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Investigating the entropy distance between the Wiener
measure,W;, -, and stationary Gaussian measures, Q;, - on
the space of continuous functions C[tg — 7,t0 + 7], we show
that in some cases this distance can essentially be computed.
This is done by explicitly computing a related quantity which
in effect is a valid approximation of the entropy distance, pro-
vided it is sufficiently small; this will be the case if 7/t¢ is
small. We prove that H(Wy,,r, Qty,+) > T/2to, and then show
that 7/2tq is essentially the typical case of such entropy dis-
tance, provided the mean and the variance of the stationary
measures are set “appropriately”.

Utilizing a similar technique, we estimate the entropy dis-
tance between the Ornstein-Uhlenbeck measure and other sta-
tionary Gaussian measures on C[1—7,1+7]. Using this result
combined with a variant of the triangle inequality for the en-
tropy distance, which we devise, yields an upper bound on
the entropy distance between stationary Gaussian measures
which are absolutely continuous with respect to the Wiener
measure.

1. Introduction.

Motivated by the study of stationary approximations to non-stationary sto-
chastic processes, we ask how well can Brownian motion be approximated
by stationary Gaussian processes. We look at a finite time interval and
measure the quality of the approximation using the entropy distance.

Let P and @ be Gaussian measures on a common probability space. The
entropy distance between P and Q, H(P,(Q), is finite if and only if the two
measures are absolutely continuous with respect to one another; in that case:

H(P,Q)=E" <log ZS) + E@ <log Zg) ,

where E¥ is the expectation under the measure P and Z—P is the Radon-

Nikodym derivative of P with respect to Q (see e.g. [2]).
Let to > 0, 0 < 7 < tg, and let Wy, » be the restriction of the Wiener
measure to the space of continuous functions on [to—7, to+7], Clto—T, to+7].
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In other words, W;, » is the measure induced by the standard Brownian
motion observed between times tg — 7 and tg + 7. As a Gaussian measure it
is characterized by its correlation R(t,s) =t A s with t,s € [to — 7,to + 7],
and by its vanishing mean.

A Gaussian measure on C[tg — 7, tg + 7|, Q4 7, is stationary if its mean
is constant and its correlation, S, is a Toeplitz function. Here S denotes
both the correlation S(t,s) and the auto-correlation S(r) with r = t —

€ [-27,27]. Let & denote the class of stationary Gaussian measures on
Clto — 7,to + 7] that are absolutely continuous with respect to W, .

Consider the 1:1 and onto map v : C[tg —7,tg+ 7] — C[1 —7/tg, 1 +7/t0]

defined by ¥(f)(s) < f(sto)/vfo. This map and Wj, , induce on C[1 —
7 /[to, 147 /to] the measure W ./, and, similarly, Qy, - induces the stationary

Gaussian measure Q, determined by its correlation S(t,s) = S((t — s)to) /to.
Note that H(Q,W; ;) = H(Qur, Wiy,r); therefore infq,  ce H(Qrr,
Wi,,7) depends only on 7/t.

We start our investigation with a couple of examples, the details of
which can be found in appendix A. Consider the entropy distance between

w4 Wi, and the Ornstein-Uhlenbeck measure, Q7 4 Q1,r, defined by
its vanishing mean and S = exp(—|t — s|/2). In this case, H(Q™,W") =
7/(2(1 =7)). In the second example, Q" is defined by S(t, s) Ly [t —s|/2
with [t — s S 21 < 4 and, again, H(Q",W") =7/(2(1 — 7)).

Note that in these examples H — oo, as 7 — 1, and that for small 7,
H ~ 7/2. We would like to know how much can we possibly improve on
that. It can be shown that infq, . ee H(Qty,r Wiy 7) is always attained (see
appendix B). However, as we next show, the minimizer does not significantly
improve on our examples.

Claim 1.1. For any @y, € G,

2*T/t0
W, > Y e
H(Qto,r, Wio,r) = V2 1— 7/t

As a corollary we find that as 7 — tg, H — oo and H > 1/2(7/tg) +
7/16(7/to)?. Thus, for small 7/ty, the minimal entropy distance is, up to
leading order, the same as in our examples. As we show next, these examples
are rather typical.

