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HOWE DUALITY AND THE TRACE FORMULA

ZHENGYU MAO AND STEPHEN RALLIS

We state two families of trace formulas for the Howe duality.
We prove the matching of orbital integrals for the trace for-
mulas. The fundamental lemma (matching of orbital integrals
for spherical functions) turns out to be the consequence of lo-
cal Howe duality. We use the local Howe duality to prove the
fundamental lemmas for another interesting family of trace
formulas.

1. Introduction.

In [H], Howe conjectured a correspondence between the automorphic repre-
sentations of SO,+1 and these of §pn. The local and global theory of the
Howe correspondence has been established by the works of Furusawa [F],
Howe [H2], Piatetski-Shapiro and Soudry [PS-S], Rallis [R]|, Waldspurger
[W], etc. In this paper, we study the correspondence from a new angle,
using the method of trace formula. We state two families of trace formulas
that yield the Howe correspondence.

The local Howe duality play an essential role in our trace formula. Let F,
be a non-Archimedean field with odd residue characteristics. We consider
the Weil representation wy, of the group gpn@n +1)(Fy) (the twofold cover of
SPn(2n+1)(Fy)), which is determined by an additive character ¢ of F,. We

restrict wy to the dual pair SOg,41 % Sp, in gpn(gn +1), (where the sym-
plectic form is given by the tensor product Q ® A, @@ being a symmetric
nondegenerate bilinear form in 2n + 1 variables, A being an alternate non-
degenerate bilinear form in 2n variables). One version of the (local) Howe
duality conjecture is: there exists a surjective homomorphism

A H(SOo9n41//K) — H(Sp,//K')

between the spherical Hecke algebras of gpn and SOg,41, so that when

is of order 0, for any w € waKl (the space of K x K’ fixed vectors in wy),

we have

(1) wy(flw = wy(A(f)w, f € H(SOm1//K).
This conjecture is established in [H2], [R], [W].
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In spectral terms, the identity (1) means that if any spherical irreducible
representation m; ® my of SO2,41 X Sp,, “occurs” in wy, then

Trace(mz(A(f))) = Trace(m(f))-

We will say f and A(f) are spectrally matching functions. We observe here
that from the viewpoint of the trace formula, the identity (1) in the case
where v is the spherical vector in wy, is essentially the fundamental lemma,
relating the orbital integrals for the matching Hecke functions.

We use the above observation to prove the fundamental lemma for an-
other family of trace formulas. These trace formulas describe the lifting
from automorphic representations of SLy to these of SOgpi1. Our proof
avoids Jacquet’s delicate argument in the n = 1 case [J], relies rather on the
existence of the Weil representation and the identity (1).

While the lifting considered here can be studied directly using the Weil
representation, the trace formula approach yields extra information: An
identity of distributions relating the representation of SOg,11 (or Sp,,) and
its lifting. Such an identity has implications on the vanishing of certain
linear functionals of the representations. In the case of Jacquet’s formula
[J], the identity has also interesting applications in the central L-values of
cuspidal representations of PGLy. The result in this paper suggests that
the extra information may be obtained without much of the usual extra
difficulties associated with the trace formula, namely, in the comparison of
local orbital integrals.

2. Two families of trace formulas.

Let F' be a number field, A its adele ring. Let Q(X) be a quadratic form
on F?"*1 such that

2
Q(xla s >x2n+1) =2X1Top 41 + -+ 200Tpg2 + Tpat-

Denote by (X, Y) the associated bilinear form. Let SOa,+1 be the associated
special orthogonal group. Let Sp, be the symplectic group associated to the

bilinear form A with matrix I Il et Sp,, be the twofold covering
—in

of Sp,. There is an embedding of SOy,1 x Sp,, in gpn(2n+1), (where the
alternate form on Sp(s,41) is given by Q ® A), given by (g9,h) — g ® h.
Under this embedding, we can regard (g, h) as an element in gpn@n 1)
Fix a nontrivial additive character ¢ of A/F. For such a 1, there is
a Weil representation w, of Sp,,, acting on S(A™) the space of Schwartz
functions on A™. We refer the reader to [F]| for the definition of Weil rep-

resentation. Let ¢ € S(A™?"*1) we can then use the Weil representation
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wy, of gpn@n“) to define a theta function on SOg,,1 X Sp,,:

