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LOCAL REFLEXIVITY OF DUAL BANACH SPACES

MANUEL GONZALEZ AND ANTONIO MARTINEZ-ABEJON

We introduce a notion of finite representability of dual Ba-
nach spaces in their subspaces preserving duality (f.d.-r in
short) which arises in a natural way in situations such as the
principle of local reflexivity. We give a characterization for the
f.d.-r. which yields a version of the principle of local reflexiv-
ity, and can be applied to the study of the duality theory for
ultrapowers of operators. For example, we show that the ker-
nel ker(T**4) of an ultrapower of the second conjugate of an
operator T is finitely representable in ker(Ty), and ker(Ty™*) is
f.d.-r. in ker(T™*y). Moreover, we study the duality properties
of three semigroups of operators related with the superreflex-
ivity and the finite representability of co and ¢; in a Banach
space.

1. Introduction.

We introduce the concept of finite representability preserving duality (f.d.-r.
in short) of a Banach space in its subspaces, and the polar property and the
A-polar property for subspaces of a dual Banach space, where A stands for
a class of operators. Given a subspace Z of a dual space X*, we show in
Theorem 4 that X* is f.d.-.r. in Z if and only if Z has the polar property.
As a consequence, if a subspace Z of a dual space X* has the polar property,
then Z is norming on X, but the converse implication is not true.

We give some consequences of the A-polar property in Theorem 7, from
which it follows a version of the principle of local reflexivity: X** is f.d.-r. in
X [8], in such a way that given an operator T' € B(X,Y’) we obtain estimates
for the norm of the restrictions of T™* to finite dimensional subspaces in
terms of the norm of the corresponding restrictions of 7'

In Section 3 we apply these results to the study of the duality theory for
ultrapowers of operators. From Theorem 4 it easily follows that the dual
space Xy* of the ultrapower Xy of X is f.d.-r. in X ™, a result first proved
by Heinrich [5]. Moreover, the general character of our result allows us to
obtain some consequences which do not follow from the principle of local
reflexivity or the results of [5]. Namely, in Theorem 11 we show that for
every T € B(X,Y) the kernel of the conjugate operator Ty* is f.d.-r. in the
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kernel of 7™, where Ty is an ultrapower of 7', and the kernel ker(7T™*) is
finitely representable in ker(7Ty).

We study the semigroups WP, U"P, and R"“P_, introduced in [13, 4].
Denoting any of them by A, we show that an operator T belongs to Ay if
and only if the second conjugate T** belongs to A,. Moreover, Ty* € A,
if and only if T*¢ € A, . Observe that Ty* is an extension of T™*y. Finally,
we give a proof of the fact, first proved in [13], that T* € W"P if and only
if ker(Ty™*) = ker(T™*y).

We use standard notations: X and Y are Banach spaces, Bx the closed
unit ball of X, and Sx the unit sphere of X. The class of (bounded linear)
operators from X to Y is B(X,Y), the dual of X is X* and given an
operator T' € B(X,Y), we denote by T* : Y* — X* its conjugate operator,
and by R(T'), ker(T") and coker(T') := Y/R(T) the range, the kernel and the
cokernel of T'. Observe that coker(T")* can be identified with ker(7).

Given a class of operators A and a pair of Banach spaces X and Y, we
denote by A(X,Y’) the component ANB(X,Y) of all operators of A between
X and Y. Also, FL is the annihilator of a subspace F, and N is the set of
all positive integers. We identify X with a subspace of X**. Given a subset
A of X, we denote by (A) the closure of the span of A in X.

The letters 4, $U,... will be reserved to denote ultrafilters. An ultrafilter 4
on a set [ is said to be countably incomplete if there is a countable partition
{I, : n € N} of I such that for every positive integer n, we have that I,, ¢ L.
Every infinite set admits a countably incomplete ultrafilter. Throughout the
paper, we assume that the ultrafilters are countably incomplete.

