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In this paper we study the group J(L¥(n)) of stable fi-
bre homotopy classes of vector bundles over the lens space,
Lk(n) = 82k+1/7,, where Z, is the cyclic group of order n.
‘We establish the fundamental exact sequences and hence find
the order of J(L*(n)). We define a number N, and prove that
the inclusion-map i : L*¥(n) — P, (C) induces an isomorphism
of J(P,(C)) with the subgroup of J(L*(n)) generated by the
powers of the realification of the Hopf-bundle iff n is divisi-
ble by Ng. This provides the discrete approximation to the
continuous case.

0. Introduction.

Let p be a prime; k, n € Z* and L¥(p") = S?**1/Z,n be the lens space
where Zyn is the cyclic group of order p". LF(p™) has the structure of a
CW-complex LF(p") = U%Hej and its 2k-th skeleton,

LE®™) = {[z0,... , 2] € LF(®™) : 2z is real > 0}.

In this paper we study the group J (~Lk p™)), making use of the already es-
tablished results in [10] and [12] on Kg(L*(p™)). We first establish the exact

sequences analogous to the ones proved in [4] for J(Px(C)). Define " (p") =
LE(p™) if pis odd

{ L*(p™) if p =2

map ¢ : J(L ( ™) /LT T(p")) — J(f%(p")), whereas the corresponding re-
sult, e.g. [4, Lemma 4.9], is trivial for complex projective spaces. We resolve
this difficulty by using the transfer map 7 : f(R(fk(p")) — KR(fk(p”“))
and to make the transfer map suitable for application, we prove a number
of preliminary results in Section 2.2 concerning binomial expansions. This
leads to Proposition 2.3.3 about the kernel of (¢f, — 1) where ¢ is an integer
not divisible by p and ¢} is the Adams operation and which plays a funda-
mental role in the proofs of Lemma 3.2.1 and Proposition 3.2.2 for the injec-
tivity of ¢'. Using the exact sequences we establish, we find in Proposition
3.3.4, the order of J(fzv(p")). Let G(p, k,n) be the subgroup of J(L*(p"))
generated by the powers of the realification of the Hopf-bundle over L*(p")

. The main difficulty is to prove the injectivity of the
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which coincides with J(L¥(p")), except for p odd and k = 0(mod 4) and for
p = 2 and n > 2 in which case it is a subgroup of J(L*(p")) of index 2.
Let i : L¥(p") — Py(C) be the inclusion-map. We define a number N}, in
2.2.9. The main result of the paper; e.g., Theorem 3.4.2 states that ' maps
the p-summand, J,(P;(C)) of J(P,(C)) isomorphically onto G(p, k,n) iff n
is greater or equal to the p-exponent of Ng. This provides the discrete ap-
proximation to the continuous case. We then conjecture in 3.4.4 a stronger
version of this which involves the degree function on the J-groups.

Finally, we observe that the transfer map passes to the quotient and de-
fines a map on the J-groups of the respective lens spaces. We prove in
Proposition 3.5.3 that 7 0 4'(z) = pz for Vo € G(p, k,n + 1).

The paper is self-contained as a whole. Only very elementary facts about
the Kg-groups of lens spaces are used and everything concerning J-groups
of lens spaces is developed from scratch.

1. Kg-groups of lens spaces.

1.1. Survey of results. Let p be a prime and k, n € Z*. Let n be the
complex Hopf-bundle over L*(p"), p =n—1 € Kc(LF(p™)) be its reduction
and w = r(p) € Kr(LF(p")) be the realification of u. It is (essentially)
shown in [10] and [12] that K¢(L*(p™)) is generated multiplicatively by u
subject to the relations :

LopE =0, TL @R (u) = gl () = -+ = pF =1 (1) = 0.

For p odd, Kg(LE(p")) is generated multiplicatively by w subject to the
relations :
I'. w®/2+1 = 0 and II'. The realification of the relations II above.

For p = 2 and n > 2, let & be the real line-bundle over L*(2") such
that c(§) = n2"71 where ¢ is the complexification-map. Let A = £ — 1 €
Kgr(L¥(2")). Then Kg(LF(2")) is generated multiplicatively by w and X
subject to:

U, wlk/2+1 = 0if k # 1 (mod 4) and 2wF/2+1 = /242 = 0 if k = 1 (mod
4)

IT'. The realification of relations IT above. Relations I" in Kg(L§(p™)) for p
odd and in Kg(L*(2")) for p = 2 are equivalent to the periodicity-relations:
w;;rp “(w) = ¢*(w),Vs € Z or to the single relation obtained by taking

s = —1; ie., ﬁn_l(w) — w = 0 which by Proposition 1.1.6 is of the
form: p"(p" — 2w + 3 ;5 ajw/ = 0 or upon multiplication by w'~! :

(i > 1),p"(p" — 2)w® + >i>2 ajw™ = 0(i > 1) which are equivalent to:
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prw' +3 50 Bjw w = 0 for p odd and 2" w? + PR Bjw' =0 for p = 2.
. 2X = 92" " (w) and IV/. Aw = (2" + —¢2" " — 1) (w).
_For k = 0(mod4), Ke(LF(p")) = Zy & Kr(L§(p")) if p is odd and
Kr(L§(2") = J(R(Lk(zn))/z (2mHF=2) if p = 2 and for k # 0(mod4),
Kr(L*(p")) = Kr(LG(p")).
Lemma 1.1.1. Let p be a prime; v,n € Z+*, n > 2 if p=2. Then
~ =2 —20—2 L if p is odd
Kr(L™(p™)/L =<7 :
r(L™ (p")/ ®")) {Zzn+1 ifp—2
Lemma 1.1.2. Let v,n € ZT. Then
~ 0 if p is odd
K L4v+l n L4U ny) — )
RETTOVILTE) =7 =g
Lemma 1.1.3. Let p be a prime, v € Z. Then
Kr(L*H3(p") /L2 (p)) = 0.
Lemma 1.1.4. Let p be an odd prime; k,t € Z such that (p,t) = 1. Then
()= —1) =0 on Kn(L§(p)).

