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In this paper we address a problem in differential geometry
using tools from algebraic geometry and the theory of singular
complex spaces. We obtain examples of compact four dimen-
sional self-dual conformal manifolds with torus symmetry and
positive scalar curvature from twistor spaces with divisors and
we study the local moduli of such geometries.

1. Introduction.

Recall that a conformal 4-manifold is called self-dual if its Weyl curvature,
considered as a bundle valued 2-form, is in the +1 eigenspace of the Hodge
star-operator [1]. Due to Schoen’s proof [19] of the Yamabe conjecture
it is known that within any conformal class on a compact manifold is a
metric whose scalar curvature is constant and the sign of this constant is
a conformal invariant. The main objective of this paper is to ensure that
the scalar curvature is positive for the self-dual structures on the connected
sums nCP? of complex projective planes found in [13]. The metrics admit
a torus T2 of orientation preserving conformal isometries.

For self-dual metrics the total space Z of the bundle of anti-self-dual 2-
forms of unit length is a complex 3-manifold. This complex manifold is
the twistor space [1] and it gives an alternative description of self-duality.
Indeed, Donaldson and Friedman [2] used a desingularisation of a singular
model of the desired twistor space to prove existence of self-dual structures
on nCP2. The self-dual metric on CP? is the Fubini-Study metric and the
full moduli on 2CP? had previously been obtained [15] via a different twistor
construction. In [13] we adapted the theory of Donaldson and Friedman to
obtain equivariant connected sums of compact self-dual manifolds.

If the symmetry group is at least three-dimensional it is known [16] that
the conformal metric is of non-negative type. In contrast Kim [7] obtained
Sl-symmetric examples of negative scalar curvature while LeBrun [11] gave
examples on nCP? of positive scalar curvature and with symmetry group
S1. These metrics were obtained via an ansatz involving monopoles on
hyperbolic 3-space. Similarly, Joyce [6] obtained T?-symmetric metrics on
nCP? of positive type using hyperbolic monopoles in two dimensions. These
constructions give relatively easy access to knowledge about scalar curvature

145


http://pjm.math.berkeley.edu/pjm
http://dx.doi.org/10.2140/pjm.1999.191-1

146 H. PEDERSEN AND Y.S. POON

while such insight is absent from our equivariant smoothings [13]. However,
it is known [3] that if the complex manifold Z carries effective divisors,
then the corresponding metric is of non-negative type and if futhermore the
intersection form of the 4-manifold is positive definite the scalar curvature
is in fact positive [10].

Kim and Pontecorvo [8] extended the work of Donaldson and Friedman
obtaining a way of constructing scalar-flat Kahler surfaces based on relative
complex deformations of singular twistor spaces with divisors of degree 1.
We combine the equivariant and the relative smoothing programme to obtain
a local moduli space of dimension n — 1 of T?-symmetric self-dual structures
on nCP? such that the associated twistor spaces all have smooth degree 1
and 2 divisors. In particular, all these self-dual metrics have positive scalar
curvature.

We also use our equivariant relative smoothing approach to obtain anti-
self-dual Hermitian metrics with non-semi-free circle action on the blow up
(St x 5’3)#71@2, for n > 3, of the Hopf suface in more than two points.
This should be compared with LeBrun’s examples on the same spaces [12]
but with semi-free circle symmetry.

2. The Geometrical Construction.

Our study of self-duality on a 4-manifold M takes place on the associated
twistor space Z. As a smooth manifold Z is the total space of the sphere
bundle S(A2) — M of the bundle of anti-self-dual 2-forms. Equivalently, Z

is the total space of the bundle P(V ™) —— M of projectivised half spinors.
The twistor space is a complex 3-manifold and for any point x € M the
twistor line in Z, 7~1(x) = L, is a rational curve with normal bundle N
the sum O(1) & O(1) of degree 1 line bundles. Invariantly N = H~ @ V"
where H= — P(V,) is the hyperplane bundle. The antipodal map on the
fibers of m : Z — M induces a real structure on Z [1]. The anti-canonical

bundle K~ = A30TZ of Z has a square root K -3 which, when restricted
onto a twistor line, coincides with the degree 2 holomorphic line bundle
O(2). The zero set in the twistor space of a real holomorphic section of

K7 is called a degree 2 divisor. Such a divisor S may either be irreducible,
in which case it is smooth [14], or it may decompose into a conjugate pair
D, D of smooth degree 1 divisors meeting in exactly one twistor line [17].
Now, assume we have two self-dual manifolds M; and M, with associated
twistor spaces Z; and Zs. Furthermore, assume Z; contains an irreducible
degree 2 divisor S and let L; = L, be a twistor line above 1 € M) meeting
S transversely in a conjugate pair of points ¢ and ¢. Also, let Dy, Dy be a
conjugate pair of divisors in Z; meeting in the twistor line Ly = L,, above
x9 € My. Then, following Donaldson and Friedman [2], we blow up the
twistor spaces Z; along the twistor lines L;, i = 1,2. The proper transform
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S of S in the blow-up Z; of Z; meets the exceptional divisor @ in two
rational curves C; and Cj. The normal bundles NC ,N S relative to S are

both equal to O(—1). In the blow-up Zs of Zy the proper transforms Dy, DQ
of Dy, D2, respectively, meet the exceptional divisor Q2 in a conjugate pair of

rational curves Co, Co with normal bundles NgQ 2=0(1) and N 5)2 2=0(1).
From an orientation reversing isometry ¢ : T, M1 — T, M we obtain a
holomorphic isomorphism

¢ =01 x ¢ : Q1= P(V,}) x P(V,,) = Q2 = P(V,) x P(V,})

and we construct the singular complex space 2 = Z; Ug 7 with normal
crossing singularity along Q@ = Q1 = ¢ '(Q2). In Z we have the singular
divisor S with normal crossing singularities along C = C; = ¢~ 1(Cs) and
C=Cr=¢0y).

Inspired by Kim and Pontecorvo [8] we now proceed to study smoothings
of the pair (Z,S). The aim is to show that in some cases the connected
sum has a twistor space with a degree 2 divisor. Let us introduce the
necessary notation: If Yi,...,Y, are smooth submanifolds of a compact
complex manifold X we consider the sheaf © xy; ..y, of holomorphic vector
fields on X which are tangent to Y; along Y;, i = 1,...,n. It is well known [9]
that infinitesimal relative deformations are given by the first cohomology of
this sheaf and that obstructions lie in the second cohomology. For a compact
singular complex space X the deformation theory is described in terms of
global extension groups T% = Ext’(Qx, Ox) where Qy is the sheaf of Kihler
differentials and Oy is the structure sheaf. These groups are computed from
the sheaves T/'Y- = Ext'(Nx, Oy) using the local to global spectral sequence
EPY = HP(1L) = T [2], [4]. Here T% is the Lie algebra of the group of
automorphlsms of X , the first order deformations lie in T/{, and obstructions
are in T)%. For normal crossings 7')2( = 0 and the local to global spectral
sequence is given as

(2.1) 0— H'(rR) — Ty — H(rx) — H*(13) — T — H'(7x).

In the situations we are going to investigate, we have H' (7'/{,) = 0. Fur-
thermore, we impose conditions implying the vanishing of H 2(7')0() so that
T )2( = 0 and the deformations are unobstructed and parametrised by T/%,.
The subspace H 1(7‘9() corresponds to deformations for which the singulari-
ties remain locally a product. If the image of an element in the projection
T1 — HO(r4 ) does not vanish the corresponding deformed space is smooth.
Furthermore for X equal to the singular twistor space Z the smoothing
results in a twistor space with real structure [2].

