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REMARK ON THE L, — Lo, ESTIMATE OF
THE STOKES SEMIGROUP
IN A 2-DIMENSIONAL EXTERIOR DOMAIN

WAKAKO DAN AND YOSHIHIRO SHIBATA

We proved L, — L, type estimates of the Stokes semigroup
in a 2-dimensional exterior domain. Our proof is based on
the investigation of the asymptotic behavior of the resolvent
of the Stokes operator near the origin.

1. Introduction.

Let Q be an unbounded domain in the 2-dimensional Euclidean space R?
having a compact and smooth boundary 02 contained in the ball By, = {z €
R? | |z| < bo}. In (0,00) x Q, we consider the nonstationary Stokes initial
boundary value problem concerning the velocity field u = u(t, ) = *(u1, us)
and the scalar pressure p = p(¢, x):

(NS) du—Au+Vp=0 and V-u=0 1in (0,00) x €,
u=0 on (0,00) x 01, u—0 as |z — oo,
u(0,z) =f(zr) inQ,

where 0; = 9/0t, A is the Laplacian in R?, V = (8, 02) with 9; = 9/0x; is
the gradient, and V - u = divu = d1u; + dous is the divergence of u.

We consider this problem in the Lebesgue space L, (2) for 1 < r < oo with
norm || - |[,. Let J4(€2) denote the closure in Ly(2) x Ly (€2) of all solenoidal
vector fields with compact support. If we introduce the Stokes operator A,
we can reduce (NS) to the following problem (NS'):

(NS') du+Au=0 in (0,00) x Q,
u(0,z) =f(z) in .

According to the result of [4], we know that —A generates an analytic semi-
group e~ in a 2-dimensional exterior domain.

It is important to investigate the decay property of the analytic semigroup
e "® in terms of various L, norms. In fact, Kato [12] proved a global in
time existence theorem of solutions to Navier-Stokes equation in R™ by using
so called Ly - L, estimates of e t®. This work was extended by Iwashita
[11] to the exterior domain in R™ (n > 3) case. The restriction that n > 3
in [11] essentially came from the continuity of the Stokes resolvent at the
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origin. And therefore, his proof does not seem to be applied directly to
the 2-dimensional case, because the 2-dimensional Stokes resolvent has the
logarithmic singularity at the origin. Borchers and Varnhorn [4] overcame
this difficulty first by using the Stokes potentials to show the L, boundedness
of Stokes semigroup in 2-dimensional exterior domain.

On the other hand, in our previous study [7], we extended Iwashita’s
result to 2-dimensional exterior domain case in the same spirit as in Iwashita,
which goes back to Shibata [22].

In [7] we obtained the following L, — L, estimates of the Stokes semigroup
in a 2-dimensional exterior domain.

Theorem 1.1 (L, — L, estimates, cf. [6, 7]).
(1) Let 1 < ¢ < r < oo. Then the following estimate holds for any
fely():

1
(1.1) e A ||, < C’q,Tt*(a T> Ifllqg, t>0.
2) Let 1 < g <r <2. Then, for f € J,(Q
q

1

(11
(1.2) Ve ™E|, < Oyt <q "") 2||fllg, t>0.
Andlet 1 < ¢ <rand 2 <r < oo, then, for f € J,(2)

(i1)_1
Cyrt <q T) 2[|f|q, 0<t<1,

(1.3) IVe £, < .
Cort 7[[fllg, t>1.

Theorem 1.1 does not include the case that » = co. Our purpose in this
study is to obtain the L, — Lo, estimate for the Stokes semigroup in a 2-
dimensional exterior domain. Our main result of this paper is the following
theorem.

Theorem 1.2 (L, — L estimate). Let 1 < g < co. Then for f € J,(Q) we
have

(1.4) le™2 |l < Cta|E]l, Wt > 0.