Let P and @ be two Gaussian measures on C[tg — 7, o+ 7] with vanishing
means. Let P, and @, be their restrictions to 2" 41 equally spaced points in
[to — T, to+ 7], with correlations R,, and S,,. Then H(P,Q) =lim H(P,,Qn)
[2]. Let K, be a root of R,, ie., R, = K, K}, and let T}, = K,; 1S, K, *,

TL’
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with K~ being a short for (K~1)*. Then, as we show in [3],
2" 2
1 _ 1 A —1
H(Po, Qn) = 5 To(T, + T, o) =5 ()\”)
i=0 @
where A!' are the positive eigenvalues of T),. In our case Q = Qi € &
with an autocorrelation S, and P = Wi, , with R = t A s. Since R, is
essentially a second order difference operator, if we choose K, to be the
Cholesky factorization of R,, with 0 4 On 4 27/2", and Sy 4 S(ké), we
have:

(1)

T =
So 1 S1—3S0 1 So—S1 1 S3—So 1 Sn—>Sn—1
to—7  Vio—T V5 N Vie-T Vs T to—T V5
" 25()—51 251—Sp—S2 25,—51—S3 28n-1—Sn—2—5n
0 4 4 T 4
So—5S1 251—S9—S2 258n—2—Sn_3—Sn_1
* * 2205 5 e 5
* * * 2@
251—S0—S2
4
* * * * 2%

where the x’s are filled in according to the symmetry of T .
Let

da 1., n 1.,
(2) O (Wigrs Quor) = ihﬁnz (Ar—1)? = 5 lim T (T, — )%

Claim 1.2.
1/ So SR Y LA
T T)— % -1 - 27 —
W Q) =5 (720 =1) +5 [ S0P -0
1 27 9
+ / S'(t)" dt.
to—7 Jo

The importance of the last claim is that (W, -, Qs,,~) can be used to
approximate H(Wy, -, Qty.r):

Claim 1.3. For p < 1,

ot pin
e |7 1-v2¢

Thus, ¢(Wy, r, Qty,7) is a good approximation of H(Wy, -, Qy,.-) if it is
small. Suppose Qy, r € &, then Shepp shows that on (0,27), S’ is absolutely
continuous and S” satisfies 02T S"(t)*(2r — t)dt < oo, and that ST(0) =
—1/2 where St is the derivative from the right [7]. Thus, with S fixed,
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7 sufficiently small and S(0) = to, @(Wiy,r, Qty,r) ~ 7/2to and therefore
HWyy7,Qty.r) ~ T/2tp, as is the case in our examples.

What if V £ S(0) # to?
Claim 1.4. (i) If V > tg, then

1(V/tg—1)*
]i T Q T -~ -/,
( [t07 to, ) > 2 V/t()

(ii) If V < tg, then

1((140)V/tg—1)?
2 (1+0)V/ty

H(Wto,ﬂ'v Qto,T) >

where 146 £ 1/(1—7/to).
(iii) In either case, for a fixed S (corresponding to @ € &),

1 (V/tg—1)°

H(Wtoﬂ')Qto,T) — 9 V/to + 0(1) as 7 — 0

Similarly, when the constant mean, pu, of Qto,T € & does not vanish,
H Wiy, Qo) is rather large: let Q,» € & be obtained from @y, . by
removing the constant drift u, then:

Claim 1.5.

1 2

2 t() — 7"
and if V = to, then H(Wy, -, QtO,T) = pu?/to+o(1) as 7 — 0.

H(Wto,Tv Qtoﬂ') > H(Wto,Ta Qto,T) +

So far we dealt with the entropy distance between W™ = W ; and Q" €
S. We next consider the entropy distance between two stationary Gaussian
measures in . Again, we start with an example. Let S = e *=51/2 be the
Ornstein-Uhlenbeck correlation, and let S = 1 — |t — s|/2. Using the chain
rule, we get

aQ _ dQ aw

dQ — dW dQ’
both Radon-Nikodym derivatives on the right-hand side being known (see
appendix A). The entropy is easily obtained:

~ le™m —(1— 1
e

This is an order of magnitude smaller than 7/2. As before, the example
is rather typical and to prove that, we first estimate the entropy distance

between the Ornstein-Uhlenbeck measure, Q7 and any other Q7 € &, and
then use a variant of the triangle inequality.

2+ 0(%).
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Let K,, denote the Cholgsky factorization of S, and let T}, = f(; lSnK'; *,
Again, by Claim 1.3, H(Q",Q") = lim, Tr(T}, + T, * — 2I,,)/2 can be ap-
proximated by ¢(Q7, Q") < Yim,, S (A () — 1)2/2, where:

Claim 1.6.
(3)

o(Q7,Q7) = (S(0) —1)* +2 /QT S'(t)* dt + (S*(2r) — 1) + % i S2(t) dt
0 0
27 S” 9 p 1 2T S 9 p
+/0 (@ =yt + 35 | Sper -

27
— ;/0 S"(t)S(t)(2T —t)dt.

