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In this work it is shown that, under appropriate hypothe-
ses, the multiplicative Cousin problem on complex manifolds
admits solutions that depend continuously on parameters.

1. Introduction.

The bulk of this paper is devoted to the study of continuous families of
nonnegative divisors on a complex manifold. In particular our work leads
to the solution, for a broad class of complex manifolds, of two problems
proposed by Stoll [St, Problem A and Problem B, p. 155 and pp. 201-202].

If M is a complex-analytic manifold' of complex dimension N > 1,
we denote by DT (M) the set of nonnegative divisors on M. Moreover we
denote by D} (M) the subset of D1 (M) consisting of the principal divisors,
i.e., the divisors of holomorphic functions. (It will also be convenient to
use the notation that @+ (M;p) denotes the set of all nonnegative divisors
with support not containing the point p € M, and that D5(M;p) is the
set of principal divisors in D1(M;p).) An element D € D1(M) can be
understood as a formal sum D = ) m;V; with each m; a nonnegative
integer and with {V;};—1, . a locally finite family of irreducible complex
hypersurfaces in M. It is natural to identify this divisor with the current of
integration over D, that is, the current defined by

D(a) = {a, D) =ij/Vja7

for each C*° compactly supported (N — 1, N — 1)-form, a, on M. Thus,
D+ (M) may be considered as a subset of Dy 1(M) = D'E1D (M), the space
of bihomogeneous currents on M of type (1,1), which is dual to the space
DW=LN=D( M) of compactly supported smooth forms of bidegree (N —
1,N —1) on M.

From the point of view of functional analysis there are two natural topolo-
gies on D’(l’l)(/\/l): The weak* topology and the strong topology. It follows
that (M) inherits from D' (M) two topologies: The relative topol-
ogy induced by the weak* topology and the relative topology induced by

In what follows, we assume all our manifolds to be countable at infinity. In the absence
of explicit mention to the contrary, they are also assumed to be connected.
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the strong topology. Stoll [St] introduced a third topology on the space
DT (M), a topology particularly suited to the study of the “normal fami-
lies of nonnegative divisors”. In Section 3 of the paper we establish that on
DT (M) these three topologies coincide; the unique topology they determine
will be seen eventually to be separable and metrizable.

Stoll [St, Problem B, p. 155 and p. 202] posed the following problem: Let
M be a complex-analytic manifold. Suppose that every nonnegative divisor
on M is a principal divisor. Let R be a set of nonnegative divisors on M.
Does there exist a continuous map h : R — O(M) such that Div h(D) = D
for every D € R?

Stoll [St] solved this problem in certain cases involving domains in C¥.
In particular, he proved the following result [St, Theorems 1.9, 2.25 and
3.6].

Theorem 1.0. Let Q be a domain in CN that contains the closed unit ball
By. There is a continuous map h : D7 (Q;0) — O(By) such that for each
D € ©7(Q;0), Div h(D) = D|By.

We shall exploit this result systematically in the sequel. The appendix to
the paper gives a development of the theorem from a point of view somewhat
different from that used by Stoll.

The main thrust of the present work is to obtain generalizations of this
result of Stoll.

We shall establish in Theorem 6.4 that if M is a complex manifold with
HY(M,0) = 0 and HY(M,Z) = 0, then there exists a continuous map
S DHM) = O(M) with Div (D) = D for all D € D} (M). There is a
strong result in the converse direction, Theorem 6.6.

The proof will depend in an essential way on Theorem 1.0 quoted above
and on certain topological methods.

We shall see in Section 7 that the conclusion of Theorem 6.4 can also
be drawn if M is a domain in a Stein manifold that satisfies the geometric
condition H'(M,Z) = 0.

In Section 8 we show that there is an analogue of Theorem 6.4 in which
the role of the space O(M) is played by the space £(M) of global sections
of the holomorphic line bundle £ over M.

The above results can be reformulated in terms of the solvability of the
Second Cousin Problem for nonnegative divisors with continuous depen-
dence on parameters as follows. Given a continuous family {D, : x € X}
in D} (M), parametrized by a topological space X, we ask: Does there ex-
ist a continuous function F' : X x M — C such that F(z,-) € O(M) and
Div F(z,-) = D, for all x € X?

Consider the continuous map p : X — DF5(M) defined by u(z) = D, for
all x € X. The existence of F' amounts to the existence of a continuous map
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g X — OM) with Div i(z) = p(z) for all z € X, for, if either of them
exists, then we may define the other by F(z,-) = fi(z), for all x € X.

It is well to indicate with a simple example that for the kind of lifting
problem we are concerned with, some geometric conditions must be imposed
on the manifold in question. This shows up already in the plane.

Set Q@ = C\ {0}, the punctured plane. Denote by « the unit circle in C.
Define v : [0,1] — O(Q2) \ {0} by

WD) =12+ (1 - 1)

Define ¢ = Divo : [0,1] — DT(Q) = D5(2). This is continuous and
satisfies ¢(0) = ¢(1).

We ask: Does this map lift to a continuous map ¢ : [0,1] — O(Q) that
satisfies ¢(0) = ¢(1 ) and Div o b= ¢?

Suppose such a ¢ to exist. Without loss of generality, gb(O) = 1(0). (If
not, replace ¢ by ¢(0)¢ )

Define x(t) = 5L f dlog (w%::%)

The function x is an integer that depends continuously on ¢ and so is
constant. But compute:

x(0) = 271ri /dlog (%) =
¥

Also,

_ 1 o(1)

x() =55 /fl <¢(1)>
1 ¥(0)
o [ e (51)

_ o

=5 Ldlogz = -2
Contradiction.

This simple example shows that to obtain lifting theorems of the kind we
are concerned with, it is necessary to impose some geometric condition on
the manifolds under consideration.

Stoll [St, Problem A, p. 155 and pp. 201-202] posed also the following
problem:

Let M be a complez-analytic manifold. Suppose that every monnegative
divisor on M is a principal divisor. Let {Dx}xea be a normal family of
nonnegative divisors on M. Does there exist a normal family {hy}xen of
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holomorphic functions on M and a compact subset K of M such that, for
each A € A, Div hy(Dy) = Dy and hy(ay) =1 for some ay € K?

Stoll [St] solved this problem in the case that M = C.

In Section 9 we show that if there is a continuous map ¢ : DT (M) —
O(M) with Divog = id, then the problem has a positive solution.

Remark. Our motivation for undertaking this work was the desire to apply
some of the results obtained here to the study of certain hulls that generalize
polynomially convex hulls. In addition to the well known polynomially con-
vex hulls, another collection of hulls has been introduced by Basner [Bas].
Given a compact subset X of CV there is a hull hy(X) defined for each
integer ¢ in the range 1 < ¢ < N — 1. The hull hy(X) is defined in terms
of polynomial mappings from CV to C9. By using the results of the present
paper, we show that the hull h,(X) can be described in terms of continuous
families of polynomial maps from CV to C9*!. This work will be published
in a subsequent paper.

We shall need to use a selection theorem proved by Michael [Mi]: If E
and F are Fréchet spaces and if T : E — F is a surjective continuous linear
transformation, then there is a continuous map s : F' — E such that T o< is
the identity map on F. In general the selection map ¢ cannot be chosen to
be linear; it can always be chosen to be homogeneous. A perspicuous proof
of the result is given in [Rul].

Given an indexed family of sets {Sa}aca, we understand {S,g}a,sea to
be the family of intersections S,3 = So N Sg. Similar notation will be used
for triple, quadruple,..., intersections.

We shall also use the notation that C* denotes the collection of nonzero
complex numbers and that C(X) denotes the space of continuous C-valued
functions on the space X.

A referee has drawn our attention to the papers of McGrath [MG] and Siu
[Si]. McGrath’s thesis extends Stoll’s results to the setting of polycylinders
in CV. In Siu’s paper further results are obtained that extend those of Stoll
and that are closely related to the present work.

It should be remarked that the possibility of solving the First Cousin
Problem with continuous dependence on real parameters is essentially due
to Oka [Ok]; it was discussed in [Na].

2. The Topologies on DT (M).

The space DT (M) has three natural topologies, two with functional-analytic
roots, the other based in function theory.

The first of these is the weak* topology in which a net { Dy }aea in DT (M)
converges to D, € D1(M) if and only if for every compactly supported
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smooth form ¥ of bidegree (N — 1, N — 1) on M

lim/ 9= 9.
acA Da Do

The second functional-analytic topology is the strong topology in which a
net { Dy }aca in DT (M) converges to D, € D1 (M) if and only if it converges
in the weak* sense and if, moreover, the convergence is uniform on bounded
sets in the space DN ~LN=1(M).

Recall that if D(M) denotes the space of compactly supported functions
on M, then a subset B of D(M) is bounded if there is a fixed compact set
K in M with suppf C K for all f € B. It is required, moreover that the set
K be decomposed into a union of closed subsets K7, ..., K, with each K;
contained in an open set U; on which there are global smooth coordinates.
For each j, there is a sequence of positive constants {ku}yzl,gw with the
property that for each f € B and each j = 1,...,r, the derivatives of order
less than v of f with respect to the coordinates in U; are bounded uniformly
on K; by k,. This gives rise to the notion of bounded set in the space of
forms DV -LN-1(M).

The third topology we shall consider is that introduced in function-theor-
etic terms by Stoll [St]. This topology is defined by the condition that a
net {Dg}aca in DT(M) converges to D, € DT (M) if and only if there
is an open cover V = {V;};—1 . of M such that for each a € A, there is
an fjo € O(Vj) such that Divfjo, = D,|V; and such that fj, converges
uniformly on compacta in V; to f;, € O(V;) , fj, a function with divisor
D,|V;. Stoll verifies that this prescription does specify a topology on the
space D1 (M).

The principal goal of the present section is to show the equivalence of
these three topologies. In this connection, certain results are immediate.
It is plain that strong convergence implies convergence in the weak™ sense.
It is less evident, but essentially known, that convergence in the sense of
Stoll’s topology implies strong convergence. This is contained in a theorem
of Andreotti and Norguet [AN] to the effect that if N is a connected complex
manifold, then the map that associates to a nonzero-function f € O(N) its
divisor, viewed as a current, is continuous when the space O(N) is endowed
with the usual topology of uniform convergence on compacta and the space
of currents is endowed with its strong topology, viewed as the dual of the
topological vector space DY ~VN=V(N') of compactly supported (N —1, N —1)-
forms on N.