Given a number 0 < € < 1, an operator T' € B(X,Y’) is said to be an
e-isometry if (1+¢)™! < ||Tz| < 1+¢ for all z € S, and if the e-isometry
T is onto, then X is said to be e-isometric to Y. A Banach space X is
said to be finitely representable in Y if given € > 0 and a finite dimensional
subspace M of X there exists an e-isometry T': M — Y. We will write X
for. in Y to mean that the space X is finitely representable in Y. Given a
number C' > 1, two sequences (x,) and (y,) are said to be C-equivalent if
for every sequence (ay) of scalars and every n we have

c! < <C

n
D
k=1

n
> aryn
k=1

n
D axa
k=1

2. Finite representability preserving the duality.

Since we need to use ultrapowers, we recall here some definitions and results,
and refer to [5] for more information. Let I be an infinite set. We denote
by foo(I, X) the Banach space of bounded families (x;);c; in X with norm

[(@i)|| := sup{|[zi i € I}.
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Let 4 be an ultrafilter on I and let Ny (X) be the closed subspace of all
families (z;) € oo(I, X)) which converge to 0 following 4. The ultrapower of
X following 4 is defined as follows:

lo(I,X)
Xy = ———=.
Ny(X)
The element of Xy admitting the family (z;) € (I, X) as a representative
is denoted by [z;];, or simply [z;] if it does not lead to confusion. The norm
of [z;] in Xy is given by

i) || = lim g ].
i]ll = Lim s

The ultrapower X canonically contains an isometric copy of X generated by
the constant families of /o (I, X'). We identify this copy with X. An operator
T € B(X,Y) admits an extension Ty € B(Xy, Yy) given by Ty[x;] := [T'z;].

The ultrapower (X*)y is canonically contained in (Xg)*, but in general
these spaces do not coincide. Actually, given (f;) € ¢ (I, X*), the class
[fi] € X*g is identified with the element f € (Xgy)* given by f([z;]) =
limg f;(x;). Heinrich [5] proved that (X*)y coincides with (X¢)* if and
only if X is superreflexive.

In the following definition we introduce a concept of finite representability
which is stronger than the usual one: The finite representability preserving
the duality.

Definition 1. Let Z be a subspace of the dual X™* of a Banach space X.
We say that X* is finitely representable in Z preserving the duality (f.d.-r.
in short) if for every couple of finite dimensional subspaces F' of X* and G
of X, and for every 0 < € < 1, there is an e-isometry L : F' — Z such that
(Lf)(x) = f(x) for all z € G and all f € F.

The celebrated principle of local reflexivity states that the second dual X**
is f.d.-r. in X. We refer to [10] for an elementary proof of this principle.

A subspace Z of a dual space X* is said to be norming if for every x €
X we have that ||z|| = sup{f(z) : f € Bz}. It easily follows from the

Hahn-Banach theorem that a subspace Z of X* is norming if and only if
B77Y) = By (see [1)).
Let X be a Banach space and k, [ two positive integers. A linear function

f:RF — RE, represented by a matrix (aij)ézlé‘?zl, induces an operator

fX:Xx-]-C-xX—>X><-%-><X

in a natural way fx(z;) := (Z;?:l a;jz;). Note that (fx)* = f*x.. We
denote by L the class of all these operators.

L:={fx : kleN,f: R* — R! linear, X Banach space}.
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Henceforth we will denote by ¢¥(X) and ¢£ (X) the space X x FoxX en-
: k
dowed with the norms ||(l'j)§:1|| = > izl and ||(7;J)§3:1H =
supy <<y, [|z;]|, respectively. Given two subsets A C X and B C X*, their
polar sets are defined as follows:
A°:={fe X" |f(a)] <1forallac A},
B, :={z€ X : |f(2)] <1forall f € B}.
Note that the sets A° and B, are closed in the norm topology. If, in addition,

A and B are convex and symmetric then we have (B,)° = B'Y and

(A°), = A.
Definition 2. A subspace Z of a dual space X* is said to have the polar
property if for every k, | in N and every linear function f : R¥ — R! we

have -
fx (Bz’f(x)> - (f*X* ‘f_éi(Z) Bf’éo(z)>o'

Observe that the inclusion fx <B£’f(X)> - (f*X* @;(Z) Bél;o(z))o is al-

ways true. So, taking into account that the identities T(Bx) = (T* ' Bx+)o,
T* 'Bx« = (TBx)° hold for every operator T € B(X,Y), we obtain the
following elementary (but useful) characterization of the polar property.

Proposition 3. A subspace Z of a dual space X* has the polar property if
and only if for every linear function f : R¥ — R!, we have

) O£ (X).64(X)
! <Bzggo(x*)) = [*x~ ’15701(2) (Bé’;C(Z)>

The following result shows that the polar property is a useful tool to study
finite representability.

Theorem 4. A subspace Z of a dual space X* has the polar property if and
only if X* is finitely representable in Z preserving the duality.