(2) ez(gv h’) = Z ww(ga h)¢(X)7g € 502n+1a h € 57pn
Xan(2n+1)

2.1. Bessel model for SO, 1 and Whittaker; model.
We introduce some subgroups of SOg,4+1 and Sp,,. Let e1,... ,eant+1 be
the standard basis of F2"*1. Define a subgroup of SOg,41:

D = {d(a)la € GL1, d(a)e, = aey, d(a)ep+a = a tenia,
d(a)e; = e;, i #n, n+2}.
Let U; be the group of unit upper triangular matrices in GL;. Set

I, A B
S = S(A,B) = I3 A |S(A, B) S 502n+1 s
In—l

S = t(u) = I3 S 502n+1|u eU,_1

u*

Let R be the product of groups D, S’ and S. Let R’ be the subgroup of
SOs9y,41 consisting of elements that fixes eq,...,e,_1 and e,11. Then R’ is
a subgroup of R. Let N be the unit upper triangular subgroup of SO2;,41.

Let V' be the subgroup of Sp,, consisting of elements of the form v(s) =

[ I, ; ] . Let U], be the subgroup of Sp,, with elements ¢'(u) = [ U . ]

where u € U,. Let N’ be the product of U}, and V. Note the covering of Sp,,
splits over N’, thus we may consider N’ as a subgroup of gpn. For n € N/,
we will use 72 to denote the element (n,1) in Sp,,.

Given an automorphic representation m of SOg,+1(A), we say it has a
Bessel model with respect to v if there is a ¢ in the space of 7w such that:

/ o(r)x 1 (r)dr £ 0.
R(F)\R(A)

Here x is a character on R with:
X(t(U)S(A, B)d(a)) = ¢(u1,2 R o Up—2,n—1 + An71,2)-

Note that  is trivial on R'.
Given an automorphic representation 7 of SOs,1(A), we say it has a
Whittaker model with respect to v if there is a ¢ in the space of 7 such

that:
/ H(m)0(n~")dn £ 0
N(F)\N(A)

where (n) = ¥(ni12+ -+ nppt1) forn € N.
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Given a genuine automorphic representation 7’ of §pn(A), we say it has
a Whittaker model with respect to ¢ if there is a ¢ in the space of 7’ such

that:
/ B (1) £ 0
N/(F)\N'(A)
where 0'(t'(u)v(s)) = Y(—u12 — -+ — Uppt1 + Snn/2) for v(s) € V,u € U,.

2.2. The trace formulas.

Let C°(Sp,(A)) be the set of genuine Schwartz functions on Sp,, (A).
Given f € C°(SO2,41(A)) and a genuine function f € C°(Sp,(A)), we
can define kernel functions:

Kp(r,y)= Y. f@'),2,y € SOmi1(A),
YESO2pn41(F)
Kp(r,y)= > fl@'-3-y), 2,y € Sp,(A).
'YESpn )

Note that the covering of Sp,(A) splits over Sp,(F'), and we denote by ¥
the element (v,1) in Sp,,(A).

Our first claim is: There exists a map (d,€) from C°(SO2,41(A)) to
S(A™H1)) 5 0%°(Sp,, (A)), such that we have an identity of distributions:

(3) I(f) = Ji(6(f), e(f))

where

L(f) = / K 4(r, 1)y~ (r)dr,
R(F)\R(A)

T, ) = / ~ / K (i, )% (1, 6)0'(n~)dndg.
Spn(F)\Sp,(A) JN'(F)\N'(A)

The proof of this claim is indicated in Section 4. From the spectral de-
composition of the identity (3), one expects to establish a correspondence
between certain cuspidal automorphic representations of SOgy,+1(A) with a
Bessel model and certain cuspidal automorphic representations of Sp, (A)
with a Whittaker model relative to the character .

Our second claim is: There exists a map (&,¢) from C>®(Sp,(A)) to
S(A™2n 1)) % 0°(S02,41(A)), such that we have an identity of distribu-

tions:

(4) L(&'(f"),€(f) = Ja(f)

where

(s, f) = K(g,1)0}(g,1)0(n)dndg,

/902n+1<F>\502n+1<A> /N<F>\N(A>
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Jo(f) = K (7, 1)0' (n")dn.

