof. Let f be represented by {f;}jcs on a covering {I;};cs of I where J
is an interval of Z containing 0, and I; = (aj,b;) with a; < aj41 < bj < bj41.
Thus fj S Agfk(lj), fj — fj+1 € Agfl(fj N Ij+1).

According to Lemma 3.2, CH™(f;) possesses a representative ¢; €
.A(k)(aj, bj + 2m). Let ¢; = ¢; — ¢pjy1. Then, agaﬁin by Lemma 3.2,
¥; € AW (aj11,b; + 21) with an asymptotic expansion ¢; € C[[2]];.

Let N > 0,N € J and define py := ij:_ol J~1; (cf. Lemma 2.5). Thus
pn € AD/ASTHR). If an < by + 27 we define yy = Zé\:)l 1, so that

23)  xnv € AD(an,bo +27) and D0l(an po+2m) = ON|(an po+2m) T XN
and

pN’(aN,bo—i-Qn) = XN (HlOd Ag_l)'
Define

Fy = (8N + N l(aw by+2m)  (mod A=),
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Then Fy € A®) /AS(ay,by+27) and if an < bo+27 then Fiv|(qy po+2m) =
¢0|(aN,bo+27r) (mOd Ag_l)‘

Assume that also N +1 € J. Let py be represented by py € AG (1)
on some interval I C (an+1,bn + 2m). Then Fxn may be represented on I
by ¢n + pn = ¢N+1 + ﬁNj—l where PN+1 = YN + pn, and so PN+1 1s a
representative of pnyy1 on I. Hence Fiy and Fy1 have a representative in
common and so by quasi-analyticity FN|(QN+1,bN+27r) = FN+1‘(‘1N+17bN+27T)'
The sheaf property now implies that the functions Fy with N > 0 determine
an element F € A®) /(A= (ag,b + 27)) such that (20) holds.

In a similar way we may extend ¢g to quasi-functions on intervals which
start to the left of ag by choosing N <0, N € J and

-1 -1
XN:_ij if ag < by + 27 and py = Zl%
j=N j=N
The corresponding Fy with N < 0 can be pasted with those with N > 0 to
obtain F' € A®) /A= (a,b+ 27).

If the condition on fT is fulfilled then we may choose N such that ay =
bT,by =b, fn = [T, ¢n is a representative of CHT(fT) and thus we obtain
(21) from (23) with g* := xn. Similarly if the condition on f~ is fulfilled.

O

From this lemma we will derive:

Corollary 3.5. Letr e N0 < k; < -+ <ky < kpy1 =00, 1:=(I1,...,1,)
be a nested multi-interval with I; =(a;,b5),7 =1,...,r andf := (f1,..., fr)

<k = z =
S Q@Q,l ,kr+1)(I)' Let Ij = (ij,bj + 27‘(’) and I := (Il, - 7I7")-

Then there ezists ¥ = (Fy,...,F.) € QE’Z;) kr+1)(i) such that

F, (mod C{z}) = CH*(f,). If |I;| > n/k; for j = 1,...,r — so in par-
ticular if k1 > 1/2 — then F is the (ki,... , ky)-sum of Fy on I where Fy
(mod C{z}) = CH(f,).

If, in addition, for all j € {1,...,r — 1} there exist bj € (a;,bj) and
f]-Jr € .Ag_kl(b;r,bj) such that b;’ < b, + 27 and f; is represented by f;’
on (b;',bj) then for j =1,...,r there exists g]—-" € .A(kf)(bj_l,bj + 2m) with
by == b] such that

(24) CH*(f,) =gt (mod C{:})
j=1

where in both sides we take the restriction to the intersection of the intervals
on which the terms are well-defined.
Similarly, if for all j € {1,...,r — 1} there exists a; € (aj,b;) such

that a, < a; +2m and f; is represented by a function on (aj,a;) then for
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J=1,...,r there exists g; € A(kj)(aj,aj:l + 27| with ay = a; such that

(25) CH*(f,) = Zg] (mod C{z})

where in both sides we take the restriction to the intersection of the intervals
on which the terms are well-defined.

Proof. We may apply the previous lemma with Iy := f = fr,k =
ki, f = fj,l == kjp1,1 := I;. Hence there exist F; € A k1 /A< kﬂ“( )
such that

Fj‘[} = ¢, (mod Aﬁ—kj+1),

where ¢, is a representative of CH " (f,.). Hence Fj_1|; = F}j (mod Ag_kf)]fr
With the aid of Proposition 2.2 we now deduce the first assertion.

Next let the assumptions concerning (24) be satisfied. Let fj‘(bj,bj) be
represented by f; € Ag_kl(b;r,bj),j =1,...,r—1. Let f;I := f.,b =
ar. Then we may apply the preceding lemma with k := k1,1l := kj, fo :=
f;—,fo = (bj_,bj),f = fj—l;I = Ij—l,f fg+17b+ = b+ 1 where ] =
2,...,r. It follows that there exists gj+ € .A (b 105+ 277) such that

CHJr(fj)ﬂ(zﬁ 1:bj+2m)
= g] + C’H+(f )|(b;r_1,bj+27r) (mod C{z}),7=2,...,r.