If we try to obtain the L, - Lo, estimate by combining the L, - L, esti-
mates in R™ and a local energy decay theorem (such combination was used
in [7]), we could only obtain

_1
le ™|l < Ct ™3 log t||f]lq-

In this paper, to avoid log t we will go back to the representation formula of
solutions to the resolvent equation. And then, by combining several known
results concerning the estimates of Stokes resolvent in R™ and the asymptotic
behavior of Stokes resolvent in the exterior domain near the boundary which
was obtained in [7], we will be able to show Theorem 1.2. We would like to
note that if we apply the known estimations of the Stokes resolvent to the
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representation formula due to Borchers and Varnhorn [4] we can also prove
Theorem 1.2. Therefore, the proof itself is not so surprizing if we know
how to prove the theorem, but we believe that it is worth while giving the
proof of Theorem 1.2, because the result itself is very important. Especially,
applying Theorem 1.2 we can show L., estimate of solutions to the Navier-
Stokes equations in the 2-dimensional exterior domain.

Namely, let us consider the Navier-Stokes equation in a 2-dimensional
exterior domain:

(NL) du+u-Vu—Au+Vp=0 and V-u=0 in (0,00) %,
u=0 on (0,00) x 01, u(0,z) =f(zr) in Q.

In 1993, for (NL) Kozono and Ogawa [16] proved a unique existence theorem
of global strong solution u(t) with initial data in Lo(£2), which satisfies the
following decay rate:

©) el =o(r0) <y < oo fulle=o (i viogr).
[Va@)ll = o (%)

ast — oo. They did not use L, — L, type estimate of the Stokes semigroup in
the 2-dimensional exterior domain. Their proof was based on the argument
due to Masuda and some sharp interpolation inequalities like Gagriardo-
Nirenberg type. Compared with the Kato’s result [12] in R? case, the Lo
estimate of solution is worse. In fact, according to Kato [12], applying
Theorems 1.1 and 1.2, we can easily obtain the L., estimate as follows:

[N

Theorem 1.3. Let u(t) be the solution obtained in [16] with initial data
f € J2(R2). Then, we have (D) and the following L, estimates:

(D) [u®loc = o (t7%).

Finally we collect the symbols used throughout this paper. To denote the
special sets, we use the following symbols:

Dy={zeR?*|b—1<|z|<b}, Sy={zcR?||z|=0b}, Q=0QNB.
Let W,*(D) denote the Sobolev space of order m on a domain D in the L,

sense and || - |lm,q,p its usual norm. For simplicity, we use the following
abbreviation:
I lap =1+ llogp: I+ lmg=1M1 - lmago, |- la=1 - logo-

Moreover, we put
Lqp(D) = {u € Ly(D) | u(x) =0 Vz & By},
Wq%(D) ={ue qu(D) | u(z) =0 Vz & By},
m (RN ={ueS |0%uc LyBy) ", |al <m and b > 0},

q,loc
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gloc(D) = {u | U e ﬁOC(RQ) such that w=U on D},

LQ:IOC(D) = W(?,loc(D)7
W?(D) = the completion of C§°(D) with respect to || - ||m.q.D,

Wgun_{ueWTu»yéu@mx_o}

~

W' (D) = {u € Wiieo(D) | 107" ullg.p < oo},

q q,loc
(. v)p = /D u(z) v@dr, () = ().

To denote function spaces of 2-dimensional column vector—valued functions,
we use the blackboard bold letters. For example, L,(D) = {u = *(u1, u2) |
uj € Ly(D),j = 1,2}. Likewise for C§°(D), Lqp(D), W (D), Lgtoc(D),
Wr(D), W, (D), Wr(D) and Wi (D). Moreover, we put

J4(D) = the completion in Ly(D)
of the set {u € C5°(D)|V-u=0 in D},
G¢(D) = {Vp|p e W (D)}.

We know that the Banach space L, (D) admits the Helmholtz decomposition:
Ly(D) = J4(D) & G¢(D), where & denotes the direct sum. Let Pp be a
continuous projection from L,(D) onto J,(D). The Stokes operator Ap is
defined by Ap = —PpA with dense domain Dy(Ap) = J4(D) N Wé(D) N
Wg(D). For simplicity, we write: P = Pq, A = Aq. It is known that —A
generates an analytic semigroup e~ in J,(Q) [9, 4, 25]. To denote various
constants we use the same letter C, and by Cy p,... we denotes the constant
depending on the quantities A, B, ---. The constants C and Cy4 g, ... may
change from line to line. For two Banach spaces X and Y, £(X,Y") denotes
the set of all bounded linear operators from X into Y and | - || z(x,y) means
its operator norm. In particular, we put £(X) = £(X, X). A(I, X) denotes
the set of all X-valued analytic functions in I.