The singular theory above will be applied to X = Z and X = §. To study
deformations of the singular pair f: S — Z we employ the theory of Ran

: Let T%, . denote the extension groups Ext?(Qzs, Os) [8] with the local
Z|8 IS
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to global spectral sequence EY? = HP (Extq (Qzs, (93)) where ED? = Tgfsq.

This gives the sequence

(2.2) 0— HI(T%LS‘) - Té'\s - HO(Té\s) - HQ(T%\S)'
Furthermore, the groups T§| s fit into a sequence

(2.3) —>T}—>T§@T§—>Té|3—>T]%—>T§®T%—>

where TJ"; is a natural derived functor and T} gives infinitesimal deformations
of the singular pair. Also, T’ JQ is the Lie algebra of the symmetries of the pair

(2,8) and T]? is the obstruction space. For pairs (X,)) of complex spaces
we also have the sheaf 7'9(3, of derivations of X' preserving the ideal sheaf of

Y. This sheaf of relative derivations coincide with © xy for pairs of smooth
manifolds. From inclusions and restrictions we obtain the exact sequence
(2.4) 0— 7‘9(3; — Tf; DTy — ngy — 0.
In the associated sequence on cohomology

170 170 170 2,0
(2.5) Hl(TB(y) — H (1yp)© H (1) — H (TXD;) — H*(Txy)

the first term corresponds to deformations for which the singularities remain
locally a product so H'! (7'9(3,) sits naturally inside T}. Call the quotient space
A. Then we have the short exact sequence

(2.6) 0— Hl(TR;y) — T} — A —0.

Now put together (2.1) with X = Z and X = S, (2.2), (2.3), (2.5) with
X =Zand Y =8 and (2.6) to get the following commutative diagram.

(2.7)
H*(13) © H*(12) H*(135)

I I

0
A —2 s B @ HO(E) —2— Hrhs) —— O

| |

T}  — Té ® Tév S AN Téls  — 77 — 52 ® T%

I I I

H'(r%s)—— H'(18) @ H'(12) —— Hl(qus) ——H?(13s)

| I I

0 0 0

The morphism « is the quotient of the morphism T} — Té &) Té and the
squares in the diagram are commutative by naturality. The row with the
morphisms « and 3 needs more explanation: The sheaf Té is supported on
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@ C Z and is the sheaf of sections of Ngi ® qﬁ*Ng; = O¢ [2]. Likewise, a

1 ~

choice of trivialization 71 = Og induces trivializations 78 2 O and Té.‘ s =
Oqis = Oce. Then H(r3) = H°(Oc) ® HY(O¢), H'(13) = H°(Oq),
HO(Té,‘S) = H(Oc)®H"(Op) and B((a, b), ¢) = (a—c, b—c) which certainly
is surjective. The kernel of 3 is (¢, ¢, ¢) = C.

Now we shall make the following assumptions which are satisfied in ex-
amples to be considered later:

Assumption 2.1. In the case where the degree 2 divisor is irreducible we
assume the vanishing of the following cohomology groups: H?*(Z;,©0z,),
1 = 1,2; HZ(S, Og); H2(D2,@D2); HZ(DQ,@D2); HQ(Zl,@le) and
HQ(Z27 @ZQDQDQ)’

We shall show how these assumptions lead to the vanishing of H Q(Tg),
H%(7Y) and H?(725) and therefore from (2.1) we have the vanishing of the
obstruction spaces T2 and Tg. We also see that A is equal to the kernel of (.
Now a diagram chasing gives the surjectivity of the morphism = so T]? = 0.

Therefore, any element w in the complement of the hyperplane H'(725) of
T } gives smoothings of Z and S as w maps to non-zero elements in H%(73)

and HY(7}). Thus the twistor space of the connected sum M;#M> has a
degree 2 divisor. Later we return to a calculation of the dimension of the
space T} of infinitesimal deformations.

We shall also consider the situation where the degree 2 divisor S decom-
poses into a conjugate pair D1, Dy of degree 1 divisors meeting in a twistor
line L. We still blow up Z; along a twistor line L; intersecting D; + 1?1
transversely in a conjugate pair of points. Also the proper transforms Dy, Dy
meet @1 in C; and C,. As before we construct the singular twistor space Z
with the singular divisors D, D having normal crossing singularities along
C and C respectively. The divisors D and D meet in L. In this situation S
is the singular space D Uy, D with normal crossing singularities along L, C
and C. We make the

Assumption 2.2. In the case where the degree 2 divisor is reducible we as-
sume the vanishing of the following cohomology groups: H?*(Z;,©z,),
H2(Di, @Di)’ HZ(DZ‘, @Di)’ 1= 1, 2,’ Hz(Zl, @le) and Hz(ZQ, @ZngDg)'

Furthermore, we get a diagram similar to (2.7) and as in the case where
S is irreducible the smoothing is unobstructed. However, we do not control
the singularities of S along L. Therefore, a smoothing of Z may produce
an irreducible smooth degree 2 divisor. We shall discuss this problem at the
end of Section 5.
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3. Symmetries.

In this section we assume M; and Mj have a torus group T2 of orientation
preserving conformal transformations with fixed points x1 and xo respec-
tively.

Furthermore, the orientation reversing isometry ¢ : Ty, My — Ty, Mo,
used to make the connected sum, is assumed to be an equivariant map. In
this situation we proved in [13] that if the smoothing is unobstructed then
also the equivariant smoothing is unobstructed. We refer to that paper for
details. Now we want to impose the symmetries onto the relative smoothing
described in Section 2.

Recall [13] that we may choose metrics in M; and My for which the torus
acts as isometries. Therefore, the isotropy representation ¢ at the fixed
points map into SO(4). Also, the symmetries lift to the twistor space to
give real holomorphic automorphisms. If z7 is a fixed point in M7, and Lq is
the twistor line with normal bundle N, then the well known isomorphisms
from twistor theory

(3.1) (To,My)® = H'(L1,N) =V} @V,

are equivariant. This means the isotropy representation on the complexified
tangent space coincide with the induced holomorphic action on the sections
of the normal bundle and with the tensor product ¢y ® t— on VI @ V.
Here 1+ are defined modulo Zo from the isotropy representation ¢ and the
projections onto the factors of SU(2) x SU(2).

Since the twistor line L; intersects the divisor S transversely at two dis-
tinct points, we assume that S is reducible to Dy + D; when we consider
the twistor geometry in a neighbourhood of L;. Now suppose the divisors
D;,D; in Z;, i = 1,2 are invariant. Then the points ¢ = P(V,) N Dy and
g = P(V;;)ND; are fixed by the action on Z;. Therefore if v € V represents
q we have V| = span(v) ®span(v) as a decomposition into T?-invariant sub-
spaces. Furthermore, from the definition of the complex structure on Z; the
horizontal space T;D; is equal to VI ® (span(v))* with the action (4 ® * .
We have Cy = P(T;D;) and the normal bundle Ngl ! is the universal sub-
bundle of T, D over C}.

On the other side we have Ly = P(V,_) and the normal bundles Né)Q 2 =

T2
NLD;, NC’;; = NLD22. As Ly is equal to the transversal intersection Dy N Do
we have N LZ; = Ng" o N ?2 2 and this is a decomposition into invariant
subbundles. From twistor theory we have NLZ; = Vi ® H-. Also, the
torus action on V! decomposes, Vi = E @ F, and the only decomposition
of V! @ H™ into invariant subspaces is (E ® H~) @ (E ® H~). We may
therefore assume that NLZQ =F®H™ and NLD; =E®H .
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The T?-equivariant isomorphism ¢_ : Vi — ng induced by ¢ : Ty, M1 —

Ty, Ms can be assumed to satisfy ¢_(span(v)) = E and ¢_(span(v)) = E.
Now we have D = D1 Ug., D2 where

¢y : C1 = P(T,D1) = P(V;t) — P(V,,) = Cy

and similarly with D. Recall the fact [13] that HOY (L) = HO(r)) 2 C
which is true because 7L = NZ1 ® ¢*(NZ2) = Qg and the action is trivial.
Also, H° (TZ|S)T2 = HO(Ti,'S) = C? because 7} is supported by @ and Q

intersects S transversely along C' and C.
Likewise we shall need the following:

Lemma 3.1. The sheaf 7'11) is supported on the curve C and is trivial. All
the sections are T?-invariant, i.e. H°(th)p2 = HY(7}) = C. Similarly
HO(18)p2 = HO(rL) = C? when the degree 2 divisor S is irreducible.