/N "(F)\N'(A)
The proof of this claim is indicated in Section 4. From the spectral decompo-
sition of the identity (4), one expects to establish a correspondence between
certain cuspidal automorphic representations of Sp, (A) with a Whittaker
model relative to 1 and certain cuspidal automorphic representations of
SO2,+1(A) with a Whittaker model relative to .

The correspondences mentioned above are the Howe correspondence for
the representations in question.

3. Local orbital integrals.

The definition of the distributions I;, J;, ¢ = 1,2 are motivated from the
considerations in [F|, [PS-S]. These distributions can be unwinded into
sums of orbital integrals.

Before stating the result of unwinding, we fix some notations. We will
use two different models for the Weil representation wy,, associated to two
polarizations of the symplectic space F™2" D The space F™2"*t1) can be
considered to be Z = X ® Y, where X is the 2n 4+ 1 dimensional space
equipped with the form @, Y is the 2n dimensional space with the form
A. Let e; be the standard basis of X = F?"*! and f; be the standard
basis of Y = F?". Let XT be the span of eq,...e,, YT be the span of
f1,..., fn; they are two maximal isotropic space associated to ) and A.
Let Z = Z* @ Z~ be a polarization of Z, then wy, acts on S(ZV).

One choice of the polarization is to let Z+ = X ® Y. In this case,
an element in ZT has the form ®z; ® f;; we denote such an element by
(3}1, cee ,a:n).

The other choice of the polarization istolet ZT = XT QY @ e, 1 @Y ™.
For an element in Z7, it has the form ®e; @ y; ® epr1 @ 9/, where y; € Y
and y' € YT = F™. We denote such an element by (y1,...,yn,y’). We will
use f! to denote the standard basis of YT = F™.

For both polarization, for f,, f; Schwartz functions of SOsgy41(F,) and
Sp,(F,), ¢ € S(Z*(F,)), define for X € Z+(F,)

(5) ol f)du(X) = /S o B0 D0 (X
(6) wolf)bu(X) = /S ) F0u(1,9)60(X)g

For f a function on SOgp41(F,), we let f(g) = f(g™!). For g € Sp,,(F,), let
g" =(6,1)-g-(61)7", where § = ~In 7
GSpn, (this automorphism is defined in [Mo-V-W, p. 90]).

lies in the similitude group
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In this section, we prove:

Proposition 1. If f = ®f,, f' = &f] and ¢ = ®¢, are products of local
components, then:

(7) L(f) = > 00w fo)

YER(F)N\SO2n41(F) v

(8) (e, f) = > TT 70 (o wis (£) ),

YER(F)\SO2n41(F) v

9) L, f) = > T ot we(fo)dw),

YEN'(F)\Spn(F) v

(1()) J2(¢a f,) = Z HJZ,U(/Yl\J/’f'L,))

YEN'(F)\Spn(F) v
I (Yo, fo) = fv( o)X (r)dr

Jl,v('Yva ¢v) = /R e wd)(T_l'Yva 1)¢v(€17 s ,en—1,6n+1)x_1(7“)d7“

and

12,1)(71)7 (Z)v) = / ww(la t/(u>_1 : 7v)¢v(fn+la v 7f2n7 _f;b)e(t(u))du

n,v

Jow( s fo) = / it -8 (n~Hdn.
N,

In Ji (Y, ¢v), we use the first polarization, while in Iz, (vy, ) we use the
second polarization.

The proof of the proposition uses the computation that appears in [F]. We
will sketch the proof for the identity of Ji(¢, f'). The following calculation
is formal, however it could be justified using the argument similar to Prop.
1 in [M-R].