Proof. Assume that X* is f.d.-r. in Z and Z does not have the polar prop-
erty. In virtue of Proposition 3, there are L € L(£§(X), ¢/ (X)),a0< 0 < 1
and a [-tuple

B o (bhe (X*),84 (X))
(fi)izy € L* lBe{go(X*)\<L* |Zzoi(z) BEEO(Z))

such that L*((fi)ﬁzl) = (gi)le e(l- G)BW;O(X*).

By the Hahn-Banach Theorem, there exists a number 0 < ¢ < 1 and

a l-tuple (z;)!_; € £{(X) such that the o(¢\ (X*), }(X))-neighborhood of
(fi)i=1, given by

!

. }

> (fi = ha) ()

=1

V= {(hi)ézl :
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verifies

- (L (X),45 (X))
(1) VL, Bez) =

Since X* is f.d.-r. in Z, given 6 > 0 such that (1 —6)(1 + ) < 1, there
are f1,..., f; in Z such that the operator

G:<ﬁ-:z’:1,...,l>—><fi:z':1,...,z>

given by G(ﬁ) := f; is a d-isometry and ﬁ(:cj) = fi(x;) for all i and all j.
Associated to L*, there is a matrix of numbers (Aij)ézlé?:l such that

k
L ((hi)ﬁzl) = (i /\ijhi>
=1

So, every g; is equal to Zi’:l Xijfi € (1 —0)Bx=. Since G is a d-isometry,

for every j =1,... ,k, we have that g; := Zé:l )\ijﬁ € Bz, hence (ﬁ)izl €
L* ‘e_loi(z) (Bg&(z)). On the other hand, the equalities ﬁ(x]) = fi(z;) for

Jj=1

alli=1,...,land all j = 1,...,] imply that (ﬁ)i:l € V, in contradiction
with (1).

For the converse implication, let £ and F' be finite dimensional subspaces
of X* and X, let us denote n:=dim E and k :=dim F, and let 0 < & < 1.

The Auerbach Lemma allows us to take (h;, yj)?zl in E* x E such that
|hjll = [lyj]] = 1 for all j = 1,...,n and hi(y;) = d;;. The identity id :
E — X* is given by id(e) = >\, hj(e)y;. We shall find z1,... 2, in Z
for the wished e-isometry L : £ — Z to be defined as L(e) := > hj(e)2;.

Let us take 0 < o < min{2/5, (1 —¢)~! — 1, &(1 +n/2)~"'} and choose

a basis {:cj}f:l in F,
an a/4-net {ej}jyzl in Bg, and

vectors {uj}j-vzl in Bx

such that [le[| < (1+a)sup;<j<y |e(uj)| foralle € E. The condition a < 2/5
guarantees the existence of the vectors u;. We write

n
ej:Z)‘gy& jzl, 7N.
s=1
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In order to simplify the notation, we denote

U :=1(X),
M :=U @ Y(X),
W :=1(2),

V=W @ Y (2).
Let A* : U* — M* = U* @4 (N (X*) and S* : U* — R™ XN be the

conjugate operators given respectively by

A ((95)e=1) == | (95)i=1 s (Z Aﬁ%)
s=1

N

j=1
and
5*((9s)5=1) = (gr(@s), ge(u;)) -
Since Z has the polar property, Proposition 3 gives that

. T
AN (Bys) = A* ) (By)

So, the o(U*, U)-continuity of S* yields
(2) S*(A*H(Bu)) € S* (A* ;3 (By)).

Observe that R(S*) = R(S* |w) because e — Thus, by
Formula 2, since (y;)7_; € A*~Y(By+), given any number &’ such that 0 <
e < al|A*||7, we can find (¢;)7_; € A* lw (By) and (bj)j—; € €' Bw so
that

S*((y)j=1) = 5 ((¢j)j=1) + 5™ ((b5)j=1)-
Taking z; := ¢; + b; for each j = 1,... ,n in the definition of the operator
L, we obtain (z;)7_, € (1 + a)A*"H(By) and S*((y;)7=1) = S*((25)7=1)-
Evidently, the condition (Le)(x) = e(z) holds for all e € E and all z € F.

