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We describe the Howe quotient and theta lift for one-di-
mensional representations of the dual pairs (O(p, q), SL(2,R)),
(U(p,q),U(1,1)), (Sp(p,q), 0*(4)), by explicitly constructing
the Howe quotients (of the representations in correspondence)
using the Fock model.

1. Introduction.

Let Sp(2k,R) be the symplectic group on R?* and :5?9(21%,]1%) be the meta-
plectic group. If H is a subgroup of Sp(2k,R), we shall let H be the pullback
of H by the covering map from %(21@, R) to Sp(2k,R). The oscillator repre-
sentation w of %(21@, R) may be realized on a space of holomorphic functions

on CF, using the Fock model.

Let (G,G") be a reductive dual pair in Sp(2k,R) (in the sense of [Hol]).
The maximal compact subgroup of Sp(2k,R) is U(k), the half-determinant
cover of U(k). In the Fock model, the space of U (k)-finite vectors of the os-
cillator representation is P = P(C¥), the set of complex-valued polynomials
on CF. We can also assume that K = U(k) NG and K’ = U(k) NG’ are
maximal compact subgroups in G and G’ respectively. We shall let lower
gothic symbols denote Lie algebras of Lie groups, e.g., g and g’ will be the
Lie algebras of G and G’ respectively.

For a reductive subgroup H (with maximal compact subgroup Ky =
U(k) N H) of Sp(2k,R), we denote by R(h, Kp,w) the set of infinitesimal
equivalence classes of irreducible (b, K ) modules realizable as quotients of

P. Consider the dual pair (G,G"). For p € R(g', K’,w), the Howe quotient
corresponding to p is defined by (see [Ho2])

Q(p) =P/Np,

where N, is the intersection of all (g/, K )-invariant subspaces N of P such
that P/N = p as (¢/, K’) modules. It is known (see [Ho2]) that

Qp) = p' @ p,
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where p is a (g, K ) module of finite length, with a unique irreducible quotient
6(p). The correspondence

p— 0(p)

is commonly known as the (local) theta correspondence, and 6(p) is often
called the theta lift of p.

The pullback H of a Lie subgroup of Sp(2k,R) is a split or non-split ex-
tension by Z/27 depending on the dual pair under consideration. The repre-
sentations which occur in the theta correspondence are genuine, i.e., they do
not factor to H. In the case where the cover of H is split, this just means that
they are of the form 7®sgn, where 7 is a representation of H, and sgn is the
non-trivial character of Z/27Z. If H = O(p, q), the non-split cover H may be
realized as H x Z/2Z with group law (g, €)(h,d) = (gh, ed(det(g),det(h))r),

where (-, -)r is the Hilbert symbol of R. The character x of H given by

V=1 if det(g) = -1,
X(g.e) = ¢ 1 otherwise
is genuine, and a genuine representation of H is of the form 7® xforme H™.
In either case we will only refer to .

It is a central problem in the theory of dual pairs to describe the theta
correspondence. There are several techniques used to obtain explicit corre-
spondences, however they are not elementary.

The theta correspondence for the pairs (O(p,q),SL(2,R)), (U(p,q),
U(1,1)), (Sp(p,q),0*(4)) is known mostly to experts in the field. Early
results dealing with the theta correspondence of (O(p,q), SL(2,R)) could
be found in [Ho4| which built on results of Rallis and Schiffman [RS]
and Strichartz [St]. Literature on the last two pairs is quite difficult to
locate. The objective of this paper is to study the Howe quotient corre-
sponding to a small representation by explicit construction using the Fock
model. The representations dealt with here are the one-dimensional repre-
sentations of SL(2,R), U(1,1), unitary finite-dimensional representations of
0O*(4) ~ (SU(2)x SL(2,R))/{+£I} (see [Lm]) as well as the one-dimensional
representations of O(p, q), U(p, q) and Sp(p, q¢). We believe that in the stable
range (see [Ho3]), the Howe quotient (corresponding to a unitary represen-
tation or “small” representation) is irreducible. Evidences in support of this
can be found in this paper as well as [LZ1], [LZ2], [ZH] and [TZ]. The Howe
quotient also features prominently in many applications; see [K'V2] and
[Zh] (and the references therein) for applicatons to invariant distributions
and [KR2] (and the references therein) for applications to the construction
of automorphic forms. The setup used to study the duality correspondence
enables one to have control on the Howe quotients, and it is our hope to try
to extend it to other dual pairs.
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The study of Howe quotients was initiated by Kudla and Rallis (see
[KR1]; for the dual pairs (O(p, q), Sp(2n,R))). Their technique is to embed
the Howe quotient in an appropriate degenerate principal series of Sp(2n,R)
and using the work of Guillemonat (see [Gu]) to understand the structure
of these representations, thereby extracting the theta lift in some cases.
Recently, S.T. Lee and C.B. Zhu used similar ideas to describe the theta
lift of a class of one-dimensional representations of O(p,q) (for the dual
pairs (O(p,q), Sp(2n,R)); see [LZ2]) and one-dimensional representations
of U(p, q) (for the dual pairs (U(p,q),U(n,n)); see [LZ1]) using S. T. Lee’s
work on the degenerate principal series of Sp(2n,R) (see [Le2]) and U(n,n)
(see [Lel]). Their results are more exhaustive. It is also possible to de-
scribe the theta lift in the cases that we are considering using the induction
principle (see [Ku]) since the structure of principal series representations of
SE(QJR), U(1,1) and O*(4) are easily understood. However, our approach
is elementary - we simply work with concrete objects, i.e., polynomials.

It is easy to see that the theta lift of the trivial representation of Sp(2n,R)
exists only if p+ ¢ is even, and in that case, it has a multiplicity-free 5(1)) X
5(q) spectrum (see [ZH]). The theta lifts of one-dimensional representations
of U(n,n) also give irreducible U (p, q) representations with multiplicity-free
U(p)xU(q) spectrum (see [TZ]) if min(p, ¢) > 2n. These representations are
“small” in the sense that they have small Gelfand-Kirillov dimensions and
small rank (in the sense of [Ho3]). They “should” arise from appropriate
quantization of nilpotent orbits (see [TZ] and [ZH]) and are generalizations
of representations dealt with in [BZ], [Kol] and [Ko2]. Another objective
for the computations in this paper is to provide a basis of K highest weight
vectors (where K is a maximal compact subgroup) for the representations
treated in [TZ] and [ZH]. With such a basis, irreduciblity and perhaps
unitarity of these representations result from similar considerations as in
[HT2]. Of course, irreducibility and unitarity would follow from [Li)’s re-
sults (see [ZH]). But our technique has invariant-theoretic flavour and has
the advantage of providing a model of the representation space which might
be useful to those who would like to make explicit calculations on these
representations. Due to the length of the computations involved, we shall
discusss these in a separate paper (see [Tal).

2. The Dual Pairs (O(p,q), SL(2,R)).

Let p > 2 and consider the dual pair (O(p), SL(2,R)) acting on the U(p)-
finite vectors of the associated Fock space Clz1,... ,xp| as follows:

: 0 3}
(a) Action of o(p): %876] — :Ej%,

(b) Action of sl(2) = {Hy,r% Ay} :

1<i<y<p.
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L 0 b 2 - 2 =92
H1=Z$ia$i+§» 7”1:2931" Ay = el
i=1 i=1

i=1 i

It is easy to see that the duality correspondence is as follows:

Cler, - 2pll oy siem) ZHP)®Vm+p
m=0

where
HP) = {f € Clxy,... ,xp) | deg f =m, A1 f =0}
is the irreducible O(p) module spanned by spherical harmonics in variables
Z1,...,xp of degree m and Vm+g is the §l/}(2,R) lowest weight module of
lowest weight m + & spanned by {(r?)"(z1 — v/—1z2)™ |i=0,1,...}.
The duality correspondence enables us to write

(2.1) Clat,. s wpllog = 2 (1) HE,
i,m=0

(p)

where (r%)ngﬁ) are O(p) modules isomorphic to Hyy,’.
We note an interesting computation which makes the computablility of
this problem even easier:

Lemma 2.1. Let ¢ € H(p) where m > 1. If

N~ 1 2 3¢
then
116 = (2:0)" L2 00

T emir—2 " on

gives the projection of x;¢ into the O(p) modules NP Zrl and rlH( ?)