Proof. Since the singularity is a normal crossing we have 75, = Ng D1 L ®"Ng, Do
[2]. The curve C} is the exceptional divisor of the blowing up of q in D1
SO Ngll = O(-1). Also, N * is isomorphic to ND2 S0 ND2 = O(1). Thus
7'11) = O¢. Furthermore, the torus action is tr1v1al on 7'11) the action on
Ngl ' is t4 ® X as this normal bundle is the universal subbundle of T, D1 =
Vi® (span(v))*. On the other hand qﬁ*Ngf = qﬁ*ij =¢*(E®@H) =

(¢ E) ® (¢ H~) = span(v) ® Ht = ((span(v))* @ UT)" = (Né?ll)*. The
torus action on Nf); = FE®H™ is 14 ®* . Therefore the action on gb*NLZ2 is

t— ®}4 and we get the trivial action on Th = Ngll ® (;5*]\7522 from the tensor
product 1y @ ¥ @1 @1} O

4. Vanishing Theorems and the Unobstructed Case.

We consider an irreducible degree 2 divisor S and address the problem of
proving the vanishing of H?(73), H*(72) and H?(1%). This will lead to a
theorem on the unobstructed T2-equivariant relative smoothing.

First some technical lemmae:

Lemma 4.1. Let Y C X be a smooth hypersurface in a complexr manifold
X. Then for any sufficiently small open set U C X we have H'(U,Bx)=0
and H'(U,®xy) =0, 1 > 1.

Proof. We have H(U,0x) =0,i > 1, as Ox is locally free and H (U, 0) = 0
by the d-Poincaré Lemma. Similarly H*(U NY, Oy (Ng¥)) =0, i > 1.
From the sequence

0—>@Xy—>@x—>0y(N)}(/)—>0
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we get H{(U,Oxy) = 0, i > 2. We may assume U is a coordinate patch
where the vanishing x1 = 0 of the first coordinate defines Y. Therefore

0— H°(U,Oxy) — H(U,0x) — H(UNY,O0y(Ny)) — 0
is exact and it follows that H'(U,Oxy) = 0. O

Lemma 4.2. Let b; : Z; — Z; be the blow-up of Z; along the real twistor
line L;, i = 1,2. Then for all j > 0: H](Zi,GZi) = H’(Z;,Oz,.1,).

Proof. We drop the subscript “7”. The direct image sheaf b,© ; is isomorphic
to ©zy, via the differential of b

db: HO(b"1(U),0;) — H(U,©4p)

for U C Z open. Certainly db maps into H°(U,©zy) if we can prove that
any vector field on b~!(U) is tangential to @ along . But this follows
from the vanishing of H%(Q, [Q]) = H°(CP; x CPy,O(1,—1)) and from the

sequence
0—-TQ—TZ|g— [Qllg — 0.

Conversely, let L be given in local coordinates (z1, 22, 23) by z2 = z3 = 0.
Then, a vector field X = ala%l + (agz2 + agzg)a%2 + (agz2 + a5:<:3)8%3 in
H°(U,0z1) can be lifted to X = ala%l + (agz2 + agzgﬁ)% + (ag + a%)%
in HO(b=1(U),© ;) where ¢ = % is a coordinate on b1 (U) = {((21, 22, 23),
[62,53]) e U x (C]Pﬂ | lozg = 5322}.

The lemma now follows from the Leray spectral sequence [4] if we can
prove that the sheaf R'b.(© ;) vanishes for all i > 1 where R'b,(0;)(U) =
H'(b~'(U),©). Thus, consider the Leray cover V; U V3 of b~(U) given by
coordinates (21, 22,£) and (z1, z3, 7) respectively. Then H'(b~1(U),0,) = 0,
i > 2, and H'(b"1(U),0;) = HY(ViNV5,0;) = HY(C?\C?,0,) = 0 as
H(C3\C?,0) = 0 by the 0-Poincaré lemma. O

Now, let us study the cohomology groups H’(7%s). Let 2,8 be the
normalizations of Z, S respectively and let also ) denote the disjoint union
of 1 and (2. Then we have the following sequence on Z

(4.1) 0— 725 — ¢«Ozsq — ixOgcc — 0
where ¢ : Z/ — Z is the identification map and 7 : Q — Z is the inclusion.
Lemma 4.3. For all j > 0 we have:

HY(Z,¢.0z5¢) = H (Z',0zs5¢)

= Hj(Zh 8Z~1SQ1) S Hj(ZQ’ 622D252Q2)'
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Proof. This follows from the Leray Spectral sequence if we can prove the
vanishing of R'¢;©zs/qr, 1 > 1, or equivalently we need the vanishing of
Hi(Ul,GZ 50,) and Hi(Ug,@Z Do D20s ), ¢ > 1 for small open sets Uy, k =

1,2. On U;, where U1 N SN Q1 is non-empty, we have
(4.2) 0— 02350, — 925 — OQI(Nzl) 0

which is exact by the transversality of ()1 and S: Choose coordinates
(z1,x2,x3) such that z; = 0 defines S and x9 = 0 defines @);. Then on

Uy m=rodx : 9215' — (’)Ql(Ngi) where r is the restriction onto Q1
and the exactness is now easily seen. Then, from Lemma 4.1 and the se-
quence (4.2) we get HZ'(Ul,@Zngl) =0, > 2 and as (4.2) is true on the
level of presheafs we have also the vanishing for ¢ = 1. The vanishing of
Hi(U2,922D252Q2), ¢ > 1, may be obtained as above by choosing U; so

small that it meets only Dy (or bQ) O
Lemma 4.4. For all j >0, H (21,0 g5) = H (21,0251,

Proof. As in the proof of Lemma 4.2 we have bl*@Z1§Q1 = Oz,51,- The
result follows from the Leray spectral sequence once we have established the
vanishing of R'b1+(© 3 g¢,) for i > 1. We consider the sequences (4.2) and

(4.3) 0-0zs—6; — Og(NSZI) — 0.
Assume ¢ ¢ U C Z; and that the bundles are trivial on U. Then on by (U)

we have C?S(Ngl) = [S]|5 = bi[5|g ® Qi = ¥;[S]lg ® C;'. Thus on
bvy'U)nsS
0 — Og(NZ') = bi[S] = Oc, (bi[S)) — 0
is exact. Also, H’(b;*(U) N 1 C1, b1 [S]) = Hi(q,[S ]) 0 for j>1, H%q,[9])=
[S]g = C and HI(b; /(U) N S,b3[S]) = HI(UN S, [S]) =0, for j > 1, by the
d-Poincaré Lemma. Thus, H7 (b;1(U) N ns, o (NZl)) =0, j > 1, if we can
prove surjectivity of
HO(b7H(U) N S, b5]S]) — HO (b7 L (U) N Oy, b5[9).