With g := CHT(f{") € A®)(b], by + 27) (cf. Lemma 3.2) we obtain (24)
by addition. The proof of (25) is similar. O

Remark 3.6. Similar results hold for CH~ since CH™(f)(z) =
CH™(f)(ze*™). The corollary may be applied to the case that f = hg

where g € QG (I) and h € ASTHI(I).

The above corollary is a generalization of Balser: [1, §6.7, Proposition 4].

According to a well-known result, due to B. Malgrange and Y. Sibuya
(cf. [23]), the set C[[2]]x/C{z} is isomorphic to H'(S', AS~F), where S!
denotes the unit circle. In the next two theorems we consider the restriction
of this isomorphism to the set of multi-summable power series and give a
characterization of its image in H*(S', AS™F).

Theorem 3.7. Let r € N, 0 < k1 < ... < kpy1 = 00. Suppose we are

given admissible multi-intervals 1! = (I%,... | It), where I;: = (a;,ﬁ;), Jj €
{1,...,r},ie{l,...,N + 1}, with the following properties
- |5 > F

- {IIYN| is a covering of [0,27),
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-l < 5;.“ < a}“ < B < ﬂJNH for all i € {1,...,N} and j €
{1,...,r},

-\t N T < 27 for alli € {1,... ,N}.

Let INJrl = Il + 27. Suppose there exist g' € Q< kL K H)(I“rl NIY, i €
{1,...,N}. Then there exists a unique F' € C|[z Hkl: (kl, .oy ky)-summable
on I with sum £ for alli € {1,... , N+1}, such that fNT1(z) = fl(ze=?™)
and f”‘l fi=g forallie {1,... ,N}. Moreover, F' (mod C{z}) =
Zz 1CH(g'r)

Proof. For i € {1,... ,N + 1}, let fi = ZhN:1 CH%n(gh), where d;, = +
if h <iand dj, = — it h > 4. From Corollary 3.5 we deduce that fi
is a (k1,...,k;)-sum on ([f,...,I;). Moreover, fitt — fi = CH*(g!) —
CH™(g;) = g; and

NI Zcm (91)(2) = 30 CH (gf)(ze7™) = fl(ze72"),

Theorem 3.8. Let £ < k1 < -+ < ky, k41 = 00 and fecC[. fe
C{2}(k1,... k) if and only if there exist d; € [0, 27), fie A((di — o dit1 +
2%)), 1 =1,...,N, where dy41 := di + 27, and gJ € Q,?Jr]fl((diﬂ -
%j,di_i_l + %)), j=1,...,r,i=1,...,N, with the following properties:
f'rl’(z) Nf(z) GSZ—>0, argz € (dz_ ﬁydz—kl_‘_ﬁ); L= 11 aN:
i (mod AS~ki)=gi_ ,j=2,..,r,i=1,...,N,
9 ( ) 9 1|(di+1—2k7r div1+5— ) J
firt — fi = gt for all i € {1,...,N}, where N+ s defined by
NH(2) = f (e,
4. The Stokes phenomenon in the direction 0.

In the two remaining sections we shall restrict ourselves to the study of

(K1, .. ,k: )—sums on multi-intervals (I,... ,I,), where I; = [— k 721: ), or
I = (— % 20 ], or I; = [— 2k 20 7]. Therefore, we introduce the followmg
conventions. If r € N and 0 < k1 < --- < k, are given, we write

e s ™ m
= - ItT=— —
g [ 2’%’2%]’ 7 ( %j’%j]
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We say that (f1,..., fr)isa (ki,...,ky)-sum in the multi-direction (dy, ... ,
dy) € {+,0,—}" if (f1,...,fr) is a (k1,...,ky)-sum on ([,...,I,), where
=10

Definition 4.1. By ©* we denote the differential algebra of all multi-sums
in the direction =+, i.e. the set of f € Ay (Ap denotes the stalk in O of

the sheaf A) with the following property: There exist a positive integer
r, positive numbers ki, ..., k, such that k1 < -+ < k, < k31 = oo and
(fro-oo s ) € Sy kT - .. IF) such that f, = f.

By X° we denote the differential algebra of all multi-sums in the direction
0.

By <% we denote the differential algebra of f € Ay with the following
property: There exist a positive integer r, positive numbers ki, ... , k. such
that ky < ... < ky < kpy1 = 00 and (f1,..., f,) € Q< k1 I,.... 1)

(k2,... k'r+1)(
where I; = (—%ﬂ_, ﬁ) such that f, = f.

By S we denote the differential algebra of all formal power series that
are multi-summable in the directions 4+ and —, and by 30 the differential
algebra of multi-summable power series in the direction 0. By o : D
we denote ‘multi-summation in the direction +’, i.e. o=(f) is the multi-sum
of f in the multi-direction with components &. We will write oF( f )= ft .=

(fliw"’fi) or o (f):fri for short.

Proposition 4.2. 0 =XTNY~ and S0 coincides with the set of all f es
with the property that 0+(f) o~ (f). 0:=0" —0o induces a vector space
isomorphism from E/EO onto <0 with inverse

o7 (f) = CH(f) (mod ).

