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We show that the results of David and Voiculescu (concern-
ing the singular values of certain singular integral operators)
yield obstruction results for a large class of ideals of compact
operators. Diagonalization results which are counterparts of
some of these obstructions were proved by Xia.

1. Introduction.

Let T = (T1, T2, . . . , Tn) be an n-tuple of commuting selfadjoint operators on
a separable, complex Hilbert space H, and let J be a separable symmetrically
normed ideal of compact operators [2]. As usual, we say that T is diagonaliz-
able modulo J if there exists an n-tuple K = (K1,K2, . . . ,Kn) of operators
in J such that T + K is diagonal in some orthonormal basis. Voiculescu
introduced in [5] a systematic method for the treatment of diagonalizabil-
ity. He proved that diagonalizability is equivalent with the existence of an
approximate unit for the compact operators, which quasicommutes with T
modulo J. The obstruction to the existence of such a quasicentral approxi-
mate unit is given by the nonvanishing of a number kJ(T ) ∈ [0,+∞]. (We
recall that kJ(T ) is the limit inferior of max{|TjA−ATj |J : 1 ≤ j ≤ n} over
the positive finite rank contractions A.) Thus T is diagonalizable modulo
J if and only if kJ(T ) = 0. The number kJ(T ) is also defined for certain
infinite commuting families of selfadjoint operators [7], and the equivalence
between diagonalizability and kJ = 0 was discussed for one such infinite
family in [8].

Typically it is easier to calculate kJ(T ) when this number is zero. Results
of the form kJ(T ) 6= 0, also known as obstruction results, were obtained in
[6], [1] by use of commutators. In fact Voiculescu showed in [7] that all ob-
struction results can in principle be obtained in this manner. More precisely,
kJ(T ) 6= 0 is equivalent to the existence of an n-tuple X = (X1, X2, . . . , Xn)
from the dual ideal J′ such that the commutator sum

∑n
j=1(TjXj −XjTj)

is a trace-class perturbation of a positive operator and it has nonzero trace.
It is easy to see that diagonalizability of T only depends on the scalar

spectral measure of T . Therefore we can profitably restrict ourselves to the
study of n-tuples which consist of multiplication by the n variables in L2(µ),
where µ is a finite, positive, compactly supported Borel measure on Rn.
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Denote by Xj the integral operator with kernel k(x, y) = (xj − yj)/|x− y|2.
As already noted in [6], a formal calculation shows that

∑n
j=1(TjXj−XjTj)

is an operator of rank one with nonzero trace. Thus an obstruction result
can be obtained by showing that the operators Xj belong to the ideal J′. The
operators Xj often, though not always [1], provide the sharpest obstruction.

It was shown in [1] how to estimate the singular values of the operators
Xj . The purpose of this note is to demonstrate how the results of [1] can
help prove that Xj belongs to a variety of Lorentz ideals, depending on
the measure µ. This will provide in particular obstructions which are the
counterparts of certain diagonalization results in [8].

2. Estimates of Singular Values.

The estimate on the singular values of Xj obtained in [1] are based on
an abstract Hilbert space lemma, which we reproduce here in a somewhat
modified version. The notation |A|p stands for the norm of the operator
A in the Schatten ideal Sp, and sj(A) denotes the jth singular value of A
(sj(A) is the distance from A to the operators of rank < j).

Lemma 2.1 (Lemma 2.1 in [1]). Let (πj)∞j=1 be a decreasing sequence of
positive numbers, (mj)∞j=1 an increasing sequence of positive integers, (βj)∞j=1

a sequence of positive numbers, p ∈ [1,∞), and c ≥ 1. Assume that for
j = 1, 2, . . . we have

(1) mj+1 ≤ cmj;
(2)

∑∞
k=j+1 βk ≤ cβj;

(3)
∑j

k=1 βkm
1/p
k ≤ cβjm

1/p
j ; and

(4) βj ≤ cπmj .

Assume further that X is a compact operator which can be written as

X =
∞∑

j=1

mj∑
`=1

Xj`,

where Xj`X
∗
j`′ = X∗

j`Xj`′ = 0 for ` 6= `′, and |Xj`|p ≤ βj for ` = 1, 2, . . . ,mj.
Then there exists a constant C, depending only on c and p, such that

sj(X) ≤ Cπj , j ≥ m1.

Proof. We provide the short argument because it requires a slight modifica-
tion of the one given in [1]. Observe first that by (3) and (4)

βjm
1/p
j ≤

j+1∑
k=1

βkm
1/p
k ≤ cβj+1m

1/p
j+1 ≤ c2πmj+1m

1/p
j+1.
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This then yields

βj ≤ c2

(
mj+1

mj

)1/p

πmj+1 ≤ c2+1/pπmj+1 ,

a slight improvement of (4). If we set now Yj =
∑mj

`=1 Xj` and Xj =
∑j

i=1 Yi,
we have

|Yj |p =

(mj∑
`=1

|Xj`|pp

)1/p

≤ (mjβ
p
j )1/p = m

1/p
j βj ,

and

‖Yj‖ = max{‖Xj`‖ : 1 ≤ ` ≤ mj} ≤ max{|Xj`|p : 1 ≤ ` ≤ mj} ≤ βj .