To complete the proof of the equivalence of the three topologies on
DT (M), it suffices to show that on this space, convergence in the weak*
sense implies convergence in the sense of the topology of Stoll.

This depends on Stoll’s characterization of normal families in the space
DT (M). Recall that, by definition, a subset of DT (M) is a normal family
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if it is a relatively compact subset, when the space of divisors is endowed
with the topology introduced by Stoll.

For normal families, Stoll [St] gives the following characterization: A
subset R of DT (M) is relatively compact with respect to to Stoll’s topology
if and only if R is bounded on every compact subset K C M in the sense
that, for a fixed Hermitian metric on M with associated fundamental form
w, there is a positive constant Lg such that for each D € R, the area of
D in K given by D(xgw™N™1) = ﬁfD xrwN "1 is not more than L.
(Here xx denotes the characteristic function of the set K.)

Fix now a Hermitian metric on M, and let w denote its associated funda-
mental form. Let {D)}ea be a net in (M) that converges in the relative
weak™ topology to D, € D1 (M). Fix a relatively compact open set U in M,
and let x be a compactly supported C* function on M that is indentically
one on a neighborhood of U and is everywhere nonnegative.

As the net converges in the weak™ sense, there is a constant L large enough
that for some A\, € A if A > )\,, then

/ XwN_l < L.
Dy

By the characterization of normal families quoted above, it follows that
the family {D)|U : A > A,} is a normal family. Accordingly, the net
{Dx|U}x>», has a cluster point, say D, in D+ (U) with respect to Stoll’s
topology. As convergence in the sense of Stoll’s topology implies conver-
gence in the weak® sense, D can only be the limit D,|U. (Stoll proves that
the topology he introduces satisfies the Hausdorff separation axiom.) This
implies that the net {D)|U}xea converges to D,|U in the sense of Stoll’s
topology.

As the open, relatively compact subsets of M constitute an open cover
for M, it follows, as we wished, that the initial net { Dy} ca converges to
D, in the sense of Stoll’s topology.

We have now reached the desired conclusion that the three naturally de-
fined topologies on the space DT (M) of nonnegative divisors on M coincide.
In the sequel, we shall speak simply of the topology on D1 (M).

The proof just given of the equivalence of the three topologies on the
space D1 (M) depends explicitly on the mechanism developed in [St]. It is
of interest, and of some importance at a later point in this work, that there
is a rather simple, direct proof of the equivalence of the weak® and strong
topologies on this space. It runs as follows.

What is to be shown is that a net {D,},c; converges to D, € D1(M) in
the relative weak™ topology if and only if it converges to D, in the relative
strong topology.

That strong convergence implies weak™ convergence is evident.
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Conversely, we consider a net {D,},c; in @1 (M) that converges in the
weak™® sense to D,, and we show it to converge strongly.

To this end, consider a bounded set B ¢ DY ~LN=1(M). As B is bounded,
there is a compact set X C M such that each a € B has support in X. If
X is a smooth function on M, then the set xyB defined by

xB={xa:aecB}
is a bounded set in DN LNZL(M). If x1 + ... + x4 = 1, then
B:XIB+---+XqB-

If {D,},cr converges uniformly on each xiB to xD,, then {D,},c converges
uniformly on B to D,. This remark, coupled with the existence of smooth
partitions of unity on M, permits us to localize our problem: We assume
from here on that M = Bx(2), the open ball of radius 2 centered in the
origin in CV, and that X = By, the closed unit ball.

Since B is bounded, there exist positive constants k., r = 0,1, ..., such
that for each « € B, if

a= Z arydz! A dz7,
[],]J|=N-1

then

(2)| < Eypi4iq)

oIPI+Rl o 5
020z9

for all z € By(2) and all multi-indices P, Q.
Denote by x a real-valued nonnegative smooth function on CN withy =1
on a neighborhood of By (1) and with x(z) = 01if |z| > 2. Let w be the Kéhler

form % Z;\le dz; N dz;.
By hypothesis

(1) lim D, (xw?) = Dy(xw?).

L
For each ¢ € I write D, = Zj m,;V,; for suitable positive integers m,; and
suitable irreducible complex hypersurfaces V,; in By (2). Then (1) implies

the existence of an index ¢, € I such that for a positive constant C, and for
all multi-indices I, J with |[I| =|J| =N —1

(2) Zij/ dz' NET| < C,
i V.
J

jﬂ@]\/

provided ¢, < ¢.
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Let oo = Z|I\,|J|=N—1 arjdzf Adz’ € B and compute: For ¢, < ¢ we have
(3)

[D.(a) = Do(a)

Zij/ Z Oé[JdZ]/\dEJ
J

Yid |11=||=N-1

—Zmok/ Z a[JClZI/\d?]
k

Vok |11=|7]=N-1

< Z Zij/ aUdzI/\dZ‘]Zmok/ arydz" A dzE|.
7 \%
k ok

I=l7=N-1] J g

For each « € 7 and for all multi-indices I and J, define a measure y,7; on

Bn(2) by
/ gdpury = § myj / gdz" A dz7,
- v,

j 5 NBy

for g € C(By) and define 1,77, associated with D, in a similar way. By (2),
lliors]| and ||pors|| are bounded uniformly in ¢,., < ¢, say by the constant
Cy. Let A = 8N and define 1,7;(¢) for ¢ € CVN by

s (€) = / 2 — (PN log |z — Cldpr (2).

Define 1,77 similarly. With a suitable choice of constant -, these functions
satisfy the equations
ANy = purg, and AMbor = pors

in the sense of distributions. See [GS, p. 282]. (Here A denotes the Lapla-
cian on R?V = CV))
We may write

Zmbj/ aUdzI/\dzl—Zmok/ arydz' Adz’
- .

v;/j k Vok

/ aryd(trs — porr)
By

Aoy () (s (C) wou«»w’v(c)\

By

<M | 19.1.7(C) — Yors (O)w™ (C)
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for a suitable positive constant M.

Call the last integral L, ;.

The definition of the ,;;’s shows that they are uniformly bounded and
that they satisfy a uniform Lipschitz condition on By(2). Moreover, the
measures fi,7; converge in the weak™® sense (in the space of measures) to
pors- Thus, 1,17(¢) — ors(¢) for each ¢ € By(2).

From this it follows that lim, L,;; = 0: The numbers L,;; are uniformly
bounded, so the net {L,;;}, has cluster points. Let ¢, be such a cluster
point, and let {LLBIJ}ﬁeB be a subnet of such that limg L, ;17 = to.

The net {wLﬁ 17 — Yor.s }3eB 1s a net of continuous functions that are uni-
formly bounded and uniformly equicontinuous. Consequently, there is a
subnet, which we may suppose to be {1,177 — Yo1s}pep itself, that con-
verges uniformly on By. As 1,77 — o1 pointwise, the limit can only be
zero. As the convergence is uniform, we have

liglLLBIJ =0.

Consequently, t, = 0. This means that lim, L,;; = 0.

The proposition is proved.

It is worth noting that this argument applies, mutatis mutandis, to yield
the corresponding result for the space of holomorphic p-chains on M.

3. The Topology of D1 (M).

We have now to treat certain aspects of D (M) and D} (M) as topological
spaces, the topology being that discussed in the preceding section.

Lemma 3.1. If p € M, then the set of D € D1 (M) with p ¢ suppD is
open in DT (M).

Proof. Fix adivisor D, € ® (M) with p ¢ suppD,. Let w be the fundamen-
tal form for some Hermitian metric on M. Fix neighborhoods U” € U’ € U
of p with U NsuppD, = (). Let x be a nonnegative C*° function on M with
X identically one on U’ and y identically zero on M \ U. There is a con-
stant C' > 0 small enough that if D € D1 (M) and suppD N U" # 0, then
Ip, xwN~1 > C. It follows that the set

{D €DT(M): /DXwN—l < 0/2}

is a (weak™) neighborhood V' of D, with the property that if D € V| then
suppD does not contain p. The lemma is proved.

Lemma 3.2. Let p be a fized point in the complex manifold M. There
exists a countable family {p;}jen of maps from the unit ball By into M
with the following properties:
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i. Each ¢; carries By biholomorphically onto a domain € in M.
ii. Fach ¢; carries 0 € By to the point p.
ili. For suitable p; € (0,1), M =U{p(p;Bn):j=1,...}.

Proof. This depends on knowing that every pair of points in a complex
manifold is contained in a biholomorphic copy of the ball.

Granted this, for each point ¢ € M, fix a biholomorphic map v, from By
onto a domain in M that carries the origin to the point p and the range of
which contains the point ¢. If p, € (0,1) is large enough, then the point g
will lie in the set ¢, (psBN).

Let {Kj} en be a sequence of compact sets in M with union M. A finite
number of the sets 1;(p;Bxn) will cover a given K in the sequence, so the
result follows.

To realize that it is possible to find a biholomorphic copy of the ball that
contains a given pair of points in an arbitrary complex manifold, consider
points p and g in M. There is a real-analytic arc in M that contains both
p and ¢. Then as a compact (real) line segment in CV has a neighborhood
basis that consists of biholomorphic copies of the ball, we see that the desired
ball exists. The lemma is proved.

We next prove that the space D1 (M;p) is metrizable.

Fix a point p € M. Let €25, j € N, be biholomorphic copies of By in M as
introduced in the preceding lemma. Let Q; be the corresponding concentric
balls that cover M.