Proof. By Fermat’s Theorem, t*~! = 1 (mod p) and thus t T = +1 (mod p).
1

Let 1, i, w be defined as in 1.1. Then ((sz) 7 Dy = 77 —p=ntl o
If we take realification of both sides and note that 7(n~!) = r(n), we obtain
(Wh)"= — 1w =0. O

Definition 1.1.5. For m,k € Z%, define the even binomial coefficient
2(1.2 2 2
Um (k) = & (k71" =(m=1)7) * Note that up(k) = 1 and up (k) = 0 for

%(Qm)!
m > k.
Proposition 1.1.6. In Kg(Px(C)), ¥E(w) = an:l U (K)w™.
Proof. This is [7, Theorem 5.2.4]. O

2. The transfer-map.

2.1. Properties of the transfer-map. Let H be a subgroup of the com-
pact Lie group G of finite index. Then there exists an induction-homomorph-
ism 4 : Rp(H) — Rp(G) (F =R, C) on the representation rings as defined
in [6, Section 7]. Let P be the top space of a principal G-bundle. Using
the induction-homomorphism, one deﬁnes a transfer-map, 77 : Kp(P/H) —

Kp(P/G) for the fibration f : P/H P/G which in turn induces 7p :
Kp(P/H) — Kp(P/G). In the special case, H = Zyn, G = Lynt1 Where p
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is a prime and P = S%*1 we obtain a transfer-map, 7p : K’F( k(pn)) —
Kp(L*(p*t1)) and its restriction, 77 : Kp(LE(p")) — Kp(LE(p™th)). We
now list some fundamental properties of the transfer.

Proposition 2.1.1.

(i) The transfer-map commutes with the complezification and realification
maps, i.e., the following diagrams commute:

Ke(LF(p)) —— Ka(L*@")  Kc(LF(p") —— Kc(LF(pt)

I I & I

c(LF(p") — Kc(LF@")  Kr(LF(p") —— Kr(L¥(p"*))

(i) Ift € Z* and (p,t) =1 then ¥t o Tp = 7 0 Y.

(iit) 7p o f'(z) = 7r(1)z, Vo € Kp(LF(p™th)).

(iv) f'orp(z) =px, Vo € Kp(LF(p")).

v) Let F = C and n, and 0,41 be the Hopf-bundles over L*(p™) and
LF(p*1) respectively. Then 7c(n?k) = 2 j=i(mod pn) 7751+1-

Proof. (i) and (iv) follow immediately from the definition of the transfer-

map as in [6, Section 7]. For (ii) and (iii) we refer the reader to [14, Lemma
2.2]. (v) is [3, Lemma 6.5.8]. O

Lemma 2.1.2. Let u €~IN(C(POO((C)) and w € Kr(Ps(C)) be the multiplica-
tive generators and r : K¢(Px(C)) — Kr(Ps(C)) be the realification-map.
Then r(p*) = Zf:[ﬂ} a;w' (a; € 7).

2

Proof. This can be proved by induction on k using the relation (1% (p))
Vg (w).

We shall now drop the subscript and write down 7 for 7.

o

Proposition 2.1.3. Let k € ZT and assume that n > 2 if p = 2. Then
T(wk) = Y.oq a1l in Kp(LE(p™tY)) where ay = p and p/a; for 2 <
1 < p.

Proof. 1t suffices to prove it for k& = 1 since by (iii) of Proposition 2.1.1
7(wh) = 7(w)wh1.

That a; = p follows from (iv) of Proposition 2.1.1.

For p =2, (1) = 1+ (L+m)* =2+ 37" ()u + 42", by (v) of
Proposition 2.1.1, where 2/(2n) for 1 <i<2"—1. 17c(p) = (7c(1))p =
20+ 22 o1 ( : )Iu’“ + p2" 1 by (iii) of Proposition 2.1.1.

We take reahﬁcatlon of both sides and using Lemma 2.1.2 and com-
mutativity of the second diagram in (i) of Propositon 2.1.1, we obtain



J-APPROXIMATION 227

T(w) = Y~ a;w’ where 2/i for 2 < i < 2”1 and since n > 2 this yields
the result for p = 2.

For p odd, 7c(1) = 1+ (14 )" + (1 + p@)%" + -+ (1 + )P~ Dr" =
P+ Dis1 bip'.
For1<i<p"—1,b = (pin) + (2’;”) +- 4 ((p—il)p") and hence p/b;.

Fori=p", byn =1+ (25?) + 4 ((p_p})pn).

For 1 < s < p-—1, (Slf:) = s[5 _1m = s (mod p). Thus
bpn = (1424 -+ (p— 1)) (mod p) = p@ D = O(mod p), ie., p/byn.

For p" +1<i<2p" -1, a; = (2€n) -+ ( )p ) and hence p/al.
Thus p/b; for 0 <4 < 2p" — 1. 1c(p) = (Tc( Dp = pu+ s b Tt =

pr+ Yo bj—ip? T(w) = 7(r(p)) = r(re(p) = pw + ;50 bj—1r(1?) by

the commutativity of the ond._ diagram in (i) of Proposition 2.1.1 r(u’) =
Z c’w (¢! € Z) by Lemma 2.1.2.

hus T( ) = pw—i—ZPQZ (i bi_1cw = pw + Y ;5 aiw' where a; =

E[J+1]<Z<] i1 = 221 i 1c). Let @ < p". Then in the second sum

above, j < 2¢ < 2p" and p|bj_; by the first part of the proof. Hence p|a; for
2 <4 < p" and hence for 2 < i < p. O

2.2. Preliminaries on binomial expansions. Section 2.2 is a technical
section aimed at proving Proposition 2.2.2.

If p is a prime and n € Z™, v,(n) will denote the exponent of p in the
prime factorization of n.