In order to check that L is an e-isometry, let e € Bg. On the one hand,
we have

|ILell > sup |(Le)(u;)| = sup le(u;)| > (14 a) el >1—e.
1<j<N 1<j<N

On the other hand, first note that ||L|| < 2n because

n n
ILell = || Y hi(e)zi| <D (1+a)llhyl| < 2n.
j=1

j=1
Choose now vectors ey, so that [|e—eg|| < a/4. Since A*((2;)}_;) € (1+a)By
we have that || Leg| = || S0, A¥24]| < 1+ . Therefore,
[Lell < || Lek|l + [|L(e — ex)l| <1+ &5

hence L is an e-isometry. (]
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Remark. If we take f = id : R — R in Proposition 3, then we obtain

that Bx+ = By~ o (X, X). Thus, if a subspace Z of a dual space X has the
polar property, then Z is norming on X [1].

The converse implication is not true. There are norming subspaces of
dual Banach spaces which fail the polar property.

For example, let us consider the Rademacher-like sequence (x,) in fo,
where z; = (1,—-1,1,—1,1,—1,...) and for n € N the sequence x,,11 consists
of successive repetitions of the block

1,@) 1, -1,@" 1.

Then (z,) is 1-equivalent to the unit vector basis of /1. Now, if we take an
enumeration {A, : n € N} of all the finite sequences of numbers in {1, -1},
with card(A,,) < card(4,) for m < n, and modify each x,, in a finite number
of coordinates so that the initial segment of x,, coincides with A,,, then (z,,)
continues to be 1-equivalent to the unit vector basis of ¢1, and it generates
a norming subspace [x,] of foo = £7.

However, since /, is not f.r. in ¢1, the subspace (z,,) of £ does not have
the polar property, by Theorem 4.

The following concept is a generalization of the polar property.

Definition 5. Let A be a class of operators. A subspace Z of X* is said to
have the A-polar property if given a Banach Y, an operator T' € A(Y, X),
integers p,q € N and r € NU {0}, and a couple of matrices of real numbers
(aij)gzlé?:l, (bij)gzlé’:l, we have that the operator L : /{(X) & 1(Y) —
/1(X), given by

r p
L((%)g 13 yj 3 1 (Zaz]% ZbijTyz) s
=1

j=1

satisfies L (ng(x)ealg'{(y)) = (L* |Z§i(2) BKZO(Z)@ooEQO(Y*))O5 equivalently,

- — (5 (X*), (X))
L7 By, (x+)omtn (v) = L |3 (2) Bt @)0mt (v+) :

Remark. In the case r = 0, we assume that the matrix (bij)f:1§:1 appear-
ing in Definition 5 has no entries. Therefore, the A-polar property implies
the polar property.

The polar property is equivalent to the Z-polar property, where Z stands
for the class of all identities of Banach spaces.

The difficulty to check the A-polar property depends on the structure of
A. Sometimes it is possible to do it easily, as in the next example which will
play an important role in Proposition 13.
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Example 6. Let B¢ := {T* : T € B} denote the class of all conjugate
operators. Then every Banach space X has the B%polar property as a
subspace of X**.

In fact, take an operator T* : Y* — X* and matrices (as;)?_,” 117
(bij):=1§:1 of real numbers. As in Definition 5, we define L : ¢1(X*) &

(1 (Y") — £1(X7) by

q r p
L((fi)iz1, (95)f=1) = (Z agfi+ Yy bijT*gi>
=1 =1 j=1
Let us write U 1= (3 (X) @0 05, (Y) and V := (5,(X). Clearly, L can be
identified with a conjugate operator S* : U* — V* and consequently, we
have that S*(By+) = (S~ By ).; therefore,

S™(Bu-) = (S** v BZZO(X)@WZQO(Y**))O

We saw in Theorem 4 that a subspace Z of X™* has the polar property if
and only if X* is f.d.-r. in Z. Now we prove a strengthening of the direct
implication.

Theorem 7. Let Z be a subspace of X*, let E and F be finite dimensional
subspaces of X* and X respectively, and let A be a class of operators.

If Z has the A-polar property and T € A(Y, X), then for every 0 < e < 1
and &' > 0 there is an e-isometry L : E — Z such that (Le)(x) = e(x)
foralle € E and all x € F, and satisfies the following additional condition
1T [y | < 1T |6 | +6"

Proof. Tt is similar to the second part of the proof of Theorem 4. We shall
use here the same notations.
Let 0 := ||T||. Without loss of generality, we suppose that 0 < & <

2736716’ We choose 0 < a < min{2/5, (1 —¢)~! — 1, e(1 +n/2)71} and
define the operator A* as in the proof of Theorem 4. Moreover, we write
M* = M* oo 0N % (Y™*), and define the conjugate operator AU — M*
by
N

R ((gy) = [ A*((g0) ( 5T (Zm))