This corresponds via by to the map H®(UNS, [S]) — H’(q, [S]) which is onto
by evaluation. From the proof of Lemma 4.2 we also have H7 (b }(U), Oz)=

0, 5 > 1. Thus, from (4.3), Hj(bfl(U),Gzlg) =0, j > 1, once we have
proved that

H7'(U),05,) — HO(b ' (U) N 8, 05(N2))
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is onto. However, it is not hard to describe the vector fields on by '(U) in
local coordinates on patches V7, V5 as in the proof of Lemma 4.2 and to see
that the map is surjective. i
S z .
Now, as Hj(bll(U),(’)Ql(NQi)) =0, 5 > 1, we get from (4.2) that
Hj(bl_l(U)7621§Q1) =0, j > 2. The map

HObTH(U), 04,5) — HO(b71(U), 0, (NZ1))

is onto which again is seen using local coordinates on bfl(U ). Thus we have
Rib*(ezngl) =0, ¢ > 1 and the lemma is proved. O

Similarly we have:
Lemma 4.5. For all j >0, H(Z,, © 4. 5.500,) = H7(22,0,1,1,)-

Proof. Again by-©

/L' - . . . . . _
the sheaf'R b+ (O 2 DDy Q2) vanishes for ¢ > 1: First we prove the vanish
ing of HJ(bgl(Ug),Gzszb), j > 1, Uy C Zy. Use coordinates (z1, 22,¢),
(21, 23, %) on a cover Vi U Vs of b;l(Ug) such that D is given by 2o = 0,

D by z3 = 0 and Ly by 20 = z3 = 0. Lemma 4.1 gives that this is a
Leray cover of by *(Uz) because 6)22[)252(1/2) = 0y,p,(V2) and Dy in V5 is
a §mooth hypersurface. Also, ©; - 52(‘/1 NVz) =0O, (C3\C?). Therefore
HI(b;1(Uy), © 5254 52) vanishes, j > 1. Then consider the sequence

Z2DsDaGs = ©,p,D, Via the differential dby. Furthermore

0—06 — 0g,(NZ2) — 0.

22D2D2Q2 622D2132
The vanishing of H’ (b;l(Uz) NQ2, Og, (Né;)), J > 11is seen using the Leray

cover Vi, Va. Also, using coordinates on V7, Vo we can show that vector fields
may be lifted so we have surjectivity of

H (b (U), © ) — HO (b, (Un), O, (NZ2)).

Z~2D2f)2
Then the short exact sequence gives H(by ' (Us), 922D252Q2> =0,7>1,
and we have proved the lemma. O

To make use of the sequence (4.1) we prove the following lemma.

Lemma 4.6. The cohomology groups H7(Q, @QC@) vanishes for j > 1 and
H°(Q, Ogce) = su(VH) @ u(l).

Proof. H(Q,0¢q) = 0, j > 1 and HY(Q,0¢) = H(P(V;),0(2))®
HO(P(V;)),0(2)) = S2(V;)* @ S2(V)* = su(V,,) ® su(V,,). From the
sequence

(4.4) 0— QQCC‘ — Og — OCC’(NCQC) —0
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and the vanishing of H’ (C, Oc(Ng)), j > 1weget H*(Q, Ogce) = 0. Now,
HY(Q,00) is generated by global SU(2) x SU(2) holomorphic transforma-
tions. Elements in H°(Q, @QC@) are the vector fields generated by actions

leaving C' and C' invariant, i.e. by rotations on L; leaving ¢ and ¢ fixed.
Thus H°(Q, Qo) is generated by SU(V,T) x U(1) where U(1) < SU(V,;).
Also, the map

H(Q,0q) — H(C,0c(Ng)) @ H°(C,0a(NE))
is surjective so H'(Q, o) = 0. O
We are now able to prove the vanishing of the relative obstruction group.

Proposition 4.7. Assume H*(Z1,0z,5) = 0 and H*(Z3,04,p,p,) = 0.
Then the obstruction group H*(12s) vanishes.

Proof. The long exact sequence associated to (4.1) together with Lemmae
4.3,4.4,4.5 and 4.6 gives

H*(Z,7%s) = H*(Z1,02,51,) ® H*(Z2,0 4,p,p,)-

The second summand vanishes due to the assumption. Consider the exact
sequence

(4.5) 0— OzsL, —>®Zlg—>(9L1(NLle) — 0.
We have Hl(Ll,(’)Ll(NLZf)) = 0 and also H?(Z;,0z,5) = 0 so the first
summand also vanishes. O

As explained in Section 2 we also need the following vanishing results.

Proposition 4.8. Assume H*(Z;,0z) =0, i = 1,2, H*(S,05) = 0 and
H%*(D4,0p,) = 0. Then the obstruction groups H?(t%) and H?(12) van-
ishes.

Proof. Consider the normalization in the following sequence

(4.6) 0— ng — ¢:0z¢g — 1,09 — 0.

Then, from Lemma 4.1 and the Leray spectral sequence, we get
HQ(Z, q*@Z/Q/) = H2(21, 921Q1> & H2(ZQ, ©

From the sequence

ZzQz)'

0— @ZiQi _> 921' — OQZ(NC%) —0

and the vanishing of Hj(Qi,OQi(Ngz)), j > 1, we have HZ(Zi,@ZiQi) =
HQ(Z,GZZ_) which is equal to H?*(Z;;©z,y,) by Lemma 4.2.  Since
HI(L;,OL,(N[") = 0, j > 1, we have H*(Z;,0z,,) = H*(Z;,0,),
i =1,2, and since H(Q;,0¢,) =0, i =1,2, j > 1, the long exact sequence
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associated to (4.6) gives H?(1%) = H*(Z;,0z,) & H*(Z3,0z,) which van-
ishes by assumptions. This was just a repetition of the result of Donaldson
and Friedman [2].

Next we concentrate on the divisor. Again we have a normalization se-
quence

(4.7) 0— 72 = Ogngr — 1xOpa — 0.
Lemma 4.1 together with the Leray spectral sequence give
H*(S,0.85000) = HA(8,050,6,) ® H(Ds,0p,,) & HX(D2, 0 ).
Then, as H’ (Cl, Ocy (Ngl)) =HJ (CIP’I,(’)(—I)) =0, j > 0, the sequence
0= O50,6, — O — Oc, (NE) & O, (N5,) — 0

gives H7(S, Os0,6,) = HI(S, Og), j > 0. Essentially by repeating the
arguments in Lemma 4.2 we get H7(S,05) = H’(S,054), j > 0. For
dimensional reasons we have H7 (qq, (’)qq(Nq%)) =0,j > 1,80 H*(S,0545) =
H?(S,0g5). For Dy we have NC]?2 =~ O(1) so the sequence

0— 9[7202 — 65)2 — (’)CQ(Ng;) —0

gives HQ(DQ,QDcz) = HQ(D2,®D2). Then as O¢, = O(2) the long exact
sequence associated to (4.7) gives

Hz(Tg) = H2(57 95) @ HQ(D27 @DQ) S5 HZ(DQa @Dg)
which vanishes by assumptions. U

This ends our proof of the fact that under the general Assumption 2.1,
the twistor space of the connected sum M;#M> has an irreducible degree 2
divisor.

Finally we want to summarize and at the same time bring the symmetries
back into considerations.

Theorem 4.9. Let My, Mo be compact self-dual conformal 4-manifolds with
torus symmetry and fized points. Assume the isotropy representations at
the fixed points are intertwined via an orientation reversing isometry. If the
Assumption 2.1 is satisfied for T?-invariant divisors S, Do and Do, then
there is a complex equivariant smoothing of the singular twistor space Z and
the singular divisor S into a twistor space with torus action and an invariant
irreducible degree 2 divisor.