2. Preliminaries.
Let us first consider the stationary Stokes equation in R?:
(2.1) A=Au+Vp=f and V-u=0 inR>%
When A € ¥ =C\ {\ <0}, put

(1 - P&

Af=F1
A €2 + A

](l‘):EA*f,
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f = 7! ff(f) (x)=pxf
il¢]
for f € Ly(R?), where i = =1, P(€) = (&&,/I€]*)j k=12,

f(e) = /R R (@)dr, F() = (271r)2 /]R ()

and
By = BEx(x) = (Ej(2)) k=12,
B () = (2m) " {5 Eo(VAl) = 27190, (1og || + Ko(VXla])) }
(22) =(m)"! {5jke1(mm|) - T;Tj eg(mxn} ,

p(0) = () a(0) = 5 (e 8 )

[af?" J[2
Here, K,, (n € NU{0}) denotes the modified Bessel function of order n and
e1(rk) = Ko(k) + k1 Ky (k) — k72
1 1
=3 <7+ B —log2+log/£> +O0(k%)logk as Kk — 0,
where v is Euler’s constant,

ea(k) = —Ko(r) — 267 K (k) 4 2672

1
= §+O(m2)logn as K — 0.

These are calculated in [4, 25]. Then, for 1 < ¢ < co and any integer m > 0,

by the L, boundedness of Fourier multiplier (cf. [10, Theorem 7.9.5]), we
have

(2.3)
Ay € A(S, L(W2™(R?), W2mT2(R?))),  II € L(W2™(R?), W2mH(R?)),

and the pair of u = A)f and p = IIf solves (2.1) for A € . When f €
L,5(R?), we have

(2.4) A =0(z|7%), Tf =0(z|™Y) as |z| — oo
For A =0, put

(2.5) Aof = Eg«f for f € W2 (R?),

where

Ey = Ey(z) = (B}, (7)) k=12
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1 ;T
0 _ ) &k
E]k(a:) = {—@k log |z| + FE }

(cf. [8,IV.2]). Then the pair of u = Apf and p = IIf solves (2.1) for A = 0.
We have the following facts for 1 < ¢ < oc:
(2.6) Ay € LIW;™(R?), W H2(R?));
Aof = O(log |z])  as |z| — oo for f € L 4(R?).
From (2.2) and (2.5), it follows that

(2.7) By(z) = Eo(x) 41 (c + log V) I + H (),

4r
where I is the 2 x 2 identity matrix, Hy(z) = O(Mx|?)log(v/A|z|) and
c=v+ % — log 2.

From the above facts, we have the following lemmas.

Lemma 2.1. Let 1 < g < o0.
(1) For f € Ly(R?), we have

1
(2.8) AN l|oo 2 < CIA 3 H[£ ]| e
(2) For f € Ly(R?) and suppf C {y € R? | |y| > R},
(2.9) VAN oo {2j<r=1} < CAN)[[f]lg as [A] — 0,
where

NiTE g2,
d(A)=1q|log\| ¢=2,
1 q<2.

Remark.

(2.10) d(\)|log \| < CIA[+ .

Proof. (2.8) is obtained by Young’s convolution theorem (cf. Proposition
4.1 of [4]). When we estimate VAf(z) for || < R — 1, because of the
support of f we have |z — y| > 1.

VAN (z) = /R ,VEAz —y)f(y)dy

:/i +/‘ VE\(z — y)f(y)dy =1 + 11
lz—y|>—F—  J1i<|lz—y|<F+
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1

q/

¢ 1
ST T3 d f
N ’/\| /xy> 1 |xfy‘3q Y H Hq

1
dy | Il

1<\sc y|<— |z —y|?