There are restriction maps

r: DT (M;p) — Iien® (955 p)

and
DT (M;p) — Ijen®F ()3 p)
given by
r(D) = {D|Q; : j € N} € Ljen®" (25 p)
and

(D) = {D|Q} : j € N} € I;en® " (Q}; p).
In addition, there is a restriction map
7 Ten® ™ (Q5p) — Ten®™ (95 p)
defined in the evident way. These maps are all continuous when the product

spaces are endowed with the product topologies. Plainly 7 o r = r’. Notice
that the map r is a homeomorphism from D1 (M;p) onto the closed subset

{{Dj 1 J € N} S Hj€N©+(Qj;p) : Dj’Qj NQ = Dk’QJ N Qk}

of ILjen® ™ (€;p). Similarly, 7’ is a homeomorphism onto its range.
Consider now the map

;D7 (Qyp) — O(Q))
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given by Stoll that has the property that Divoo;(D) = D]Q; These maps
taken together give a map

o: HjeN®+(Qj;p) — @jeNO(QS)

given by
o({D; :j € N}) ={0;(D;) : j € N}.
Also let
§: ®jenO(Q)) — en® ()
and

5 @jeNO(QS) — HjeN©+(Q;)
be the divisor maps
6({fj:j € N}) ={Divf;:j e N}
and with ¢’ defined in a similar way. These maps are continuous.
The map ¢ o o carries DT (M;p) onto DT (M;p).
Finally, notice that if D € ®(M;p), then P o oo r(D) is simply
D. This implies that o o7 is a homeomorphism of DT (M;p) onto a subset

of the metrizable space I1;enO(2)).
We have reached the following conclusion:

Proposition 3.3. The space DT (M;p) is metrizable.

Consequently, DT (M;p) and all its topological subspaces are paracom-
pact.

4. Lifts of ¢ : X — D5H(M;p).

The main result of this section is the following intermediate proposition,
which will serve as a stepping stone to more general results.

Proposition 4.1. Let M be a complex manifold with H'(M,O) = 0. Let
p € M. If X is a connected paracompact space with H'(X,Z) = 0, then
given a continuous map ¢ 1 X — @;(M;p), there is a continuous map

Y : X — O(M) with Div o = 1.

Proof. Again introduce a sequence {{2;};cn of (biholomorphic copies of)
balls in M and concentric balls Q; , all centered at the point p € M and
with UQ; = M. Let U = {Uj}jen be a locally finite refinement of the
cover {Q}}jeN of M by connected domains U; with the property that the
intersections Ujj, are all contractible. That such covers exist is shown in [BT,
p. 42]. Denote by 7 : N — N a refining map so that for each j, U; C Q’T(j).

Also, let o : DT (Q);p) — O()), be the map used above that satisfies
Div o 0;(D) = DI for all D € ©%(Qy;p). Define r; : DF(M;p) —
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D*(Q);p) to be the restriction map so that r;(D) = D|Q}. The map r; is
continuous and satisfies

Div o ;o rj(D) = DI}

for all j.
For each j =1,..., let Fj : D5H(M) x Q) — C be defined by

Fy(D, z) = (oj orj(D))(2).

These functions have the following properties: i. F; € C(D5H(M) x Q)
ii. Fyj(D,-) € O(%) for each j, and iii. DivFy(D,)|Q};, = DivFj(D, )2},
for all j, k.

Define fj), : D5 (M;p) x Uj, — C by

Fik = (Fr ) Uji) (Fry | Usie)
This is a continuous zero-free function with the property that for all D,
fjk(D,-) is holomorphic on Q;k for each choice of j, k.
With ¢ : X — ’}DIJS(M,p) as in the theorem, let the map ;1 : X x Ujp, —
C be given for each choice of j and k by

Vik(@, 2) = fir(¥(2),2);
it is continuous and zero-free. Moreover, for each x € X, the function
¥jk(x,-) is holomorphic on Ujy.

By hypothesis, H'(X,Z) = 0, so the group H'(X x Uj, Z) also vanishes.
Accordingly, the function 9, has a continuous logarithm, to be denoted by
Aji, on X x Ujy. For each x € X, Aji(z,-) is holomorphic on Ujy.

Define c,3, on X x Uygy by

Capy = Agy — Aay + Aag-
This is some value of log 1. The data {cagy}a,8~en constitute a 2-cocycle for
the covering Ux = {X xUj} en of X x M with values in the group 27iZ. For
fixed x € X, this cocycle defines the Chern class of the set {¢x(x,-)}; ren

of Cousin IT data on M. As the associated divisor is principal, this cocycle
is a coboundary: There are integers {nqs}q,sen such that

Capy = 27Ti(’rlr37 — Nay + nag).

As X is connected, continuity implies that for each fixed z € M, cngy is
independent of .
Given j, k € N, define a continuous map )\;k : X — O(Ujx) by

)‘;k = )\jk — njk.
For each x € X, the family X' (z) = {\}; () }jren defines a 1-cocycle for the
covering U with values in the sheaf O = Oy, that is, an element of the

space Z' (U, ©). Thus, we have a continuous map X : X — Z1(U, O), given
by z — N (x), for all z € X.
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For every nonnegative integer p the space CP(U, Q) of p-chains for the
covering U with values in the sheaf O is the direct sum @g, .. 5,enO(Up,...3,)
of the Fréchet spaces O(Ug,..3,). As this is a countable direct sum, C?(U, O)
is itself a Fréchet space.

The coboundary map 67 : CP(U, O) — CPTHU,O) is a continuous linear
map, so its kernel ZP(U, O) is a closed subspace of CP(U, O), hence a Fréchet
space.

By hypothesis, H'(M, O) vanishes, so H' (U, ) = 0 as well, whence the
range of the coboundary map §° : CO(U, O) — C1(U, ) is closed and so is
a Fréchet space.

Accordingly, by the selection theorem of Michael quoted in the Introduc-
tion, there is a continuous map

¢:Z'U,0) - Cc'U,0)
such that 6% o¢ is the identity. Consider then the continuous map f = co\’ :
X — C°U,0). We have f = {f;}jen, where each f; is a continuous map
from X into O(Uj), and the f;’s satisfy f; — fi, = A on Uy, for all j, k € N.
It follows that F ;e 2™/i = F,;ye"?"/k on Uy, for all j,k € N and all

rzeX.
Hence the map we seek is the map ¢ : X — O(M) given by

b(x)(2) = Frigy(w, z)e 2T 6

forallk e N,z € X and z € Uy.
We point out that the proof just given contains implicitly also the proof
of the following fact:

Proposition 4.2. Let M be a complez-analytic manifold of dimension N >
1. Let X be a topological space that is paracompact and connected and has
the further property that the Cech cohomology group HY(X,7Z) = 0. Let
p: X — DT (M) be a continuous map. Then all the divisors u(z), r € X
have the same Chern class.

5. The Topology of ’D;, Continued.
The following lemma will be used at several points below.

Lemma 5.1. If E is an infinite dimensional locally convex Fréchet space,
then for alln =0,1,..., the homotopy group m,(E \ {0}) vanishes.

Remark. This is known: E \ {0} is known to be contractible. The reason
we include Lemma 5.1, with a proof, is that it can be proved in a very
elementary way by an argument for which we have no reference. It seems
worth our while to include the argument for the convenience of the reader.

That E \ {0} is contractible appears in the literature as follows. (See
[BP].) By a theorem of Anderson and Kadec [BP, Theorem 5.2, p. 189],



316 G. LUPACCIOLU AND L. STOUT

every infinite-dimensional separable Fréchet space is homeomorphic to RY.
On the other hand, by a theorem of Anderson, if A is a compact subset
of RN (or more generally a countable union of compacta), then RN \ A is
homeomorphic to the whole space RY. This follows from [BP, Theorem 6.3,
p. 166 and Corollary 6.2, p. 165]. It follows in particular that E \ {0} is
homeomorphic to E and so is contractible. A simpler approach than this,
still granted the theorem of Anderson and Kadec, is to invoke a theorem
of Klee [Kl|, which is somewhat simpler than the more general result of
Anderson.

Proof of the Lemma. The space E \ {0} is connected, so let n > 0 from
here on.

Denote by p a metric on E that has the property that the ball {y € E :
p(y, ) < c} is convex for every choice of z € E and all r > 0.

Denote by ¥ the simplex in R"*! determined by the origin and the unit
vectors ej = (0,...,1,...,0), 1 in the 4% place. The boundary, bX, of ¥ is
topologically the n—sphere.

Consider a continuous map ¢ : b2 — E\ {0}. As ¢(bX) is compact, there
is a § > 0 small enough that p(¢(x),0) > § for all z € bX.

For a sufficiently fine simplicial refinement of the given triangulation of
bX, say with vertices {x1,... ,x,} and with simplexes T}, ... , T, the unique
continuous map ¢ : ¥ — E \ {0} that agrees with ¢ at each x; and that
is real affine on each T" has the property that both of the sets ¢(T}) and
1(T}) are contained in some ball with respect to the metric p that does not
contain 0. Consequently, ¢ and 1 are homotopic as maps into E \ {0}.

The range of v is contained in a finite dimensional real linear subspace
of E, which we can take to have real dimension d > n + 1. As every map of
the n—sphere into R? \ {0} is homotopic to a constant, it follows that the
original map ¢ is homotopic in E \ {0} to a constant.

Remark. Granted that all of the homotopy groups m,(E \ {0}) vanish, it
follows that the space E'\ {0} is contractible. See [BP, Theorem 6.3, p. 79
and Corollary 6.5, p. 76].

Lemma 5.2. If H'(M,0) = 0 and H'(M,Z) = 0, then the cohomology
groups HY(DH(M),Z) and H (D5 (M, p),Z) vanish.

The cohomology in question is taken in the sense of Cech theory.

Proof. This lemma depends on the following simple fact: Because the group
H'(M,Z) vanishes, it follows that every zero-free continuous C—valued
function on M is of the form e” for some continuous function h. As ev-
ery continuous logarithm of a holomorphic function is itself holomorphic, it
follows that the space O*(M) of zero-free holomorphic functions on M is
connected and, indeed, is arcwise connected: If f = e with h € O(M),
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then ¢ — e ¢ € [0, 1] is a curve in O*(M) that connects f to 1. (Note that
O*(M) is not open in O(M).)

Consider first the group H'(D5(M), Z).

If O(M) = C, then D5(M) = {0}, and the assertion of the lemma is
true. Thus, assume O(M) to be infinite dimensional. Let U = {U, }aca be
an open cover for ’D;(./\/l), and let {mqp}apea be a 1-cocycle for this cover
with values in Z so that for each choice of o, 3 € A, mg is a continuous
Z-valued function on U,g.