Proof. Due to the equivariance of the various sheaf morphisms we get an
analogue of diagram (2.7) where the morphisms are betweeen the G-invariant
part of the groups. Consider the vanishing results in Propositions 4.7 and
4.8. The spectral sequence (2.1) now gives the vanishing of the obstruction
spaces T2 and TZ. Then, chasing the diagram (2.7) gives surjectivity of the
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morphism vy so T]% = (0. Therefore, any element w in the complement of
the hyperplane H 1(7’%3) of T} gives smoothings of Z and § as w maps to

non-zero elements in H%(4) and H°(7L1). Thus we obtain a smooth twistor
space with an irreducible degree 2 divisor. Together with Lemma 3.1 this
shows that there are T?-equivariant deformations of Z and S. U

Remark. We can also prove H? (Tg| s) = 0 if we assume that each compo-

nent M;, i = 1,2, has positive scalar curvature. As this vanishing result is
not used in this paper, we only give a short outline of the proof: Start with
the normalization sequence

(4.8) 0— Tgw — ¢:Ozq1s — 1Ogcc — 0.
Then, as (¢:0z/¢q)ls = ¢«(Oz/¢s'), we get

H' (S, 3:0z1q1s)

= 17 (8,02,0,5) © H' (D2,05,0,5,) ® B (D20, 5. ), j=0.
We study each component in this sum. From the sequence

Z
(4.9) 0—=03205 9215~ 9 (NQi) — 0

and the vanishing H’ (S, Oc,cy (Ngi)) =0, >0, we get HI(S, 02,0,3) =
HI(S,© A 3), j > 0. Consider therefore the sequence

(4.10) 0—>@5—>621|§—>05 (Ngl) — 0.
As NZ' = b7[S]|g @ [C1] 7 @ [C1] 7! and Og, ¢, (b1[S]) = O, ¢, we have
(4.11) 0— N2 — b[S]l5 — Ocye, — 0.

Also, HI(S,b%[S]) = HI(S,[S]) = HI(S,K~%), j > 0. Then, due to the pos-

itive scalar curvature and the vanishing results of Hitchin [5], the sequence
0— Oz — K™% — OS(K_%) —0

gives H2(S,b5[S]) = 0. Then (4.11) gives HQ(S,OE(Ngl)) = 0. From the
sequence (4.10) and from H?(S,05) = H?(S,Os49) = H%(S,05) = 0 we
get H?(S, 621|5> = 0. Thus H?(S, @ZIQ1|§) = 0. To prove the vanishing
of H?(D5,© 2205 p,) we proceed as above with sequences similar to (4.9),

(4.10), (4.11) and the use of vanishing results due to the positive scalar
curvature of Ms. Thus we have H*(S,¢.0z¢s) = 0 and (4.8) then gives
H?(S,755) = 0.
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5. A Local Moduli Space of Self-Dual Metrics on nCP?.

We shall continue our study [13] of the local moduli of T?-symmetric self-
dual structures on the connected sums of n copies of the complex projective
plane. As in [13] it is assumed that the only orbits are tori on which 72 acts
freely, circles stabilized by some S'-subgroup inside T2 and isolated fixed
points. We construct nCP? from CP? by attaching planes step by step and
at the same time keeping divisors and symmetries. However, let us take
the general approach a little further in the case of an irreducible degree 2
divisor.
From the equivariant version of (2.7) we get the sequence

(5.1) 0— H'(735)r2 — (T})r2 — Ag2 — 0.
Similarly (4.1) and Lemmae 4.3, 4.4, 4.5 and 4.6 give the sequence
(5.2) 00— H(12s)r2 — H(Z1,0z51,)12 ® H*(Z2,02,p,p,)12
— (su(VT) @ u(l)) s
— H'(125)r2 = H'(Z1,02,51,)12 ® H'(Z2,02,p,p,)1> — 0.
Furthermore, from (4.5) we have the sequence
(5.3) 00— H%(Z1,0z51,)r2 — H°(Z1,02,5)72 — H°(L1,O(N7})) 12
— H'(Z1,0z51,)12 = H'(Z1,02,5)r2 — 0.

Thus, putting (5.1), (5.2) and (5.3) together, we get a formula for the di-
mensions: Let x1(Fx)p2 = h%(X, Fx)p2 — b1 (X, Fx)p2 for a sheaf Fx on
a complex manifold X.

Proposition 5.1. Let (T, M) denote the real vector space of T?-invari-
ant tangent vectors at 1 and let C(T?) denote the Lie algebra of the cen-
tralizer of T? in SO(3) x SO(3). Then

dlm Tl T2 = 1 + hl 7'0 T2
f Z8
= 1+ h%(7%s)r2 + dimg (T, M1) 72 + dimg C(T?)
—Xx1(©z,5)12 — x1(Oz,p,p,) 72"

Proof. We have used the Kodaira equivalence (3.1) between sections of the
normal bundle of the line L in the twistor space and tangent vectors at the
corresponding point x1 in M;. The symmetry group 772 sits in SO(3) x SO(3)
via the composition of the isotropy representation i : T2 — SO(4) and the
representation of SO(4) on A% & AZ. O

Now we need a series of lemmae which will ensure that we have the
general Assumption 2.1 satisfied and will make it possible to find the num-
ber dim(7T })Tz in the case of irreducible degree 2 divisors in the connected
sums of complex projective planes.
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w

Lemma 5.2. Let Z be the twistor space of CP?. Then H?(Z5,02,) =0
H?*(D3,0p,) =0, H*(D2,0p,) =0, H*(Z3,0 4,p,p,) = (u(1) ® su(2)) C
su(3)c and HY(Z2,0 4,p,p,) = H*(Z2,0 4,p,p,) = 0.

Proof. The space H°(Z5,©,) is generated by the complexifications SU(3)c¢
of the lifts of the isometries on CP? to the flag

(5.4) ZQ = {([’Uo,vl,’vg ﬁo,gl,gg szﬁ = O}

Then HY(Z5,0 Z2Ds b,) consists of the vector fields generated by the group
that leaves Dy U Dy invariant. For Ds given by vg = 0 and Do by £o =0
it is clear that H(Z5,© Z»D,D,) Must contain and therefore be equal to the
maximal subalgebra (u(1) @ su(2))(c of su(3)c. Since Z3 is a flag manifold
and Dy is the blow-up of CP? at one point, H*(Z,0z,) and H?(D,,0p,)
vanish. )

Lemma 4.5 and the vanishing of H7 (QQ, (’)QZ(NZZ)), j >0, give H(Z,

@Z2D2D2) = Hj (22’ GZ D2D2Q2) (Z2’ 62 Do D ) Consider the seduence
Z

-5 7 . j -1
Here HI(Zs, 05,5, (NZ iDg)) is equal to the sum of H7(Ds,[D2] @ [La]™")

and the conjugate part. This follows because N gz = b5[Ds|p, ® [Co) 71

and by gives isomorphisms D, = Do, Cy = Lo. Identify Dy to the blow-
up of CP? at one point with hyperplane class H and exceptional divisor
E, then Ds|p, = H — E and Ds|p, = Lo = H [17]. It follows that
HI (Do, [D2]®[L2])~!) vanishes for j > 0 as HY(Dg, —E) = 0, H*(Dy, —3H +
2F) = 0 and x(—E) = 0 by the Riemann-Roch formula. The sequence
(5.‘5) now shows that H’(Zs, Oz 5.5,) = HI(Z3,0© ) which coincide with
HI(Z3,02,1,) as shown in Lemma 4.2. Tracing these identities we now
have H7(Z2,0 4, p,p,) = H(Z2,0z,1,), j > 0. As HI (L2, 0, (N7?)) =0,
j > 1, the sequence