Proof. The first two statements follow immediately from Lemma 2.12 (cf.
also [22, Lemma 10]). Let f € X. It is easily verified that, for j =1,... ,r,

<—k ™ ™
f —fi € Qk]Jrll <_2k:]72krj>

g U

- i) -
2k 2k

and

and thus o (f)—o = (f) € £<0. The injectivity of o is obvious. Now suppose
f € ¥<9. By Corollary 3.5, CH*(f) is a (k1,... ,k)-sum in the direction

+, hence CH(f) € £/C{z} and o(CH(f)) = CH*(f)—CH(f)=f. O
The above proposition shows that the Cauchy-Heine transformation is a

device by which we can construct, modulo multi-summable power series in
the direction 0, a formal power series with a prescribed Stokes phenomenon
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in the direction 0. In what follows we will consider subsets of 3<C, i.e.
Stokes phenomena of a particular type.

Definition 4.3. Let » € N. For any [ € {0,...,r} we define the multi-
direction ' € {+,—}" as follows. Hﬁi =F forl1<3<][and Hii = + for
l<i<r.

Proposition 4.4. Let f €. The following conditions are equivalent.

1). fis (k1,... . ky)-summable in the multi-direction 0% for every | €
{1,...,r}.
2). For every i € {1,...,r} and every j € {i,... ,r} there exists a quasi-

function FJl such that

i <—k; <—kit1 T T
Fie A5 ) (( Qk%))

Fj e AS7RJASTR(IF) df >,

(26) F; (mod AS7Hi) = F;_1|I]¢ for all j > 1

and
(27) oF(f) - ot (f) = S FL.
i=1

The quasi-functions FJ’ (j > i) are uniquely determined by f Suppose
that condition 2) is satisfied and let (fl,..., f!) be the (ki,...,k.)-sum of
f in the multi-direction 8'*. Then we have

J
fi=F+) Flifj<l,
=1

l
f=f+> Flifj>1.

i=1
Proof. We prove the statements of the Proposition in the case of the upper
signs. Suppose that f is (ki,...,k,)-summable in every multi-direction
0, with sum (ff,..., f}). Let F/ := fj — fi"', j = i,...,r. We have
fi= it e ARJAS TR (L) for all j < i, fi € ARD/ASTRi(T7)
and f{~" € AR /AS=Ri (1), For all j > i, both f! and fi~" belong to
A J A==Rjt (If) From Lemma 2.14 we deduce that the quasi-functions
F; have the desired properties. In order to prove the uniqueness of F} it
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suffices to show that Y ;_; F} = 0 implies Fj = 0 for all 4 € {1,... ,7} and
all j > 4. Writing

T
Fl=->"F
=2

1 Sk (T T
Elegm €4 2<< 2/@’2@))'

Hence it follows that Fll\( = _ny = 0. By Proposition 2.2 this implies that

T 2ky 0 2ky

F} = 0. Using (26) and Proposition 2.3 one easily verifies that Fj1 = 0 for

we see that

all j > 1. By means of induction on ¢ it can now be shown that F j’ = 0 for
allie{l,...,r} and all j <i.

Now suppose that 2) holds. Let [ € {1,...,r}. Let f]l = f;r +30, sz
if j e{l+1,...,r} and fjl = f; for j € {1,...,1}. Obviously, f]l €
A J ASTRse1 (TF) for j > Land f} € AR/ ASTRi1(I7) for j < 1. Further-
more, it is easily seen that f; (mod AS7Hi) = iolp+ forall j >1+1, and

J .
fi (mod AS7Ki) = fl_|,— for all j <. Noting that f} = f~ — >, F}
) J
and F! (mod AS~%) = 0 for all i we find that, for all j > [,

J
! = f = Ft i
SR o) [

Sky ? Dk

In particular,

fli1 (mod AS*kl“)’(_L L) = fl_|(_L L)

2ky ? 2k 2ky * 2k

and, by Proposition 2.2, this implies that fll+1 (mod AS~hi+1) = f7| 4+ =

141
fll\ﬁ . It remains to be proved that, for j <1,
I+1

J
fi = f]+ + Z Fj
i=1
This follows easily from (26), (27) and the fact that F (mod AS~ki+1) =0
for all ¢ > j. O

Corollary 4.5. Let f € ©<0. C/'I\{(f) is (k1, ..., kr)-summable in the multi-
direction 6" such that 0% = F fori <1 and 9% = =+ fori > 1, for every
le{l,...,r}, iff f can be written in the form

f=Y_F
=1
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where the F' are functions with the properties mentioned in Proposition 4.4.
Moreover, if these conditions are satisfied, then the multi-sum g'. of CH(f)
in the multi-direction 0" is given by
l
gh=CH*(f)+ ) F.
i=1
Proof According to Corollary 3.5 and Remark 3.6, CH (f) € % and
(CH(f)) CH?*(f). Hence

ot (CH(f)) — oT(CH(f)) = £f (mod C{z}).