Remark. This is a special case of (2.1).
Proof. Easy. O

For convenience, we shall let
B 1
P o p—2
We note that when m > 1, ¢, > 0.
Likewise, for ¢ > 2, the dual pair (O(q), SL(2,R)) acting on Cly1, ... ,y,]
gives rise to the following decomposition of the Fock space as an O(q) mod-
ule:

[e.9]

(2'2) (C[yh cee qu”O(q) = Z (r%)jH%q)a
7,n=0
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where 73 = 3:1 yjz, (r%)jH%q) is isomorphic (as O(g) modules) to H%q),
the spherical harmonics (1 e., killed by Ay = >4 =1 88 2) of degree n in the
variables y1, ... ,yq.

Consider P = Cx1,... ,Zp, Y1, .. ,Yq). This is the space of ﬁ(p—l—q)—ﬁnite
vectors of the associated Fock model for the dual pair (O(p,q), SL(2,R)),
and the actions of the complexified Lie algebras of O(p, q) and SL(2,R) can
be described as follows:

(2.3)
(a) Action of o(p,q)c = o(p)c @ o(q)c @ p
(i) Action of o(p)c: a;zaij - xj@ami’ 1<i<j<p,
(11) Action of U(Q)C: ylaay] - y]@? 1<i< .] < q,
62
iii) Action of p: Wi —— 0 1<i<p, 1<j<q.
(iii) Action of p ZiYj 2.0y, <i1<p J=4q

(b) Action of 5[(2)(C = Span {H,E, F}:

sz Zy]

(ii) E:Zm —Za—yzzrl—Az,
i=1 j=1 J

iii) F = 2 N 2 — A

=YY g 1

We note that 5(]), q) is a non-split extension by Zy while 5’1(2, R) is split if
and only if p + ¢ is even.

Because of the decompositions (2.1) and (2.2), we have the following de-
composition of P as an O(p) x O(q) module:
(24) C[$1, s Tpy Y1y e ayq”o(p)xo(q) = Z (T%)Z(TE)Jng)HgQ)

%,7,m,n=0
We will take as a “basis” for P elements of the form
(2.5) [i,5,m,n] = (r3)(r3)! p1¢pa where ¢; € HP) and ¢ € H'9.
(p)

To be strictly correct, we should take ¢ from a basis of H,,” and likewise for
¢9. But our computations basically disregard this. In other words, we can
disregard the actions of O(p) x O(q) when we study the O(p,q) structure
of modules in P. The reason is simple: The action of O(p) x O(q) leaves
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an element as in (2.5) in the same O(p) x O(q) type, whilst an operator
from p (the operators transverse to those coming from the Lie algebra of the
maximal compact subgroup O(p) x O(g)) moves elements from one O(p) x
O(q) type to another.

Lemma 2.2. Assume that p,q > 2. The actions of sl(2)c and p C o(p, q)c
on the basis in (2.5) are as follows:

H- [i’j)m’n] = <27’_2j+m_n+_q) [iajam7n];

E-li,j,m,n] =[i+1,j,mn] —2j(¢g+2n+2j—2)[i,j — 1,m,n};
F-li,j,m,n] =[i,j+1,m,n] —2i(p+2m+2i —2)[i — 1,5, m,n;
( 83%(%])'[i’j’m’n]_[i7j7m+1an+1]

+cpmli+1,7,m—1,n+1]
+cgnlt,j+1L,m+1,n—1]+cpmegnli +1,7+1,m—1,n—1]
—digli—1,5—1,m+1,n+1] —2i(2jcgn+ 1)[i —1,j,m+1,n — 1]
— 2j(2icp,m + D[, j—1,m—1,n+1]
— (2icp7m +1)(2jcqn + Di,j,m —1,n—1].

Proof. Follows from Lemma 2.1 and the commutation relations
2 . 9 p
(a) [Ar,ri] =4 (;xiaxz + 2) :

q
9 q
21 _ . 9
(b) [A2, 73] =4 ;y]ayj+2 :

p
(©) [Ar, (r2)] = 2i(p + 2 — 2)(r2)~L + 4i(r2)~! Zx aii’
(d) [Ag, (13)7] = 2j(q + 25 — 2)(r3)" " + 4 (r3)’~ 12%63

7j=1
O
Proposition 2.3. Let (G,G’) C Sp(2k,R) be a reductive dual pair and

P be the space of ﬁ(k)—ﬁm’te vectors of the Fock model. Let x be a one-
dimensional representation of G' with differential dx, then

Ny = Span {X f — dx(X) f,w(k)f — x(k)f | X e ¢,k € K/, f € P}
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is (g x ¢/, K x If(v’) invariant and P /N, is the Howe quotient corresponding
to the (¢', K')-module of x.
Remark. If G’ is connected, one could omit the terms w(k)f — x(k)f. If

G’ is disconnected, there may be more than one character with the same
differential and the term w(k)f — x(k)f would capture the piece with the

correct K’ action.
Proof. Take Y (X; — dx(X;))fi € Ny where X; € ¢’ and f; € P. Let
(A,B) € g x ¢ and (a,b) € K x K'. Then

m¢%§]X~dMXwﬁ
=Y AB(X; — dx(X,))f;
= Z (BX; —dx(X;)B)(Af;) (since A commutes with B and X;)

= (XiB - [X;, B] — dx(X;)B)(Af)

= "(Xi — dx (X)) (BAS) — Y [X:, BI(Af).

Now fix a choice of the Cartan subalgebra h of ¢’. If B, X; € b, [X;, B] =0,
so we don’t have a problem here. If B € h and X is a non-zero root vector
(so that dx(X;) = 0), then [X;, B] is a multiple of X;, and we still have
[X;, B](Af;) € Ny. Likewise we have no problem if X; and B are both non-
zero root vectors. For the general case, extend by linearity to see that N,
is g x g’ invariant. N

For the action of K x K,

(a:b) > (X — dx(X0)) fi

= ab(X; — dx (X)) fi

= Z bX; — dx(X )(af,) (since a commutes with b and X;)
= (X — dy (X)) (bafi)

= Z (bXb™t — dx(bX:b~ ) (baf;) (since dx(bX;b~ ') = dx(X3))
€ Ny.

The argument for the term w(k) f —x (k) f is similar. So N, is (gx ¢/, KxK')
invariant.
If N C P is such that

P/N ~x (as a (g, K') module),
then for X € g’ and f € P/N, we have
Xf=dx(X)f = (X —dx(X))f =
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Likewise for k € K’ ,

w(k)f = x(k)f = (w(k) = x(k))f = 0.
Thus, Ny, C N andAz? /Ny is the Howe quotient corresponding to the repre-
sentation x of (g’, K'). O
Lemma 2.4. Assume p,q 2~2. Consider the basis of P as in (2.5), and
take x = 1, the trivial (s((2),U(1)) module, then P/Ny is
Span of (images of)
{[0,0,m,n] |m—n+252=0,m>0,n>0} if 552

{0} otherwise.

Proof. We note that from Proposition 2.3,
Ny =Span {Hf,Ef,Ff|feP}
From Lemma 2.2, we infer that
(a) Action of H = [i,j,m,n] € Ny if 2i —2j —l—m—n—ki # 0;
(b) Action of E = [i,0,m,n] € Ny if i >0, and
[i,5,m,n] =2j(q+2n+2j —2)[i — 1,7 — 1,m,n] mod Ny;
(c) Action of F = [0,7,m,n] € Ny if j >0, and
[i,7,m,n] =2i(p+2m+2i —2)[i — 1,5 — 1,m,n] mod Nj.