Because the map Div is continuous, if U, = Div ' (U,), then U =
{Ua}aca is an open cover for the space O(M)\ {0}. With fivas = magz0Div,
the family {mqs}q,gea is a 1-cocycle for the covering U with values in Z.

As the space O(M) \ {0} has vanishing first integral cohomology, it fol-
lows that the cohomology group H 1(2;{ ,Z) vanishes, for the canonical map
from this group into H(O(M) \ {0}, Z) is injective. (See the discussion of
Leray’s theorem given in [Gu].) Consequently, the 1-cocycle {mqs}a.gea is
a 1-coboundary: There are continuous, Z—valued functions 71, on U, with
T?Laﬁ = ﬁa’Ua[g — ‘fLﬁ‘Uag.

For any divisor D € ®%(M), the fiber Div=1(D) is of the form {gh: g €
O(M), g zero — free} for any fixed element h of the fiber. That the set of
zero-free functions holomorphic on M is connected implies that the fiber
Div™1(D) is connected.

It follows that the continuous, Z—valued functions 7, are constant on
the fibers of Div and so are of the form 7, = n, o Div for suitable contin-
uous Z—valued functions ny on U,. Plainly ng|Uag — ng|Uasg = map. That
is, the cocycle {mag}tap € A is a coboundary. It follows that the group
HY(D}(M),Z) is trivial as claimed.

In its essence, the argument to prove that H! (ZDJ]S(M, p),Z) = 0 is parallel
to the preceding argument, but some preliminaries are necessary.

If the set Fp is defined by F, = {f € O(M) : f(p) ¢ C\ (—o0,0]}, then
DivF, = D} (M;p). This is so, for if D € D}(M;p), then D = Divf for an
f € O(M) with f(p) # 0, which yields that D = Div(f/f(p)). The function
f/f(p) lies in F,. Conversely, it is evident that DivF, C D5 (M;p).

The set F, is open in O(M). It is also contractible. To see the latter
point, define H : [0,2] x F, — F, by

z df
Fp)et 0 7 when t € [0,1], f € Fp, 2 € M
H(t, f)(z) =
2-t)f(p)+t—-1 when t € [1,2], f € Fp, z € M.
That the integral is well defined depends on the hypothesis that H'(M,Z) =

0. The map H is continuous, and its range is contained in F,, H(0,-) is the
identity on Fp, and, finally, H(2,) is the function identically 1.
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As F, is contractible, it follows that H'(F,,Z) vanishes.

If D € ®5(M;p), then the fiber (Div-'D) N F, be described as follows.
Fix an f, € O(M) with Divf, = D. Without loss of generality, f, can be
chosen to take the value 1 at p. The condition that Divg = D is then the
condition that for some h € O*(M), g = hf, The function g lies in F if and
only if h(p) ¢ (—o0,0]. It follows that the fiber Div™!(D) N F, is (arcwise)
connected: Fix h € O*(M) with h(p) ¢ (—o0,0]. If A : [0,1] — O*(M) is
defined by

z dh

A(t)(2) = fo(z)e(lft) Jy G A=) L(h(p))

where L denotes the branch of the logarithm defined on C \ (—o0, 0] that
vanishes at the point 1, then A is a curve in O*(M) that connects g to the
function f,. Note that as A(t)(p) = fo(p)e!"DEMP) for all ¢, the range of
A is contained in the set F,,. Thus, as claimed, the fiber is connected.

The rest of the argument can proceed as in the case of @J]S(/\/l): ftu =
{Uqs}aca is an open cover of D5 (M;p), then the sets U, = F, N Div=1(U,)
constitute an open cover for F,. An integral 1-cocycle on @J]S(M;p) in-

duces a corresponding integral 1-cocycle on F),, which is a coboundary, for
HY(F,,7Z) = 0. The result follows as before.

Corollary 5.3. If H'(M,0) and H'(M,Z) vanish, and if p € M, then
there is a continuous map s, : D H(M;p) — O(M) with Divog,(D) = D for
all D € D5(M;p).

Proof. This is a consequence of the preceding lemma and Proposition 4.1.

Corollary 5.4. If H'(M,0) and H'(M,Z) vanish, then the map Div :
O(M)\ {0} — DEL(M) is open.

Proof. As usual, the case that O(M) consists only of constants requires
separate comment, and is trivial. Therefore suppose that there is a non-
constant holomorphic function f on M. Let D, € D5(M) be given. Fix
p € M\ suppD,. There is an associated section g, : D}(M;p) — O(M).

Let f, € O(M) satisty Div f, = D,. We show that if W, is a neighborhood
of f, in O(M)\ {0}, then Div W, contains a neighborhood of D, in D5 (M).
To do this, define o : DH(M;p) — O(M) by (D) = ﬁgp(D). This
map is continuous, and it satisfies o(D,) = f,. By continuity there is a
neighborhood W, of D, such that o(D)e W, if D € W,. This implies that
the map Div carries W, onto a set that contains the neighborhood W, of
D,.

Thus, as claimed, Div is an open map.

Corollary 5.5. If H'(M,O) and H'(M,Z) vanish, then the topology on
the space D5(M) is the quotient topology induced by the map Div : O(M)\
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This follows from the continuity and openness of the map Div. (See [Ke,
p. 95].)

Corollary 5.6. If H'(M,O) and H'(M,Z) vanish then the space D 5(M)
is metrizable.

Remark. Granted the corollary, it is easy to see that for every complex
manifold M, the space DT (M) of nonnegative divisors is metrizable. Fix
M and let {Bj}jen be a countable collection of domains in M each of
which is biholomorphic to a ball and the union of which covers M. Define
a map p : DT (M) — jen®T(Bj) by pD = {D|B; : j € N}. The map
p is a homeomorphism from (M) onto the closed subset {{D; : j €
N} € HjeN©+(Bj) : Dj|Bjk = Dk‘Bjk forall j ke N} of HjeNQJr(Bj). As
the product is countable and as each DT (B;) = D5(B;) is metrizable, the
metrizability of D1 (M) follows.

Proof of the corollary. Begin by recalling that the topology of a topological
space Y is regular if given a point y € Y and a neighborhood U of y, there
is a neighborhood V of y with V' c U.

The space O(M) \ {0} is metrizable and separable, so its topology has
a countable basis. As the map Div is open, it follows that the topology on
D5(0) has a countable base.

Moreover, the topology of ’DJIS(M) is regular. For this, work with the
relative weak™ topology. If D, € ’D;(M), and if W is an open set containing
D,, then there is a collection {ay, ..., a,} of compactly supported smooth
(N —1,N — 1)-forms on M such that W contains the weak™ neighborhood

le{DE’D}C(M): /Daj—/ aj| <1 for all jzl,...,r}

of D, But then the closed neighborhood

Wé:{DE’D;(M): /Daj—/ aj| <

is contained in Wj. Thus, the topology of @JIS(M) is regular as claimed.

The classical metrization theorem of Uryson and of Tikhonov [Ke, p. 125]
implies that D5 (M) is metrizable.

Recall now the notion of an ANR [BP]. A topological space Y is an
ANR (absolute neighborhood retract) if it is metrizable and if whenever it is
embedded topologically as a closed subset of a metric space, X, there is a
neighborhood of X that retracts onto Y. We shall need three general facts
about ANR’s. One is a theorem of Hanner [BP, p. 69]: A paracompact
space that is locally an ANR is an ANR. There is also the fact that a retract
of an ANR is an ANR [BP, p. 68]. Finally, an open set in a locally convex
metrizable topological vector space is an ANR [BP, p. 69].

The following corollary is now evident:

N |

for all j =1, ...,r}
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Corollary 5.7. If H'(M,O) and H'(M,Z) vanish, then the space D 5(M)
is an ANR as is the space D1 (M;p).

Proof. 1f O(M) consists of the constants the result is clear.

If O(M) contains a nonconstant function, the case of D} (M) is a conse-
quence of case of ’DJIS(M; p), for as noted above, a space that is locally an
ANR is itself an ANR.

To treat the case of @;(/\/l;p), notice that as the group H' (”DJIS(M;p), Z)
vanishes, Proposition 4.1 applies to yield a map o : DH(M;p) — O(M)
with Div o 0(D) = D for every D € D} (M;p). Consequently, the map
ooDiv : Div 1 (DT (M;p)) — o(DT(M;p)) is a retraction of the open subset
Div D+ (M;p)) of O(M) onto the range of . It follows that DT (M:;p)
is an ANR as desired.

Corollary 5.8. Let M be a complex manifold with H'(M,0) = 0 and
HY(M,Z) =0, and let p € M. For each n =0,1,2,..., the Cech and the
singular cohomology groups of @JIS(M) of dimension n with integral coeffi-
cients are isomorphic as are the corresponding groups of @;(/\/l;p).

Proof. Tt is known [Bo, p. 107], [Ma] that for topological spaces of type
ANR the Cech and singular cohomology groups agree.

6. Liftings Over ’D]JS.

If X is a topological space and M is a complex manifold, we denote by
Cx;0(m) and by Cx, 0 () the sheaves of germs of continuous O(M)—valued
functions and of continuous O*(M)—valued functions on X, respectively.
These are sheaves of abelian groups.

Lemma 6.1. Let M be a complex-analytic manifold of dimension N > 1
with H'(M,Z) =0, and let X be a paracompact topological space.

1) Every continuous map f: X — O*(M) has a continuous logarithm if
and only if the Cech cohomology group H (X, Z) = 0 vanishes.

2) For q > 1 the Cech cohomology groups H?(X, Cx,0+(Mm)) and HITY(X,
Z) are isomorphic.

Proof. Define E : Cx,0(m) — Cx,0+m) by Eg = €?™9_ This is a homomor-
phism of sheaves of abelian groups.

The map F is surjective, that is, if z, € X and f, : V — O*(M) is a con-
tinuous map, V' some neighborhood of z, in X, then there is a neighborhood
W C V of x, on which there is defined a continuous map g : W — O(M)
that satisfies Eg(x) = f,(z) for all x € W. This is seen as follows.