Definition 2.2.1. For p"~! <k < p" — 1, define ®(k) = n + =1,

If we arrange the integers in decreasing fashion from k = p"—1to k = p"~!

in blocks B; of p consecutive integers then @ is the step function which is
constant on each block, increases by 1 with each increasing block and takes
the value n on Bj.

Proposition 2.2.2. Let Snp D st GlUR () in Kg(Px(C)). If we
expand Spp = D pspn-1 arpw® then vy(ag) > ®(k) (p" ' <k <p"—1).

Proposition 2.2.2 is essential for the inductive proof of Proposition 2.3.1
which in turn is essential for the proof of Lemma 3.2.1 for the injectivity of
the homomorphism ¢'. Proposition 2.3.1 asserts for p odd and ¢ prime to p,
the existence of a series in w” that starts at w’ (for any j) and which belongs
to Ker [(Q/JR) —1] € Kg(L3*(p™)), the exponents of whose coefficients have
a lower-bound given by a certain function ¢ (j, k) which is attained for k = j.
For v,(j) < n—2, the result follows by applying the transfer-map to the series

we have in Ker [(wR) — 1] € Kg(L2’(p"")) by the induction-hypothesis
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and by applying Proposition 2.1.3 to the coefficients. The difficult case is
the one for j = p"~! (the more general case, v,(j) > n—1 easily follows from
this) and this is where Proposition 2.2.2 comes into play. For j = p"~2, we
have two series to compare; one that we have by the case v,(j) < n —2 and
another one that we obtain by applying the homomorphism f! induced by
the p-th power map, f : L3V(p") — L3'(p"!) to the series that we have by
the induction-hypothesis for j = p"~2. By noting that f'(w) = ¢ (w), the
second-series is of the form » ;- n—2 by [ (w)]*¥ which by Proposition 2.2.2
can be written as » ;o n—2 arw” where vy (ag) > ®(k). A lower-bound for the
exponents of the coefficients of the first series is given by ¥(p"~2, k) which
is attained for k = p"~2. ®(j) > 1(j,J), in general and using the special
case of this for j = p"~2, we can subtract a scalar-multiple of the first series
from the second to eliminate the term w?" " and the resulting series starts
with the term w?P" “+1. If m is the exponent of the multiplying factor then
m +(j,k) > ®(k) and an immediate consequence of the special-case of
this inequality for j = p"~2 is that the p"~!-th coefficient of the resulting
series is prime to p. We continue this process inductively until we knock off
the terms wpn_2+1 wP" 2 . wP" =1 and in the end, obtain a series in
Ker[(d}R) —1] € Kg(L3"(p")) that starts with the term w?"™" and whose
p"~!-th coefficient is prime to p.

Lemma 2.2.3. Let p be an odd prime, m € Z and u,,(p) the even binomial
coefficient defined in 1.1.5. Then

2 fl<m<ER
1 ifz%lgmgp—l.

UP(Um (p) = {

Observation 2.2.4. Let p be an odd prime, n € Z* and let [w%(w)]pn—l _
Zizpn—l arw® in Kg(Px(C)).Then
ay = Z 51'52 o H [tm(p
s1+...+sp=pn—1
81+2s9+...+psp=k
Proof. It is an immediate consequence of Proposition 1.1.6. O

Definition 2.2.5. Let p be an odd prime, n € ZT and p" ! < k < p" — 1.
We let Sy denote the set of all sequences s = (s1,...,5,) of non-negative
integers such that s;+...+s, = p" 1 and s; +2so+...+ps, = k. For s € S,

define T'(s) = D and 0(s) =T(s) Hﬁ;ll [tm (p)]*™. Observation 2.2.4

s1lsal...sp!
can be stated in an equivalent form, i.e.,
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Observation 2.2.6. Under the hypothesis of Observation 2.2.4, ap =
Zsesk 0(8>

Definition 2.2.7. Let p be an odd prime and s € S,. Define e,(s) =
251+ 251 + s+ spot.

We state the following Corollary to Lemma 2.2.3.
Corollary 2.2.8. v,(0(s)) = vp,(T(s)) + ep(s).

Definition 2.2.9. For £k € Z", define a number Ny by v,(Ny) =
Suplérg[p—fl](l + vp(r)). Let Ni,, denote its p-component.

We now observe that [5, Lemma 6.1] can be proved under more general
hypothesis; i.e.,

Lemma 2.2.10. Let p be a prime, n,k € ZT. If vy(n) > vy(Ng—1) then
vp((})) = vp(n) — vp(k).
Proof. Identical with that of [5, Lemma 6.1]. O

In the following, p is an odd prime and n € Z*.

Definition 2.2.11. Let I; be the closed interval, I; = [p" —p' +1, p" —p'~]
inZ* (1<i<n-1)andlet I, = [p" !, p* — p"~ 1. Then [p"~1,p" —1] =
U 1.

Lemma 2.2.12. Let s € S,. Then s, > k— (p— D)p"~ L. Ifk € I; then
sp>ptl—pl+1.

Proof. s1+sg+--+s, = p"~!and s;4+2s9+- - +psp = k and substracting the
first equation from the second yields 1. so+2s3+- - -+ (p—2)sp_1+(p—1)sp =
k —p" 1 or equivalently so + 283+ -+ + (p — 2)sp—1 + (p — 2)sp, + p" L =
k—sp. LHS = (s2+ -+ sp) +(s3+ -+ 5p) + -+ (5.1 + 8p) +
Pt < (p-2)p" 4+ p" = (p—1)p"". Thus, k —s, < (p—1)p"! o,
equivalently, s, > k — (p — 1)p". If k € I; then k > p™ — p* + 1 and hence
sp>k—(p—1p" ' >pt—p'+1—-(p—1p" ' =p" !t —p'+1. O

Corollary 2.2.13. Let s € Sy, and k € I;. Then vy(T(s)) > n —i.