Thus, [i,5,m,n] = c1[i — j,0,m,n] =0 mod Ny if i> j;
[i,5,m,n] = c[0,j —i,m,n] =0 mod Ny if j > i
[i, 5, m,n] = c3[0,0,m,n] mod Ny if i=75>0.
Here ¢q, co and c3 are non-zero constants. The result follows. O

Theorem 2.5. Assume p,q > 2. The trivial (s{(2),U (1)) module belongs
to R(sl(2),U(1),w) if and only if B4 e Z, and if 551 € Z, the theta lift of
the trivial representation is the irreducible and unitary ladder representation
Ly.q = Span {[0,0,m,n] | m —n + 551 = 0}.

Remark. These representations of O(p, q) are known as ladder represen-
tations in the Physics literature (see [AFR] and [BZ]). They have Gelfand-
Kirillov dimension p + ¢ — 3 (in the sense of [Vo]) and correspond to the
quantization of certain minimal orbits (see [BZ], [Kol] and [Ko2]).

Proof. The first part is immediate from Lemma 2.4.
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Assume that 257 € Z. We note the action of p C o(p, ¢)c using Lemma
2.2:

62
Y7 7 9. o | 0707 )
=[0,0,m+1,n+1] —[0,0,m — 1,n — 1] mod N7j.

A simple computation on the O(p) and O(q) weights shows that [0, 0, m, n] #
[0,0,m/,n'] mod Ny unless both are in Ny. Starting from [0, 0, 4%52,0] or

[0,0,0, 252] which is clearly not in Ny, the transition formula above shows

that L, 4 is irreducible as an (o(p, q), O(p) x O(q)) module. Unitarity follows
from [Li]’s results. O

Next we compute the Howe quotient corresponding to the trivial repre-
sentation of O(p, q) for the dual pair (O(p,q),SL(2,R)). We remark that
[LZ1] has treated these theta lifts in a different way (and for the dual pairs
(O(p,q), Sp(2n,R)) and have explicit information on the structure of the
corresponding Howe quotients.

Assume p,q > 2. If P =Clz1,...,2p, y1,...,Yq) as before, let

= Span{X f|f € P, X € o(p.q)c}

Then by the remark following Proposition 2.3, the Howe quotient is con-
tained in P/Nj. Recall that the action of o(p,q)c and sl(2)¢ is given in
(2.3).

Lemma 2.6. Let 1,X, and Y be the elements of P/Ny given by

1=1+ M,
X =i+ M,
Y =yi + M.

Then B = {1, X* Y'|k,l € Z>1} is a basis of P/N7.

Proof.  For A = (A1,...,\p) and po= (,ul,...,yq) with Aj, pj € Z>o, let
z*y* be the monomial [[5_, = HZ Lyt For 1 < i< j < p and arbitrary
z yH, we have that

(»”Cia% —ija%) wizgayt = (g + Daf — (N + 1)af) 2ty € M,
so that
(2.6a) altyt = f\‘i 222" mod Nj.
Similarly, we have for 1 <i < j <g,

_ pitl
(2.6b) y2atyt = Zilyfx’\y mod Nj.
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If \; =0, then
0 0 A A
(xiaTj — 871-) iyt = (N + Dyt

This implies that 2 y* € N} whenever \; = 1 for some 7. Similarly, o MyH e
N} whenever p; = 1 for some i. Applying (2.6) repeatedly if necessary yields

(2.7) \; odd for some i or p; odd for some i = 2 y* € Nj.

For 1 <i <pand1l < j < gq, applying the operator x;y; — to the

00y, 8y
monomial :ciij’\y“ yields

(2.8) xzy?:r;)‘y“ = (N + 1)(pj + Daty*  mod Nj.

Using (2.6), (2.7), and (2.8), we see that every monomial in P is either in
N or in one of the cosets listed in B. So we have that B spans P/Nj. To
see that the elements of B are linearly independent, we notice that each is
a weight vector for u(1)c C sl(2)c, of the following weights:

(2.9) 1 has weight 251,

X% has weight P4 + 2k,

k . —
Y" has weight 251 —2k.

Since all weights are distinct, the vectors must be linearly independent, and
the lemma is proved. O

Remark. The proof of Lemma 2.6 also shows that all U (1)-types in P /N
have multiplicity one.

Theorem 2.7.  Suppose p,q > 2. The trivial (o(p, q), O(p) x O(q))- module
1 belongs to R(o(p, q),0(p) x O(q),w) and no other one-dimensional module
does, so that 73/./\/'1’1 is the Howe quotient corresponding to the trivial module.
(i) If p and q are both odd then P/Nj is irreducible and isomorphic to
the principal series of the split double cover of SL(2,R) with infinitesimal
character —pzﬂ + 1, and even U(1)-types if P52 is even, odd U(1)-types
otherwise.

(ii) If p and q are both even then P/Ny has two irreducible (s1(2),U(1))-
submodules Vi and Va spanned by {X*|k > 1} and {Y*|k > 5} respectively,
which are discrete series representations with minimal U (1)-types M and
—pgﬁ respectively. The theta-lift of 1 is the irreducible quotient of 73/./\/]'1 by
Vi@ Va, which is isomorphic to the unique (s\(2),U(1))- module of dimension
pla 1.

(iii) If p is even and q is odd then P/N} has an irreducible (s1(2),U(1))-
submodule V' spanned by {Y*|k > B}, which is the Harish-Chandra module of

the discrete series representation of SL(2, R) with minimal U(1)-type —
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The theta-lift of 1 is the irreducible quotient of P/Ny by V which is a lowest
weight module with lowest weight —p—;rq + 2.

(iv) If p is odd and q is even then P/Ny has an irreducible (s1(2),U(1))-
submodule V' spanned by {X*|k > 4}, which is the Harish-Chandra module
of the discrete series representation of SL(2,R) with minimal U (1)-type pta,
The theta-lift of 1 is the irreducible quotient of P /Ny by V which is a highest
weight module with highest weight % — 2.

Further, the theta-lift of 1 is non-unitarizable except in the case (ii) with
p=q=2.
Proof. First observe that elements of B tNranSforzn by the trivial O(p, q)
character, simply by checking the action of O(p) x O(q). Using the formulas
(2.3), (2.6), and (2.8), we compute the action of p’ = Span{E, F'} on the
weight vectors in B:
1 =pX;

k+p
Xk: Xk+l,
2k +1 ’

YR = (26— 1)(p - 2k) Y
1=qY;
CXF = (2k—1)(g - 2k)X* L

vk 2kt ay ki
2k +1

SIS B B c B - I e

p
Notice that E annihilates Y2 if p is even, and takes all weight vectors of
weight 254 + 2k with 2k # p to weight vectors of weight 54 + 2k 4 2.

Similarly, F' annihilates X 3 if ¢ is even and takes all weight vectors of
weight 52 + 2k with 2k # —gq to weight vectors of weight 25442k —2. The
decomposition into submodules and quotients for (i)-(iv) now follows.

The casimir operator of s[(2) acts on the Howe quotient by the constant
(2£9)(2£4 — 2). Non-unitarizability then follows from the descriptions of
s[(2) modules given in Chapter IIT of [HT1]. O

For completeness, we shall provide the results for the cases when either
p=1org=1orp=gq=1. Suppose €, ez € {+,—} and let 1, ., be the
unique character of O(p, q) which restricts to det on O(p) if ¢4 = — and to
the trivial character if ¢; = + and similarly for O(gq) and e2. Recall that all
genuine characters of 6(p, q) are obtained by twisting these characters by
the character y defined in the introduction.