{m e, g>2

Cllog Al[flly — ¢=2,

Clitllq q<2,

where 1/¢ + 1/¢’ = 1, which implies (2.9). O
Lemma 2.2.
(2.11) sup |Ex(z —y)| < C|log\[;

lz—y|>1
(2.12) sup |VE\(z —y)| < C;

lz—y|>1
(2.13) sup [p(z —y)| < C.

lz—y|=1

Proof. In view of the form of the fundamental solution, we estimate it di-
viding the region into two parts: One is [z — | > 1/4/[\] and the other is
1 < |z—y| < 1/4/])\]. In the former case we know that E)(z —y) is bounded
from the definition (2.2). In the latter case |E)\(x — y)| behaves like | log |
in view of (2.7), thus we have (2.11). We obtain (2.12) in the same way.
(2.13) is trivial. O

We prepare the following formula.

Lemma 2.3 (Green’s first and second identity). Let u and v be divergence
free vector functions. Then, we have the following two formula:

(2.14) /Q<(/\ — A)u+ Vp,v)de
= /F)Q<(—Vu +plo)n, v)dS +/

)
provided that |[Vul||v| = o(|z|™!) and |p||v| = o(|z|™!);

(2.15) /Q(()\ — A)u+ Vp,v)dz — /Q<u, (A — A)v — Vq)dz

(/\u,v>d:v+/<Vu, Vv)dz,
Q
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= / ((=Vu+pla)n,v)dS — (u,(=Vv — qly)n)dS,
0N 0N

provided that |Vullv| = o(|z|™Y), |p||v] = o(|z|™Y), [u||VV| = o(|z|~!) and
luflg| = o(|z[~").

Here we have put (a,b) = 25:1 ajb; for a, b € C% and (A,B) =
Z?’,k:l A Bji, for 2 x 2 matrices A, B. The vector n = n(x) denotes
the exterior normal on 02 and dS is the surface element of 0S2.

Let D be a bounded domain in R? with smooth boundary 0D and £y =
Y uA{o0}.

Lemma 2.4 (Bogovskii, cf. [1, 2]). Let 1 < ¢ < oo and let m be an in-
teger > 0. Then, there exists a linear bounded operator B : W (D) —

WmL(D) such that
(2.16) V-B[f]=f inD, |B[fllm+140 < Comnpllfllm.q.p-

Let us consider the stationary problem for the Stokes equation with pa-
rameter A € 3 in Q:

(S) A=Au+Vp=f and V-u=0 inQQ,
u=0 on 0.
In terms of the Stokes operator A, (S) is written in the form:
(9 A+Au=f.
Giga [9] proved that ¥ belongs to the resolvent set p(A) of A and for any
y>0and 0<7 <7
(2.17) IO+ A) Ml 2, @) < Casl AT

when |\ > ~, |arg\| < 7 for any 0 < 7 < w. Borchers and Varnhorn [4]
proved that (2.17) is also valid in a punctured sectorial neighborhood of the
origin by classical potential theory.

Moreover, contracting the domain of (A + A)™1 from J, () to J, 5(£2), we
investigated the asymptotic behavior of (A + A)~! as |\ — 0 (cf. [6, 7]).
Put ¥, . ={X e X | larg\| < 7,|\| < e}

Proposition 2.5 (cf. [7, Proposition 3.6] and [6, Corollary 3.8]). Let 1 <
q < oo and m be any integer > 0. There exist operator valued functions Ry
and Py possessing the following properties:

(1) Ry € A(S, LW (Q), W™ ()));

Py € A(S, LW (Q), Wy (),
(2) the pair of u = Rxf and p = Pyf is a solution to (S) and we have
(2.18) Ry=\+A)"" onJp(Q) forxeX.
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Moreover, for any 0 < 7 <, there exists an € = e(T) such that

(2.19) @i) f= <22/%> f 4 (log\) ™! (gﬁ\) f asAeX,

where Vy, Qo are independent of A and there exist a constant C which does
not depend on A such that

Vofllg.2.0, + 1Qofllg1.0, < Clfllg;
Vatllg2.0, + 1@xfllg1.0, < Clfllg-

If we put ug = Vof and qo = Qof, then (v, qo) is a unique solution to the
problem:

(2.20) —Aug+Vg=f and V-ug=0 1inQ, ug = 0 on 09,
ug(z) = O(1), qo(z) =O(|z[") as |z| — oco.