Proof. It follows from the second part of Lemma 2.2.12 that v,(s,) < i — 1.
T(s) = (p7L71)M and it follows from Lemma 2.2.10 that vp((pz;l))

Sp s1lisp_1!

=n—1—-vy(sp) >n—-1—-(i—1)=n—1i. O

Definition 2.2.14. For each p"~! < k < p" — 1, we define a unique special

sequence s°(k) by (s°(k)), = [%T]. Let r =k —p" 1 — (p— 1)(s9(k)),.

Then 0 < r < p — 2. The remaining (possibly) non-zero indices of s°(k) are
(8%(k))rt1 =1ifr > 1 and (s°(k)); = p" 1 — (s°(k))p, — 1 + 6,0 where 6,9 is
the Kronecker-delta. If we arrange the integers in decreasing fashion from
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k=p"—1tok=p""1inp" ! blocks B; of (p — 1) consecutive integers,
then (s°(k)), = p"~! — j is constant on each block. If B; = (ki,. .. k:p 1),
ki=ki1+1, ki = —]( —1)+z—1 then the non-zero indices of s%(k;)
apart from (s°(k; ) are : (s°(k;)); = 1 and

(ki) = {‘7. it .
j—1 if2<i<p-1
Observation 2.2.15. If we arrange the integers in decreasing fashion from
E=p"—1tok=p""!in 2p" ! blocks of % consecutive integers then
ep(s%(k)) is constant on each block and increases by 1 with each increasing
block and takes the value 1 on the first block.

Proof. Let le» = (kp+1,...,kp—1) and 32 (kiy...  kp-
2 2
from the above and the definition of e)(s O(k)) that e,(s(k)) is constant on

B! (i =1,2) and increases by 1 in passing from BJ1 to B]2 and from BJQ- to

le'+1 and takes the value 1 on Bj. 0

Lemma 2.2.16. Ifp" ! <k <p"—1 and s € S then ey(s) > ey(s°(k)).

1). Then it is clear

Proof. Define u(s) = ZE s; and v(s) = Zp b1 Si Then by definition,
ep(s) =2u+v=2u+v+s,) —v—2s,=2p"" —v—28p. Hence:
1. ep(s) — ep(s2(k)) = [o(s(k)) — v(s)] + 2((s2(k))p — 5p) 52+ 255+ +
(p—l)sp:k—pnl—r+( )( ()) where 0 < r < p — 2 and thus;
2. 82+ 283+ + (55 )spn 4o+ (0= 2)sp-1 = (0 — D((8°(R))p —
) 7 LHS 5 0L+ i 2 (51) T = (3 0()sives ) <
2((s°(k))p — sp) + 2_"1 and hence v(s) < 2((2(k)), — 5,) + [;25].
(i) If r > %, (s°(k))rr1 = 1 and v(s°(k)) = 1 and thus v(s) <
2((s°(k))p — sp) + 1.
(i) If r < %, v(s%(k)) = 0 and thus v(s) < 2((s°(k)), — sp) and in
either case, v(s) < 2((s°(k)), — sp) + v(s°(k)) and the result follows from 1
above. g

Lemma 2.2.17. For k € I;, n —i+ e,(s°(k)) > ®(k).

Proof. It follows from Definition 2.2.1 in a straightforward way.

Corollary 2.2.18. Let p" ' < k < p" —1 and s € Sg. Then v,(0(s))
D (k).

Proof. It is an immediate consequence of Corollaries 2.2.8, 2.2.13 and
Lemma 2.2.17.

Proof of Proposition 2.2.2. Tt suffices to prove that if [¢f(w)]? P =
. . n—1, . pn—
Y kopnt 45 ApwF then vy(ad) > ®(k). [ (w)P" '+ = [h (w)]P" " [Yf (w))!

v O

O
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= [Zizpnfl aiwi”Zzzj biw'] = ZkZp”*1+j ai = X iti—k @ibi. By Ob-
servation 2.2.4 and Corollary 2.2.17, vy(a;) > ( ) > ®(k) for i < k and

thus v,(a;b;) > ®(k). Hence vp(a‘,i) > O(k). O

2.3. Kernel of (¢, —1). In what follows ¢ will be an integer not divisible
by the prime p.

Proposition 2.3.1. Let p be an odd prime and j,n,t,v € Z* such that
(p,t) = 1. For k > j, define

o fn=1euG) = [5E] i <k < e 1 () - 1
v { ik >+ p(n— 1 - ,(j).

Then there exist aj ) € Z such that:

(i) vp(ajz) = (5,5) =n—1—vp(j).
(ii) vp(ajr) > ¥, k). B
(iii) Yops; ajpwk € Ker[(Wh)"T — 1) € Kr(LE(p")).

Proof. By induction on n.

For n =1 it follows from Lemma 1.1.4.

Let 7 > 1 and assume it to be true for n—1. Let K; = Ker [(¥4) 2 —1]
Re (L3 (p')).

For 0 < vp(j) < n—2, the result can be obtained by applying the transfer
map 7,1 @ Kr(L3°(p" ")) — Kgr(L3'(p")) and by using the induction-
hypothesis and Proposition 2.1.3 and by noting that 7,-1 maps K,_1 to
K,, which is a consequence of (ii) of Proposition 2.1.1. For j = p"~!, the
p-th power map, g : L2(p") — L2(p" 1) factors through L2’(p"1), i.e.,
there exists a map f : L3%(p™) — L3Y(p"!) such that the following diagram
commutes:

e —Le e
g
L§(p")
Thus, f'(w) = hk(w). By the induction-hypothesis, there exist

Zszpn,g bpn—2 sw® € Ky, 1. Applying f' and by noting that f' maps K,_1
to Ky, we obtain 35 o s byn-2 ([¢g (w)]* € K. By Proposition 2.2.2, there
exist ¢, € Z (k > p"~?) with v,(cx) > ®(k) such that:

1. Zkzpn72 Ckwk G Krn.
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We now claim the following statement. For p"~2 < j < p"~! there
exist ¢jr, € Z(k > 1) with (p,cj,m1) = 1, vp(cip) > P(k) such that

k
> k> CiEW" € Ky

Proof. By induction on j. For j = p"~2 this follows from 1 above.