(5.6) 0—>@ZQL2—>@ZQ—>N5;—>O

gives H*(Z3,©z,1,) = H?*(Z,0z,) which vanishes for the flag. Thus,
H?*(Z3,04,p,p,) = 0 as claimed. Also, as Dy N Dy = Ly, H%(Z2,02,1,)
contains H%(Z,0, p,p,) = (u(l) ® su(2))c, which is maximal, so H%(Z,
©7,1,) is 4-dimensional. Since H°(Ls, OLQ(NLZ;)) is 4-dimensional so (5.6)
gives HY(Z9,02,1,) = H'(Z2,07,) which vanishes for the flag. Thus we
get H'(Z2,04,p,p,) = 0 and the lemma has been proved. O

Consider the twistor space (5.4) of CP? with the action of T? given by

([eriq)l , Uleiéz v9e ’L(<1>1+CI>2)] [Eoe_icpl ’ €1€_i®2,€2€i(¢1+¢2)])
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where CI)i = pif+qi,i = 1,2, (0,v) € T? and the integers p;, ¢; satisfy p1gs—
p2q1 = £1 [13]. Then the irreducible degree 2 divisor S given by > \jv;l; =
0, where \; # A, @ # j, is T2-invariant. Indeed T2 is exactly the symmetry
group of S. The twistor fibration onto CP? is [20, 21, 22] = [v1fa —valy, valo—
vola, vol1 — v1p] and it induces the action [zge "1, z1e71%2 2o e’(¢1+¢2)] on
CP% Take 2 = [0,0,1] € CP2. Then the twistor hne L, is given by ve =
{5 = 0 with two fixed points ¢ = ([0,1,0],[1,0,0]) and g = ([1,0,0], [0, 1,0]).
A generic T?-invariant degree 2 divisor is transversal to L, and contains ¢
and q.

We get a reducible invariant divisor with D; given by vy = 0 and D; given
by €o = 0. We have L, N Dy = q and L, N Dy = . Finally take D given
by vs = 0 and Do corresponding to fo = 0. Then L, = Dy N D5. Thus we
have the following building blocks.

Lemma 5.3. The twistor space Z of CP? contains T?-invariant divisors S,
D;, D;, i = 1,2 as in Section 2 with arbitrary isotropy representation at fized
points and satisfying H*(Z,0z5)r2 = C?, H*(S,05) = 0, H*(D;,0p,) =0

H?*(D;,©p,) =0 and H*(Z,04p.p.) =0.

Proof. The vanishing of H?(S,©g) follows because H?(Z,07) = 0 and be-
cause S is contained in Z with positive normal bundle. H°(Z,© zg)p2 con-
tains at least the algebra generated by 72 as S is invariant and for the
generic S described above where \; # A;, i # j, the symmetry group can
at most be two dimensional. With Lemma 5.2 and the discussion above in
mind, the lemma is proved. U

Note that in order to fulfill all the vanishing conditions stated in As-
sumptions 2.1 and 2.2 we still need to prove H?(Z,0zs) = 0 for the flag
manifold Z. This could be done, mutatis mutandis, as for © ,p in Lemma
5.2. However, as we focus on the T?-equivariant situation we only prove
the vanishing of the T2-invariant part of this cohomology group. Indeed it
follows from the next more general lemma.

Lemma 5.4. Let Z1 be the twistor space ofn(CIP’2 and let S C Z1 be an irre-
ducible degree 2 divisor with canonical bundle Kg. Then HO(S,O(Kg'))p2 =
C, H'(S,0(Kg"))r2 = 0 and H*(Z1,0z2,5)r> = 0.

Proof. Tt is known [14] that S is the blow-up S,, of a real quadric Sy n
times in a pair of conjugate points. Let by : Sy — Sk_1, 1 < k < n, be the
blow-down map from the blow-up of Sy k£ times to the blow-up k — 1 times.

The torus action has only isolated fixed points on S, so the action on S,
1 < k < n, induced by blowing down, also only has isolated fixed points.
Therefore, the points qx_1,qr_1 of blowing-up from Si_1 to Si is at the
intersection of invariant divisors. For topological reasons the action on Sy
has four isolated fixed points.
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Let K, = Kg, and let Ej, E}, be the exceptional divisor of the blowing-up
b. Then K; ' = biK;! ) ® B! @ B! and

0 — O(K, ") — O KL ) — Op,up, (i K L,) — 0

is exact and induces
(5:7) 0 — H(Sk O gz — B (S, OWLKGL,))

~ H(BeU B OB )

= H'($), 0K ))rs — H' (S, OGR! ), — 0.

= - C . -1 —1
Now, H° (Ek; U Ey, O(ka(k_l))) is isomorphic to K(k_l)ﬂk_1 ) K(k—l),qk_l'

Furthermore, the T2-action on H° (Ek U Ej, O(bZK@£1))) is given as non-
trivial rotations on each factor: Let qx_1 € Si_1 and let A, B be two in-
variant divisors such that g1 € AN B and such that in local coordinates
(21,22), A is given by z3 = 0 and B is given as z; = 0. As the T?-action
does not have 2-dimensional fixed point set but only isolated fixed points,
we may assume the action on Ty, S, , = Ty, A® T, ,B is given as
diag (e'®1,¢'®2). On Kk_—ILQk—l = AQqu_lsqk_l the action is e!(®1+®2)  Thig
action will not be trivial due to the assumption piqo — pog1 = +1. On the
blow-up the action is (e@l,ei(%_@l)) near the intersection of the excep-
tional divisor and the proper transform A and near B it is (¢/®2, e/(®1=%2)),
Therefore the weights must be linear independent at all the points q;_1.

Thus H°(Ej U Ey, O(bj K, -1 ) 72 vanishes. By an inductive argument

(k=1)

we get from (5.7) that HI(S,O(Kg")) . = HI (S0, O(Ky")) e, 5 = 0,1,
As Sp is a quadric surface we have H! (SO,O(Ko_l)) = 0. Choose coor-
dinates ([so, 51], [to,t1]) on Sy = CP! x CP' such that the action on Sy is
([s0, s1€"®1], [to, t1€"®2]). The nine monomials (s3t3,...,s3t7) of order four
give a basis of HO(SO,(’)(KO_I)) = HO(CIP’1 X CP1,0(2,2)). The weights
of the induced T2-action vanishes on s%t% and is of the form n®; + m®,
on the eight other monomials. We claim that s3t2 is the only invariant
section: Note that if the weights (®1, ®2) of the isotropy representation at
([1, 0], [1,0}) € Sy are linearly dependent then the weights of the isotropy
representations at the other three fixed points on Sy are also linearly depen-
dent. Since the weights at the fixed points of the T2-action on the blow-up
are linear combinations of ®; and ®5 the weights on S will be linearly de-
pendent too. It follows, by restricting the twistor projection onto .S, that on
nCP? there is a fixed point where p1ga — p2g2 = 0 which is a contradiction.

Thus, HO(S,(’)(Kgl))T2 =~ C. Finally, as [S] = Ks_l, the sequence

(5.8) 0—Oz5— 0z — 0s(Kg') -0,
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gives H*(Z1,02,5)12 = 0. O
We are now able to find the number dim(T})Tz in a concrete example.

Proposition 5.5. It is possible to construct a T?-symmetric twistor space
of nCP? with invariant irreducible degree 2 divisors by equivariant relative
smoothings using CP? as building blocks and proceeding step by step. Fur-
thermore, in the final step we have dim(Tfl)Tz = W (Z,025)2 = n, where
Z is the smooth twistor space of nCP?.

Proof. The assumptions which give unobstructed equivariant relative
smoothings of two planes are satisfied. This follows from Lemmae 5.2, 5.3
and 5.4. Using upper semi-continuity of the dimension of cohomology we
may indeed proceed step by step to get T2-symmetric twistor spaces of nCP?
with degree 2 irreducible divisors.