We will use the following formulas for the Weil representation w,. Using
the polarization where ZT = X @ Y

wy (g, t'(w)op(1, ... ,20) = qﬁ(gilmlu, . ,gilxnu)
wy(1,0(9)d(x1,. .. ,xn) = Y(Tr(Gr(zi,...,20)S)/2)¢(21,. .. ,2Tn)

o(
where Gr(z1,...,2,) = [(2;,2;)] as an n x n matrix.
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Proof of the proposition. From the definition of Ji(¢, f') in (2.2), we get it
equals:

Lo Z f i1 )OL(1, )6 (n~")dndg.
Spn(F)\Sp,,(A) JN'(F) \N’(A)

Since @g;(l,fy -g) = 9?(9), we can unwind the above integral and get the
following expression for Ji (¢, f'):

/ / (7" - )L (1, 9)0' (n~)dnd.
Sp, (A "(F)\N'(A

Make a change of variable g — 7 - g. Using the notation in (6), we get

J ¢7f, :/ @7/) ’ 1777L 9/ n_l dn
SEEY SR PRI

which is
/ / w1, D)1, ¢ w)
xepnnt) Y Un(F)\Un(A) JV(F)\V(A)
'ww(f’)gb(X)G’(v_lt’(u)_l)dudv.
For a fixed X = (x1,... ,x,), the above integration has the form:

/ O(X)Y(Tr(Gr(z, ... ,2n)S)/2 — Spn/2)dv(S)
V(F)\V(A)
where ®(X) equals:

/ wyp (1,8 (w))wy (f)p(a1, - .. x0)0 (8 (u) V) du.
Un(F)\Un(A)

The integration over V is only nonzero for X lying in the set:
Z° ={(21,... ,2n) € ZH(F)|(ws,zj) = 0 except (z,x,) = 1}.
Over this set, the integration over V' gives ®(X). Thus
(11)
eI AP RV E RN U T

XeZz0 \Un (A)

From Lemma 1 in [F], we can restrict the above sum to the subset where z;’s
are linearly independent, (since ®(X) = 0 otherwise). By Witts theorem,
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the expression (11) can be written as

> wyp (1,8 (u))wy ()

YER (F)\SO2n41(F)

(v e,y e, Y eng)0 (F (w) ) du
> wy (7,1 (w))wy ()

YER (F)\SO2n41(F)

~oler, ... ,en—1, enH)H'(t’(u)_l)du.

From the formula of the Weil representation, we see there is an isometry p
from U, to R/R’, such that

wT/J(la t/(u))¢(€1, v, 6n—1, en+1) = w¢(p(u)_1, 1)¢(617 cee 5 En—1, 6n+1)
and 0'('(u)™1) = x " Y(p(u)). Thus J1(¢, f') equals

/Un (F)\Un(A)

/Un(F)\Un(A)

wy (r~ 1y, Dwy (f)

/<R/R/<F>>\<R/R'<A>> B\ 50w (F)

: ¢(€17 ceo 3 6n—1, €n+1)X_1(7")d7"

> wy (r™ 1y, Dwy (f)
(F)\SO2n+1(F)
~pler, ... ,en—1, enH)X_l(r)dr.

This identity implies our assertion on Ji(¢, f’). The argument for I(¢, f)
is similar, and we refer to [F] for the details. The unwinding for I;(f) and
Jo(f') is standard. O

/R(A>/R'(A> "

We note that the group Sp, (F) is stable under the automorphism g — g".
Thus one may as well replace 7,” by 7, in the equality (10). Our choice of
the representative ~, however is more suitable for the comparison of local
orbital integrals. (See below.)

4. Proof of the claims: Fundamental lemma.

From the Proposition 1, to show the claims in (2.2), we only need to prove
the related identities between local orbital integrals. Fix a place v of F. We
will now drop the reference to v in the notations.

If v is a finite place with odd residue characteristic, let O be the ring
of integers; we fix the Haar measures so that SOg,41(0) and Sp, (O) have
volume 1. Note that Sp, (©) embeds in Sp,,(F) as a subgroup (as the cover-
ing splits over Sp,(0)), denoted K’. Thus the maximal compact subgroup
Sp,,(0) of Sp,(F) is a direct product of {#1} and K’. The Hecke algebra

of Sp,,(F) is the set H(Sp,,//K’) of genuine compactly supported functions
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on Sp,(F) which are bi-invariant under K’. Similarly we define the Hecke
algebra H(SO2p4+1//K) of SOz,41(F), where K = SO2,41(0). As in the
introduction, there is an algebra homomorphism between the Hecke algebras
of SOg,11(F) and Sp,,(F). We say two Hecke functions of SO, 11(F) and

Sp,,(F') match if they correspond under the algebra homomorphism.
The following theorem yields our first claim:

Theorem 1.