Theorem 2.8.
(a) (O(p,1),SL(2,R)), p > 2:
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(a)(i) 1y 4 € R(o(p, 1), O(p) x O(1),w) if p is even and O(1y 1) is a lowest

weight (sI(2),U(1)) module of lowest weight —%3 and it is not unitarizable

unless p = 2;

(a)(ii) 11, € R(o(p,1),0(p) x O(1),w) if p is even and O(1y _) is a highest
weight (sl(2),U(1)) module of highest weight % and it is not unitarizable
unless p = 2;

(a)(iii) 1y 4 € R(o(p,1),0(p) x O(1),w) if p is odd and O(14 ) is the non-
unitarizable (s1(2),U(1)) principal semes representation with infinitesimal
character %, and even U( )-types if L=~ is even, odd U( )-types otherwise;

(a)(iv) 14— € R(o(g, 1),0(p) xO(1),w) if p is odd and O(1L4 ) is the finite-

dimensional (s1(2), U(1))-module of dimension p%l and it is non-unitarizable

unless p = 3;

(a)(v) 1 € R(ﬁ[,U(l),w) if p is odd and 0(1) is the irreducible and uni-
tarizable (o(p,1),0(p ) O(1)) ladder representation with representatives
t

{(z1 \ﬁxz)m |t =m+ P53}
(b) (O(1,9), SL(2,R)), ¢ > 2:

(b)(1) Ly 4 € R(o(1,q), O(1) x O(q),w) if q is even and (14 1) is a highest
weight (s1(2), U (1)) module of highest weight 3 and it is not unitarizable
unless q = 2;

(b)(ii) 1 4 € R(o(1,q), O(1) x O(q),w) if q is even and O(1_ 1) is a lowest
weight (s1(2),U(1)) module of lowest weight —q;;’ and it is not unitarizable
unless ¢ = 2;

(b)(iii) 14+ € R(o(1,9),0(1) x O(g),w) if ¢ is odd and O(1y ) is the
non-unitarizable (s (2), U(1)) principal series representatwn with infinites-
imal character (L5= LY, and even U(1)-types if 451 is even, odd U(1)-types
otherwise;

(b)(iv) 1 4 € R(o(1,q), O(1)x0(q),w) if q is odd and O(1_ ) is the finite-

dimensional (s1(2),U(1)) of dimension % and it is non-unitarizable unless

q=3;
(b)(v) 1 € R(s[,U(l),w) if q is odd and §(1) is the irreducible and uni-
tarizable (0(1,q),0(1) x O(q)) ladder representation with representatives

{z*(y1 - an)" |s=n+ %}

(c) (O(1,1),SL(2,R)):
(€)d) 14+ € R(o(1,1), O(1) x O(1),w) and O(14 +) is the unitarizable
(s((2),U(1)) principal series representation with infinitesimal character 0;
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(¢)(ii) 1_ 4 € R(o(1,1),0(1) x O(1),w) and (14 __) is the unitarizable
lowest weight (s1(2),U(1)) module of lowest weight 1 (i.e., limit of discrete
series);

(c)(iii) T4 € R(o(1,1),0(1) x O(1),w) and O, ) is the unitarizable
highest weight (s((2),U(1)) of highest weight —1 (i.e., limit of discrete se-
ries);

(c)(iv) 1 € R(s[,ﬁ(l),w) and O(1) is the non-unitarizable two-dimensional
(0(1,1), O(1) x O(1)) module with representatives {1, xy}.

Remark. The cases (a)(iv) and (b)(iv) could be interpreted physically, in

terms of the Huygens’ Principle. Even the cases under Theorem 2.7 could be
suitably interpreted in terms of O(p, q) invariant distributions (see [HT1]).

Proof.  Basically the computations are similar. The results are obtained
by tracking the actions of O(p), O(q) and s[(2) on the representatives in

P/NY. O
3. The Dual Pairs (U(p,q),U(1,1)).
Consider the dual pair (U(p),U(1,1)) acting on the U(2p)-finite vectors of

the associated Fock space C|z1,... ,2p, 21, ... , Zp| as follows:

. o 0
(a) Action of u(p)c: zza—zj — z]a—zi,

b) Action of u(1,1)c = Span {h1, ha,r3, A1}, where
(b) i
p P P 2
0 0 0
h :E is—s h :E Gy 11 = iZi, A= :
1 i—1 : 0z im1 : 0zi " ZZ © 'L 92,0z

=1 =1

1<4,5<p.

It is easy to see that the duality correspondence is as follows:

o0

- - a=p
C[Zla s 3 RpyRly e 1ZP”U(p)><[7(1,1) = Z ng,)ﬁ ® (det) 2 Vptatps

m=0

where Hg’ )ﬁ is the irreducible U(p) module characterized as follows:

HE, = {f €Clat,... . 2p 21, 5] | hif = af haf = Bf, Arf =0},

and Vj4q4p is the SU(1, 1) lowest weight module of lowest weight p + a +
spanned by {(r%)izf‘ég | © = 0,1,...}. Note that the representation of
SU(1,1) is twisted by the O‘%ﬁ—power of the determinant character det on
17'(1, 1). Incidentally, Clz1,...,2p, Z1,... ,Zp] is bigraded in degrees in the
z coordinates and Z coordinates. The subscript in ’Hgf 23 indicates that the
module lives in the homogeneous component of degree « in the z coordinates
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and degree (3 in the Z coordinates. The U(p) highest weight vector in fop )ﬁ
is z‘f‘Z’B .

The duality correspondence enables us to write
N »)
_ _ 2\i
(3.1) Claty 2 25 Bl = 2, ()M,
i,a,3=0

where (r%)in}f )ﬁ are U (p) modules isomorphic to Hg? /)@ We note the analogue
of Lemma 2.1.

Lemma 3.1. Let ¢ € ng’/)g where o+ (3 > 1. If

N~ 1 2 0¢
(2i0)~ = 2z (p fatdo 1)7’1 0% and
(zip)™ = zip — ! 290

pta+tp—1) 'z
then

(p+a+pB-1) 10z

zi¢p = (z:9)” +

gives the projection of z;¢ into the U(p) modules H((f_s)_lﬂ and T%Hg)ﬁ_l, while
L L0

(p+a+p3—1) 1oz

gives the projection of zZ;¢ into the U(p) modules 'H&p) , and T%H(p)

7ﬂ+ Oé—].,/B :
Proof. Easy. O

Zip = (2i9)" +

For convenience, we shall let
1
prat i1
We note that when o+ 3 > 1, ¢p o3 > 0.
Likewise, the dual pair (U(gq),U(1,1)) acting on Clwy, ... ,wq, W1, ... ,wq]
gives rise to the following decomposition of the Fock space as U(q) modules:

Cp,a,3 =

oo
(32) (C[wla <oy We, ’U_Jl, cee :'U_)q”U(q) = Z (r%)]HSi)s»
jv'Yvé:O
where 73 = Z?:l wjw;, (r3)’ H,(;’;'()S is isomorphic to H,(y;i);, the spherical har-
monics of d(igree y,fS (i.e., killed by Ay = ijl W) in the variables
Wi, ... ,Wq, W1, ... ,Wq-
Consider P = Clz1, ... ,2p, 21, .. , Zp, W1, ... ,Wq, W1, ... ,W,). Thisis the

space of (7(2p + 2¢)-finite vectors of the associated Fock model for the dual
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pair (U(p,q),U(1,1)), and the actions of the complexified Lie algebras of
U(p,q) and U(1,1) can be described as follows:

(3.3)
(a) Action of u(p,¢)c = u(p)c ® u(q)c @ p:
(i) Action of u(p)c: Ziaaz] — Zj a({;, 1<4,5<p;
(ii) Action of u(g)c: wi—u‘;-i 1<4,5<
q)c: zawj jawiv >1%,)>4q;
82
(111) Action of p: Sij = Zw; — m 1<i<p 1<j<g
82
T — ~Wy a9 . 1 S ‘ S ) 1 S ‘ S .
=% wj 821‘810]‘ ! @ J 1

(iii) £ = rl A,
We note that U(p, q) is split while ﬁ(l, 1) is split when p + ¢ is even and
non-split otherwise.