It is not hard to see that if S is fixed with S(0) = 1 and if S” is bounded
on (0,27p) for some 79 > 0, then the right hand side of (3) is bounded by
cr? for some constant ¢ > 0 and any 7 < 7. Thus, there exists another
constant ¢ such that H (QT, Q") < cr? in this case. More generally:

Claim 1.7. Suppose QT, Q7 € G are two measures on C[1 — 7,1 + 7] such
that S(0) = S(0) = 1 and that S” and S” are bounded on (0, 27y) for some
70 > 0. Then, H(Q™,Q") < cr? for some constant ¢ > 0 and any 7 < 7p.

The proof is an immediate corollary of the previous discussion and of
Theorem 1 which follows.

The entropy distance is not a metric; it fails to satisfy the triangle in-
equality even for one-dimensional correlations: if P,(Q); and (s are three
(mean zero) Gaussian measures on the line with variances 4,2 respectively
6, then

1 1

H(QuQ2) = 5 > + 15 = H(Qi, P) + H(P.Qa)

However, one can prove the following variant of the triangle inequality. Here
P, Q1 and Q) are Gaussian measures on L2[0,T] with T < co.

Theorem 1.
H(Q1,Q2) <4H(Q1,P)+4H(P,Q2) + 4H(Q1, P)H(P, Q7).

If we define H(P,Q) 4 JH (P,Q), then the last inequality leads to an
“almost” triangle inequality:

Corollary 1.

H(Q1,Q2) <2[H(Q1,P)+ H(P,Q2)].
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Theorem 1 is set up in the context of Gaussian measures on a Hilbert
space. Such a measure P is completely determined by its covariance operator
R and mean p. Prohorov proved that P exists if and only if R is a trace
class operator (e.g. [4, Thm 1.2.3]). In the case of L?[0,T)], the covariance
operator can be identified with a covariance function R € L%([0,T] x [0,T]),
the latter being the kernel of the trace class integral operator. The basic
result here is due to Rao and Varadarajan [5]:

RV-Theorem. H(P,Q) < oo if and only if there exists a Hilbert-Schmidt
operator, G with a spectrum o(G) > —1, such that

S =R+ R2GRz2,
and i —v € D(R™2) = D(S2),

where @(Rfé) is the domain of the self-adjoint operator R™z. In the finite
case, the operator

FLR 3SR 2+ R:S'R2 —2I,
is a well defined, symmetric, positive-definite trace class operator, and a
slight variation on a result by Sekine [6] yields:

Lemma 1.8.
1 1,1 2 1,1 2
H(P,Q)ziTrF+§‘R 2(u—u)‘ —1-5’5 2(u—y)’.

We prove Theorem 1 by dealing separately with the entropy “due to

the correlations”, H,. 4 %TrF , and the part that comes from the means

H, < %‘R_%(,u - 1/)‘2 + %’S_%(u — V)’Q. It follows from Lemma 1.8 and
some algebraic manipulations, that H, itself obeys an analogue of Theorem
1. H,,, however, cannot be bounded independently of H..

Finally, in appendix C, we contrast the entropy distance to W™ with the
L? distance between the correlations. Analogously to the entropy distance
we find that all the correlations representing stationary Gaussian measures
that are absolutely continuous with respect to the Wiener measure are, to
leading order, at the same L? distance from the Wiener correlation.

2. The proofs.

Proof of Claim 1.1. By the scaling argument that was mentioned in the in-
troduction, it suffices to prove the claim for t) = 1 and 7 < 1. Recall that
W is the restriction of W7 to the o-field generated by 2" 41 equally spaced
points in [tg — T, to+ 7], and that R, is the corresponding correlation matrix.
Thus, with S(0) =V and S(27) =~V for some ~ with |y| < 1,

d(l—7 1-—7 a |V AV
RO_|:1—7’ 1—|-T:| 50_[71/ V]'
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d T T
Ho = H(Wg,Qj)
1
=5 T (Ry'So + Sy ' Ro — 21I5)

:1‘/1_7(1_7—) 11—~(1-7)

— — 2.
2 7(1—17) V. 1-—72

Minimizing Hy with respect to V' we find that Vi, = \/27(1 — T)/(l —72)
and therefore
1—
Hy > V2 —(—7)
\/7' 1-7)(1- )

Minimizing the right hand side with respect to «, we learn that v, = 1—7,
whence

Hy > V2

The proof is completed by the obvious inequality H(W7™,Q7) > Hp. Note
that

Hy > V2 7—2>T/2+7/167
T

as can be verified directly. O

Proof of Claim 1.2. With T =T, (1) = (tij)0<ij<2n7

A A
1 2
(4) Zt120+tgl Z S S’L 1 - — tO—T
=1 =1

Let

2T

S'(t)? dt.