(1) For all places v, given a function f, there exists functions f' and ¢,

such that Iy (7, ) = Ji(v, wy(f')@) for all v € SOz (F).
(2) For almost all finite places v, if f and f' are matching Hecke functions,

and ¢ = ¢o is the characteristic function of ZT(0O), then I(v, f) =
Ji(v,wy(f1)¢) for all v € SOz (F).

The part 2 of the Theorem is the fundamental lemma for the trace formula
(3). It is used to establish the functoriality of the correspondence. We
will see that the fundamental lemma is essentially the Howe duality for
unramified dual pairs, the identity (1) in introduction.

Proof of the Theorem. Since x is trivial on R/, we can write I1 (7, f) as

/ / f(h =ty (r)drdh.
R/R’ /

Define ¢ in S(Z1(F')) by the identity

wy(g, V)osler, ... en1,eny1) = R/f(h_lg)dh-

Such a ¢y exists since R’ is the fixator of (e1,...,en—1,€ns1). Thus

(12) 11(77 f) = /R/R’ w¢<r_177 1)¢f<617 cee 5 6n—1, €n+1)X_1("")d7"-

Compare with the expression for Ji(7v,wy(f’)¢), to prove part (1) of the
theorem, we only need to show that: Given f, there exists f’, ¢ such that
wy (f')p = ¢¢. This is clear.

For the proof of part (2), let v be a finite place where 1 has conductor
O and the residue characteristic of F' is odd. This set of v includes almost
all finite places. Over this set of finite places v, the identity (1) holds for
matching Hecke functions f and f’. Apply it to the case w = ¢, we see

(13) wy(f)do = wy(f)¢o

for matching f and f’. Let fo and f{ be the unit elements of the Hecke
algebras of SO9,+1 and Sp,, respectively. Clearly

wy(fo)po = wy(fo)Po = ¢o-
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If g € SO2p41(F), let g = ank be the Iwasawa decomposition of g, where
n € N, k € K and a = diag[ai,as,... ,al_l]. We say g is relevant if
la;| < lai+1| <1 for i < n—2. Note that g being relevant is equivalent to
hg being relevant, for any h € R.

Lemma 1. Let g € SO9y,41(F). With the above assumptions on the place v,
if g is not relevant, then I1(g, f) = Ji(g,wy(f)¢o) = 0 for Hecke functions
f and f'; if g is relevant, then

(14) wy(g,)goler, ... ,en_1,€n41) = . fo(h™tg)dh.

Assuming the Lemma, then the identity in part (2) of the Theorem holds
for «v not relevant. For g relevant, for any Hecke function f of SOg,41, since

flg™!) = f(g), we have

h1lg)dh = Y fo(h Y gj)dhdj
sotgn = [ [ G R gy

R/
= / F(J)wy (g7, D)goler, ..., en—1,ens1)dj
502n+1(F)

= wy(g, Dwy(f)doler, .., en1,ent1).

Thus if v is relevant, we can take ¢ in the expression (12) to be wy(f)o.
The assertion (2) for the relevant « follows from the identity (13). O

Proof of the Lemma. If g is not relevant, we show the vanishing of Iy(g, f)
and J1(g,wy(f')$). There is i < n — 1 with |a;| > |aj1| or |an—1| > 1. We
may as well assume g is in the diagonal form. There is an = with ¢(z) # 1
and |a;—f1x| < lorla,’ 2| <1. Let T be an element in N with the (i,i-+1)th
(or (n —1,n+ 1)th) entry z, and other T; ; = 0 if ¢ < n,i # j. Then

with 77 € SO2,+1(0). Thus I1(g, f) = ¥(x)1(g, f) equals 0. Same argu-
ment shows Ji(g,wy(f')¢o) = 0 when g is not relevant.