Write V :=V @uo (X (Y*). Since Z has the A-polar property, we have
JE—C
% |—1 _ Ax—1
A ly' (By) = A (B -
Thus, (Z/j)?:l IS K**l(BM*), and proceeding as in the proof of Theorem 4,
we find

J=1

(z)j=1 € 1L+ @)A]) (By)
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such that S*((y;)7=1) = 5*((2j)}=1)- Again as in the proof of Theorem 4, the
condition o < min{2/5, (1—&)~*—1, e(14n/2)~'} implies that the operator
L: E — Z is an e-isometry and (Le)(z) = e(x) for e € E and = € F. Let
us check that [|7* g || < 6 + " Note that (25)7_; € (1 + a)K**l(BV)

implies that
| (S

Since L is an e-isometry, if 3 := 47 a(1 + €) + 2¢, then {Lej}é-\[:1 is a B-net
n (1 + €)Bpg), and taking w; := (1 +¢) 'Le; we obtain a (1 +¢)~!3-
net {wj}j.v:l in Brp). Let w € By and pick w; such that [|w — w;|| <
(14¢)713. We have

| T*(Le;)|| <d6(l4+«) for j=1,... ,N.

: 51+ a)

1T wl| < [T (w — wj) || + [T w;]| < ﬁHT*H NP
Since o < {2/5, 2726710’} and ¢ < 27367 1§, we conclude ||[T*w|| < 6 +
5. O

As a consequence of Theorem 7, we derive a version of the principle of
local reflexivity [8].

Corollary 8. Given an operator T € B(X,Y), a pair of finite dimensional
subspaces E C X*™ and F C X*, and numbers 0 < € < 1 and § > 0, there
exists an e-isometry L : E — X such that we have f(Le) = e(f) for f € F
and e € E, and ||T |p) | < [T |& || + 0.

Proof. We have seen in Example 6 that X has the B%polar property as
a subspace of X**. Thus, X plays here the role of Z in Theorem 7 as a
subspace of the dual space (X*)*, and the result holds. O

3. Applications.

Here we apply the previous results to study the duality theory for ultrapow-
ers of operators and some semigroups of operators related with the super-
reflexivity and the finite representability of ¢y and £1 in a Banach space.

First, we show in Theorem 10 that for every operator T, the kernel
ker(T**¢) is fr. in ker(Ty). In order to do that, we need the following
technical Lemma.

Lemma 9. Given an ultrafilter 4 on I and a sequence (By) C Y such that
B,+1 C By, for every n, there is a sequence (Cp) C U verifying Cpi1 C
Cn C By, Cy \ Cpy1 # 0 for everyn € N, and (), Cp, = 0.
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Proof. Let {I,, : n € N} be a partition of I such that () # I,, ¢ 4 for every
n € N. We build the sets C), inductively. We take C; := By. Assume we
already have the sets (Cn)flzl C U verifying Cpaq C C,, C By, and Cpyq #
Cy, forn=1,... ,k—1. Let us denote ny := min{n >k : I,, N Cy # 0} and
o
Cra1:= U (In N Bk+1).

n=ng+1

It is easy to check that the sequence (C),), satisfies the desired conditions.
O

Theorem 10. Let T € B(X,Y) be an operator and let ik be an ultrafilter
on I. Then the kernel ker(T**y) is finitely representable in ker(Ty).

Proof. Let E be a finite dimensional subspace of ker(T**¢) and let {Fj =
[Fi];: k=1,...,n} be a basis of E. Let us denote E; := (F{ : k=1,... ,n)
and let T; : E — E; be the operator given by T;(Fy) := F,g

Taking into account that limy;) T F, ,g = 0, a result of Heinrich [5, Propo-
sition 6.1] allows us to find, for each positive integer m, a set J,,, € { such
that for every i € Jy,, the operators T; are 1/m-isometries and ||T**F}|| <
1/m for k = 1,... ,n. By Lemma 9, we can take a decreasing sequence
(Cp)n in U such that N2, C,, = 0, C), # Cpy1 and C,, C J,, for all n € N;
add the set Cy := I to this sequence. For every i € I, we denote by m; the
unique element of N U {0} so that i € Cp, \ Cpny41-

For every i € C1, since i € Cyp,, \ Cp,+1, by Corollary 8 we can choose

T ,apﬁL in X such that the operator L; : B, — F; 1= (zt,...,2%) given
by L;(F}) := xj, is a 1/mg-isometry and || Tz || < 2/m; for k=1,... ,n.
Define x, := [z%] and write F := (xj : k =1,...,n). Thus we have that

every x; belongs to ker(Ty) and F' is isometric to E. In fact, on the one
hand Cp,, = {i : m; > m} € U for each m € N. So ||[Tz}| < 2/m for all
i € Cy,. Therefore limyg; Tzl =0 and xj, € ker(Ty) for k=1,... ,n.