Fix ¢ € M and define a function € : V' — C* by e(z) = f,(x)((), for all
x € V. (A word on notation may be in order here: For each x € V, f,(z) is
an element of O*(M) and so has a value at the point ¢ € M, viz., f,(2)(().)
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The evaluation function € is continuous, so there is a neighborhood W of
ZTo, W C V, on which € has a continuous logarithm: There is a continuous
function A : W — C with eM®) = ¢(z) for all z € W.

Define g : W — O(M) by

o [ )
i@0E = |50

for all z € W and for all z € M. By hypothesis H!(M,Z) = 0, so the
integral does not depend on the choice of the path of integration from (
to z. Hence § is a well-defined, O(M)—valued function on W; it depends

continuously on z € W.
The map g : W — O(M) given by

g(z) = %(g@) + @), forall zeW,

is continuous and satisfies Fg = f,. Thus, E is surjective.

The kernel of the sheaf homomorphism F is the sheaf Z of germs of con-
tinuous integer-valued functions on X, so we infer that, under the hypothesis
H'(M,Z) = 0, there is an exact sheaf sequence

0 Z = Cxopm) — Cxomm) — 0.

This gives rise to the associated exact cohomology sequence, which con-
tains the segments

F(Xv CX,O(M)) - F(X7 CX,O*(M)) - Hl(Xv Z) - Hl(X)CX;O(M))
and
Hq(Xa CX,O(M)) - Hq(X)CX;(’)*(M)) - Hq+1(X7 Z) - Hq+1(X7CX;O(M))‘

Moreover the cohomology group H?(X,Cx.o(nm)) is zero for ¢ > 1, since
the sheaf Cx.o(r) of germs of continuous O(M)—valued functions on the
paracompact space X is a fine sheaf, as it is because it is a sheaf of modules
over the fine sheaf Cx of complex-valued continuous functions on X. Then
the two statements of the lemma follow at once.

Lemma 6.2. Let M be a complex-analytic manifold of dimension N > 1,
such that HY(M,O) and H*(M,Z) vanish. Let X be a topological space
that is paracompact and connected and has the further property that the Cech
cohomology groups H'(X,Z) and H*(X,Z) vanish. Let yu: X — D5H(M)
be a continuous map. Then there exists a continuous map fi : X — O(M)
such that Div fi(x) = p(x) for all x € X.

Proof. The case that O(M) = C is clear, so we assume from here on that
there is a nonconstant holomorphic function on M.

To begin with, the Lemma is correct locally in X. Let x € X. The
point p(z) lies in an open set @JIS(M;p) for some choice of p € M. By
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Corollary 5.3, there is a section ¢, : D5(M;p) — O(M) of the map Div.
By continuity, there is an open set V. in X that contains x and such that
pn(Vy) € DE(M;p). As Divog, o u(z) = p(z), the Lemma is seen to be
correct locally on X.

Let V = {V}},en be a locally finite open covering of X with the property

that for each j there is a map p; : V; — O(M) that satisfies Divo p; = p

in Vj. If pjp - Vi — O(M) is defined by pjr(x)(z) = Zig;g%, then fup,

is continuous, and {u;x};ren defines an element of the group of cocycles

Zl(V,CX;O*(M)). By hypothesis, H?(X,Z) = 0, so by Lemma 6.1, this
— Y

cocycle is a coboundary: There are maps v; : V; — O*(M) with % =L on

Vjk. This implies that on V};, the functions ,uﬂj{l and ukylzl agree, whence
we can obtain a well defined map i : X — O(M) by requiring that on
Vi, p= ujuj_l. This map i satisfies Div o ji = p, so the Lemma is proved.

Lemma 6.3. Let M be a complex manifold with H* (M, O) = 0 and H' (M,
Z) = 0. For every nonnegative integer n the homotopy group m,(DH(M)) is
zero.

Proof. The lemma is trivial if there are no nonconstant holomorphic func-
tions on M, in which case D} (M) contains only 0—the zero divisor.

Thus, assume that O(M) contains a nonconstant function.

That 7mo(D5(M)) = 0 means simply that the space Df(M) is arcwise
connected, which it is.

In order to prove that m1(D5(M)) = 0, we begin by recalling that, as
H'(M,Z) = 0, the space O*(M) is arcwise connected.

We have to prove that each continuous map v : [0,1] — D} (M) with
7(0) = (1) is homotopic to the constant map ¢ — ~(0). To do this, first lift
7 to a closed curve pin O(M). That is, u is to be a closed curve that satisfies
Divou = ~. Lemma 6.2 or, alternatively, Proposition 4.1, implies that there
is a continuous map v* : [0, 1] — O(M) that satisfies Divoy* = ~. In general,
v* will not be a closed curve. However, the hypothesis that H'(M,Z) = 0

lets us modify v* to obtain a closed lifting, u, of v: The function 1:8; is

holomorphic and zero-free on M and so has a holomorphic logarithm, say
M. For p take the function given by u(t) = e*y*(t). As Div o u = 7, the
range of p is contained in the space O(M) \ {0}, which, by Lemma 5.1, has
vanishing fundamental group, so the map p is homotopic to the constant
map ¢ — p(0): There is a map H : [0,1] x [0,1] — O(M) \ {0} with
H(0,t) = p(t), H(1,t) = p(0) for all t € [0,1] and H(0,s) = H(1,s) for all
s. Then the map H = Divo H : [0,1] x [0,1] — ®}(M) is a homotopy in
D5 (M) connecting v with the constant map ¢ — ~(0).
Hence D5(M) is simply connected.
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Next, assume that n > 2. There is a distinction between the case n = 2
and the case n > 3.

Consider first the case n > 3. We are to show that each continuous map
¢ : S" — DE(M) is homotopic to a constant map. As the cohomology
groups H'(S",Z) and H?(S™,Z) vanish, Lemma 6.2 yields a continuous lift
@ : 8" — O(M) with Divg(z) = ¢(z) for all € S™. The range of ¢ is
contained in the space O(M)\ {0}, which, by Lemma 5.1, has vanishing n*"
homotopy group, so the map ¢ is homotopic to a constant map: There is a
map H : [0,1] x S* — O(M)\ {0} with H(0,z) = ¢(z) and H(1,z) = f, for
all z € S™, for some fixed f, € O(M) \ {0} that is independent of x. Then
the map H = Divo H : [0,1] x S* — D5(M) is a homotopy in D5H(M)
connecting ¢ with a constant map.

The case n = 2 requires something more.

Let ¢ : S? — D}, (M) be a continuous map with S? realized in the usual
way as

S? = {(z1,22,23) € R® : 2] + 23 + 23 = 1}.

Denote by YT the subset S? \ {(—1,0,0)} of S? and by ¥~ the subset
S2\{(1,0,0)}. Lemma 6.2 (considered for X = X7 3~ and = |5, 9|27,
respectively) yields continuous maps pt : ¥T — O(M) and ¢~ : ¥~ —
O(M) with Divop™ = ¢ on ©1 and Divop™ = ¢ on X~. After multiplying
¢~ by a function in O*(M), we can suppose that p*(0,0,1) = ¢~ (0,0,1).
Set E+_ =Xtny-.
Let z, be a fixed point of M, and define h : ¥, — C* by

_ 7 (2)(20)
"= @)
Define f: ¥, — O*(M) by

1 ot (x
fla) = 7907( )
h(z) ¢~ ()
This is a continuous O*(M)-valued function with the properties that
f(z)(z0) =1forall z € ¥;_ and f(0,0,1) =1 on M.

Define then g : ¥y — O(M) by

i (@)
9(x)(z) =

2 f@)
The integral is independent of the choice of the path of integration from
2o to 2 € M, for, if v and «/ are two such integration paths, the map
¥4 — C given by z — fy_,y, % for all z € ¥, _, being a continuous

forall z € ¥4 _.

for all z € ¥4 _.

forall x € ¥, _.

2miZ—valued map which is zero at the point (0,0, 1), is identically zero
on ¥;_. Consequently g is a well-defined continuous map from ¥, _ into
O(M), and it satisfies e9®) ) = f(z)(z2), for all (z,2) € ¥, _ x M.
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Since H'(S?,Cs2.0(m)) = 0, there are continuous functions gt ¥t —

O(M) with gt —g~ =g on £4_. Define fT =¢f", f~ =e9 on X+ and
3.7, respectively. We have ;—t =fonX,_.

Define ¢ = f%<p+ on X1 and ¢~ = f%gp_ on ¥7. Then ¢T and ¢~ are
continuous O(M)—valued functions on ¥ and X7, respectively. Moreover,
@t =@~ on X, _. Accordingly, if we set ¢ = T on X" and $ = ¢~ on X,
then ¢ is a well-defined map from S? to O(M) with Divo ¢ = ¢.

As before, this implies that ¢ is homotopic to a constant, and the proof
for the case n = 2 is complete.

The lemma is proved.

Now we are ready to prove our main theorems concerning D7 (M).

Theorem 6.4. If M is a complex-analytic manifold of dimension N > 1
such that HY(M,Z) = 0 and HY (M, Q) = 0, then there ezists a continuous
map s : DE(M) — O(M) with the property that Divs(D) = D for all
D € DH(M).

Proof. By Corollaries 5.6 and 5.7, ’}3$ is a metrizable ANR and so is also
paracompact. Also, all the homotopy groups of ’D;(M) vanish. By a theo-
rem of Hurewicz [Hu, p. 57], all the singular homology groups HS (D} (M))
vanish, whence, by the universal coefficients theorem, the singular cohomol-
ogy groups vanish. As the space is an ANR, this implies that the Cech
cohomology groups vanish. The theorem now follows from Lemma 6.2.

Corollary 6.5. If M is a complez-analytic manifold of dimension N > 1
such that HY(M,Z) = 0 and H'(M,O) = 0, then given an arbitrary topo-
logical space X and a continuous map P — ’DIJS(M), there is a continuous
map ¥ : X — O(M) with Div o ¢ = 1.

There is a result in the direction converse to Theorem 6.4 that requires
fewer hypotheses on M.