Because of the decompositions
composition of P as a U(p) x U(q

3.1) and (3.2), we have the following de-
module:

~— —~

o0

(3.4) Plopsom = 2. D3 HH.
1,7,0,3,7,6=0

Again, we will take as a “basis” for P, elements of the form

(35) [i.5.,B,7,8) = (1)) (13) 6162,  where ¢ € HL) and ¢y € H).

Lemma 3.2. The actions of u(1,1)c and p C u(p,q)c on the basis in (3.5)
are as follows:

Hl : [i7j’a?/67’Y’6] = </L]+a/y+p;q) [iajaaaﬁv'%(ﬂ;

-HQ' [i7j7a7ﬁ7776] = <j_z+5_ﬂ_ 2q> [i7j7a757775];
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E-[i,j,0, 8,7, 0] = li+1,j,0,8,7,]
—jla+y+o+j-1i,j—1a,8,7,4d;
F-[i,j,0,8,7,0] = [i,5 + 1,0, 8,7, 0]

—ilp+a+p+i—1D[i—1,4,a,8,7,0]

S - lis g, 0, 8,7, 6] = [i, 4, + 1, 8,7 +1,6]
+cpapli+1,j,a,8—1,v+1,0]
+cqnslisj +1La+1,6,7,6 —1]
+ Cpa,pConslt + 1,7+ 1,a,8—1,7,0 — 1]
—iji—1,7—La+1,8,v+1,0]
—i(jegys + i —1,5,a+1,3,v,0 — 1]
—j(icp@,g—i—l)[i,j—l a,f—1,7+1,0]
= (icpa,p + 1) (Jegys + i,y 8= 1,7,0 = 1];

Ti - [1, 4, 0, 8,7, 0] = [i, j, 0, B+ 1,7, 0 + 1]
+Cp7a,g[i+1,j,oz—l,ﬁ,’y,(s—i—l]
+cqnslis g+ 1,8+ 1,7 —1,0]
+ Cpa,pConslt + 1,7+ 1, a—1,68,v—1,6]
—ijli—1,7—1La,B+1,7,0 + 1]
—i(jegrs+ Vi —1,j,a,8+ 1,7 —1,0]
—j(icp@,g—l—l)[i,j—1,04—1,6,7,54—1]
— (icp,aﬁ + 1)(jcq7%5 + D[i,j,a—1,8,v—1,4].

Proof. Similar to Lemma 2.2. O

For v € %Z, let det” be the v-power of the determinant character on
U(1,1). Let

Nu:SPan {Hlf_yf7H2f_VfaEfaFf|f€73}'

Lemma 3.3. Forv € 3Z, det” € R(u(1, 1),U(1) x U(1),w) if and only if
P=q

X
P4 — v e Z. Consider the basis of P as in (3.5). If 554 —v € Z, P/ N, =

Span of (images of)

{[07076“7577;5] 04—'7+I);€I_V:5—ﬁ—1);(]—1/:0}.

Proof. From Lemma 3.2, we infer that
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(a) Action of Hy and Hy = [i,j,a,3,7,0] € N, ifi—j+a—y+E51—v #0,
orifj—i+d—-pF—-BEL—-v#0;
(b) Action of E = [i,0,a,3,7,d] € N, if i > 0, and

[i’j’aaﬁv’%&] E](q+7+6+] - 1)[1_ 17] - 1aa>537a5] mOd Nw

(c) Action of F = [0,7,,03,7,0] € N, if j > 0, and
[i,7,,8,v,0] =ilp+a+8+i—1D[i—1,7—1,a,8,v,6] mod N,.
Thus,
[i, 7,0, B,7,8] = c1[i — J,0,, 8,7,6] =0 mod N, if i > j;
[i, 7,0, 3,7,0] = c2[0,5 —i,a,3,7,0) =0 mod N, ifj>i;
[i, 7, @, B,7,8] = ¢3]0,0, , 3,7, 0] mod N, ifi=j>0,
where c¢1, co and c3 are non-zero constants. The result follows. O

Theorem 3.4. Assume that ¥4 —v € Z. The theta lift of the representa-

tion det” of U(1,1) is the irreducible and unitarizable (u(p,q),U(p) x U(q))

module
H, ., = Span (of the z’mage.s){[u 0.0.8.7.8] [a—y+ 254 v =0,

5—ﬂ—p;q—yzo}

Remark. The representations are also known as ladder representations
(see [AFRY)), even though their K-spectrum has two parameters. They are
restrictions of the ladder representation Loy, 24 of O(2p,2q):

Lop24lv(p,q) = Z Hyp,qu
VE%Z

and have Gelfand-Kirillov dimensions 2p + 2q — 4 (compare with 2p 42 — 3
of L2p,2q)-
Proof. We note the action of p C u(p, q)c using Lemma 3.2:

Skl . [07 O? «, /67 v, 5]

:[0707a+17677+175]_[0707a7ﬁ_17’775_1] mOdNV;

Tkl . [07 07 «, ﬂ7 v, 5]

=[0,0,,8+1,7,0+1] —[0,0,a —1,8,7v—1,8] mod N,,.
This shows that Hp,, is irreducible as a (u(p,q), U(p) x U(q)) module.

Unitarity follows from the observation that they are restrictions of the uni-
tarizable (0(2p,2q), O(2p) x O(2¢)) module Lay, 24. O
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Now we compute the Howe quotient corresponding to the trivial represen-
tation of Ul(p, q) for the dual pair (U(p,q),U(1,1)). Assume that p,q > 1.
If

P=Clz1,...12p, 21, Zp, W1, ..., W4, W1, ..., W
as before, let
1 = Span{X f|f € P, X € u(p,q)c}.
Then by Proposition 2.3, the Howe quotient is P/ANj. Recall that the action
of u(p,q)c and u(1,1)c is given in (3.3).

Lemma 3.5. Let1,Z, and W be the elements of P/N} given by
1=1+M,
Z =27z + Ny,
W = wiw; + MNj.
Then B = {1,Z% W!l|k,l € Z>1} is a basis of P/N}.
Proof. For A= (A1,..., A\p, A1,...,Ap) and p = (ul,...,uq,ﬂl,...,/jq) with

iy Mis 14, [ij € Z>0, let 22w” be the monomial I, z)‘ z)‘ [T, wiw!". For
1 <i,j < p, and arbitrary z*w", we have that

(Zia%- - 53‘8%) zizpwt = (0 + Daiz — (i +1)257) 2wk € A,
so that

(3.6a) iz Wk = i;’_ﬁzjéjz)‘w“ mod N7j.

Similarly, we have for 1 <4,5 <g,

(3.6b) w2 wh = E;i}ijjz)‘w“ mod Nj.
If \; = 0, then
(zi% — Z 86 ) ziwk = (N + D) ziz wh € Ny,

This implies that z;z*w* € N} whenever i = 0. Similarly, zZiz Wk € Ny
whenever \; = 0, w;z w" € Nj whenever fi; = 0, and u_)iz)‘w“ e Ny
whenever p; = 0. Using (3.6) with ¢ = j, we see that if A; # \; for some 4,
then z;z;z w* € N (and similarly if p; # fi;), so that we have

(3.7) Ai # )i for some i or y; # fi; for some i = 2 wH € Nj.

For 1 <i¢ <pand1l < j < q, applying the operator zw; — 00 8w to the
monomial Zﬂbjz/\w“ yields

(3.8) ziZiw;wiz2wh = (N 4+ 1)(3; + 1)z w”  mod Nj.