0

S(r) L S(r) - ( - ’;')

Then S is an even function, with absolutely continuous derivative S’ on
(—27,27), and S” = 5" on (0,27). Let

S"(t,s) L 5"t — s).

Then S” is a Téeplitz function of the square g [0,27] x [0, 27], and

2T 2T 2T
/ / S"(t—s)*dtds = / S"(1)*(27 — t) dt < o0,
0

whence S” € L?(Q).
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Consider €2 equipped with the o-field F,,, generated by the squares {[(2 —
1)6,i6) x [(j — 1)8,46) : i,j = 1...2"} and with Lebesgue’s measure. Let
n L E[S"|F,)], then
(1—1)0 <z <id
(z,y) / / S"(t —s)dtds . e
B (i-1)6 J (j—1)6 (J—1)d<y<jo

and since S” € L?(2), by the L? martingale convergence theorem, v, — S”
a.e. and in L2, in particular, |[1/,|| — ||S”||. Integrating, one finds that

/ / S"(t — s)dtds 1<i#j<n

z 1)5 _] 1)6

tii — / SH dt ds 1 S 7 S n.
(i—1)6 J (3

Thus,

2" 2T
fim |30+ 30 (6= 0| = tim = [ S0 er 0
=1

1<i£j<n
which together with (4) and (2) completes the proof. O
Proof of Claim 1.3.

|H — | =

fhmz [ (O _1 (/\?—1)2]

1. (A — )!1—%”!
§§h£nz "

1

)

1 .
<po— i 1— A2
_c'oliimnmini)\;1 quznmzaX‘ i

The proof is completed by noting that
Eren —_— 2
hgnmzaxﬂ -\ < 111£n Z (AP —1)% = /20,
7

and that
immin A} >1-Tm [> (Ar—1)>=1- /2.

n i n -
i

O

Proof of Claim 1.4. (i) Suppose to = 1, and assume that A\[j > A\ > ... >
.. With (,) being the standard inner-product,

%
)\g > <Tn61,61> = ﬁ >V > 1.
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It follows that

TG -1 1(V—-1)?

2 S 2 v
which proves (i) when ¢ty = 1. The aforementioned scaling argument
completes the proof.

(ii) Without loss of generality assume that tp = 1, and let 14§ g (1—-7)""h
If 7 (equivalently §), is sufficiently small, then

o < (Ther,er) =V(1+0) < 1.

H>

Hence,

V(146 —1)?
TV

(iii) Again, without loss of generality tp = 1 and assume V' > 1. Then, as
we saw in the proof of (i), A\j = Aj(7) > V/(1 — 1), therefore

(5) (Ag—1)2><1‘_/T_1>2.

Since by Claim 1.2

Sovm 1= (2 )

i

2T 2T
+/ S"(H)(2r — t) dt + - 2 / S'(t)* dt
0 0

:( 4 _1>2+T+o(7), -

1—7

it follows that:

(a)
N

m Y (N ()~ 1)® < 7+ ofr).
1

Note that Aj is not included in the summation above.

(b)

- 1)2 +0(r).

As in Claim 1.3, we can deduce from (a) that lim,, Z?n (A1) — 1)2/)\?
= O(7). From (b) we learn that for some constant c,
Vv —

1 <lm AG(7) <lmAj(7) <V +cr.

Iim (A — 1) < <1V

-7
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Since H = lim, Zgn (NM(T) — 1)2/2)\?, it follows that H =
(V =1)?/2V + o(1) as 7 — 0. The case V < 1 is proved similarly.
O

Proof of Claim 1.5. Let p € R*"*1 be the vector with constant entries p.

Then, with E¥ denoting expectation with respect to the P measure and
x € R¥"+L

HOW;.QR) = — 2BV [(Bi'e.2) - (5" (@ — ). — )]

+ 3B [(R’lm, z) - <5*1 (@ =),z — )

= H(W;. Q) + <5 o) + 5 LR ).