Let p"~2 < j < p" ! and assume it to be true for (j — 1). Since 0 <
vp(j — 1) < n — 2, by the first part of the proof, there exist coefficients
aj—1k € Z (k >j— 1) with ’Up(aj_Lj_l) = ’(ﬁ(] —-1,5— 1) =n—1 —’Up(j — 1)
and vy(aj—1%) > ¥(j — 1, k) such that:

2. Zk:Zj—l aj_Lkwk e K,.

By the induction-hypothesis, there exist coefficients ¢;_; , € Z (k > j—1)
with (p,c;_ypn-1) =1, vp(cj_1,) > ®(k) such that

3. Zij—l Cj_17k’wk e K,.

Define m = wvp(cj—1,j-1) — vp(aj—1-1) > (G —-1)—v(G—-1,j—-1)>0
aj-1j-1= pvp(ajfufl)@jil and ¢j_1 ;1 = pvp(cjfl,jfl)ryjil where (p, oj_1)
= (p,vj—1) = 1. Multiply Equation 2 by p"v;_1 and 3 by —«;_1 and add
up the resulting equations to obtain:

5.2 k> cjrw € K.

Let AY(j—1,k) and A®(k) be the respective increases in ¢(j — 1, k) and
®(k) from 7 — 1 to k. ¥(j — 1,k) and ®(k) are constant on each p-block of
consecutive (increasing) integers starting with j — 1 and p"~? respectively
and decrease by 1 with each increasing block. Thus Ay (5 — 1,k) > Ad(k)
mA O~ 1,7 —1) > @ —1) and m + $(j — L,k) = m +9(j — 1,j —
D)+ AY(j—1,k) > ®(j — 1) + A®(k) = ®(k). Hence vp(p"vyj—1aj-1k) >
m+¢(j — 1,k) > ®(k) and also vp(—ayj—1cj—1k) = vp(cj_1k) > (k) and
thus vp(cjr) > (k).

(i) By the induction-hypothesis, (p, aj—1¢;_1 pn-1) = 1 and if:
a) j—1>p" !—pthen ®(j—1)>n+1and ¢(j—1,57—1) <n and
thus m > ®(j — 1) —9(j — 1,5 — 1) > 1;
b) j—1=p" ' —p, then ®(j—1)=nand(j—1,7—1) =n—1and
thus m > ®(j — 1) — (]*1]*1)_77]*(71*1) 1;
¢) j—1<p" !t —p—1then vy aj_qpn-1) > P(j — Lp" 1) >1.
In all three cases,
(i) p/D"™ 1051 g1

We deduce from (i) and (ii) above that (p,a;,») = 1 and this proves the
statement.

We deduce from the special case of the statement for j = p"~! that
there exist coefficients a,n-1y (k> p"~!) with (p, apn-1 yn-1) = uch that

k
Zk,‘zpn71 ap"—l,kw S KT’L
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More generally, for v,(j) > n — 1, let j = p"~!5’. Then by what we have
already proved and since K, is an ideal in Kg(L2"(p")),

Z apnq’kwk Zajglwl e K,

k>pn—t 125

and hence the result. O

We now extend this to p = 2. We replace LE(p") for odd p by L¥(2") for
p = 2. Let t be an odd integer. Here L*(4) plays the role of L&(p), p odd,
and the analogous result to Lemma 1.1.4 is that 14 — 1 =0 in Kg(L*(4)).
We, necessarily, assume n > 2 and consider the sequence of transfer-maps,
Kg(L¥(4)) — --- — Kg(L*(2")). The analogue of Proposition 2.3.1 is:

Proposition 2.3.2. Let t,j,v,n € Z", t odd, n > 2 and define

sk = 2 el) -1 ISk < 42 -2 - () - 1

’ 0 if k> 7 +2(n—2—uv(j)).

Then there exist aj ) € Z such that:

(1) va(ajj) = 95, 5) = n— 2 = va(3);

(i) va(ajp) > ¥ (5, k) fork =355
(iil) Yops;ajpw® € Ker (v —1) C Kr(L*(2")).
Proof. Almost identical with that of Proposition 2.3.1. (|

Let p be a prime, n € ZT and let Gyn be the multiplicative group of units
in an.

Gy =

LZyn-1(p—1y 1 pis odd
Zo X Zgn-2 if p =2, where the first summand is generated by —1.

Proposition 2.3.3. Let p be a prime, t € Zt such that (t,p) =1 and that

t is a generator of G2 if p is odd and a generator of Gg/{F1} if p = 2.
Define

1 ifp=2 34 (1)
Np =9 p-1 : _ and €, = ————.
Y5 ifpis odd 2
Let n,v,j € Z" and assume that j =0 (mod ny). For k > j, define
T e R e I FEL EF RN USSRt e B
P 0 if k> j+p(n—e —uvp(4)).

Then there exist aj ) € Z such that:
(1) vp(ajj) = T/’p(j‘aj) =n—e —vp(j);
(i) vplajr) = ¥p(d, k); o,
(i) Yops; ajew® € Ker (vh —1) € Kr(L™ (p")).
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Proof. For p = 2 it reduces to the statement of Proposition 2.3.2. For p odd,
it follows from Proposition 2.3.1 that there exist b;; € Z such that:

(1) vp(bsj) = ¥p(d,5) = n — 1 —v,(J).
(i) vp(bjk) = ¥p(d, k).