Observe now that

|si(X)− si(Xj)| ≤ ‖X −Xj‖ ≤
∞∑

k=j+1

‖Yk‖ ≤
∞∑

k=j+1

βk ≤ cβj ,

and

|Xj |p ≤
j∑

k=1

|Yk|p ≤
j∑

k=1

βkm
1/p
k ≤ cβjm

1/p
j ,

where we used inequalities (2) and (3). We have then

card{i : si(X) > 3cβj} ≤ card{i : si(Xj) > 2cβj} ≤
[
|Xj |p
2cβj

]p

< mj .

Thus, if mj ≤ i ≤ mj+1, we have

si(X) ≤ 3cβj ≤ 3cc2+1/pπmj+1 ≤ 3c3+1/pπi.

The lemma follows with C = 3c3+1/p. �

Assume now that µ is a positive, finite, compactly supported Borel mea-
sure on Rn, and h : [0,+∞) → [0,+∞) is a continuous increasing function.
The basic assumption on µ is that

µ(B) ≤ h(r) if B is a ball of radius r.(2.2)

The function h will be subject to conditions

h(2r) ≤ ch(r);(2.3)

h(r)
r

↓ 0 as r ↓ 0; and(2.4)
∞∑

k=n+1

2kh(2−k) ≤ c2nh(2−n), n = 1, 2, . . .(2.5)

for some constant c > 0. Since µ is compactly supported, the function h
will be assumed eventually constant. Note that (2.4) and (2.5) are verified
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for small r if, for instance, h(t) = t1+εg(t), where ε > 0 and g is increasing
near the origin. Observe that condition (2.4) implies that the sequence

1
nh−1( 1

n)
, n = 1, 2, . . .

is decreasing. In view of this fact and of the improved form of Lemma 2.1,
Theorem 3.1 of [1] can be restated as follows. The operators Xj are the
integral operators described in Section 1.

Theorem 2.6. Given µ and h as above, there exists a constant C > 0 such
that

sk(Xj) ≤
C

kh−1( 1
k )

, k = 1, 2, . . . , j = 1, 2, . . . , n.

3. Obstructions for Lorentz Ideals.

Let us recall that, given p, q ∈ (0,+∞), the collection Sp,q of all compact
operators K satisfying

∞∑
j=1

j−1+q/psj(K)q < ∞

is an ideal. The ideal Sp,q is symetrically normed if p, q ≥ 1 ([4]; see also
[3]).

Our main result establishes sufficient conditions for the operators Xj de-
scribed in the introduction to belong to Sp,q. The measure µ and the func-
tion h will be as in Section 2.

Theorem 3.1. Assume that p, q ≥ 1 and∫ 1

0

h(r)q(1−1/p)

rq+1
dr < ∞.

Then the operators Xj belong to Sp,q.

Proof. Assume the integral in the statement is finite. By Theorem 2.6, it
suffices to show that the sum

∞∑
j=1

j−1+q/p

 1

jh−1
(

1
j

)
q

=
∞∑

j=1

j−1−q+q/p(
h−1

(
1
j

))q

is finite. Since the function x−1−q+q/p does not vary too much on intervals
of the form (j, j + 1), the above sum is finite if and only if the integral∫ ∞

1

x−1−q+q/p(
h−1

(
1
x

))q dx =
∫ 1

0

y−1+q−q/p

h−1(y)q
dy
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is finite. The substitution h−1(y) = r shows that this integral is finite if and
only if ∫ 1

0

h(r)−1+q−q/p

rq
dh(r)

is finite. This integral is (up to a constant)∫ 1

0

dh(r)q−q/p

rq
,

and this is finite if and only if∫ 1

0

h(r)q(1−1/p)

rq+1
dr < ∞.

The theorem follows. �

Let us look at two particular cases. First, if p = q > 1 then Sp,p is the
Schatten ideal Sp. The condition in Theorem 3.1 is that∫ 1

0

h(r)p−1

rp+1
dr < ∞.

This is therefore an obstruction to diagonalization modulo the ideal Sp′ ,
where p′ = p/(p−1) is the conjugate exponent. If the integral is infinite and
inequality (2.2) is reversed, diagonalization is in fact possible (cf. Theorem
8.1 in [8]). In subsequent work Xia [9] studied in more detail the decompo-
sition of the operators Xj given in [1], and thereby obtained necessary and
sufficient conditions for diagonalization modulo Sp′ in terms of µ alone.

Next consider the case q = 1, p > 1. The condition in Theorem 3.1
becomes ∫ 1

0

h(r)1−1/p

r2
dr < ∞.

Again, this is an obstruction result for diagonalization modulo a certain ideal
S

(0)
p′,∞ whose dual is Sp,1. (We recall that a compact operator X belongs to

S
(0)
p′,∞ if and only if limj→∞ j1/p′

sj(X) = 0.) If the integral is infinite then
the diagonalization result is Theorem 8.4 in [8].

These examples suggest that there is good reason to believe that the
obstruction results given by Theorem 3.1 are sharp, in the sense that diago-
nalization is always possible when the corresponding integral is infinite and
(2.2) is reversed.
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