With the assumption, piga — p2q1 = =1, on the T?-action we have
dimg (T, M1)7, = 0 and dimg C(T?) = 2. Also, from Lemma 5.2, we get
x1(©,p,p,)r2 = dim (u(1) ® su(2)),, = 2. Lemma 5.3 and upper semi-
continuity gives h%(Z1,0z,5)r2 = h%(13s)r2 = 2 in each step. From the
sequence (5.8) and Lemma 5.4 we get

(5.9) 0— H(S,0(Kg")) s — H (Z1,02,8)r2 — H' (Z1,02)r2 — 0

and hO(S,O(KEl))T2 = 1. In [13] we got h'(Z1,0z )2 = n — 2 if Z;
corresponds to (n — 1)CP? so h'(Z1,07,5)r2 = n — 1. Now, putting all
these data into the formula in Proposition 5.1, we get dim(7" ]})Tz = n which
by upper semi-continuity coincide with h'(Z, © z5)2 for the smooth twistor
space Z of nCP with smooth irreducible degree 2 divisor S. O

Thus, we may summarize and formulate the following result concerning
the local moduli space of self-dual structures on nCP? constructed in [13].

Theorem 5.6. Consider the local moduli space of T?-symmetric self-dual
structures on nCP? obtained by equivariant smoothings. The self-dual struc-
tures are all associated to T?-symmetric twistor spaces Z with invariant irre-
ducible degree 2 divisors. In particular, the scalar curvature of each Yamabe
metric is positive. For n > 3, the T?-action can be chosen such that all S*
subgroups are non-semi-free. The dimension of the local moduli is equal to

W (Z,07) 2 =n—1.

Proof. Note that we have ensured that all twistor spaces have symmetry
group of dimension 2 so a local moduli space is well-defined.

To prove this theorem, we need to prove that the deformation is target
stable [18]. By taking the second components of the maps from the first
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column to the second column in diagram (2.7), we have
0 —— H'Y(%5)r» —— (T))rr —— A —— 0

| | d
0 —— H'(13)r2 —— ()2 —— H(rz)p2 —— 0

The target stability is equivalent to & being surjective. Since & is the
identity map, ¢ is surjective if € is surjective.

By Lemma 5.3 and upper semi-continuity, the exact sequence (5.2) gives
the isomorphism

HY (185)r2 — H'(Z1,02,51, )12

Also (5.3) gives the isomorphism

HY(Z,,02,50, )12 — HY(Z1,02,5)7.

Similarly, one has the isomorphisms [13]
Hl(Tg)T2 i Hl(Zl, @Z1L1>T2 and Hl(Zl, @Z1L1>T2 i Hl(Zl, @Z1)T2~
Since the two compositions

H'(r3s)r> — H'(Z1,0z,5)r> and  H'(13)p> — H'(Z1,07,)r>

are induced by normalizations and restrictions, the inclusions induce a com-
mutative diagram

Hl(TgS)TQ — Hl(Tg)TQ
I |
A
Hl(ZlaGle)TQ - Hl(Zh@Zl)TZ'

By (5.9), A is surjective. Therefore ¢ is surjective.

Thus, the local moduli space obtained in [13] does indeed correspond to
twistor spaces carrying divisors as claimed. Therefore the corresponding
Yamabe metrics are of non-negative type [3]. In fact the scalar curvature
must be positive because the intersection form for nCP? is positive definite
[10]. The fact that we may assume the S subgroups are all non-semi-free
was proved in [13]. O

Turning to the problem of finding degree 1 divisors we first prove:

Lemma 5.7. If L is the twistor line over a fized point of a T?-symmetric
nCP? and if S is an invariant degree 2 divisor containing L, then S is
reductble.
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Proof. Assume on the contrary that S is irreducible. Then S is the blow-
up of a quadric surface with L a smooth fiber [14]. In particular it does
not pass through any points of blowing-up and this implies that L is not
invariant: On the quadric the only T?-invariant curves are the two conjugate
pair of generator lines passing through the four fixed points which are the
only points of blowing-up as S has T?-symmetry. O

Proposition 5.8. Given a T?-symmetric twistor space over nCP? with an
invariant irreducible divisor S. Let L be a twistor line above an isolated fized
point. Then there exists a conjugate pair D, D of invariant degree 1 divisors
intersecting along L.

Proof. Let Vi, V5 be a pair of independent holomorphic vector fields gener-
ated by the torus action on the twistor space Z. Since S is invariant the
restrictions of Vi and V5 to S are tangential to S. Therefore we have an
invariant section 8 = Vi A Valg € HY(S, Kg'). We claim that this section
is nontrivial. From Lemma 5.7 L intersects S transversely at ¢,q. Since
the T2-action only has isolated fixed points, there exist complex coordinates
(21, 22) centered at ¢ such that the T2-action is given as (€21, €™ 2,) with
n and m both non-zero. Therefore § = nmzl,zQa%1 A 8%2 near q.

Since H(S, Kg') is non-trivial and h'(Z,0) = h'(nCP% R) = 0 [5], the

exact sequence

0—>O—>K7%—>(’)S(K§1)—>O

N

implies that the section § lifts to an invariant section of K™ 2.

Let s € HO(Z,K_%) be the section such that s~'(0) = S. Then the
subspace V = span{s, 3} in H°(Z, K_%) is T?-invariant. Every element
of this system contains ¢ and ¢ and we may choose an element S’ € |V
containing p € L where p # q and p # q. As S’ is of degree 2 it also contains
L. We may assume S’ is real. The divisor S’ is invariant, otherwise as L is
invariant, L would be contained in the base locus of the system |V| but S
does not contain L. Then by Lemma 5.7, S’ must be reducible. U

Corollary 5.9. The twistor spaces described in Theorem 5.6 contain T?-
tnvariant reducible degree 2 divisors.

Remark. Given a T2-symmetric twistor space over nCP? with an invari-
ant reducible degree 2 divisor as above, we construct T2-symmetric singular
twistor spaces with degree 2 divisors over (n 4 1)CP? as outlined at the end
of Section 2. As in Section 4, mutatis mutandis, we can prove that the ob-
structions to the equivariant relative smoothing vanish provided Assumption
2.2 is satisfied. The cohomology group H?(Z;,© ) vanishes by upper semi-

continuity. The groups H*(D;,©p,), Hz(Di,GDi), i=1,2; H*(Z1,02,8)7
and H*(Z2,04,p,p,)72 is proved to vanish as outlined at the end of the
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paper. However, as we do not control the singularity of the degree 2 divi-
sors in the smoothing process, we cannot conclude a priori that there are
reducible degree 2 divisors after the smoothing. Furthermore, the notion of
local moduli becomes dubious when the degree 2 divisor is reducible. We do
not pursue this issue. However, the existence of reducible degre 2 divisors is
secured by Corollary 5.9. This has applications as shown in the next section.

6. Anti-Self-Dual Hermitian Surfaces.

In [13] we constructed self-dual metrics on (S!x S)#nCP? n > 3, such that
the symmetry group is S' and the action is non-semi-free. We begin with a
CP? with S'-action [z9€'?, 21, 25]. We label the fixed points as Py = [0, 1,0],
Py = [1,0,0] and A; = [0,0,1]. Then we attach a CP? with S'-action
[20e7%, 21, 29] and fixed points As = [0,0,1], P» = [1,0,0], P = [0,1,0].
We attach A; to As via an orientation reversing isometry and of course using
the smoothing of the twistor space. Note that the isotropy representation
of Py is (ex,y) while near Py, it is (e~®x,y). Therefore, we may consider
the possibility of making a self sum by identifying Py and P,,. Note that
at this stage the S'-action is semi-free but if we equivariantly attach a CP?
to Py we get a S'-symmetric 3CP? with non-semi-free action and we can
still make a self-sum at Py and P,,. Indeed we can go on attaching more
CP2-blocks away from Py and Pss and then make a self-sum at Py and Ps
to obtain self-dual structures on (S! x S%)#nCP?, n > 3, with non-semi-free
Sl-symmetry.