(iii)

o= (7 ) (S

k>j

= (Vg —1) <1+wﬁ§+--~+ (eh) = + (wﬁ@)pﬂ > byt

k>j

wR — 1 Za] pwh ie.,

k>3

S ajput = [1 bt ()T 4 (wﬁ)ﬂ S by gt

k>j k>j
a;; = [1+(t23'—1)+(t4j—1)+-- + (¢ —1)}1)

Since 2j = 0 (mod (p — 1)), it follows from [1, Lemma 2.12] that

. 3

v (29 = 1) = 1+ v,(2mj) > 1 (1 <m< pQ>
i.e., p divides all the terms inside the bracket except the first one and thus
the bracket is not divisible by p. Hence
vp(az;) = vp(bj;) = ¥p(J, ) =n — 1 —vp(j).

If 4" (w®)]) denotes the coefficient of w* in the expansion of ¥k (w*) then

e=bikt D, D by [UR (w0

1§mgp2;3 5§27

Up(bjs) > ¥p(d,8) > ¥p(J, k) and hence vp(ajr) > ¥p(4, k). O

3. J-Groups of Lens spaces.
3.1. J-triviality.

Lemma 3.1.1. Let k,n € ZT, p and q be distinct primes such that q is a
generator of Gpn if p is odd and of the summand Zon—2 if p = 2 and u €
KR(fk(p”)). Then J(u) = 0 in J(fk(p”)) iff there exists x € KR(fk(p”))
such that u = (Y, — 1)z.



J-APPROXIMATION 235

Proof. Tt follows from the Adams conjecture (for an elementary proof see
[9]), [2, Theorem 1.1] and the fact that IN(R(fk(p”)) is a p-group that J-
trivial bundles over L" (p™) are finite linear combinations of the form:

L 3 =1 (VE — Dy
If Kk =p1---py for prime, p; (1 <i <r) then:
2. (Yg—1)z = (! —1)pP> P (x)+ (R — 1)y Pr (2)+ -+ (Y~ — 1) ()
and hence we may, without loss of generality, assume that in 1, k runs over
the set of complementary primes to p. Let k& = ¢’ be such a prime. Thus
q¢ = +q™ (mod p") for some m € Z*. Hence if 7 is the Hopf-bundle over
fk(p”), n? = nr" ie., @bg (n) = wéqm (1) and taking realifications yields
wﬂ’g(w) = w%m(w) and thus, (1/1% — Dw' = (w]gn — Dw' = (Y — 1)z by 2
above.

Also for p = 2, n > 2 and if A is the reduction of the canonical line-bundle
over fk(p") as defined in Section 1.1, then (¢f — 1)A = 0 for ¢ odd. O

In his solution of the vector-field problem, Adams has (essentialy) proved
that J(P") = Kr((P")). We now extend his result.

Corollary 3.1.2. J(L*(4)) = Kg(LF(4)).

Proof. Assume that n = 2k is even. (i) If ¢ = 4m + 1, n¢ = 7 and hence
(& — D = 0. (ii) If ¢ = 4m — 1, n? = n~ and hence (& — Yz')p = 0.
r[(¥E — Dpl = r[(Vf — vg')ul = (¥f — Dw and hence (Y — L)w = 0 in
either case. Also (¢f —1)A = 0. Thus (¢} —1) = 0 for ¢ odd and the result
follows from Lemma 3.1.1. O
3.2. Injectivity of the map, c' : J(ZQU(p”))/ZQv_Q(p") — J(ZQU(p”)).
Lemma 3.2.1. Let p be a prime; i,n,s,t,v € Z* such that (p,t) = 1 and
sw’ = (vh — DT, mjwd) in KR(ZQU(]?”)) for1 <i<wvandm; € Z
(1 < j < w). Then there exist nj € Z (i +1 < j < v) such that sw’ =
(1/1]?@ - 1)(Z§:i+1 njw’).

Proof. sw® = m;(t* — 1)w' + D imit m;-wj.

(i) Let p be odd and 2i # 0 (mod (p—1)). It follows from Section 1.1 that
p" / mi(t* — 1) and from [1, Lemma 2.12] that p does not divide (t* —1).
Hence p"/m;. We deduce from Section 1.1 that m;w’ = 7., ; ajw’ and
we put nj =m; +o; (i+1<j5 <),

(ii) Let p be odd and 2i = 0 (mod (p—1)). It follows from Section 1.1 that
vp(m;(t?* — 1)) > n and from [1, Lemma 2.12] that v, (t? — 1) = 1 + v,(2i).
Thus, vp(m;) >n —1—v,(20) =n — 1 —vp(i) = p(4,4) where ¥,(i,7) is as
defined in Proposition 2.3.3.

(iii) Let p = 2. It follows from Section 1.1 that vo(m;(t?* —1)) > n+1 and
from [1, Lemma 2.12] that va(t?* — 1) = 2 + v2(2i). Thus ve(m;) > n+1 —
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2—vy(2i) = n—2—wvy(i) = a(i, 7). It follows from Proposition 2.3.3 that in
both cases (ii) and (iii), there exist §; € Z (i < j < v) with 8; = m, such that
E§:¢ Bjw’ € Ker (¢ —1). Hence (¢ — )mw’ = — (¢ — 1)(23 =it+1 Bjw)

(]

and we put n; = m; — ;.

Pr0p051t10n 3.2.2. Let p be a prime and n,v € Z* and c : f%(

( )/L% 2( ). Then the induced homomorphism

¢ J( “(p )/LQU 2( n)) —J (f%(pn))

p") —

18 1njective.