Theorem 6.6. Let M be a complez-analytic manifold of dimension N > 1.
If there ezists a continuous map ¢ : DH(M) — O(M) with the property that
Divh(D) = D for all D € D}(M), then the space D (M) is contractible,
and every zero-free holomorphic function on M has a holomorphic loga-
rithm.

Remark. The condition that every-zero free holomorphic function on
M have a logarithm is not, in general, equivalent to the condition that
H'(M,Z) = 0, i.e., to the condition that every zero-free continuous function
have a continuous logarithm, though the equivalence is correct for Stein
manifolds and, indeed, on all complex manifolds M with H!'(M, ) = 0.
This follows by considering the cohomology sequence associated with the
exact sheaf sequence 0 - Z — O — O* — 0.
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Proof. The existence of a continuous map s : D5(M) — O(M) such that
Divg(D) = D for all D € D} (M) implies that D5 (M) is an ANR, following
the proof of Corollary 5.7.

Also, the existence of ¢ implies that every continuous map p from any
topological space X into D5 (M) lifts to a continuous map ji : X — O(M)
such that Divo i = pu.

Then all the homotopy groups of D} (M) vanish, following the part of
the proof of Lemma 6.3 concerning the case n > 3. It is known [Hu, Th.
8.2, p. 218] that an ANR with vanishing homotopy groups is contractible.

It remains to prove that every zero-free holomorphic function on M has
a logarithm.

Each continuous map «a : S! — ’DIJS(M) lifts to a continuous map & :
St — O(M)\ {0} such that Divoa = a.

Given a function ¢ € O*(M), choose a continuous map H : [0,1] —
O(M) \ {0} with H(0) = 1 and H(1) = g. (Note: H(0) is the function
identically one.) Define ¢ : [0,1] — D5(M) by ¢(t) = Div H(t). This is
a continuous path which is closed, for Div H(0) = Div H(1) = 0—the zero
divisor.

This closed path ¢ lifts to a closed path ® : [0,1] — O(M) \ {0} with
Div®(t) = ¢(t) for all t € [0,1]. (That ® is a closed path means that
®(0) = ®(1).) There is a continuous map o : [0,1] — O*(M) such that
H(t) = o(t)®(¢) for all t. Then

_H(1)  o(1)®(1)  o(1)
- H(0)  a(0)2(0)  o(0)
As o is continuous and always zero-free, if ¢ is a piecewise smooth closed

path in M, then ﬁ . Cff(gt))

1 do(0) 1/da(1)
co(l)

2mi J, o(0)  2mi
This implies that ﬁ fc d?g = 0. As this is correct for all ¢, the function g
has a logarithm.
The theorem is proved.
We give an additional result in the direction of Theorem 6.4 in which the
geometric condition on M is replaced by a geometric condition on the space
of parameters.

Theorem 6.7. Let M be a compler manifold with H*(M,0O) = 0, and
let X be a topological space with H*(X,Z) = 0. If p : X — DH(M) is
a continuous map, then there is a continuous map fi : X — O(M) with
Divo g = p.

is a continuous integer and so is constant. Thus,

Proof. If Q C M is a domain biholomorphically equivalent to a ball, then
as there is a continuous map <o : D5(Q) — O(Q) with Div o co(D) = D for
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all D € D5(), we can define fig : X — O(2) by fin(z) = so(u(z)|2) to
get a map with Div o fig(z) = p(z)|Q for all x € X.

Consequently, there is a locally finite cover {U;} en such that the inter-
sections Uj,...;, are all contractible and such that for all j € N, there is a
continuous function F; : X x U; — C with Fj(z,-) € O(U;) for all z € X
and with Div Fj(z,-) = pu(z)|U; for all z € X and all j € N.

Define 1, : X x Uj, — C by ¢ji(x,2) = }282 From here, the proof

simply follows the last nine paragraphs of the proof of Proposition 4.1.

Corollary 6.8. If M be a complez-analytic manifold such that H' (M, Q)=
0, then the following four conditions are equivalent:

1) HY(M,Z) = 0;

2) The space D (M) is simply connected;

3) The space D}(M) is contractible;

4) There ezists a continuous map h : DH(M) — O(M) with the property
that Div h(D) = D for all D € DH(M).

Proof.  That the condition 1) implies 4) is the content of Theorem 6.4.
Theorem 6.6 yields that 4) implies 3). Plainly, 3) implies 2). What remains
to be seen is that condition 2) implies condition 1).

To this end, we show that if @JIS(M) is simply connected, then each
zero-free holomorphic function on M is an exponential. Accordingly, let
g € O(M) be zero free. Let H : [0,1] — O(M) be a continuous function
with H(0) = 1, H(1) = g. The map ¢ = Divo H : [0,1] — D} is a
closed curve in @;. As @JIS is contractible there is a continuous map m :
[0,1] x [0,1] — DE(M) with m(1,s) = Dy for all s € [0,1], Dy some fixed
divisor, with m(0, s) = ¢(s) for all s € [0, 1] and with m(¢,0) = m(¢t, 1) for
all t € [0,1]. The preceding theorem provides a lift of the map m to a map
m :[0,1] x [0,1] — O(M) with Div o 7 = m. This implies that the map ¢
lifts to a closed map @ : [0,1] — O(M) with Divo ® = ¢. We are now in
the situation encountered at the end of Theorem 6.6. The argument there
shows that ¢ is an exponential. It follows that H'(M,Z) = 0.

The Corollary is proved.

Another corollary of Theorem 6.7 is the following:

Corollary 6.9. If M is a complex manifold with H'(M, Q) = 0, then the
homotopy groups m,(DL5(M)) vanish forn=0,2,3,... .

7. Domains in Stein Manifolds.

Theorem 6.4 is established under two hypotheses: the analytic hypothesis
that H'(M, O) vanish and the geometric hypothesis that H'(M, Z) vanish.
Theorem 6.6 establishes the necessity of the geometric hypothesis. We shall
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show that for manifolds that are domains in Stein manifolds, the analytic
hypothesis can be abandoned.

Let M be a domain in a Stein manifold. A theorem of Rossi [Ro] implies
that M has an envelope of holomorphy, M, which is itself a Stein manifold.

For each g € O(M), let §j € O(M) denote the extension of g to M. The
map g — ¢ effects a topological isomorphism between the Fréchet spaces
O(M) and O(M), which carries O*(M) onto O*(M).

We will need below the remark that if H'(M,Z) = 0, then H' (M, Z) = 0,
too. This is evident: The vanishing of H*(M,Z) implies that each zero-free
f € O(M) is of the form 9, g € O(M) whence each zero-free f € O(M)
is of form €9, § € O(M). As M is a Stein manifold, the latter condition
implies that H1 (M, Z) = 0.

Lemma 7.1. The map ¢ : D H(M) — DH(M) defined by by ¢(Divg) =
Div g, is a homeomorphism.

Proof. The map v is injective. If f,g € O(M)\ {0} and if Div f = Div g,
then f/§ € O*(M), whence f/g € O*(M).

The map v is plainly surjective.

The inverse ¢~ : DE(M) — DL(M) is continuous: If, for §,, g, €
OM)\ {0}, n = 1,2,..., Divj, — Divg,, then, with g, = §,|M and
gn = gn|M, Div g, — Div g,.

It is less evident that ) itself is continuous.

To prove the continuity of v, let g,, n = 1,2,... and g, be elements of
O(M) \ {0} such that Div g, — Divg,. Set D,, = Divg, and D, = Div g,.
As D,, — D,, the set F = {Dj, Do, ...} is a normal family of nonnegative
divisors on M.

Put F = {f)l,f)g,...}, where D,, = Div §,. The set F is a set of non-
negative divisors in the Stein manifold M. According to results of Oka and
Fujita - see [Ba] and the references it contains - the domain of normality of
the family F is a domain of holomorphy in M, say Mj. (The domain of
normality of a family of divisors is the largest domain on which the family is
a normal family.) As F is a normal family on M, we have M C M; C M.
This implies that M; = M, for M is the envelope of holomorphy of M.
That is, the family F is a normal family in M. Consequently, the sequence
{D,}22, has a convergent subsequence {D 320 Let D be the limit of

this sequence. The divisor D on M is a divisor that on M agrees with D,,.
This implies that D = 4(D,). We thus have that the sequence {D,}>,
converges to ¥(D,). Accordingly, the map 1 is continuous.

The lemma is proved.

Theorem 7.2. If M is a domain in a Stein manifold N', and if H* (M, Z) =
0, then there is a continuous map s : DpH(M) — O(M) with Divos(D) = D
for all D € DE(M).



328 G. LUPACCIOLU AND L. STOUT

Proof. Denote by M the envelope of holomorphy of M. It is a Stein
manifold and so satisfies H'(M,©) = 0. We shall regard M as being a
subset of M. Let ¢ : D5(M) — D} (M) be the homeomorphism of Lemma
7.1. Theorem 6.4 applies to the manifold M, so there is a map o : D5(M)
that satisfies Div o (D) = D for all D € D}(M). The desired map ¢ is
given by ¢(D) = o(4(D))|M.

The theorem is proved.

8. Line Bundles.

Some of the preceding results have analogues for holomorphic line bundles.
Given a complex manifold M and a holomorphic line bundle £ M over
M., denote by L(M) the space of sections of £ over M. Given a holomorphic
section, s, of £, there is an associated divisor Div s € DT (M). If DL (M)
denotes the space of all these divisors, the map Div : L(M)\ {0} — DH(M)
defined in this way is continuous as a consequence of the theorem of An-
dreotti and Norguet used above since the bundle £ is locally trivial. As
Df (M) is a subset of the space DT (M), the natural topology on it is
metrizable,

In this section we shall be concerned mainly with line bundles £ for which
the space £(M) is infinite dimensional over C.

Lemma 8.1. If M is a complex manifold for which H'(M,Z) vanishes,
then the group H' (D} (M), Z) vanishes.

Proof. The point is that for a given divisor D € D[ (M), the fiber Div_!(D)
consists of all multiples of some fixed section s € £(M) by zero-free holomor-
phic functions on M. As we have seen earlier, the hypothesis that H*(M, Z)
vanish implies the connectedness of the space O*(M). Granted this, the
proof can proceed exactly along the lines of the first part of the proof of
Lemma 5.2.