On the other hand, let Zzzl M. F be a norm-one element in E. Let M
be an upper bound for {d"7_; AeF} : i € I}. Take any m € N. For every
i € {i: m; > m}, we have that L; is a 1/m-isometry; thus

n n
C’mc{i: ZAkF,i‘— > e
k=1 k=1
In this way we obtain that limg; 1> h M| = |2t Ak || = 0. Since
n n ] n
Z )\kxk Z )\kajz Z Fk
k=1 k=1 k=1

we get ||> 5 Mexk|l = [|>_5—; Frll. Hence, E is isometric to F' and therefore
ker(T™**) is f.r. in ker(Ty). O

< M/m} € U

n

M F
k=1

and lim =
()

)

= lim
(1)
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A second application of Theorem 4: Heinrich [5] showed that X* is f.d.-r.
in X*¢. This is a consequence of our Theorem 11 below, applied to the zero
operator. But our Theorem 4 is stronger than the result in [5]. Indeed, it
will allow us to prove in Theorem 11 that ker(7y*) is f.d.-r. in ker(7T™y) for
any operator T' € B(X,Y). Note that ker(7Ty*) can be identified with the
dual space coker(Ty)*, but is not necessarily the second dual of any space.
Moreover, in general coker(Ty) is not an ultrapower [3]. Thus neither the
principle of local reflexivity nor the result of Heinrich are applicable.

Theorem 11. Let T : X — Y be an operator and Y and ultrafilter on I.
Then the kernel ker(Ty™) is finitely representable in ker(T*g() preserving the
duality.

Proof. By Theorem 4, it is enough to prove that ker(7*¢) has the polar
property as a subspace of ker(Ty*). We identify isometrically the kernel
ker(Ty*) with the dual of the cokernel coker(7Ty). Along this proof, when
we say that an operator A : Uy — Uy is identified with B : Vi — V5 we
mean that there are isometries onto J; : Uy — Vj and Jy : Uy — V5 so
that A = J, ' BJ;.

Pick a linear function f : R¥ — R and write

fcoker(Tu) : gllc (COkeI'(Tu) ) - ‘dl (COker(TLl) )

We only have to check the inclusion

* |—1
(3) ((fcoker(Tu)) ‘féo(ker(T*u)) BZ’go(ker(T*u)))o - fCOker(Tu)Bélf(coker(Tu))‘

The proof is divided into three cases. The main one is the case k = [.
The cases k < [ and k > [ will be obtained as a consequence of the main
case.

Case a) k = 1. We consider the operator T : ¢¥(X) — (¥(Y), defined by

TH((xj)h_y) == (Taj)k_, and write U := T*, V := (§(X) and W := {(Y).

We can identify Uy : Viy — Wy with
(To)" : £ (Xu) — €1 (Ya).
The operator ¢ : Wy — ¥ (coker(Ty)) which sends [(yf)f:l]Z to ([yf]l +

R(Tu));?’:l is surjective, ker(¢) = R(Uy) and it is easy to check that the

induced operator

@ : coker(Uy) — €% (coker(Ty))
is an isometry. Now, since (fy )y : Wy — Wy satisfies (fy)u(R(Uy)) C
R(Uy), it induces an operator L : coker(Uy) — coker(Uyg) given by

L (gl + R0 = (fr)a(lui)) + RU).
The operator L is identified with
fcoker(Tu) : Ellq(COker(Tu)) - Ellc (COker(TM))
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because L = ¢! foorer(ry) @~ Since 2% (coker(Ty))* = % (ker(Ty*)), we can
identify

(fcoker(Tu))* : Eﬁo(ker(Tﬂ*)) - gﬁo(ker(TM*))
with L* : ker(Ugy*) — ker(Uy™). Under the previous identification we have

that ker(U*y) = #% (ker(T*y)). So the result that we want to prove (For-
mula 3) is equivalent to the inclusion

(L* |1?elr(U*u) Bker(U*u)>o - LBcoker(Uu)-

Suppose that this inclusion is false. Then there exists h = [h;] € Wy such
that

h + R(Uﬂ) (L*_ Bker U~ g ) \ LBCoker(Uu)

We can assume that ||h;|| = K > 0 for all i. Write S := fy, A := S(Bw)
and A := Sy(Bw, ) = {[ai] : a; € A, i € I}. Take ¢ > 0 such that

dist (h — A, R(Uy)) > e > 0.
Thus, for every m € N, we have dist (h — A, mUyBy, ) > €, hence
Dy, :={i e I:dist(h; — A,mUBy) > ¢} € 4.