It happens that with e; = (1,0,...,0) € Rt uKe, = /to — 7 and
therefore
2

2
- I -1
< n H’?H’> t()—T< 0 €1, 61> to—7
Hence, H(Wt0,7'7 Qtoﬂ') > H(Wto,’ﬁ Qto,T>+%u2/<t0_T)' NOtithat <REIN7 IJ‘>
= u?/to+o(1) as T — 0, and since S(0) = ¢, implies that lim,, max; |A\?(7) —
1] = o(1), it follows that Ilim, max; |A? — 1|~* = o(1) and therefore,

2
T _ -— MU _
lim (S, 'y, p) = Tim ——— (T, er, e1) = p?/to + o(1).
n n 0 — T
O
Proof of Claim 1.6. Let K = K, denote the Cholesky factorization of S,
ie., K is a lower triangular matrix with S=KK* andlet T, = K15, K*.
As'in (1) we can explicitly compute Ty,:
(6) Tn=
S() ySl — .TSO ySz — xSl ySg — CESz . ySn — ‘%‘Sn71
* bSp—2aS1 bS, — a(S() —+ Sz) bSs — CL(Sl =+ Sj) - bS,_1 — a(Sn—Q + Sn)
* * bSo — 2aS1 bS1 —a(So+S2) ... bSp—2 —a(Sn—3+ Sn-1)
* * * bSo — 2a5, KR 5

bS1 — a(S() —+ Sz)

bSo — 2(151
where S, = S(kd) and
e /2 1+e? 1
fry I b = I C =
1—e 9 1—e9 1—e9
e9/2 1
T = y=

1—ed B 1—e9
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The following estimates are based on

_ L1 3 2.1 3
a=—50+0(), b=+ 50 +0(%),
11 11

r=—— V64 0(5%?), = — + V5 +0(5%?).
751 07%), y 7t (0°/%)
2n
Ztok => (ySk — xSk-1)’
k=1

2
=2 [ (Sk — Sk-1) + \/S(Sk+sk—1) +0(5°?)

2
SR CEENI R C T B S JUCE
+ ) 0()(Sk = Sk-1) + Y O(6%)(Sk + Se—1) + >_ O(6%).

We have six terms on the right hand side. The last three are all o(1) as
n — 00, while the first three converge to the corresponding three terms in

(3) (to be precise, one half of each term is obtained this way). What remains
is

’
SRS ST,
=0

1<iAj<an
Note that, with S =S — (1 —|r|/2), and i > 1,
ti; —1=5b5) —2a5; —1

2, 2 5. 6 ,
= I:(SSO — 551 — 1:| + [So + 1251] + 0(5 )

/ / S"(t — s)dtds
(i—=1)8 J(i—1)8

[ So-l— (5’ 1+S1)] 5+ O(8%).
Similarly, for 1 <i # j <27,

tlj_bSZ] CL zgl"‘Sz ]+1)

/ / S"(t — s)dtds
(i—-1)8 J(j—1)8

|: Sz ]‘|‘ (S'L j— 1+Sz ]+1) 6‘1‘0(53)

24
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Hence, with v, = E[S”|F,] as in the proof of Claim 1.2,
27L

Z t; + Z (ti — 1)
i=0

1<i#j<n

2
—H%HMZ[ St (Si_j-wsz-_jm] 2

—QZ[S”JF (S”1+S”+1}/ )/( S"(t — s)dtds
i—1)d

+o(1).

Recall that ||1),|| — ||S”|| and let n — oo to obtain the last three terms in
(3). O

Proof of Lemma 1.8. Let P ~ (R, p), i.e. P is the Gaussian measure on
H = L?*[0,T] which is determined by the correlation R(t,s) and mean i
(t,s € [0,7T]), and let @ ~ (S,v) be absolutely continuous with respect to
P. Note that neither is assumed to be stationary. The proof is essentially
a translation of a result by Sekine [6] which is set in the context of an

abstract Wiener space [4, Sec 1.4]. Let © 4 @(R_%). If we equip ® with
the inner-product

d _1 _1
(‘Tvy)R: (R 21"7R 2y)7

then the resulting space, ©p, is a Hilbert space and R> is a unitary map
from H onto ® . With ¢ being the natural inclusion of ® g in H, the triplet
(i,DR, H) is an abstract Wiener space.

Since P ~ @, by the RV-theorem there exists a Hilbert-Schmidt operator
G on H with o(G) > —1 such that

AL RS '=R:(I+G) 'Rz,

is a well defined linear operator on ®. Moreover, one can show that A is
a bounded, symmetric, positive-definite operator on ®g, and A — [ is a
Hilbert-Schmidt operator on D p: The Hilbert-Schmidt norm of A — I is the
same as that of (I + G)~' =TI (a Hilbert-Schmidt operator on H). Note that
for x,y € ®,

(ﬂ?, y)S = (ASL‘, y)R'

Indeed, one can define A in this manner in the more general setting of an
abstract Wiener space where the RV-theorem does not apply [8, Thm 10.1].
Sekine shows that, with «; being the eigenvalues of A,