The above statements now follow immediately from Proposition 4.4. O

5. Stokes automorphisms and alien derivations.

A multi-summable formal power series gives rise to a non-trivial Stokes
phenomenon if and only if it is divergent. Stokes phenomena can be used
in the analytic classification of certain local objects, e.g. locally analytic
differential equations. In many cases of interest, a detailed analysis of the
Stokes phenomenon associated with such an object will yield a complete set
of analytic invariants of this object (i.e. quantities that are invariant under
an analytic change of variable).

There is another, essentially equivalent way to obtain these invariants.
Suppose, for example, that f = > o2, apz" is a l-summable power se-
ries. Then its formal Borel transform with respect to the variable z7!:
S ant F( ) defines the germ at O of an analytic function. This function
can be continued analytically in any direction which is not a singular direc-
tion of f. Similarly, with a (ki1,...,k,)-summable power series f, one can
associate r such analytic functions ¢1,... ,@,. @1 is the formal Borel trans-
form, with respect to the variable 271, of f and the functions o, ... , @,
are so-called accelerates of 1. In many applications, the function ¢; can be
continued analytically along paths avoiding a certain discrete set of singular
points whose arguments coincide with the singular directions of level k; of
f . The singularities of the functions 1, ... , ¢, determine the type of Stokes
phenomenon and, in an appropriate context, the analytic invariants associ-
ated with f . In order to describe the nature of these singularities, J. Ecalle
introduced the so-called alien derivations (cf. [8]). In this section we give
an alternative definition derived directly from the Stokes phenomenon. In
the sequel we restrict ourselves to the Stokes phenomenon in the direction
0.

Example 5.1. Consider the locally analytic differential equation

,d
z CTZ = f(2,9)
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where f € C{z,y} such that f(0,0) =0 and 3—5(0,0) = w > 0. It possesses

a unique formal solution 7 € C{z}; with singular direction 0. There exist
formal power series h,, € C{z}1, n € N, such that

[e.e]

ot (h)—o=(h)=> e ™67 (hy)

n=1
where the series in the right-hand side converges if Re (1/z) is sufficiently
small (cf. [7]). o" and ¢~ denote the multi-sums defined in the previous
section (cf. Definition 4.1).

Ezample 5.2 (Laplace integrals). Let €1,e2 and r be positive numbers,
€ < 2m,j = 1,2 and U = 5(0,€1) U S(2m — €2,2m) U S((0,2m),r) (cf.
Definition 1.1). Let ¢ be an analytic function on U. Then the Laplace
transform of ¢ will be defined as follows (cf. [7]). Let C be a contour in U
from oo exp(n1) to co exp{(2mr—n2)i} where 0 < n; < €j,j = 1,2, m+mn2 < 7.
Here and in the following we apply a lemma of Ecalle which says that if a
function v is analytic on a union I' of finitely many unbounded contours
in C which have asymptotes at oo then there exists an entire function F
such that [¢p — E| is bounded on I' (cf. [7]; cf. also a lemma of Sato in
[14]). Choosing ' = C' and 1) = ¢ we see that [, exp(—t/z){¢(t) — E(t)}dt
exists on S(n — 7/2,7/2 —n2) and it belongs to A< ((n — 7/2,7/2 —n2)).
Variation of E gives a modification of this integral by elements of A<~ ((1;—
7/2,m/2 —n2)). Thus we get a section in A</ A<~ ((n —7/2,7/2 — 12))
which will be denoted by Lo¢. By variation of 11,70 and C we obtain a
quasi-function £¢ in A<!'/A<~!((—7/2,7/2)) which is called the Laplace
integral of ¢.

Next suppose that there exists w > 0 such that ¢ possesses analytic
continuations ¢~ and ¢ on U~ := U U (0,w) U S(—€2,0) and U := U U
(0, we™) U S(27, 27 + €1) respectively.

Let C~ be a contour in U~ from oo exp(—n2i) to oo exp{ (2w —n2)i}. Then
similarly as above we may define Lo- ¢~ € A~V /A< Y((—7/2 — o, m/2 —
12)). With C as above we see that Lo¢ — Lo-¢~ has a representative
Je, exp(=t/2){¢™(t) — E~(t)}dt where C, = w + C and E~ is an en-
tire function such that |¢p~ — E~| is bounded on C U C~ U C,. Hence
Lop—Lo-¢d~ = e*w/zﬁc(r_wdf) where 7_, is the shift operator over —w:
(T—w®)(t) := ¢ (w+t). By variation of C~ and 7, we obtain an extension of
Lo-¢ to fm € AL/ A<TY((—7/2 — e3,7/2)). Moreover, we see that
(28)

Lo~ f~ =e “/f7 where f = L(T_,¢") € AV AT ((=7/2,7/2)).