By Lemma 9 we can take a sequence (Cy,),, in i such that C,,+; C C,, C D,
and C), # Cp4q for every n € N, and N2, C,, = 0.

For every ¢ € I, let m; be the unique positive integer for which ¢ €
Cm; \ Cm,+1, and denote K; := h; — A — m;UBy. Since K; is convex and
K; NeBw = (), by the Hahn-Banach Theorem there is a vector f; € Sy«
such that inf f;(K;) > €. Hence

v < B2
equivalently, |U* fil| < m; ' (K +||S||+¢). Since the chain (C,),, has empty
intersection we have limg m; ~ = 0, and therefore f := [f;] € ker(U*y).

On the other hand, inf f;(K;) > ¢ implies inf f;(h; — A) > €. Thus we get
0<e<eg:= fi(hy) <K for all i and |f;(a)| < e; — € for all a € A. Hence,
letting g; := Ei_lfi, we obtain that

o= Sup[gi](LBcoker(Uu)) <1l- eK'<1= [gl]([hl])

Take y; := a~'g;. We have that y := [y;] = o~ (limge; 1)[f;] € ker(U*y)
and

for all = € By;

Supy(LBcoker(Uu)) <1< y(h)
thus y € L*ilBker(Uﬁ) and h + R(Uil) ¢ (L*i Bker U*g ) \LBcoker(Uu)

contradiction.
For the cases b) and c), we adopt the notations Z := coker(Ty) and
H :=ker(T*y), so that Z* = ker(Ty").
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Case b) k < 1. We consider the operator L : /¥(Z) &, 2y — (2),
defined by L(a,b) := La. By case a) we have

LB,

~ |—1
(D)t *(z) (L KLO(H)BEI;O(H)@OO@LO’“(H)>O'

Since LBé;f(Z) = EBZk and

H(Z)enlM(2)
-1
oL (H) (Bf’éo(H)@ooeﬁ.gk(H)) )

x| —1 _ T
Ly oy (Bf’;o(H)) =1L
we have that % = (L* ‘f_loi(H) BEQO(H))O'

Case ¢) k > 1. We consider the operator L : (¥(Z) — (1(Z) &, £571(2),
defined by L(a) := (La,0). By case a) we have

LB(z) = <L

—1
B .
0 ()@t (1) ”&(H)> .

The definition of L yields L ( By (z)) % Opi-1(7) = L ( By (z)) and

Lol (Bevin ) x 6129 = T

So we obtain

(L*‘;éi(H) <B£§°(H)))o X Optiz) = (E* ;;(H)@mz’ggl(m <BZ§O(H))>

_ * |—1
Consequently, we get LBz = (L |€£,O(H) (BZ’SO(H))>O' O

Corollary 12 ([9]). LetT : X — Y be an operator and let  be an ultrafil-
ter on I. Then ker(T™y) is a norming subspace of ker(Ty*) = (coker(Ty))*.

0 (H)®ooli5 (H) (BZ'SO(H)) '

o

A class of operators A is said to be a semigroup if the composition of two
operators of A belongs to A and if for every Banach space X, the identity
operator Ix on X belongs to A. As well-known examples of semigroups,
we mention the classical semi-Fredholm operators, and the tauberian oper-
ators, introduced by Kalton and Wilansky [7]. An operator T' € B(X,Y) is
tauberian if T**(X**\ X) C Y**\Y.

Now we apply the previous results to study the dual properties of the
semigroups W"P_, introduced in [12], and U"P and R*P,, introduced in
[4]. Recall that Sy = {z € X : ||z| = 1}.

An operator T' € B(X,Y') belongs to W"P_ if for every 0 < r < 1 there
exists n € N for which there are no finite sets {zi1,...,z,} C Sx and
{fi,..., fn} € Sx« for which f;(z;) > r for i < j, fi(x;) =0 for j < i and
|Txg|| < 1/k, for k=1,... ,n.
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An operator T' € B(X,Y) belongs to U"P if for every C' > 1 there are
d > 0 and n € N for which there is no finite set {z1,... ,z,} C Sx which is
C-equivalent to the unit basis of £ and satisfies | Tzy|| < d fork =1,... ,n.