Theorem 8.2. Let M be a complex manifold for which the groups HYM, Z)
and H'(M, ) both vanish. If LM is a holomorphic line bundle for

which the space L(M) is infinite dimensional, then there is a continuous
map s : D (M) — L(M) with Divog(D) = D for all D € Df(M).

Note. The hypotheses of this theorem involve the cohomology of M with
values in the sheaf O\, not with values in the sheaf £ of germs of sections
of the line bundle £ as might be expected.

Proof. Fix an open cover U = {U;};jen of the manifold M by contractible
Stein open sets U; for which the intersections Uj;, are also contractible.
For each j, let r; : D} (M) — DT (U;) be the restriction map given by
r;j(D) = D|Uj;. The hypotheses imply that the the bundle £ is trivial over Uj;
let s; € L(Uj) be a zero-free section. By Theorem 6.4, there is a continuous
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map o; : D1 (U;) — O(U;) with Div o 0;(D) = D for every D € D% (Uj).
Define then ¢; : DL (M) — L(U;) by

s = (a5 0mj)s;.
Thus, Div ogj(D) = D|U; for all D € D} (M).

Define g;,(D, 2) = Zi ((gi (z) so that gji is a continuous, zero-free function
on D[ (M) x Uy, with the property that for each D, g;x(D, ) € O(Ujy,).

If there are zero-free continuous functions g; on D2 (M) x U; with g;(D, -)
€ O(U;) and % = gjr on D} (M) x Ujy, then the the map ¢ : D} (M) —
L(M) defined to be gj_lgj on Uj is a well defined continuous map from
D} (M) to £ with the property we seek.

For each D, the functions g;;(D,-) define a cohomology class in the
group H'(M,O*). Attached to this cohomology class is the Chern class
c(D) € H*(M,Z). The exact cohomology sequence associated with the
sheaf sequence 0 — Z — Oy — O} — 0 shows that, under the hypothesis
that H'(M, Q) vanish, the cocycle {g;r(D,")};ken is trivial if and only if
its Chern class is.

The Chern classes in question may be determined as follows: Since
H' (D[ (M),Z) vanishes, the continuous zero-free functions gj, have con-
tinuous logarithms, say Aj; on Ujj. The Chern class ¢(D) is the cohomology
class in H?(M, Z) determined by the integral 2-cocycle {¢;xi(D)}; kien given
by

1
cjki(D) = %{Ajk + Akt + N}

This is a continuous integer-valued function, so as CDZ(M) is connected, it
is independent of D.

Fix a divisor D, € @} (M). By definition, there is a section s, € L(M)
with Div s, = D,. If we define k; = %, then x; € O*(Uj), and
:—i = gjk(Do,-). Thus, the cohomology class {cjii};ren is trivial: There
are integers {m }jren with my —mj + mj, = cji on Ujy.

Then the family {log g;r(D, ) — mji}jrez is a continuous family of 1-
cocycles with values in Oy for the covering Y. Again invoke Michael’s
selection theorem provides continuous functions g; on DL (M) x U; with
gj(D, z) depending holomorphically on z € U; and with g;, = g; — g&.

It follows that if ¢(D)(z) = g;]_((DD)(j)), then ¢ is a well defined map from

D} (M) to L(M) with Divs(D) = D for all D € D} (M).

The Theorem is proved.

In contrast with the case of holomorphic functions-the case of the trivial
bundle, there is no apparent extension of this result to the case of arbitrary
domains in a Stein manifold. Whereas if D is a domain in a Stein manifold,
the sheaf Op of germs of holomorphic functions on D extends naturally to
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the sheaf Op of germs of holomorphic functions on the envelope of holo-
morphy, D, of D, in general a locally free sheaf of rank 1 or, equivalently, a
holomorphic line bundle, on D will not extend to a locally free sheaf on D.

As a particular instance in which the theorem applies, the following may
be cited. Let ¥ be a simply connected Stein manifold of dimension n. If
one has a continuous family {D, },cx of divisors each of which is known to
be the divisor of a holomorphic n-form on 3, then there is a corresponding
continuous family {€2, },c x of holomorphic n-forms on ¥ with Div Q, = D,.

As in the earlier-considered case of holomorphic functions, Theorem 8.2
yields some topological information about the space D% (M).

Corollary 8.3. If M is a complex manifold for which the groups H'(M,Z)
and HY(M, Q) wvanish and if L5 M is a holomorphic line bundle with
L(M) infinite dimensional, then the space of divisors D} (M) is a con-
tractible ANR. In particular, all of its homotopy groups vanish.

We conclude this section with some comments on the situation that ob-
tains when the space of sections £(M) is finite dimensional. This can occur
in either of two ways. It may be that £(M) = {0}. In this case D} (M) is
empty by definition.

Alternatively, dim¢ £(M) may be a positive integer, say d. Then neces-
sarily O(M) consists only of the constants: If s is a global section of £ other
than zero section, then f — fsis a linear isomorphism of O(M) into L(M).
If the latter space is finite dimensional, then necessarily O(M) reduces to
the constants. (Recall here the standing convention that we are dealing only
with connected manifolds.)

Thus, for D € ®1(L) the fiber 771(D) is C*. Consequently, @Z(M) is
topologically equivalent to the complex projective space P~1(C).

9. Lifting Normal Families.

In this section we remark that, in essence, Stoll’s Theorem B has a solution
whenever his Problem A has a general solution.

Theorem 9.1. Let M be a complex-analytic manifold of dimension N > 1.
Assume that there exists a continuous map h : D5(M) — O(M) with the
property that Divh(D) = D for all D € DH(M). If M C DHM) is a
compact set of nonnegative principal divisors on M, there exists a compact
set K C M and a compact set K of holomorphic functions on M with
DivKC = N and such that, for each f € K, there is a point zy € K with

fzf) = 1.

Proof. First, fix a compact set X, C M, and let W, D X, be an open set
with compact closure. Denote by 91, the set of all divisors in 91 the support
of which is disjoint from W,. This is plainly a closed subset of ¢, so it is a
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compact set of divisors. Let h : D5(M) — O(M) be a continuous map as
in the statement of the theorem. As the map is continuous, the set h(9)
is a compact subset of O(M), which we shall denote by /C,.

Let z, be a fixed point of the set K, and let ¢, denote the functional
of evaluation at the point z,, so that, for f € O(M), e,(f) = f(20). This
is a continuous linear functional, and on the compact set I, it omits the
value zero. Accordingly, there are positive numbers r, and R, such that
ro < |eo(f)] < R, for every f € KC,. Define h, : 91 — O(M) by

h(D)
h(D)(z0)

Then for all D € N,, we have ho(D)(z,) = 1. Moreover, the set K, =
{ho(D) : D € MN,} is a compact set in O(M).

To continue, denote by 9 the subset of 91 that consists of all the divisors
in 9 the supports of which meet W,. This is a compact set; it is not disjoint
from M,. Let {z;}j—12.. be a countable dense set in M, and for each j,
let {ij}kzlz be a countable neighborhood basis for z; that consists of
relatively compact open sets. For each j,k =1,2,..., let

Nk ={D €N : (suppD)NV;=0}.
As ij is compact, the set 91; ;. is open in 91;. We have that
U =9,
Gk=1,2,...

ho(D) =

so by compactness a finite number of the 0N; ;. cover 91;. Choose such a finite
set, say {M;, &, }v=1,.. ¢- Let z, be the z; associated with N;, 1, . Each of the
sets R, = 7jmky, v=1,...,q, is compact. Consequently, each of the sets
K, = h(&,) is a compact subset of O(M). For every v, let K, = {% cf e
IC,,}. The set K, is compact, DivK, = &, and if f € K, then flzy) =1.

The compact set K we seek in M is the set {z,, 21, ... , 24}, and the set
K is the set Uy—1,... 4 K,.

The proof of the Theorem is completed.

Appendix. Proof of Theorem 1.0.

Our object here is to give a proof of Theorem 1.0 along lines somewhat
different from those occurring in Stoll’s proof. In fact, we shall prove a
formally different theorem:

Theorem 10.1. If Q is a domain in CN that contains the closed unit ball
By, then there is a map h: DT (Q;0) — OBy) that satisfies Div o h(D) =
D|By for all D € D%(;0) and that is continuous when the space D (£2;0)
is endowed with the relative weak™* topology and the space O(By) is endowed
with its usual topology of uniform convergence on compacta.
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This result is formally different from Theorem 1.0 in that here the space
of divisors is taken to have the relative weak* topology whereas in Theorem
1.0, it is understood to be endowed with the topology introduced by Stoll.
As convergence in Stoll’s sense implies convergence in the weak™ sense, as
we noted in Section 5, the theorem just stated implies Theorem 1.0.

In the proof indicated below, it will be useful to know that on the space
DT (Q) the relative weak* topology is identical with the relative strong topol-
ogy. In Section 5 we proved this, but the first proof given there, that is, the
proof of the equivalence of the relative weak* topology, the relative strong
topology and Stoll’s topology, depends on the work in Stoll’s paper [St],
which draws on Theorem 1.0. It was to avoid this circularity that we gave
in Section 5 an independent proof of the equivalence of the relative weak™*
and the relative strong topologies on D+ (M).

The proof we give for this follows well known lines; the whole point is to
get solutions that vary continuously.