Using (3.6), (3.7), and (3.8), we see that every monomial in P is either in
N or in one of the cosets listed in B. So we have that B spans P/Nj. To
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see that the elements of B are linearly independent, we notice that each is
a weight vector for (u(1) ® u(l))(c C u(1,1)¢, of the following weights:

1 has weight (251, —E59),

k : _ _
(3.9) Z* has weight (251 +k,—251 — k),

W*  has weight (552 — k, -2 + k).

Since all weights are distinct, the vectors must be linearly independent, and
the lemma is proved. O

Remark. The proof of Lemma 3.5 also shows that all U(1) x U(1)-types
in P/Nj have multiplicity one.

Theorem 3.6. Suppose p,q > 1. The trivial (u(p,q),U(p) x U(q))-module
1 belongs to R(w(p,q),U(p) x U(q),w). The Howe quotient P/Ny has two
irreducible (u(1,1),U(1) x U(1))-submodules Vi and Vs spanned by {Z*|k >
q} and {WF|k > p} respectively, which are discrete series representations
with minimal U(1) x U(1)-types (B34, —X9) qnd (—252, BE9) respectively.
The theta-lift of 1 is the irreducible quotient of P/Ny by Vi & Va, the
(u(1,1),U(1) x U(1))-module of dimension p+ q — 1, with U(1) x U(1)-
types {(k + 52, -k — 554)| — ¢+ 1 < k < p—1}. The theta-lift of 1 is
unitarizable only in the case when p =q = 1.

Remark. The situation in this case is very much controlled by the situation
for the dual pair (O(2p,2q),SL(2,R)) (see Theorem 2.7(ii)). Again, Lee
and Zhu [LZ2] has treated these representations of U(n,n) for the dual
pairs (U(p, q), U(n,n)) and have explicit information on the structure of the
corresponding Howe quotients.

Proof. Using the formulas (3.3), (3.6), and (3.8), we compute the action of
p’ = Span{E, F'} on the weight vectors in B:

E-1=9pZ;

EZk: k—i_pzk’-‘rl’
k+1
E-WF=k(p-kwr1

F.-1=qW;

F-ZF =k(q—k)ZF 1,

ka:: k+qwk+1
k+1

Notice that F annihilates WP, and takes all weight vectors of weight (k +
bod, —k —251) to weight vectors of weight (k+1+4 552, -k —1—259). Simi-
larly, F' annihilates Z9 and takes all weight vectors of weight (k+ 2524, —k —

P54) to weight vectors of weight (k — 14 252, —k 4+ 1 — 25%). The result
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follows since we know that only the trivial finite-dimensional module is uni-
tarizable. O

4. The Dual Pairs (Sp(p, q), 0*(4)).

Consider the dual pair (Sp(p), 0*(4)) acting on the U(4p)-finite vectors of
the associated Fock space Clz1,... ,22p, Z1, . .. , Zp) as follows:

(4.1)

(a) Action of sp(p)c:

. o _ 0 0 0 .
(1) Ziaizj - Zjaz Zp'i‘]a + —HaZerj’ 1<i,5 <p;
. 0 _ 0 8 _ 0 .
(ii) s P05 +zj@ " rrigg 1<i<j<p
0 _ 0 0 _ 0 .
, 1<i<j<p.

i) zpai=— —Zi=—— + 2pri=— — Zi——
( ) p—HaZ’j ]8Zp+i p+]82’i ’8zp+]~

(b) Action of 0*(4)((: = Span{Efl + P, ESZ +p, EfQ? E;I’ T%a A1} :

2p 2p P
8 0 0 0
z z 5. — . — .
Ei = 8 By = E Zi 9z Ef, = E <Zp+z 9z C 8Zp+i> ;

=1 =1 =1
p 2p 2p
. 0 0 9 _ 0?
E21 = E Ziia - Zp-H'T s r = E ZiRq, Al = 8 a_
i=1 “pti “ i=1 i—1 IR

Observe that
0*(4)c = Span{Ef; — E3,, Efy, E5;} ® Span{Ef; + E3, + 2p,r{, A1}
~ su(2)c @ sl(2)c = 0*(4) ~ (SU(2) x SL(2,R))/{£I}.
Define the spherical harmonics as in the last section:
H(C?) = {f € Clz1,... ,29p, 21, .- - , Z2p] | A1 f = 0}.
We have the following decomposition (see [HT2]):

H(C? @ V&,

P — (p)
)‘Sp(p)XSU@) - Z IC(§1+§27§2)
£1,§22>0
where SU(2) is the group with (complexified) Lie algebra {E}, — E3,, E7,,
E3,}, V™ is the irreducible unitary representation of SU(2) of dimension m+
1, and K®) ) is the Sp(p) module with highest weight (&1 +&2, 2,0, ..., 0)

(162,62
with respect to the Cartan subalgebra spanned by
1=1,... ,p} .

IR R
! 0% ! 0z; P 8zp+i P 62p+i
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The joint Sp(p) x SU(2) highest weight vector of IC&) o) © Vlfl is given
by

- &2
Zp+1

Z2 Zp+2

(4.2) V(é1,62) = 51

More precisely, there are & + 1 copies of the Sp(p) representations in

KE§3+£2 &) ® Vfl, and the Sp(p) highest weight vectors are

_ =7
U(p£1,£2,5) = “p+1V(p.&1+62—7.2)

- &2
21 Zp41
22 Zp+2

= §1—J

_Zp+lzl ]:0717 751-

We shall denote the Sp(p) module with highest weight vector u(, ¢, ¢, ;) by

(p)
Kier sy Thus
2p — (p)
H(C )‘SP(Z’) o Z IC(§1+§2752)
£120,£2>0,j=0,... ,&1
We also note that ICE? tera)g C H§1 +)€2 ity I particular, we can extract

the decomposition of Hé 5) into Sp(p) modules:

(2p) _ () (p) ()
H, 5 Sp(p) = Kiatp0),8 @’C(a+ﬂ 1,1),8-1 P ’C(am 2,2),8-2

(p)
©...0 ,C(max(aﬂ),min(a,ﬁ)),,@—min(a,,@)'

The duality correspondence is as follows:

C[Zlv e 5 22py 2Ly z2p]|5p(p)><o* Z IC §1+€2 £) & Vl ® V}H—&—l—?fm
£1,§2=0

where Vj,1¢, 12¢, is the SL(2,R) lowest weight module of lowest weight p +
&1+2& spanned by {(r)"y(¢, &) | i = 0,1,... }. The duality correspondence
enables us to write

o0

(43) Clat,- 222210 2l lgpywsve) = D (7 ),CEZ+£2,§2)®V1§17
7:)51762:

(»)
where (r?)! IC(£1+£2 52)
IC(p)

51
(Erte.62) OV

Vgl are Sp(p) x SU(2) modules isomorphic to
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Likewise, the dual pair (Sp(q), 0*(4)) acting on Clwy, ..., waq, W1, ..., Waq)
gives rise to the following decomposition as Sp(q) x SU(2) modules:
(4.4)
N (@)
C[wlu"' , W2q, W1, - -« 7w2q”5p(q)><SU(2) = Z (TQ)],C(q +n2,m2) ®V17717
4,m1,m2=0

where (r3)! i)

(mtma) @ V" are Sp(q) x SU(2) modules isomorphic to

ICEg)l ) ® V/™, which are analogously defined as in the (Sp(p),O0*(4))
case.
Consider P = Clz1, ..., 22, 21, ... , Z2p, W1, ... , Waq, W1, ... ,Waq|. Thisis

the space of U (4p + 4q)-finite vectors of the associated Fock model for the
dual pair (Sp(p, q),0*(4)), and the actions of the complexified Lie algebras
of Sp(p,q) and O*(4) can be described as follows:

Lemma 4.1.