Moreover, ug and qo satisfy the following behavior:
(2.21)
() = O(1), Vug(@) = O(lz[2) and ao(z) = O(la]™) as || — .

Remark. (2.21) follows from the proof of this Proposition 3.6 in [6] or [7].

3. Proof of Theorem 1.2.

In this section, we shall prove Theorem 1.2. A main part of our proof is an
analysis of the resolvent of stationary problem (S) (i.e. (S")) near A = 0.

Proof of Theorem 1.2. Since the semigroup e~ ** admits the representation:
1

3.1 —tA:/ MA+A) TN, > 0.

( ) e 27T'l r € ( + ) )

Here the curve I' C C consists of three curves Ff and I'g, where
It ={\eClargh=+31/4, |\ >¢},
Io=T3UT3Ul;,

I'f = {\eClargh=+31/4, 2/t < |\ <&},
I's={AeC||\N=2/t, —3n/4 <arg) < 3m/4}.
We shall estimate

1 1

+ At -1 At

Hf = — A+ AT fdA Hf = — fd.
Ji(t) 27”,/1?6 (A +A) , Jo(t) 27”,/%6 R
To obtain

(3.2) 1T ()fl|oe < Cgee™ 22" ||£]|,

we use the estimate
I+ A) oo < Coll A+ A) fllag < Cyellflly as A €Ty,
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To estimate Jy(t)f, it is enough to show:
Proposition 3.1. Let 1 < g < oo. Then we have
(3.3) I3+ A) " oo < CIN[ £l as [ =0
for any £ € J,(2).

In fact, we know the following lemma (see [24, p. 370, Lemma 8]).
Lemma 3.2. Suppose that w(\) is analytic function in ¥, . and has the
estimate |w(X)| < C|A|"[log A|* as |A| — 0. Then ast — oo

(3.4)

/ e)‘tw(/\)d/\‘ < Ct7" logt)®,
o

where Ty is the same contour as in (3.1).

Combining (3.3) and Lemma 3.2, we easily see that

(3.5) 1Jo(®)E]lco < Ct ||, ast — oo.
Therefore from (3.2) and (3.5) Theorem 1.2 follows. O

Proof of Proposition 3.1. Our proof of (3.3) is based on the result of Propo-
sition 2.5. As stated in the introduction, if we estimate directly the repre-
sentation formula of the Stokes resolvent by potentials which was proved by
Borchers & Varnhorn [4], we can also obtain the estimate (3.3). But now
we shall show (3.3) without using potentials.
Put u = (A + A)~!f for f € J,(Q). In view of the result of Proposition

2.5, we divide €2 into two parts:

Q=0 U {|z] = b}.
At first, we shall prove

1
(3.6) [allos.c, < CIATHIEl s |\l = 0 for £ € Jy(Q).
Since the support f is not compact, we shall employ the cut-off technique.
Put
(3.7) v =u—YAxf+B[(Vy) - Axf],
where () = 0 for |x| < b—4 and = 1 for |z| > b—3, and «f is the extension
of f to whole R? by the relation: f(z) = f(x) for x € Q and (f(x) = 0 for
r € R?\ Q. Then v satisfies the following equations with some gq:
(3.8) AN=A)W+Vqg=F, and V-v=0 inQ,

v =0 on 09,

where

F\ = (AY)Axf — AB[(VY) - Axef](1 — O)f +2(Vep - V) Ayf
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— (VO)ILE + AB[(VY) - Ayf].
By Lemmas 2.1 and 2.4 we have
14
(3.9) 3 lg < CIA T (IE]]g-
From Proposition 2.5 and (3.9) it follows that
1
(3.10) [vllg2.0, < CllEXq < CIAI7IE]lg-
Therefore by Lemmas 2.1 and 2.4, and (3.10), then
[alloo0, < [1Vlloo.0y + 10 AN 0. + B[V - Axef]l[oo,0,
< C([vllg2.0, + [Axeflloo + B[V - Axef]llg2,0,)
1
< CAL Il

Thus we have (3.6).
It remains to estimate u(z) for || > b:

1
(3.11) [alloo,grafzey < CIAT " IEllg as [A] — 0 for £ € Jy(€2).
We divide f € J,(€2) into two parts:
f=(1-)f+of =f 2

where ¢(z) =1 for |z] < b—2and =0 for [z| > b—1. We divide u into two
parts: u = u' + u?, where for j = 1, 2 with some pressure p’

(S7) A=A +Vp =f and V-w/ =0 inQ,
w =0 on 9.