To begin the proof of Theorem 10.1, fix €2, and fix R, > 0 small enough
that Q D R,By. Define 1 : (CV \ {0}) x [0,1] — C¥ to be the real-analytic
map given by

b(zt) = (1— 1)z + tRoﬁ.
The partial map (-, 0) is the identity, and (-, 1) is the radial retraction of
CN\ {0} onto R,S*N—1,

For an irreducible complex hypersurface, V, in ) that does not pass
through the origin, define a current 7y € D;(R,By) by the condition that
if 3 € D2V~Y(R,By), then

(1) Ty (9) = /V B

The integral is well defined, for since the support of 3 is a compact subset of
R,By, the support of ¢*3 is a compact subset of (V x [0,1). The variety V'
has locally finite volume (of dimension 2N —2) in 2, so the real variety V xR
has locally finite volume (of dimension 2N — 1) in € x R. This implies that
if v € D2V ~1(Q x R), then Jiywr 7 is defined and that the map v — i,
is an element, [V x R], of Don_1(CN x R). It also implies that if v is any
(2N — 1)—form on CV x R with locally bounded, measurable coefficients
such that suppy N (V x R) is compact, then the integral foR ~ exists. In
particular T/ (3) is defined when 3 € D*N~1(R,By).
The current Ty, satisfies

(5) dTy = —[V]|R,Bn

where, as usual, [V] denotes the current of integration over the variety V.
This fact is simply Stokes’s theorem: By definition, dTy () = Ty (da), which
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gives

Ty (da) :/ V¥do :/ dy*a,
V'x[0,1] Vx[0,1]
and, by Stokes’s theorem, this is

/ w*a:/ w*da:—/a.
b(V % [0,1]) b(V'x[0,1]) %

IftD= Zj m;Vj is a nonnegative divisor on 2 with V1, V5, ... distinct, ir-
reducible complex hypersurfaces in €2 none of which pass through the origin,

define
(6) Tp =) miTy,)

J
The family Vj,j =1,2,..., is locally finite in €, so the sum (6) is finite for
each choice of D. We have

dTp = —> m;[Vj]|RoBy.
J

Lemma 10.2. The map D — Tp is continuous from D7 (Q;0) to D1 (R,By)
when the two spaces are given their respective weak™ topologies.

Proof. Given a net {D,},c; in ©D1(02;0) that converges to D, € DT (€;0)
in the sense that for each 3 € D*VN=2(Q), lim,c; D,(3) = Do(3), we are to
prove that for each 3 € D*N~Y(R,By), imTp,(B) = Tp,(B), i.e., that if
D, => ;mu;Vi; with {V,;} for fixed ¢ a locally finite family of irreducible
complex hypersurfaces in 2 and if D, = Zj Me;Vo; is the corresponding
decomposition of D,, then

7 lim Y m,; B = Mo, *
™ L ZJ: ”/vw-x[ovuw ’ EJ: Oj/vojx[o,uw ’
for each 8 € D2V ~Y(R,By).

To this end, note first that there is §, > 0 sufficiently small that for « € I
sufficiently large, suppD, N §,By = 0.

As D, — D, in the weak™* sense, the convergence also takes place in the
sense of the strong topology, i.e., uniformly on bounded sets in D2V =1((Q).
(Recall the discussion at the end of Section 3.)

With 3 € D2V =1(Q), write 3 = Z|J|+\K\:2N—1 byrdz? AdZ¥ for a suitable
choice of functions byx € DY(R,By). The support of 3 is contained in the
ball (R, — 61)Bx for some 6; > 0. As ¢(z,t) = (1 —t)z + tRO(ﬁ) > |z,
it follows that for every ¢ € [0,1] and for all J, K suppbsk(¢(z,t)), qua
function of z, is contained in the ball (R, — d1)By. Moreover, if €, > 0 is
fixed, then the derivatives with respect to z of order no more than k of the
functions byk(z,t) are bounded uniformly in ¢ (and in J and K) on the
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spherical region €, < |z| < R, — 1. That is to say, the set {bjx(-,t)}iepo,1]
is a bounded set in DY(R,By \ €,By).

Write ¢*3 = B’ + B” A dt where B’ € D*~1(R,By) does not contain
the factor dt and where B” € DV =2(R,By) is also free of the factor dt.

Then
1
Tp,(B) =Y my ( B”) dt.
=) AL

The last paragraph implies that the family B” = 3~ ; 1 (2, t)dz A dzX
of forms of degre 2N — 2 in z and Z indexed by the parameter t € [0,1] is a
bounded family in D*¥N~2(R,By). Thus the convergence of > Mg f%j B
t0 D Mo; fvoj B is uniform in t. Accordingly, we can integrate with respect
to t,t € [0,1] to find that, as desired, Tp,(5) — Tp,(3).

The lemma is proved.

As noted above, if D € D1(Q;0), then the current —T) satisfies d(—Tp) =
[DH(ROBN). Set —Tp = S(),l + 51,0 with 5071 c ,DO’l(ROBN) and SI,O €
D1,o(RoBy). As d = 0+ 0 and as [D] is of bidegree (1,1), it follows that the
current So,1 satisfies the equation (950 1 =0on R,By. As a O—closed cur-
rent, it is 8 exact. We want to see that it is possible to choose a 0—primitive
for 50,1 that depends continuously on Tp and so continuously on D. In fact,
this analysis will be carried out not on the full ball R,By but rather on the
smaller ball By .

We shall need the observation that Tp is a current with measure coeffi-
cients, whence the same is true of Sp;.

Recall the well known explicit solution for d on the ball that is given in
detail, e.g., in [Ru2]. Let  : By x By — [0,1] be a function of class C*®
that satisfies i) 7 = 1 near the diagonal A = {(z,2) : z € By} and ii)) n =0
on a neighborhood of By x bBy. The map s : By x By — C¥ is defined by

s(z,¢) = 02, O)(C = 2) + [L = n(2, Q) - 2).
In terms of s the kernel K is defined by

K(2,0) = (¢ — 2,5(2,0)) N/ (5(2,0) Aw(C).

In this definition, the following notation is used. w(() denotes the holo-

morphic N—form d{1 A --- A d(n. If the vector s(z,() has coordinates
(81,...,8N), then &'(3(z,()) is the (0, N — 1)—form given by
N .
§Z ,0)) Z 18j(§481/\"'[j]"'/\(§<8]\[.
7=1

Finally, (¢ — z,s(2,()) = Zjvzl(g“] — zj)sj. An application of the kernel
K, is that with it, one can solve J as follows. (See [Ru2, p. 351]). If
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a= Z;\le a;jd(; is a O—closed form of bidegree (0,1) on By with coefficients

of class C! then the function u, given for z € By by

) wl®) = e |

Ks(2,¢) N a(()

is of class C! on By and satisfies there du, = a.
In this statement, cy denotes the constant & (—1)VN=1/2(27;)N,
Write
N —
Ky(2,0) = (¢ = 2,5(6,2) ™) 6;(2, O ($) Aw(Q)
j=1

where by wi;1(¢) we understand the form obtained from w(() by deleting the
factor dfj. Thus,

N

Ko (z,O)Aa=(C—2zs(C2)" N Z(—l)j@j(z,g)aj(g“)w(f) A w(C).

j=1

In this, ©; is a combination of the functions s; and their first derivatives

with respect to (.
As remarked above, the current Sp 1 has measure coefficients, say

N
Soa =Y pidG;.
j=1
Consider then the function

1 al ( 1)j@j(z7C)
Up(z) = — g d i (C)-
(9) D( ) c%j 1/((—2,8({,,2 a (C)

n N

Here the constant ¢y is the constant chosen so that %w(g_ YAw(C) = LdL
N

cl
where we understand by df Lebesgue measure on CV. Notice that the
integration in (8) is supported in Usupp ;. The function Up satisfies Oup =
So,1-

The last assertion requires a preliminary remark about regularity. The
denominator ({ — z,s(C, z)) has positive real part away from the diagonal,
and near the diagonal, it agrees with the |¢ — z|?V. It follows that the term
% is majorized by % As the convolution of a measure with
compact support and a locally integrable function is locally integrable, it
follows that the function Up is locally integrable on By . Thus, the equation
oUp = So,1 is at least meaningful in the sense of distributions.

To prove that this equation is correct, we argue as follows. We are to see
that if g = Zﬁvzl Biw(C) A w[j](f) is a smooth form on By with compact
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support, then

i N
/IBN UpdB = So,1(B) = ;/@(Z)dﬂj(»’?)

Introduce a smooth approximate identity {xc}eso with xe(2)
= 2N X(zw) for a nonnegative compactly supported smooth even function
x on C" with integral one. Introduce also the convolution S¢ = x¢ * Sp 1.

This is a smooth form: S€ = Zjvzl Xe * 1;d; , and it is —closed, for Sy 1
is 0—closed. Let uge be the solution of Ju = S¢ given by (8), so that, by
definition,

USE

E(C*‘f) . Py
NCN /C<1/Z C—Z s( Z)>N Ayt ($)AL (=)

For a smooth, compactly supported form G on By

/useﬁﬁ— /(9u35 A B
- /se AB— So1(B) = jé/ﬁjduj-

Also, if b is the compactly supported smooth function on By such that

/ ugedf = / Buge (2)b(2)dL(z),

then

/ T

J@ (5, Ox(C—Ob(z) | .
/ NCNZ / / T s ©dE(QdL(:)

/NCN Z// C—2z,s C7 )>N dﬁ(odﬁ(z)dﬂj(f)-

As ¢ — 0, this tends to

&)b(z
NcNZ/ [ @i Swecternte
_ / Up (2)b(2)dL(2).
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This gives the desired equation
[ U005 = S0.(9)

The integral (9) defines Up € LIIOC(IBN), and Up satisfies 9Up = So1,
whence d0up = D on By. The divisor D|By is principal: D|By = Divf for
some f € O(By), so D|By = 90 log|f| also. Thus the function wp = Up —
log|f] is pluriharmonic on By. This implies that Up is pluriharmonic on
By \suppD. It follows further that Up = log |fe9| for some g € O(By), and
thus, if we denote by Vp the pluriharmonic conjugate of Up that vanishes
at the origin, then eVP2+V> = fe9 is holomorphic and has divisor D|By.

Finally, we must verify that the map D — eUPTVD ig continuous with
respect to the weak* (or strong) topology on the space of divisors and the
topology of uniform convergence on compacta on the space of holomorphic
functions on By. Granted that we are specifying that Vp is the plurihar-
monic conjugate of Up that vanishes at the origin, the function Vp de-
pends continuously on Up. Thus, it is enough to see that as D, — D,,
Up,(z) — Up,(#) uniformly on compacta in By \ supp D,. For this, notice
that if K is a compact subset of By \ supp D,, then there is an open set
W C By with supp D, "W = ) for all © > 1,. Since the convergence of D,
to D, is in the strong sense, it follows that the corresponding functions Up,
converge to Up, uniformly on K, and we are done.
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