1) 1 2 1 1 (a1
H(P|Q) = 5 [A73 (n—v)| — Slog[[ e
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Since SR~! and RS™!, as operators on D, respectively D g, have reciprocal
eigenvalues, it follows that

1 1 2 1 2
H(P.Q) =5 (as+a7" =2) + 5 |53 (u—v)| + 5 [R5 —v)|
Finally, since RS™!|p » and R%S’_lR%| g have the same eigenvalues, our
lemma is proved. O
Proof of Theorem 1. For Gaussian measures P ~ (R, u) and @ ~ (S,v), we
define
i

He(P,Q)

Note that H, is the dlstance “due to the correlations”, i.e., H.(P,Q) =
H(P', Q') where P' ~ (R O) and Q' ~ (5,0). We also define

5T (R—%SR—% L RIS"'R3 — 21) .

2

)

(PQ ‘S_f —1/‘ —I—%‘R_%(u—v)

so that

H(P,Q) = He(P,Q) + Hpn(P,Q).

Let P ~ (R,pn), Q1 ~ (Si,v1) and Q2 ~ (S2,v2) be three Gaussian
measures on L2[0,T].

Lemma 2.1.
H(Q1,Q2) < 2H(Q1, P) + 2H (P, Q2) + 2H(Q1, P)H.(P, Q2).
Proof. Let Ay and Ay be boundedly invertible operators on L?. Then
(A1As + (A2A1) " = 21) + (A1 A7 + AT1 Ay — 21)
= (A + A7 —2D)(Ay + A —20)
+2(A; + A7t —21) + 2(Ay + AT —21).

Assume now that for i = 1,2, A; = I + G; where G; are Hilbert-Schmidt
operators with spectra O'(GZ‘) > —1. It is not hard to see that there exist
Hilbert-Schmidt operators G; such that A; ' = I + G; (and o(G;) > —1).
In this case,

A1 Ag + (AgA)) ™ =2 = Gy + Go + G1Go + Gy + Gy + G1Go.

Since Gi+éi = Ai+Ai_1 — 21 are trace class, and the product of two Hilbert-

Schmidt operators is trace class too, we find that A;As + (AgAl)*1 — 21 1is
a trace class operator and that

Tr (A1A2 b (A A — 21) " (A1A2 F (A Ayt 21) .

Similarly, A1 Ay 1y A1_1A2 — 21 is trace class and hence
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T (Ao + (Ards) ™ —21) +Tr (41471 + ApA7! —21)
=2Tr (A + A7 = 21) + 2T (A2 + Ay —21)
+Tr (A + A7 —21) (Ag + Ay —21).
Note that

1 1 _1 _1
Tr (A1A2 + (A4t - 21) = Tr (A22 AjAZ + A 2ATYAL R — 21) >0,

and that for the positive-definite trace class operators F; = A; + A, L9
(with {z;} the orthonormal basis of eigenvectors of F3),

TPy =Y (FiFry,z)) < Y | Bl (Fuay,z;) < (Tr Fy)(Tr By),
J J
so that
(7) Tr(A1A;" + A2 AT —2I)
<2Tr (A1 + A7t —21) +2Tr (As + Ayt —21)
+Tr (Ay+ A7 —21) Tr (Ag+ Ay —21).
We can assume that H.(Q1, P) < oo, and H.(P,Q2) < co. In this case

A; 4 R_%SiR_% satisfy the conditions imposed above and it can be verified
1 _1
that R_%Sf and S 2R3 are well defined and bounded, so

H.(Q1,Q2)
_1 _1 1 1
= -Tr[S) 2SS, 2 + 575, 1S% — 21

1 1 _1 _1 1 1 _1
Tr [R™557 (S, 25,8, ® + 52855187 — 21)S; ? R}]

Tr [(R 2SR 2)(R2S5;'R?) + (R 28, R™2)(R2S; ' R?) — 2I]

[ =N =N =D =

5 Tr [A1 A7 + A AT — 21
< 2Ho(Q1, P) + 2He(P, Q2) + 2Ho(Q1, P)He (P, Q2).
The last inequality is due to (7) and Lemma 1.8. O
Lemma 2.2. If H(Q1,P) < 0o and H(P,Q2) < o0, then
Hm(Q1,Q2) < 4H(Q1, P) + 4Hn (P, Q2)
+4H,;,(Q1, P)He (P, Q2) + 4H(Q1, P)Hm (P, Q2).