At first we shall prove

(3.12) [0 oo, rafy < CIA[s £y as A — 0.

Put

(3.13) vl =u! —gAuf! + B[(VY) - Ayf'],

where 1)(z) is the same function as (3.7). When |z| > b, ul(z) =
(x) Axefl(x) +vi(z) and the estimate of the first term is obtained by (2.8).
Thus we shall estimate v!, which satisfies the following equations with some
pressure q':

A=A '+ Vgl =F +G} and V-v!=0 inQ,
vli=0 on 89,
where
Fy = (Ap)Anf' — AB[(VY) - Axef'];
Gh = (1 =) 4 2(V - V) Anuft — (VO)ILEL + AB[(VY) - Ayifl].
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By Lemmas 2.1 and 2.4 we have

1_
(3.14a) 1EX g < CINJa T IE g;
(3.14b) IGAllq < CAN)IElg-

Put v! = w + z, where w and z are solutions to the following equations
with some pressures v and s respectively:

(3.15a) A=Aw+Ve=F and V-w=0 inQ,
w =0 on 0{;

(3.15b) A=A)z+Vs=G} and V-z=0 inQ,
w =0 on 9.

Since Fy and G} have compact support, from Proposition 2.5, (3.14a) and
(3.14b) it follows that

P
(3.16a) IWllg.2.0, + Ielg1.0, < ClIFAlg < CIA=[IE g3
(3.16b) I12]lg,2,0, + llsllg,1.0, < ClIGAllg < CAN) £ lg-

To investigate w(z) and z(x) for |z| > b, we shall represent w(z) and z(x)
by Green’s second identity. Applying (2.15) with u = w (resp. z), p =t
(resp. 5), v = (E]/\k(x —+))j=1,2 and q = pi(x — ) (k = 1,2), then we have

(317a)  w(z) = / (FL(y), Ex(z — 9))dy

/8 ) T () R)n(y), Bx( — 9))dS
/ Y, Ex(z — y) + p(x — ) Io)n(y))dS;
o0

(317b)  a(x) = /Q (GAW). Bx(z — y))dy
— [ (=Tal) + ) ). Exa —)ds
o0

- /a (@) (“9yBr(w = 9) + pla ~ p))n(y))ds.

Since the supports of F and G are included in Dj_3 and since |z| > b, we
know that |z —y| > 1. Then we can use Lemma 2.2. In view of (3.14b),
(3.16b), Lemma 2.2 and (2.10), we have

1_q
(3.18) 2]l o, gzjz5y < CIAIT Il as [A] = 0.
On the other hand, if we estimated w in the same way as above, we would

1 1
obtain the order |log A||A|« ™" which is worse than the expected order [A[a "
The main idea to overcome this difficulty is integration by parts.



ESTIMATE OF THE STOKES SEMIGROUP 235

If we apply integration by parts to the first term of (3.17a), the terms on
the boundary do not appear, because the support of F' i is apart from the
boundary. Thus by Lemmas 2.1, 2.2 and 2.4 we have

(3.19)
sup / (F}(y), Ex(z — y))dy
lz|>b |/

< C‘ Su‘p>1 |Ex(z — ) IIVANE [0 f1y)<b-3)
T—=Y|=Z

+ CI sap IVEx(z = y)| ([ AN oo g1y <t—s} + [VBI(VY) - Axef']
rT=yY|=Z

< N5 YY),

Q»Qb73)

Next we shall estimate the second term of (3.17a). At first, recall Propo-
sition 2.5 and (3.14a). Then we have

w) _ (W) 1 1 (W 1
(3.20) <t> = <Q0> Fy + (log \) <Q,\> Fy as |\ —0,
where
1
(3.21) IVoFxllg2.0, + QoFxllg 1,0, < ClIFxllq < CIA=[I£ g3