To get a complex structure on (S x $%)#nCP? compatible with the
conformal metric but with opposite orientation we bring in the relative
smoothing: Due to Corollary 5.9, we may assume that on nCP? we have
a non-semi-free S'-symmetric twistor space with a reducible divisor D + D
such that DN D = Lp, and such that the twistor line above Py, intersect D
and D transversely. Then make an equivariant self-sum at Py, P, relative
to the divisor D + D. Following the notation from Section 2 we have curves
C1,Cy in D, D above Ps,. Also, there are curves Cy, Cy above Py which are
both mapped onto Lp, by the blowing-down.

Theorem 6.1. There exist anti-self-dual conformal Hermitian metrics on

(St x 53)#71@2, for n > 3, such that the symmetry group is S' and the
action is non-semi-free.

Proof. We claim the isotropy data ensures that Cy in D is identified to C5 in
D and not to Cs in D: On 2CP? we have the four fixed points Py, P;, Py, Pso.
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We draw the spheres between points as lines and get a diagram:

Po | —1 1 | P
0 1
(6.1)
0 -1
Py | 1 —-1| P

Here the numbers represent the weights of the S'-action along the spheres
near the fixed points. These numbers are easily obtained from the informa-
tion above about the S! action. The twistor space of CP? was described
in (5.4). We see that the twistor line Lp, is given by v; = 0 = ¢; and
the divisor corresponds to v; = 0 and its conjugate corresponds to ¢; = 0.
On Lp, the S-action has the two fixed points gy = ([0,0,1],[1,0,0]) and
go = ([1,0,0],[0,0,1]). On the divisor the isotropy data is given by

Qo | 0
1

(6.2)
-1
q | —1

Now, the divisor D in the twistor space of 2CP? is the blow up of CP?
twice [17]. It has the following configuration

670/0 \qoo
1

Lp,

q0

(6.3) Q1
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with 7(g;) = p; where 7 is the restriction of the twistor projection
7 : D — 2CP?.

Note that m maps the whole line Lp, to Py and otherwise is an orientation
reversing equivariant diffeomorphism. Therefore, by comparing with the
data (6.1) on 2CP?, we obtain the full isotropy data on D:

From the real structure o : D — D we can obtain the isotropy data on D
near qo, 4o, 41, G2, Goo- Lhen, as in the proof of Lemma 5.4 we get the data
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on the blow-up of ¢oo: on D we get

N\

(6.5)

and on D we get

(6.6) \ 1 —1/

Here the points a, b are mapped to ¢y by the blow-down and a, b are mapped
to qo. The points «,@ corresponds to ¢so,@se While G, correspond to
q2,G2. For the sake of completeness we may compute the isotropy data

at a,b,a, 3,a,b,&, 3 also in directions transversal to the surfaces D, D: At
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each point let (z,v,w) denote coordinates with (v,w) coordinates along
the exceptional divisor, the quadric surface, and with (z,v) coordinates
along the blown up divisor. Then with respect to such coordinates the
weights of the isotropy is a(0,1,1), b(—1,—-1,1), «(0,1,1), B(1,—1,1) and
a(0,—1,-1), b(1,1,-1), @0, -1, —1), (1,1, —1). The identification map
(z,v,w) — (Z,v,w) gives the orientation change on the divisor and it is now
clear that a is identified to «, and b to f.

This shows that we need to attach Cy to C; and Cs to C. For n(C}P’z, in
a neighbourhood of the invariant sphere joining the fixed points Py and P,
the isotropy data is identical to the 2CP? case. Therefore, the arguments
above can be applied to prove the claim also for nCP?.

It follows that D and D are glued to themselves respectively. Therefore,
the singular divisor S in the singular twistor space Z is a disjoint union
of two degree 1 divisors D and D. In the next paragraph, we prove that
the obstructions to smoothing the pair (Z,S) vanish. The resulting smooth
twistor space carries a conjugate pair of disjoint degree 1 divisors intersecting
all twistor lines transversely. This pair corresponds to complex structures
+7on (S'xS 3)#71@[?’2 compatible with the metric but inducing the opposite
orientation. (]

To prove that the obstructions to the S'-equivariant smoothing of the pair
(Z,8) vanish, we proceed as in Section 4. It suffices to prove the vanishing
of HZ(Z, @ZDD)Sl and HQ(D,@D)SL

By Serre duality, h?(D,0p) = h°(D, Kp ® Q). Since D is T?invariant,
(Vi A Va2)|p is a non-trivial section of KBI, where Vi and V5 is a pair of
independent vector fields generated by the torus action on the twistor space.
Therefore, if h%(D, Kp ® Q') was not equal to zero, there would have been
non-trivial holomorphic 1-forms on D. Since D is a rational surface, it
follows that H?(D,©p) vanishes.

To deal with H?(Z,0,pp)s1, we consider the following exact sequences

0—Ozpp — Ozp — Op(Nj) — 0,
and
0—-0,p =0z — OD(NLZ)) — 0.
By upper semi-continuity, H?(Z,0z) vanishes. With the next lemma, we
conclude that H?(Z,©,p)s1 vanishes.

Lemma 6.2. Let Z be the twistor space of nCP? with T? symmetry and let
D C Z be an invariant degree 1 divisor. Then H7(D,O(N%))s1 = 0 and
HI(D,0p(NE)) =0, j > 1.

Proof. Recall [17] that D is the blow-up of CP? n times. For 1 < k < n
consider the sequence by, : D — Dj,_; of blowing down to Dy = CP2. Let
Pr_1 € Di_1 be the point which is blown up and let E} be the exceptional
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divisor. On D = D, [D,] denotes the line bundle of H — """ | E; and on
Dy, [Dy] is the line bundle of H—Y"F_ | E; [17]. Then [Dy] = b3[Dy,_1]® B, !

and from
0 — [Dg] = bg[Dy—1] — Op, (b3[Dg—1]) — 0
we get
(6.7)0 — H°(Dy,[Di))s1 — H*(Di—1,[Dr1])sr = ([Dr—1lp,_, ) s
—  H'(Dy, [Di])s1 = H'(Dg—1, [Dr-1])g1 — 0
and H?(Dy, [Dg]) = H*(Dj_1, [Dy_1]). Thus by induction we have
H?*(D,O(NZ")) = H*(Dy, [Dy]) = H?(Dy, [Do]) = H*(CP?, [H]) = 0.

Now we prove ([Dglp,)st = 0,0 <k <n —1. Let g be the blow-down
from Dy to CP?. Then on Dy we have [17]

Kp! = [Di]lp, @ [Dillp, = (95 H)? ® [Dil|p,

S0 (KBi)pk = (g3 H)?, ® [Di]p,. In general, we may assume that the action
on CP? is [zo,zlei‘pl 29€'®2] in homogeneous coordinates. Then for p =
gk(pr), (gpH)S = HJ = AT, CP? so the weight of (g} H )2, s %(@1 + ®y).
Since py, is on the 1ntersect10n of invariant curves T}, Dy has weight (n,®; +
no®y, m1 P +ma®Ps). Then (KBl)pk has weight m®, +n®, for some integers
m,n. From diagram (6.4), after the curves joining ¢; to g2, and g2 to ¢ are
blown down, we see that ®; = 0 and ®3 = 1. Therefore, the representation
on [Dyglp, is non-trivial. This gives ([Dg]p,)st =0, 0 < k <n —1, and then
by induction (6.7) gives H(D,[D])g1 = 0. O

Theorem 6.1 should be compared with LeBrun’s examples [12] of S'-
symmetric anti-self-dual Hermitian metrics on blow-up of Hopf surfaces.
Note that the S'-action in his examples is semi-free.
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