(a) Action of sp(p,q)c = sp(p)c ® sp(q)c & p:
(i) Action of sp(p)c: as in (4.1);

(ii) Action of sp(q)c: similar to (4.1);

(iii) Action of p:

0? o ok

Pij = ziwj — o—=— + Zpyilgrj — —5 > 1<i<p 1<j<q
TN T 0wy | P T 92, Li0wgy

0? ok
Q'A:Z‘w+A_f_2+'wA+77 1<Z<p71<]§q7
T T 90w, T 920w,

0? 0?
Rij = zpriw; — -——— — ZiWqti + =—F— 1< < 1<5<
1 p+i Wy 82p+iau_fj 1 Wq+j 8zi8wq+j’ b, J >4

0? 0?

Sij = 2p+iWqyj — =——F—— + Zi0; — ———, 1<i<p, 1<75<q.
* P 6zp+7;6wq+j v Ozl-awj’

(b) Action of 0*(4)c = Span{F11 +p — q, F22 +p — q, F12, E21, E, F}:
FEi = Efl — Eﬁ, Eoy = Egg - Eg}Qa Eyp = EfZ - Eéuh
E21 = E§1 - %}2, FE = Tl AQ, F = ?“2 Al

Proof. Omitted. O

We note that Sp( ,q) and O*(4) are both split extensions. Because of
the decompositions (4.3) and (4.4), we have the following decomposition of
P as Sp(p) x Sp(q) x SU(2) modules:

_ (») (@)
(4’5) P|5P(F)XSP(Q)XSU(2) - Z(Tl) ( ) K(§1+§27§2) ® K(n1+772 n2) ® Vlu’
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where the sum is over the 7-tuples (i, j, &1, &2, M1, M2, ) € Z>o such that
& —ml <p <& +m,
p=& +m mod 2.
This comes about by a direct application of the Clebsh-Gordan formula for
the decomposition of a tensor product of two SU(2) modules:
(4.6) Vl 1 V1771 _ ‘/151-‘1-771 ) V1§1+771—2 @ V1€1+771—4 ® ... Vl\&*m\'

Observe that Sp(q) acts in a contragredient fashion, so to obtain a set
of Sp(p) x Sp(q) x SU(2) highest weight vectors in P, we need a little
adjustment. Recall that

= &2
21 Zp+1
22 Zp42

_ £
V&) =21

is a joint Sp(p) x SU(2) highest weight vector. In a similar way,

e
W1 Wg+1

(4.7) 9(7717772) = 7I}Z—ll-l Wy  Wgio

is a joint Sp(q) x SU(2) highest weight vector (relative to another choice of
positive system for SU(2)) satisfying

- i1;19(7717772) = 77729(7717772)’
= E3005m0) = —(m 4 12)0( 1m)
- Eéﬂlg("?lﬂn) = 0

We will take as a “basis” for P elements of the form (see (4.2) and (4.7)
for the definitions of ¢, ¢, and 60y, ,,)
(48) [Z7 Js 517 527 m, 72, M] = (T%)i(Tg)j'y(fl*V,Ez)e(mfl/,m)(lel +2p+1wq+1)ya

where pp =& +m —2v and [§ —m| < p < &+
Note that if we set ¢ = j = 0, then

E11[0707£17§2777177727,u'] 51 + 62 —n2 - V)[0707£17§2777177727N]7
E22[0707£17§2777177727,u'] 52 —n—n2+ V)[0707§1752777177727M]7
E12[0,0, 1,82, m1,m2, 1] = 0.

In other words, [0, 0, &1, &2, 71, M2, 1] is the set of joint Sp(p) x Sp(q) x SU(2)
pluriharmonics (up to multiples, of course).

= (
= (

Lemma 4.2. The actions of sl(2)c C 0*(4) on the basis in (4.8) are as
follows:

(a) Ell : [i7j7§17§27n177]27ﬂ’] = (2Z +§1 +£2 - 772) [i7j7§17§2777177727u];
(b) E2a - [i, 7,81, 82,m1,m2, 1] = (=27 + &2 —m — n2) [4, 5, &1, §2, 1, M2,
(C) E- [i7j7§175277717772vﬂ] = [Z+ 17j7§17527771=7727ﬂ]
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_](2(] + M+ 2772 +.7 - 1)[273 - 1)617527771)7727/‘];
(d) F- [Lj? §1a€27n177727u] = [7'7.7 + 1751752777177727[1']
- Z(2p+§1 + 262 +i— 1)[1 - 17j7£17§2777177727:u]'

Proof. Similar to Lemma 2.2. O

Proposition 4.3. Consider the basis of P as in (4.8). Then V' ® 1 €
R(0*(4), (SU(2) x SO(2))/{£I},w) if and only if p is even. If u is even,
the Howe quotient corresponding to V{* @ 1 (i.e., the trivial representation
of SL(2,R) twisted by a unitary representation of SU(2)) of O*(4) is

P /N, = Span of (images of) {[0,0,&1, &2, m,m2, ] | [&—m| < p < &+m,
p=E& +m mod 2, & + 28 +2p — 2q = m + 22}
In particular,
PN, ~L,®(V{'®1l)
is an irreducible (sp(p,q), Sp(p) x Sp(q)) x (0%(4), (SU(2) x SO(2))/{xI})

module, so the theta lift of VI' ® 1 is the irreducible and unitarizable repre-
sentation L.

Remark. This is not surprising; in fact, the restriction of the ladder
representation Ly 44 of O(4p,4q) to Sp(p, q) decomposes as follows:

o0
Lapaql spp,q)xsu(2) = Z Ly@ Vi
p=0, even
Here SU(2) is not embedded in O(4p,4q). It arises from the exponentiated
action of the Lie algebra su(2) = Span {E1; — Ea9, F12, E21} (see Lemma
4.1). We shall call the L, ladder representations. They have Gelfand-Kirillov
dimensions 4p + 4q — 6 (compare with 4p 4+ 4q — 3 of L4y 4q).

Proof. Let P /N, be the Howe quotient corresponding to the representation
VI ®1. As an SU(2) module, P is completely reducible, i.e., P = Z,uGZ Pu
where P, denotes the V/-isotypic component of P. Thus as an SU(2)
module,
P/Ny = Pu/(Nu O Py).

Let Ny = {Xf | X € sl(2),f € P}. Since sl(2) acts trivially, we have
NinNP, C N,NP,. But N, = NN where N' C P is such that P/N =~
P./N NP, ~ V] ®1 as SU(2) modules. Thus N, NP, = NN N P,)
is the smallest subspace in P, such that P,/(N, NP,) ~ V/' ® 1. Hence
Nu NP, =N,NP, and thus

PNy~ Pu/(NuNPp)
as (0*(4), (SU(2) x SO(2))/{+xI}) modules.
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From the above and Lemma 4.2, the (sp(p, ¢), Sp(p) x Sp(q)) module L,
has a multiplicity free Sp(p) x Sp(q) spectrum:
_ (p) (2)
LN’SP(P)XSP(‘J) o ZIC(&-FSQ,&) ® IC(W1+772,772)’
where the sum runs through non-negative integer tuples (&1, &2, 71, 72) sat-
isfying

&1 —m| <p <& +m,
szl‘l‘??l m0d27
§1+ 282 + 2p — 2q = m1 + 2ma.

The above relations show that p must be even.