Similarly we define f* starting from Lo+ot € AL/ ASTH(—7/2 + 1,
/2 + m)) using a contour CT in UT from ocoexp(mi) to ooexp{ (27 +
m)i}. Then fT € AV /A<7Y((—7/2,7/2 + €1)) and (28) holds with the
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superscripts — replaced by +. Moreover, f~ and f determine a quasi-
function f in A<!/AS71((—7/2—€9,7/24€1)) such that L¢ (mod AS"1) =
fi|(f7r/2,7r/2) (mOd A1 ) f‘ (—m/2,m/2)"

Thus we have a Stokes phenomenon corresponding to the crossing of the
positive axis between 0 and w:

(29)
{ L= frt+ew/2fF e AV A< ((—71/2,e1 + 7/2)), }
[ e AN AT (=62 — 1/2,7/2)), f5 € A ASTH(—7/2,7/2)).
So
(30)

fm=f" —i—e*“’/sz, where f, = fI — fo € .A<1/.A<71((—7T/2,7['/2)),

and f, = L(T_,(¢T — ¢7)). In several applications - for example if ¢ is
endlessly analytically continuable (cf. [7]) - it turns out that f,, has similar
properties as f, so that we may repeat the preceding procedure to get better
approximations to f*. For example if & is the singularity of ¢ — ¢~ next
to w on R4 then in (30) we have in view of (29)

e,w/sz = ef“’/sz + e":’/zfg where FI € A<t /A< ((=7/2,7/2]),

fie At AT (=7/2,7/2))
and so

FIE(fT = [T = e PE]) € AT AST (= 7/2,7m/2)).

These and other, similar, examples have motivated the following defini-
tions.

Definition 5.3. By 7° we denote the set of formal series f of the form

f = Z eiw/szv

weC

where f, € A< /ASTY([=Z, 7]) and Q°(f) := {w € C: f,, # 0} is a discrete
set with the property that {|[Im w| : w € Q°(f)} and {-Re w : w € Q°(f)}

are bounded above. QY(f) will be called the support of f.

It is easily verified that 7V is a differential algebra. For all f,g € T° we
have Q°(fg) € QO(f) + Q°%(g) and

(fg)w = Z fw1gw2

w1 two=w

d d _
(dzf>w = @fw +wz wa-

and
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The unit element is the series f with support {0} and fo =1 (mod AS"1).
The zero element is the unique element with empty support.

Definition 5.4. By S' we denote the set of quasi-functions f &

A<t/ ASTY([=7, Z]) with the following property:

There exist a quasi-function f~ € A<!/A<"!([-Z, %)) such that

£ (mod AS7Y) = f|_x

2’2
a discrete set Q'(f) of nonnegative numbers, including 0, and, for
each w € Qf), quasi-functions F, € A<'/AS"Y[-Z,%]) and F €

A<t/ A<7Y((=Z, Z]), such that Fy = f and, for all w € Q(f),

Ff (mod A7) =F,|

EI
22

and, for each ' € Q(f) — {0},

el U D S Gl ) €A<1/A<71<< 72T72T>>

weQ(f)w<w’

For all w > 0 we define a mapping S, : 8t — A<1/AS"1([-F,%]) by
S.(f) = F, if w € QY(f) and S, (f) = 0 otherwise.

By 7' we denote the set of series f € 79 with the property that f, € S!
for all w € C. We define a mapping & : 7! — 79 by

(S(f))w = Z Sen (for)-

w1 two=w

S! is a differential subalgebra of A<!/AS"!([—~%, 7]) and hence it follows
that 771 is a differential subalgebra of 79. For all w > 0 and all f,g € S',
the following relations hold

= Y S ()Su(g),

w1 two=w

d d _
Sw <dzf> = @Sw(f) + wz 2Sw(f)
Note that Sy is the identity. (The mapping S, is similar to, though not
identical with the mapping S;} defined in [12].) By means of straightforward
computations it can be shown that & is an injective differential algebra
homomorphism. If f,g € 7' we have

(&(f9))w = > S (for ) S (9r)-

w1 Fwetw| Fwh=w
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If f € 7! has support {w}, then &(f) = D e'/%8 y_,(f.). In general,
L= U @+

weNo(f)

Ezample 5.5. Let f = fo be the restriction to [~7, §] of a global section
of AW JAS"1 associated with a formal power series fo € 3 with levels
ki,..., k., where k1 = 1. Let o= (fy) = (fli, ..., fF). Suppose there exists

a discrete set of positive numbers €2 and formal power series f,, € X, with

multi-sum ot (f,) = ( :,1» oy fit,) for each w € ), such that
fr— = ek
wef)

A~

Then f € T1, Qo(f) = {0}, Ql(f) =QUO0 and &(f), = J’l(fw)][,n ).
Definition 5.6. For all n € N we define:
Sl ={feS': 8, fec8" forallwe Q(f)}

and

T = {fecT':&(f) e T"}.
For all n € N and w = (wy, ... ,wy) € [0,00)" we write: |w| =wi+...+wy,
and

Sw = Swp -+ Suwy -
For all f € 8™ we note
Q"(f) :={w € [0,00)" : S, f # 0}.

Furthermore, we define

§*=s", T°=(T"
n=1 =1

S = {f €S> G{\w| cw e Q"(f)} is a discrete set}
n=1

and

T=<feT™: U U{wo +|w| : w € Q"(fu,)} is discrete
woeQV(f) n=1

By means of induction on n, one easily proves the following lemma.