An operator T' € B(X,Y) belongs to R"P if for every C' > 1 there are
d > 0 and n € N for which there is no finite set {z1,...,z,} C Sx which is
C-equivalent to the unit basis of ¢} and satisfies ||Ta| < d for k =1,... ,n.

Note that T' € W¥P if and only if all the ultrapowers Ty, are tauberian
operators [2]. Tacon [13] proved that T € W"P, implies T** € W'P .
Nevertheless, his proof does not seem to be applicable to the semigroups
U, and R*P . Next we show that Theorem 10 allows us to give a unified
proof of the result for the three semigroups WP, R*P, and U"P .

Proposition 13. Let Ay be any of the semigroups W', R"P . or U"P
and let T € B(X,Y). Then T € Ay if and only if T € Ay.

Proof. Let U be an ultrafilter. It was proved in [2] (for W*P, ) and [4] (for
RY“PL and U"P,) that T belongs to A4 if and only if the zero operator
Oker(y) On ker(Ty) belongs to A. In any of the three cases, the condition
Ox € A, defines a superproperty; i.e., Y fir. in X and 0x € Ay implies
Oy € ./4+.

By Theorem 10, ker(7**y) is f.r. in ker(Ty). Since ker(7™*y) contains
ker(7y(), we conclude that 7' € A, if and only if 7% € A,. O

Proposition 14. Let Ay be any of the semigroups W'P,, R"P or U"P
and let T € B(X,Y). Then Ty* € Ay if and only if T*y € A4

Proof. The direct implication is clear since Ty(* is an extension of T*¢. For
the converse implication, observe that Theorem 11 says that ker(Ty*) is
finitely representable in ker(7™y). Now, it is enough to observe that 7% €
WP if and only if ker(7™) is superreflexive [2], and T belongs to R"P
(resp. U"P.) if and only if ¢; (resp. c¢p) is not finitely representable in
ker(T™*y) [4]. O

The following result was proved by Tacon using nonstandard analysis.
Here we give a more transparent proof.

Proposition 15 ([13, Theorem 3]). Given an operator T € B(X,Y), we
have T* € W'P_ if and only if ker(T*¢) = ker(Ty™).

Proof. By Corollary 12 we have that ker(7™) is w*-dense in ker(7*). More-
over, it is shown in [2, Theorem 9] that 7™ belongs to W"P if and only if
ker(T*y) is reflexive. Hence the direct implication is clear.

Conversely, assume that 7 ¢ WYP__; equivalently, ker(7™y) is not reflex-
ive. If ker(Ty*) = ker(T™y), since ker(Ty*) = coker(Ty)*, the triangular
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arrays in non-reflexive spaces, discovered in [6] and [11], give normalized

sequences (yn + R(Ty))n in coker(Ty) and (f,) in ker(7T%y), and 0 < e < 1
so that

Se, ifl<k<l<oo
(4) fk(}’l):{

=0, if 1<li<k<oo.

Write y,, = [y5]; and f, = [fi];. Let g = [g;] be a w*-cluster point of

{f, : n € N} in ker(7*¢). Formula 4 yields g(y,) = 0 for all n € N, and
allows us to build the sequence (A,,), of elements of  given inductively by

Av:i={iel:gi(y) <e/2, fily)) >e} el
Ay = Apanf{i€1:gily,) <e/2, fily,) >e, 1<k <n}e

Since (A,,)y is decreasing, by Lemma 9 we find another decreasing sequence
(Cp)n C U such that C,, C A, and C, \ Cpy1 # 0 for all n € N, and
Mo, C,, = 0. Thus, for every k € N, we take s; := yi. for every i € Ci\Ci1,
and define s := [s;].

On the one hand, we have that g(s) > . Indeed, let k be a positive
integer. For every | > k and every i € C;\ Cj41 we have fi(s;) = fi(y}) > e.
Since ;2. (Cr\ Ciy1) € YU, we have [fi]([si]) > ; therefore, fi(s) > e for
each k € N. Besides that, as g is a w*-cluster point of {f,, : n € N}, we have
g(s) > e

On the other hand, for every n € N and i € C,, \ Cp,+1 C A,, we have that
gi(s:) = giluh) < £/2. Thus L2, (Co\Csr) € & leads to g(s) = [0l ([si) <
£/2, and we get a contradiction. (]
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