There are several ways to show irreducibility. In the spirit of this paper,
s (p) () : :
we note the transitions from IC(51+£2,£2) ®IC(771+772JI2) to neighbouring Sp(p) x

Sp(q) types as follows. Let the operators P11, Pi2 and Py from p be given
as in Lemma 4.1 and

Xog=2——2Z i —z 9 + Z ?
2= 232’1 ! 0% Pl 8zp+2 P2 62p+1 ’
0 0 0 0

Yo1 = we— — +w

Oowq b Ows Biaas awp+2
be operators coming from sp(p)c and sp(q)c (see (4.1)). Then the formulae

(a) P11[0707§17€2777177727:u’] = [070751 + 17627771 + 177727/1’]7
(b) (P11X21 — &P21)[0,0,81,82,m,m2, 1]

- <771_§1_Iu) [070751 - 1752 + 17771 + 17”27“]7
(c) (Pr1Yar —mP12)[0,0,81, 82, m,m2, 1]

+ —_
= (W) [070751 + 17527771 - 17772 + 13#]7

(d) (P11X21Yar — miPiaYar — &1 P12 Xo1 + &1m1 P12Po1)[0,0,&1, &2, 1, m2, ]

(atm—p m =& @& —m—p
N 2 4

: [070761 —17524‘17771 _17772—’_1):“]7

p+25 =
Ipt1

(p) (9)

describes the transitions (of Sp(p) x Sp(q)-types) K61 +2.62) © Kim o

)to

(p) (9) (p) (9) (p)
lcg§3+52+1,§2)®IC(771+772+1(’77)2)’ to ’C(§1+52’£(2)+1)®IC(771+772+1,772)’ to IC(51+§2+1,£2)®

q p q . .
Koty and to Koo oy @Ky respectively. Noting that

the lowest joint harmonic (see [Ho2]) has trivial Sp(p) x Sp(q) type, these
transitions are enough to show that the (sp(p, q), Sp(p) x Sp(q)) module L,
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is irreducible. Unitarity follows from the unitarizability of the (o(4p,4q),
O(4p) x O(4q)) module Lyp 44. O

Now we compute the Howe quotient corresponding to the trivial represen-
tation of Sp(p, q) for the dual pair (Sp(p,q),0*(4)). Assume that p,q > 1.
If

P:(C[zl,...,22p,21,...,ng,wl,...,w2q,u71,...,w2q]
as before, let
1 = Span{X f|f € P, X € sp(p, q)c}.

Then by Proposition 2.3, the Howe quotient is P/N}. Recall that the action
of sp(p, ¢)c and 0*(4)c = (su(2) ® sl(2))c is given in Lemma 4.1.

Lemma 4.4. Let1,Z, and W be the elements of P/Ny given by
1=1+ M,
=212 —l—/\/]/l,
W = wiwy + Ny.
Then B = {1,Z% W'|k,l € Z>1} is a basis of P/N7.
Proof. For A = (A1,...,Aop, A1, ..., Agp) and pn = (pg, . ..,ng,ﬁl,...,ﬁgq)

with Ai, Ai, 145, fi; € Z>0, let z*wH be the monomial HZ 1 f‘ zl’\ HZ 1 w”lw’“

For 1 < i < p, and arbitrary z w”, and using (4.1)(a)(ii) with i = j, we
have that

<Ziﬁ — Zeri%) Zizp+iz>‘w”
= ((Apri + Dzizi = N + DzpriZpra) 2w € N,
so that

(4.9a) iz wht = )\;‘:FH zpﬂzpﬂz)‘w“ mod Nj.

Similarly, we have for 1 < i < gq,

I R TSP V) /
(4.9b) wiw;z"wh = SR wg W2 W mod N7j.

If \; = 0, then using (4.1)(a)(iii) with i = j we get
(ZpHE% - zi%) Zpyizwh = —(Apri + Dz wh € Ny

This implies that ,@z)‘w“ e Ny whenever A\; = 0. Analogous statements
hold for the cases \; = 0, A\pyi = 0, App; = 0, and for 1 <7 < 2¢q, pu; = 0,
and fi; = 0. Applying (4.9) repeatedly if necessary yields

i # \; for some i < 2p
(4.10) or = 2wt € Ny,
Wi # fi; for some i < 2q



ON THE DUAL PAIRS (O(p, q), SL(2,R)) 375

Awt satisfies

Now suppose z
(4.11) No=2X for 1<i<2p and p;=p; for 1<i<2q.
Let 1 <4,5 <p. Then

L0 5 0 _ ._0 z ._0 5. o s At
(Zz Bz, Zj 35, Zptj T2prs + Zptipz +_) Zizjz"w
= (N + Dzizizrwh — (N +1)zj2;2 0" — My + Mo,

where M; and M are in Nj by (4.10), so we have that

4.12a iz wh = A +1z z. 22" mod Ny
X, 11 %%
Similarly,
At = Apritl A, /

(4.12b) ZptiZpriZ W )\pﬂﬂzpﬂzpﬂz wt mod Ny,
and for 1<14,j<gq,
(4.12¢) wiw; 2 wh = /‘Z_i}ijjz)‘w“ mod N7,
and

- Ay — Hgtitl — A /
(4.12d) WytiWqyiz wh = T T WatjWgt 2 wl mod Nj.

Now suppose again that z w* satisfies (4.11), and that 1 < i < p and
1 <j<gq. Then

2 — 872 + Z W — 02 E‘ﬂ)z)‘w“
L) 82,-811‘1]- p+i1%q+] 8zp+i8wq+j et}

= ziZwwiz M wh — (N 4 1) (pj + 1) 2w + Mz — My,
where M3 and M, are in Nj by (4.10). Consequently,
(4.13a) ziZiwwiz wh = (A + 1) (i + 1) 2 w” mod N7,
Similarly,
(4.13Db) Zp+i2p+iwq+jwq+jz)\wﬂ = (Apti + 1)(pg+j + 1)z mod Nj.

Notice that (4.12) and (4.13) also hold if 2 w" € Nj.

Using (4.9), (4.10), (4.12), and (4.13), we see that every monomial in P
is either in N} or in one of the cosets listed in B. So we have that B spans
P/Nj. To see that the elements of B are linearly independent, we notice
that each is a weight vector for u(1)c C sl(2)c, of the following weights:

1 has weight 2(p — q),
(4.14) ZF  has weight 2(p — q) + 2k,
W has weight 2(p — ¢) — 2k.

Since all weights are distinct, the vectors must be linearly independent, and
the lemma is proved. O
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Remark. The proof of Lemma 3.5 also shows that all U(1)-types in P/Nj
have multiplicity one.

Theorem 4.5. Suppose p,q > 1. The trivial (sp(p,q), Sp(p) x Sp(q))-
module 1 belongs to R(sp(p,q), Sp(p) x Sp(q),w). Since O*(4) is a quo-
tient of SU(2) x SL(2,R), we may regard the Howe quotient P/Ny as an
(su(2)®sl(2),SU(2) x U(1))-module. This module is of the form 1QV . The
(s1(2),U(1))-module V' has two irreducible submodules Vi and Va spanned by
{Z*|k > 2q} and {W¥|k > 2p} respectively, which are discrete series repre-
sentations with minimal U(1)-types 2p and —2q respectively. The quotient
of V. by Vi @ Va is irreducible and of dimension 2(p + q) — 1. If op 4 is the
unique irreducible (s1(2),U(1))-module of dimension 2(p + q) — 1, then the
theta-lift of 1 is 1 ® 04, and it is not unitarizable.

Remark. The situation in this case is again controlled by the situation
for the dual pair (U(2p,2q),U(1,1)) (see Theorem 3.6) which is in turn
controlled by the situation in (O(4p, 4q), SL(2,R)) (see Theorem 2.7(ii)).

Proof.  Using the formulas of Lemma 4.1, it is easy to confirm that su(2)
(and hence SU(2)) acts trivially on P/Nj. Using (4.9), (4.12), and (4.13),
we compute the action of p’ = Span {F, F'} C sl(2)c (see Lemma 4.1) on
the weight vectors in B:

E-1=2pZ;
k+1
E-WF=k@2p—kWwk1,
F-1=2qW;
F-ZF=k(2q - k)ZF Y,
Fowh = B 2
k+1

Notice that E annihilates W?P and takes all weight vectors of U(1)-weight
2(p — q) + 2k to weight vectors of U(1)-weight 2(p — q) + 2k + 2. Similarly,
F annihilates Z2¢ and takes all weight vectors of U(1)-weight 2(p — q) + 2k
to weight vectors of U(1)-weight 2(p — q) + 2k — 2. The result follows. [
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