Proof. We can assume without loss of generality that p = 0, thus v1,10 €
1 1
D(R™2) =D(S, ) =D(S, ?). The next claim is the heart of the proof.
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Claim 2.3.
1 |2 e L2
Sy % v §2‘R*§u2‘ +2HC(Q1,P)‘R*§VQ‘

Proof. Since H.(Q1,P) < oo, T = R_%SlR_% is a symmetric, positive-

definite and bounded operator with a bounded inverse T—1 = R%Sf 'R2
(e.g. [4, thm 1.3.2]). Note that for > 0,

1 1
- < <+x—2) + 2,
T T
so for the symmetric, positive-definite operator 7" we have
T < (T'+T-2I)+2I=F +2I.
It follows that
1 2 2
-1 151 _1 1 1 _1
S;2us| = (TR 31y, R 31s) < (FR 3us, R 31p) +2 ‘R zug‘

We finish by noting that for any symmetric, positive-definite F' and a vector
x?

(Fz,z) < Tr F|z|*.

Using the last claim we prove the lemma:

2

-

S 5(’/1 — 1)

Hm(Qla QQ) =

[N

2
+

-

_1
S, 2o

IN

51_51/1 + 52_514 + 52_51/2

1 2

< S;§V1

2 2
+2 ‘R_%Vg‘ +2H,(Q, P) )R—%VQ‘

2

_1
+ S2 21/2

2 2
+2 ‘R—%ul‘ 4 2H,(P, Q) ‘R—%ul‘

< 4Hm(Q17P) + 4Hm(P7 Q2)
+4H,,(Q1,P)H.(P,Q2) + 4H:(Q1, P)Hn (P, Q2).

O

Theorem 1 is now a trivial consequence of the last couple of lemmas. [
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Appendix A. Concrete Examples.

A.1. Triangle correlation.

S(t,s) =1 L=

with t,se€[l—7,14+7] and [t—s|<4.

In this case, the Radon-Nikodym derivatives can be found explicitly. One
way is by computing

G k00 0]
1 2 1
5 5 5 0 0
0 12 _1 0
Rl — 5 8 5
12 1
0 0 58,
I 0 . 0 =5 5.
_%+4132T _2% 01 0 4j27 |
—3 5 5 0 0
0 1 2 _1 0
571: 4 o B
0 o -1 2 _1
1 0 11
(8) L 127 s 5 T i-2r
B T—3 0 1 1
(4-27)(1—71) 4-21
0 0O ... 0 O
S—I_R—lz
0 0 0
1 1
L 4-21 0 0 4—27
_5:—: x % .. % —5:—:_
0O 1 0 0 0
o p 0O 0 1 0 0
0O 0 ... 0 0

from which you find

_ 1—-73—7 1—71-—7 2(1-71)
det STIR = =
¢ 2—7‘2—7‘+2—7'2—7' 2—7
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and
aw,

dQn
B 1
Vdet S71R

=4/=——— expq = T ToT —x .
20— 7) “P 2\ —2n)@ — )0 T g 0T T g T

This is just the Radon-Nikodym derivative of the two distributions sampled

only at the end points, i.e., it is the Radon-Nikodym derivative of the 2

dimensional (mean 0) Gaussian vectors with correlations Ry = (%:: L_L:)

and So = (,1,'77).

exp {; (5"~ R )z, m>}

Claim A.1. ‘(%V" 1s independent of n, therefore it is dQ

We just showed that f?g” is independent of n. Let F,, be the o-field

generated by sampling the paths at 2" 4+ 1 points. Then dQ" is F,, measur-

able, and (%/",f ) is a martingale which obviously converges in L'(dQ)
to itself, i.e. it is W'
There is an alternative way to find %. Let L(t; «, 3) be the linear inter-

polation between the points (7, «) and (o, ), i.e
d t—r1
L(t; = — .
(t0.8) 2 LT (8- 0) +a

Let X € C|r,0] be a generic path, and define Y € C[r, 0] as

Y, £ X, - L(t; X+, X,).

It is easy to check that E9(Y;X,) = EQ(Y;X,) = 0 and also EW (Y;X,) =
EW(Y;X,) = 0. As the means are 0, we find that Y is independent of X,
and X, under both measures. Furthermore,

— —t
EWYtYszszQY;YS r<s<t<o,

o—T
that is, Y has exactly the same distribution under W as under Q. In fact,

under both measures, Y is just a tied Brownian motion. Here is the gist of
w/Q

.S, t,0

(X7, X, X, X)) under W, respectively Q. Let fVSV{?(T o) be the associated

how to use the above for computing dQ Let f. be the joint density of

conditional density. Obviously,
fristo(@r Ts, T, To) = fis.0)|(r0) (@s, Te|T7, o) fi7.0) (27, T0)
and also

f(87t)|(T,U) (x& xt’xﬂ xa)
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= v vl x) (@t — Lt 27, 25), @5 — L(s; 37, 20) | (27, 25) )
= fvoy) (w0 — L(t; 27, 20), 25 — L(8; 27, 75))

as Y is independent of the end points of the X process under both measures.
Hence

fgs,t,a(xTa T, Tt, x(r)