Lemma 5.7. Letn € N. f € T" if and only if f.,, € S™ for all w € QV(f).
Similarly, f € T if and only if f., € S for all w € Q°(f).
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Note that, for a given w,
((6 - Zd)nf)w = Z Swn e SUJI (fw—(w1+~'-+wn))
W1 yeee s wn >0

and this sum equals 0 for all but a finite number of integers n. Therefore, the
infinite sum Y02 ((—1)"(&—id)" f, so &1 f is well-defined for all f € T and
its support is discrete. (Alternatively, we could define 7 to be the largest
subalgebra of 7! that is invariant under &.) Thus & is a differential algebra
automorphism of 7. We define the ‘directional alien derivation’ A by

e -1 n+1
Ai=log&=> (7)1(6 —id)".
n=1

A is a derivation of 7 (cf. [7]). We have

> (_1 n+1
A= —— > 3 Sur(fur)-
n=1 w'eC w”e(0,00)":|w" |+w'=w
A can be decomposed as follows: A =3 _, A, where A, is defined by
- = (1)
(31) (Awf)w’ = Z - Z Sw“(fw/fw)-
n=1 w" €(0,00)":|w! |=w

A, is a derivation of 7 which transforms an element of 7 with support €2 into
an element with support 2+w. As & is a differential algebra automorphism,
A and A, commute with %. Furthermore, A, := e¥/?A, is a derivation of
S. We have
A & (_1)n+1 g
e

n=1 w!€(0,00)":|w" |=w
For further details we refer the reader to [7, 12].

Definition 5.8. For all a > 0, p, will denote the ‘change of variable’:
paf(z) = f(z%). We put: & = paBp,', AL = palyup,' and AZ =
palupgt. Obviously,

A —wz YA
Al =e AL

Let r € N, let k = (k1,... ,k;), where 0 < k1 < ... < ky < ky41 = 00 and
let d = (di,...,d,) € {+,—}". By Sk.a we denote the set of all f € p;, S
with the following property:

Foralln € Nandallw = (wi,... ,w,) € Q"(p,' f), and all j € {1,... 7},

there exist quasi-functions f, ; € Q,jj]ill ( I;.lf ), such that

fw,j (mOd Ag_kj) = fw,j71|1‘?j
J
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where fw,O = Pk Sw (p];lf)'

By 7y,q we denote the set of all f € pp, 7T, f = > ¢ e*“’/zklfw, with
the property that f, € Sk.q for all w € C. Note that f, = 0 unless w €
00, f). We call Q°(p,." f) the support of f.

It is easily verified that &y, |z, 4 is again a differential algebra automor-
phism.

Application.

Consider the D.E. Dy = 0, where D is a linear differential operator of
order n, with coefficients in C{z}. It has a formal integral of the form:

n
D(u;z) = Pug, ... ,up;2) = Zule‘”(z)z”lﬁl

=1
where u € C", p € C, ¢ € 2~ Y/?C[z~/?], and h; € C[[z"/?]][log 2] for
some p € N. Let k1 < ... < k, denote the levels of (D), i.e. the values
of %deg(ql — @m), where I,m € {1,...,n} such that ¢, # ¢. Accord-
ing to Theorem 1.4, h; is multi-summable in every multi-direction d =
(di,...,d;) € {+,—}". Thus, for every j € {1,...,r}, there is a quasi-
function hd € Q<k1 (I;lj) such that hfj (mod AS7Hi) = hﬂj_l\ﬁj and hﬂl

J
(mod AS1) = ()] o
1
Proposition 5.9. Let r € N, 0 < k1 < -+ < kpy1 = 0. Let i €
{1,...,r} and let d,d" € {+,—}" such that d; = dj for all j # i, d; =
—d,. For each j € {1,...,r}, let I; := I]C.lj and I} := Ij‘j. Suppose
: k

that there exist (yi,...,yl) € Q<k; 7kr+1)(I{,...I,’n) and (y2,...,y2) €
Qé’;f r+1)(Il’ ... 1) with the following properties:

(i) (5 — y}) (mod A=) =0

(ii) Dy, = Dy;.

Foralll € {1,... ,n}, let g = —wjz~" +q, where G, € C[z~1/?], deg g <
deg q; if ¢ £ 0, otherwise w; = k; = 0. There exist u; € C such that, for all
J=,

yi—yy = >, wetFh
l:kj=k; w;>0
Proof. Suppose i < r. According to Lemma 2.14, yj y] € Qk o ‘(1) for

all j > 4, whereas y? — y} € ka+1 ((—2%+ 25 ))- On the other hand, there
exist complex numbers uq, ... ,u, such that

n
2 1 z d
y2 —yl = § uged! )Zplhl,r‘
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As y2 — yt € AS7Fi(1,) and e? is of order &y, it follows that u; = 0 for all
[ such that k; < k;. From the fact that cos(argw; — k;arg z) changes sign
on I, if k; = k, we infer that u; = 0 for all [ such that x; = k, as well.
Consequently,

2 1 d <-k
vr =l = > w2 (mod ASTH)
ki <k <kr
— E ulem(z)zm hgr—l‘lr-
Lik; <ry <Ky

In view of the quasi-analyticity of the sheaf Q;_kr (Proposition 2.2), this
implies that