11
IVaFxlg2.0, + 1QxExllg1,0, < ClEMg < CIN = ([ lg-

Put (WO)tO) = (VvoFvaOF)}) and (Wlatl) = (10g)\)_1(‘/1F/%7Q1F)}) For
(w1, t1), by Lemma 2.1 and (3.21)

322 s /8 (=Twi0) + 51 R)n(). Bae — )dS
z|>b
<C sup |Ex(@—9)l(Iwillgag, + [t1lg10,)
|z—y|>1
< T Y,

Since the first term of (3.20) is (wo, tg) which dose not have (log \)~!, we
have to treat it more carefully. We know that {x € Q | |[z| > b} C {z € Q|
dist(z,0Q) > 1}. Put

{z € Q| dist(z,00) > 1}
- {x € Q| dist(z, 0Q) > 1/@} U {x € Q1< dist(z, Q) < 1/@}
=AUB.

In A, Ex(x —y) is bounded. Thus from (3.21)

(3.23) sup
T€EA

[ {Twt) + o) m). B - y>>ds\
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< O£,
But in B, |E)\(x —y)| behaves like | log A|, so that we shall expand E)(z —v)

by (2.7) as follows:
1
Ex(z —y) = Eo(x) — E(C +log VA) Iz + Ra(z,y),

where Ry (x,y) = Eo(z —y) — Eo(z) + Hx(z — y). Since the term Ry(z,y)
is bounded in B, by (3.21) we have

g2y sl [ <(—VW0(?J)+to(y)IQ)n(y)vRA(%y»dS‘
x€B |JON
< 7YY,
Thus we should show
(3.25)
1
sup [ (=Tt + o) i), 1) (Bule) - - (c-+ 1o VAR )
x€B |J O s
1_
< O[]
At first, we know
1
(3.26) sup | Eo(x) — —(c+ log VA) Io| < C|log .
xEB 4
Next we should note that
(3.27) /8 (= Vwo(y) + to(y) )n(y), L)dS = / (], L) dy.
Q) Q

In fact, from Proposition 2.5 and (2.21) it follows that (wyg, o) satisfies the
following formulas:

—Awg+Vig=F) and V-wg=0 in Q.
(3.28) wo =0 on 09,
wo(z) = O(1), Vwo(z) = O(|z|72) and to(z) = O(|z|?) as |z| — co.

Thus we have (3.27) by integration by parts. If we employ the same argu-
ment as (3.19), we have

(3.29) ‘/§2<Fj,12>dy‘ < CIVANE oo (lzj<b—3p < CAN)||E |-

From (3.26), (3.27) and (3.29) we have (3.25).
On the last term of (3.17a) by (2.12), (2.13) and (3.21) we have

/8 W (0), (=9, Balr =) + (o — ) Ea)n(u)dS

1
lg.2.0, < CX«[f]lg.

(3.30)

< Cllw
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Thus from (3.19), (3.22), (3.23), (3.24), (3.25) and (3.30) it follows that
19
(3.31) [W(2)[|oo,jz>0y < CIAl " [Ifllg  as [A] = 0.
Thus by (3.13), Lemma 2.1, (3.18) and (3.31) we have
[0 [ so 112501 < CUIWloo x>0 + 1Z]loo, (2156} + |ANE (o)
< CNs ]y as Al =0,

which implies (3.12).
For u? we obtain

(3.32) [0? o gla>by < Cllog A[[|£2]| as [A] — 0.

In fact, if we represent u? in the same way as in (3.17) we have
333 W) = [ (). Bl - )iy
- [ (V) + 20 RIn(). Brta — p)as

- /B (3(9). (=Y, Baw ~ ) + plo = ) T2)n(y)dS.

Since supp f? C Q,_1, by Proposition 2.5 we have
(3.34) [u?llg2.0, +11P*llg10, < ClIE -

Therefore by Lemma 2.2 and (3.34) we have (3.32).
Combining (3.6), (3.12) and (3.32), we get (3.3), which completes the
proof of Proposition 3.1. (]
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