Proof. Let ¢'J(sw?) = 0in J(f% (p™)). Let ¢ be a prime which is a generator
of Gpn. We claim the following:

Statement. For each 1 < i < v, there exist m; € Z (i < j < v) such that

sw' = (P — )3T mjuw?).
Proof. By induction on 1.
For i = 1, it follows from Lemma 3.1.1, Section 1.1 and the fact that for
=2, (g —1)A = 0. Let i > 1 and assume it to be true for ¢ —1. Then it is
true for ¢ by Lemma 3.2.1. This proves the Statement and the Proposition
follows from the special case of the statement for i = v. O

Corollary 3.2.3. We have an exact sequence,
ny € 20,y B g n
(")) = J(L™ (")) = J(L™ “(p")) = 0.

Proof. The exactness of the four terms on the right follows from [1, Theorem
3.12], [2, Theorem 1.1] and the Adams conjecture. The injectivity of ¢’
follows from Proposition 3.2.2. O

Lemma 3.2.4. ¢ : J(L* T (p™)/L¥(p™)) — J(L**1(p")) is injective.

Proof. By Lemma 1.1.2, Kg(L**1(2")/L*(2")) = Zy and generator maps
to w?**T!. The proof is identical with that of Proposition 3.2.2. O

—2v—2 20—2

0—>J(f (p")/L

Corollary 3.2.5. The following sequence is exact,
0 — JLW T (™) /L (") S T M) S J(L (™) — 0,
Proof. Identical with that of Corollary 3.2.3. (|

3.3. Order of J(Zk(p”)).

Definition 3.3.1. We define as in [1, Section 2] numbers m(t) by: For p
odd,

0 if t 20 (mod (p— 1))

vp(m(t)) = {1 + v,(t) ift=0 (mod (p—1))
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For p =2
1 if t 20 (mod 2
va(mi(t)) = 1) 2o ot
2+ va(t) if t =0 (mod 2).
Definition 3.3.2. Let p be a prime and v,n € Z™. Define
B pmin (n,vp(m(2v))) if p is odd
(P ¥:1) = 3 gmin (n102m200) i = 9.

Note that e(p,v,n) =1if v 0 (mod (p — 1)).
For v = 0 (mod (p — 1)), e(p, v,n) = pertmin (n14+vp(2v))) where

0 if p is odd
€p = i
1 if p=2.
Lemma333 Let p be a prime; v,n € Z*, n > 2 if p = 2. Then
+2v=2, .
J( ( )/L ( )) = Ze(p,v,n)'
Proof. By Lemma 1.1.1,

Lipn if p is odd
ZQn+1 lf D= 2

= =2 —20—2
Ke(L™(p")/L™ (") = {
and is generated by w". By [2, Theorem 1.1] and the Adams conjecture,

+2v-2, , o 2v +2v-2, ,
JI /L (") = Ke(@(p™)/T " (p)/W where W = 0;W;
where Wy is the subgroup generated by

Z apk!® (Yk — 1w’ = Z apk!®) (B2 — Dw?.

keZ+ keZ+t
Let K, be the principal ideal in Z generated by p" if p is odd and by ontl if
p=2. Let ¢p : Z — Z/K, = Kr(Byy(Zpn)/Bay—a(Zyn)) be the surjection.
Define W} = ¢, (W) and W' = nyWy = ¢, {(W). Let h(f,2v) be the
highest common divisor of the integers k/(*)(k*» — 1). Then Wi is the
principal ideal generated by h(f,2v) and by [1, Theorem 2.7], Wy is the
principal ideal generated by m(2v).

JT WML 0M) = (Z/K,) /W = (Z/K,) /(W W 0 Ky)
= (Z/Kp) (W' + Kyp) /| Kp) = L/ (W' + Kp)
and W' + K, is the principal ideal generated by e(p, v, n). O

Proposition 3.3.4. Let p be a prime and v,n € ZT and n > 2 if p = 2.
Then

v ’ . .
‘J (Zzu@n))’ _ Hv,vzl e(p,v',n) z.fp is odd
2110 e(2,v,n) if p=2.
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Proof. Tt follows by induction from Corollary 3.2.3. O

Definition 3.3.5. Let p be a prime and k,n € Z. Define G(p,k,n) and
Go(p, k,n) to be subgroups of J(L¥(p")) and J(LE(p™)) generated by the
powers of w respectively.

Lemma 3.3.6. For p odd,

ny _ JZ2 @ JLE(PY)  if k=0 (mod 4)
J(Lk( ) = {J(ng(p")g) otherwise.

Proof. This is [13, Proposition 1.3]. O
Corollary 3.3.7. For p odd, G(p,k,n) = Go(p, k,n).

Corollary 3.3.8. G(p,k,n) = J(L*(p")) for p odd and k # 0(mod4) and
is a subgroup of index 2 if either p is odd and k = 0(mod4) or p = 2.

We now state the following Corollary to Proposition 3.3.4.
Corollary 3.3.9. |G(p,2v,n)| =[], _, e(p,v',n).

Proposition 3.3.10. Let p be a prime; v,n € ZT. Then

041 | J(L* (p™))] if p is odd
I )‘—{QU(L‘*”(?”))\ ifp=2.

Proof. 1t follows from Lemma 1.1.2 and the fact that
J (LYT(Zy) /LY (Zs)) = J (PP /P®) = Zy that

0 if p is odd
ZQ ifp = 2.

J(L4v+1( )/L4’U( n)) — {
The result follows from this and Corollary 3.2.5. (]
Proposition 3.3.11. J(L*3(p")) = J(L¥@+2(p)).
Proof. Tt follows from [1, Theorem 3.12] that there is an exact sequence,
T(LH3 () L2 () S T ) S T2 ) — 0.
By Lemma 1.1.3, Kg(L**3(p")/L*+2(p™)) = 0 and hence
J (L4v+3( )/L4v+2(p )) = 0.
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3.4. Approximation to complex projective spaces by lens spaces.
Let i : L*(p") — Px(C) be the inclusion. Let J,(P(C)) denote the p-
summand of J(Py(C)).

Observation 3.4.1. i' maps J,(P;(C)) onto G(p,k,n).

Theorem 3.4.2. i' maps J,(P(C)) isomorphically onto G(p,k,n) iff n >
Up(Ng).