2 1 d
Y2 -yt = Z ulem(z)zpz hih_y.
ki <k <kr
By means of induction on r — j € {0,... ,r — i} one proves that u; = 0 for

all [ such that k; # k;, and
yi2 _ yil _ Z uleql(Z)zplh?}i'
l:k=k;
Noting that cos(argw; — kjarg z) changes sign on (—QLkZ_, 2%1) if kK = k; and
argw; € 27, we conclude that u; = 0 unless w; > 0. The proof for the case

that ¢ = r is similar. O

For every d € {+,—}" and every | € {1,....n}, h satisfies a linear
D.E. of order n, with formal solutions eqmlzpmlizm, where ¢, = gm — qi,
Pml = pm—p1, m = 1,... ,n. We fix a multi-direction d and write h; ; := hfj
for all j € {1,...,r}. As h; is multi-summable in every multi-direction €
{+,—1}", so in particular in every multi-direction € {4, —}" whose first j — 1
components coincide with those of d, there exists, for every j € {1,...,r},

an element hlij of Q:j’ill(lf) with the property that
bty (mod ASTR) = o

Let ¢ = —wmiz™ "™ + Gpni, where deg Gy < deg ¢y if ¢ Z 0, otherwise
Wt = Kpmy = 0. From Proposition 5.9 it follows that

k. -
_ + —wW 2 I qmi1(z +
hl,j _ hl,j — Z e ml (umle ml( )zpml hm,j)

MKy =kj W1 >0

ij ’ij

where u,,; € C. This shows that hl,j1|{ W } € pkjSl and

(32)
Pr; Spye, g1 { } = > U €91 ) 2P hy, 5| [

T 7
2kj 72kj

o om |
Mikm=kj wWmi=w 2k 2k;
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Let k) = (kj,...,k;) and &/ = (dj,...,d;). It is easily seen that
hij-alp 1 € Siias- It can also be considered to be an element of
o2k 2k
Tyi.q; With support {0}. Let w > 0 and define
Jl(i)) ={m e {1,... ,n}:deg(gm +wz"") < pk;}

—k

(here @ + wz~" is considered a polynomial in 21/ P) and

Jl(,‘Z;S) = {(m17 ,ms) (S {1, ,n}s : /{mll —_ ... = /imsl = k],
0< Wyt <+ < Wt < W
From (31), (32) and Definition 5.8 we deduce that

(33) Afzjhlg—l‘ Z Apm( e(Zml(z)melhm’j71| o
[ RN f] med) [_WW}

where

A m = U] + Z 51 1 Z UmylUmaomy - - - Ummg -

(m1,... ,ms)EJ;if)
Defining
J) (u; 2) Zuleql szhl 1 o
P@E}

and extending Afﬂ to Tyi.qi[e?, ... ,e?"], we can summarize the above re-
lations in one formula, for each j € {1,...,r} (“the bridge equation of
level k;7):
(34) A0 (u; 2) = AD (u)V, @ (u; 2)

where AY (u) is a row vector with components

A, (u) = Y Aw@u, m=1...n

Lideg(gmit+wz""7)<pk;

The numbers A;,,(w) depend on (the first j — 1 components of) the multi-
direction d. As hy j_ is uniquely determined by h; and dy, ... ,dj_1, we can
define operators Afjj dipdy1 acting on formal power series and replace (34)
with

. k

A 7dj_1<1>(u; z) = Awd,.. dj_, (W) Vu®(u; 2).

The numbers A;,,(w) are analytic invariants of the differential equation.
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The bridge equation is due to J. Ecalle, cf. [8], [9]. For a different ap-

proach based on differential Galois theory we refer to a paper by J. Martinet
and J.-P. Ramis [22].
Ezample 5.10. Let D = DyDyD3 where Dy = (24 — 1), Dy = (224 — 1)
and D3 = (23 % —1). All solutions of the equation D;y = 0 are multiples
of the function y(z) = z. Therefore, y is a solution of D1Dyy = 0 if and
only if Doy = az for some a € C. In [23] it is shown that Dy and D3 define
isomorphisms of C{z}; and C{z}, respectively. Hence the equation

d
2
- 1 —
(Zdz )y z

has a unique formal power series solution ﬁ, which is 1-summable. The sum
h* in the direction 4 can be represented by the Laplace integral
—¢/z
e
hE(z) = d¢
) I+ C -1
where [ is a half line from O to oo in a direction 6 such that +6 € (0, 2m).
Thus all formal solutions of the homogeneous equation (D;Ds) have the
form ah +be~'/#, where a,b € C. Let hy and h3 denote the (unique) formal
power series solutions of D3(e~/?y) = e~1/%  or, equivalently, of

d
(35) (z?’ck—l—i-z)y—l

and Dsy = iL, respectively. The equation Dy = 0 has a formal integral of
the form

D(u;z) = we 2% 4 uge_zilﬁg(z) + uzhs(2).
It has two levels: k1 = 1 and ko = 2. One easily verifies that
1 2 2
Tl = (2n I = () 1 = {1

1
) 5

and Jl(zj) = () otherwise. Hence there exist complex numbers Ao, A2 1,

Az 14+ and Az — such that

Al®(u; 2) = (0,u3A35,0) (;1(1)(”; z)

and

. 0
A;i@(u; Z) = (UQAQJ + U3A3,1’:|:, 0, 0)%@(1“ Z)

(Note that the 2-summability of ho implies that Ag; is independent of d;.)
In this simple example the invariants As2, A2, A3 14 and A3q_ can be
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easily calculated. The difference between the 1-sums h™ and h~ of h in the
directions 4+ and — is

h™(z) = ht(z) = 2mie .