= fg’s,Yt) (¢ — L(t; 27,25 ), s — L(8; 77, T4)) f(QT’O-)(xTa To)

%% ( ) f(cg_zg) (xT7 xo-)
= TryLsy Tty Lo ) o -
T,8,t,0 Sy Lt f(‘i{o) (xT, «TJ)

Lay e
dQ = J (rea)”

Once you have %, computing the entropy is trivial:

A standard argument now shows tha

-
21—71)°
It should be noted that the entropy itself can be recovered by computing

T (cf (1)) and T~!; both are rather easy to compute due to their special
structure.

H:

A.2. The Ornstein-Uhlenbeck Process.

S(t,s) = e It=51/2,
Here also you can compute the Radon-Nikodym derivative. Let Wr be the
Wiener measure on C[T,T + 27]. By the chain rule,

dQ  dQ dWw,

AWy,  dWydWy ;.

The Ornstein-Uhlenbeck process satisfies: dX = db— %X dt, with a standard
Brownian motion b, so Girsanov’s formula implies:

dQ 2T 1 1 2T 1 )
— = - X, dXs — - -X
aw exp{ 2 d 3 ), 1% ds

1 - 1 2T
:exp{—4[Xt2—t]§ A X2 ds}

and, with considerably less effort, we get

aw,_, VT eXp{_2 0(1_1—T>}'

Now you have the Radon-Nikodym derivative in front of you and from it
you compute:

d 1 1 1
@ **10g(1—7')—*+z+

E?1 = .
AW, 2 21 21— 1)
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dWi_-, 1 T
EWi-71 =——log(l—7)—-—.
) 5 log(1—7) =7
Finally,
[
21 —71

exactly as for the triangle correlation. In this case, you can also compute
the Radon-Nikodym derivative as a limit of finite-dimensional derivatives
since the matrix S is readily invertible.

Appendix B. The existence of a minimizer.

The following is adopted from [1, pp. 32-40]. Let X be a Polish space, i.e., a
complete separable metric space, and let P(X) denote the set of probability
measures on X. Using weak-convergence one can introduce a (metrizable)
topology on P(X). Let P,Q € P(X), then the relative entropy of P given
Q is defined by

dP

dQ'

It can be shown that H(P|Q) is a convex lower semicontinuous function of
(P,Q) € P(X) x P(X), and that for every finite M the set {Q : H(Q|P) <
M} is compact. It follows that H(P,Q) = H(P|Q) + H(Q|P) is a lower
semicontinuous function of (P,Q). Thus, if for a given P the set {Q :
H(Q|P) < oo} is non empty, there exists a Qg € P(X) which minimizes
H(P,Q). Finally, since the set of stationary Gaussian measures is closed,
the above argument will yield a stationary minimizer in our case as well.

H(P|Q) £ E” 1o

Appendix C. On the L? distance.

The L? distance between correlations R and S is

1+7 1+T
IR - S| / / S(t, 52 dt ds.
1

If R is any correlation, then the best L? approximation to R by a Téeplitz
operator is obtained by averaging R along its diagonals:

1 14+7—7r
S(r)= / R(s+r,s)ds 0<r<2r
1

2r —1r Ji_,

The problem is that, in general, S would not be positive-definite. Besides,
this L? distance seems unnatural from a probabilistic standpoint. In the
case of R =1t A s, S turns out to be 1 — |r|/2 which happens to be positive-
definite (see appendix A.1) and we get |[R—S||?> = 2 7. More generally, if S

is stationary with S(r) = —m—i—o( ), then ||R— SH2 = 2714 0(1") s0, as in
the case of the entropy, we find (to leading order) that the distance between
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Brownian motion and any stationary process that is absolutely continuous
with respect to it is always the same. This may be contrasted with the
entropy distance between Brownian motion and S(r) = 1— @ +|r*’? which
is infinite.

It is also easily verified that the L? distance between any two stationary
correlations of the above type (S(r) = 1 — |£—‘ + o(r)) is o(7?) which is
reminiscent of the case of the entropy distance in the sense that it is smaller
than the distance to the Brownian motion.

The L? (as opposed to the entropy) distance to Brownian motion remains
finite for stationary correlations such as S(r) = 1 — a|r|+o(|r|) with o # 3:

4
IS — R|* = §(202 —2a+ 1)1t 4 o(r).
This is minimized for o = %, as it should be.
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