Proof. (i) Let k = 2v be even. By Corollary 3.3.9,

v
Glp, kon)| = [ elp. v/, m).
v'=1
It follows from the proof of [4, Lemma 6.1] that there is a short exact
sequence,

0 — J (P2y(C)/Pay—2(C)) — J (P2y(C)) — J (Pay—2(C)) — 0,

and from [4, Lemma 5.3] that J(Py(C)/Pay—2(C)) = Zp2,) and hence
by induction that [J,(Py(C))| = [, —; mp(20') where mp(20') is the p-
component of m(2v'). Thus |G(p, k,n)| = |Jp(Px(C))| iff e(p,v',n) = m(2v")
for all 1 < o' < v iff e(p,v',n) = my(20') for all 1 < o' < v and 20" =
0 (mod (p—1)) iff n > 14v,(20) forall 1 <o’ < wvand 20’ =0 (mod (p—1)),
and putting 20" = r(p— 1), iff n > 1+ v,(r) forall 1 <r < [p2_”1], ie., iff
n > vp(Ny).
(i) k =4v + 1.

I,(P(©)]  if pis odd

|Jp(Pr(C))| = {2 |.Jo(P1y(C))] ifp=2

by [4, Lemma 6.2] and

|G (p, 4v,n)| if pis odd

G(p,k,n)| = .
G P, k) {2|G(2,4U,n) ifp=2

by Proposition 3.3.10. The result follows from (i) above and the fact that
N = Nyy.
(iif) k = 4v + 3.
|Tp(Pr(C))] = [Jp(Pav+2(C))]
by [4, Lemma 6.2] and |G(p, k,n)| = |G(p,4v + 2,n)| by Proposition 3.3.11
and the result follows from (i) above and the fact that Ny = Nay19. O

Corollary 3.4.3. Let i : LF(m) — P,(C) be the inclusion. Then i' maps
J(Py(C)) isomorphically onto the subgroup of J(L¥(m)) generated by w iff
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Stable co-degrees of vector-bundles enables us as in [8, Section 4] or [9,
Definition 1.1.4] to define a degree-function ¢ on J(X); e.g., a function
q:J(X) — Z7" such that u = 0 in J(X) iff ¢(u) = 1. The degree-function
imposes on J(X) an additional structure other than the usual algebraic
structure. We now conjecture a stronger version of Theorem 3.4.5.

Conjecture 3.4.4. Let p be a prime. n € Z+ and n > 2 if p = 2. Then
the map i' : Jp(Py(C)) — J(LE(p")) is a g-isometry iff n > v,(Ny).

3.5. The transfer map on the J-groups.

Let 7 : IN(R(fk(p”)) — KR(Zk(p”)) be the transfer-map defined on the
KRr-groups.

Lemma 3.5.1. 7 passes to the quotient and defines T : J(fk(p”)) —

J(ZF ().

Proof. Let q be a prime which is a generator of both Gpn and Gn+1 if p
is odd and of the summands Zyn—2 and Zgn-1 if p = 2. By Lemma 3.1.1,
J-trivial bundles on fk(p”) are of the form (¢ — 1)z, x € f((fk(p”)). By
(ii) of Proposition 2.1.1, 7o (¢f — 1)z = (¢ — 1) o 7(x) is J-trivial on
Zk(pn—i-l)' 0

Corollary 3.5.2. The transfer map 7 : Kgr(L¥(p")) — Kg(LF(p™th))
passes to the quotient and defines T : J(LF(p")) — J(LF(p"*t1)).

Proof. The case p = 2 is already proved in Lemma 3.5.1. For p odd and
k # 0(mod4), Kr(LF(p")) = Kr(LE(p™)) and it also follows from Lemma
3.5.1. For p odd and k = 0 (mod 4), Kr(LF(p")) = Zy ® Kr(LE(p™)) where
the first summand is generated by w and 7(u) = u. By Lemma 3.3.6,
J(LE(p™)) = Zo @ J(LE(p™)) where the first summand is generated by J(u).
Hence J-trivial elements on Kg(LF(p")) are of the form z where i'.J(z) = 0 in
J(LE(p™)). Hence i'[r(J(z))] = 7(i'J(x)) = 0 by Lemma 3.5.1. Since 4" is an
isomorphism on the 2"-summand, 7(.J(z)) = 0 and hence J(7(x)) = 0. O

Proposition 3.5.3. Let i : LF(p") — LF(p"*1) be the Z,-fibration and
7o J(LF(PM)) — J(LF(p"tY)) be the transfer-map. Then 7(i'(x)) = pa
Vo € G(p,k,n+1).

Proof. By Corollary 3.3.7, G(p, k,n) = Go(p, k,n) for p odd and hence we

shall assume without loss of generality that 7 : Kg (Zk (p")) — Kg (fk (p™th)).
We let

é( k ’I’L) . GO(pa k7n)> p odd
P f1) = G(p, k,n), P even.
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By (i) and (v) of Proposition 2.1.1,

, p—L
TR W) => Y (w)  (0<i<n-—1)
s=0

pl i 14sp™—%
= vhovp  (w).
s=0

J(fk (p™)) is a p-group and (1 + sp"*?) is prime to p and it follows from (ii)
of [9, Proposition 2.3.3] that wﬂlg‘gpn_l(w) = w and hence:

Lo 7(8 (w) = py& (w) (0<i<n—1).

The group i'G(p, k,n+1) = G(p, k,n) is generated by {Yg(w) :0<m <
p" —1}. Let p* (1 <i < n—1) be the p-primary component of m. It follows
from (ii) of [9, Proposition 2.3.3] that ¢g'(w) = wg (w) in J(fk(p")). Hence
the group G(p,k,n) is generated by {w‘g (w) : 1 <i<n-—1}. The result
follows from this and Equation 1 above. O

1]
2
3
4]
5]
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