This implies that A%ﬁ = 2mie~ . Hence we deduce the relation

d - . d . - .
<Z3dz — 1> Aihs = A} (zBdZ - 1) hy = Ath = 2mie™ =.
It follows that A%ilg = 27Ti6_%iL2 and thus A3 = 2mi.

It can be shown that the 2-sums h; and hy of iLQ in the directions + and
— are given by

vE(2)

where v¥(2) is a path from O to z, tangent at O to a half line with direction
0 such that &6 € (Z, 3T) (the expression in the right-hand side of the above
formula represents the unique solution of (35) which is bounded on the half
line arg z = £7). It is easily seen that

hy (2) — hi (2) =iV ome 27 TF g

and thus Agy = i4/ = 2

For any multi-direction d € {+, —}2 let h§ denote the function defined
by

Bg(z) = e 2 / 323 (O,
742 (2)

By means of elementary asymptotic methods (cf. [26]) it can be shown that

0 e (55) i e (59)
e (55 o e ()

Moreover,

(36)

h(dl’_)(z) - h(d1’+)(z) =27 / e2¢ ¢ 3y (Q)d¢ € A= ((—E E))
3 3 - 4’ 4

where I' is a closed contour tangent at O to half lines with directions # and

—0, for some 6 € (5,2T). Hence we infer that {h( ’_),h§+’+)} represents

an element h};l of AW /AS=2((— 2 %ﬂ)) and

31’( Ty = h:(), ) (mod A=7?).
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Similarly, one proves that {hé_’_),hg_’Jr)} represents an element hz; of
(1 /A==2((—32, Z)) with the property that

iyl == =hS " (mod AS72).

4’2

Hence it follows that hd is the (1,2)-sum of hz in the multi-direction d.
From (36) we deduce that

Azqq = /Fe§<2g—3hi(g)dg.

Ezample 5.11. Let (D) be a third order homogeneous linear differential equa-
tion with formal integral
O(u;z) = ule_Z_Q_z_lle(z) + u26_z_1ﬁ2(z) + ughs(2)
where by = 1, hg = —CHy(e* ") and hg = 51\;11(6_2_10H;(6_Z_2)). ho
is 2-summable in the directions + and — with sums hj = —CH. +(€_272)
and h, = —CH, (e~ _2), respectively. Moreover, h; (z) — hg( )=e7 "
Hence it follows that A2 hy = 0 for all w # 1, whereas A2 hg = 1. Now
consider hs. Let hjo = J_l(h ), 7 =1,2,3, and let f := h3,0|[—g,g]- f can
™ T

be represented by the restriction to [-7, §] of

{~CHy (e 'hi),~CH;{ (7> hi)}.

Let f* denote the element of AW /A<~1((—Z, I7) with representative

{(=CH (7" hf) = ™ hy, ~CH{ (7 ')}
and let f~ denote the element of A(l)/A<_1([—%, %)) with representative
—CH; (e 'hi).
Obviously, f* (mod A=) = f|_ = =y and f~ (mod A7) = flioz 2. It
(=

is easily seen that f_ - f+ is the element of ASTL/A<TY((=Z, Z)) repre-
1=

sented by {e7* hy,e h+} This shows that AlLhs ol
w # 1, whereas

T T
272

oli-3.31 = h20li-3,3)-

Furthermore, we have

(37)  (CHy (e 'hi)+e® 'hy)—CHf (¢ 'hi)=e? 2"

Let 3, and b3, be the elements of AW/AS2([- T, 7)) and AD/AS72((-T,
Z1), represented by —CH{ (e 'h}) and {—CH (7% 'hd) — e 'h3,
—CHj (e7* "h})}, respectively. Now, (h3 1, —CHy (e7% "h)) is the (1,2)-

sum of hg in the direction (—,0), (h;l,—CHl_(e*Z_lh;) — e % 'hy) is
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the (1,2)-sum of hs in the direction (+,—) and (h;;l, —C’Hfr(e_zilh;)) is
the (1,2)-sum of hs in the direction (+,4). From (37) we deduce that
AZh3 |-z =) =0 for all w > 0, whereas A2hg |_z =) = 0 for all w # 1 and
’ 474 ’ 474

A2t o — _e—z_1

13,1 [*Zyz}

Combining the above results and applying them to the formal integral we
find

A%fb(u; z) = (0, us, 0)£L<I>(u; z),

0
(u27 07 O)%(I)(uv Z)

Ai,@(u; 2)
and

Ai‘i’@(u; z) = (u2 — us,0, 0)86;@(% 2).
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