To prove the identity (14), let Fy(g) and Fy(g) be the LHS and RHS of
the equation. Since Fj(hgk) = F;(g) fori =1,2,h € R,k € SO2,11(0), we
only need to show the identity for g = T'd, withT' € N and T} , = T} 42 = 0,

i < n, and d being in diagonal form and relevant, and |a,| = 1. For such
a g, a simple computation shows that F;(g) equal 1 when 7" € N(O) and
|a;] = 1 for all 4, they equal 0 otherwise. O

Remark. We ask the question whether the validity of the fundamental
lemma implies the existence of Howe duality. That is, can we prove a priori
that if for all v € SOon41(F), Ii (7, ) = Ji(v,wy(f')¢o) for matching func-
tions f and f’, then the identity (13) is valid? In particular, we ask for any
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QNS being K x K’ invariant, whether the vanishing of
/ wy(ry, Dgler, ... en—1,enp1)X *(r)dr =0
R/R

for all v € SOgp,+1(F) implies that é = 0. An affirmative answer would
imply that Theorem 1 (2) yields the identity (13).

We now consider the second claim in (2.2). Its proof is similar to that of
the first claim. We will state the results and give a sketch of the proof:
Theorem 2.

(1) For all places v, given a function f’, there exists functions f and ¢,

such that Jo(yY, f') = In(v,wy(f)é) for all v € Sp,(F).
(2) For almost all finite places v, if f and f' are matching Hecke functions,

and ¢ = ¢y is the characteristic function of Z1(0), then Jo(vV, f) =
I(v,wy(f)$) for all v € Sp,(F).

Proof. We can write Jo(vV, f') as
/ [ ) e () ) dud ()
Since t/(u) = #'(u) and ¢ ('(u)~1) = 0(t(w)), we get

(15) / RECRIT

Since the group V is stable under the automorphism g — ¢¥, and v(s) =

\/1\/

)0 (v(s) ™10 (t(w))dudv(s).

v(s)il, there is a function ¢ on Z*(F) with
wo(10)0p nsee o =£) = [ 70690 w0 ot
Thus J2(vY, f') equals:

/ (L) g (frovts - s Fans —F2)0(t(w))

Given f’, we choose ¢ and f such that w¢(f)¢ = ¢y; such a pair satisfies
the condition in part (1) of the Theorem.

We now show part (2) of the Theorem. Make the assumption on the
place v as in the proof of part (2) of Theorem 1. For g € gpn(F), let
g = ank be the Iwasawa decomposition, where n € N, k € K’ and a =
(diag[a1,as, ... ,a,],¢), ¢ € {£1}. We say g is relevant if |a;| < |a;y1| for
1< <n.
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Lemma 2. If g is not relevant, then IQ(g,ww(f)tbo) = Jo(gY, f') = 0 when
f and f' are Hecke functions. When g is relevant,

(16) w¢(179)¢0(fn+17"' af2n7_f7,z) = /Vfé(’a_lgv)el(v_l)dv‘

We skip the proof of the Lemma, which is similar to that of Lemma 1,
and uses the fact that K’ is stable under the automorphism g — ¢¥. From
the Lemma, the identity in part (2) holds for v not relevant. When ~ is
relevant, from (15), Jo(vV, f') equals:

/ /v [ ") 6 0l 0o )y
From the Lemma and the fact f/(g¥~) = f'(¢g) ((Mo-V-W, p. 92]), we get
/ / F(gws (Lt W) )00 sty , Fons —f)O(E(w))dudg
= [ T ol o= )00}

Once again from identity (1), we get the identity (13), and the Theo-

rem follows from the identity (13) and the fact f(g) = f(g) when f €
H(SO241//K). O

We note that the identities in Lemma 1 and 2 are not true for g not
relevant. For example in Lemma 2 if ¢ is in diagonal form, with |a,| = 1
and |a;| > 1, i # n, then the RHS of (16) equals 0 while the LHS is nonzero.

5. The lifting from SLs to SO2p+41.

n [M-R], we introduced a family of trace formula that describes the lift-

ings of automorphic representations of SLy and SLs. The argument in
[M-R] suggests the following trace formula: Given a genuine function f’
in C2(SLy(A)), there is a function e(f’) € C®(SO2,41(A)), such that
I(e(f")) = J(f') where

I(f)= / / K¢(h,n)8"(n)dndh
Hp g1 (F)\Hn41(A) JN"(F)\N"(A)

and

J(f/) = Kf/(ﬁl,ﬁg)&'(nlngl)dnldng.

/N’xN’(F)\N’ X N'(A)

Here we kept the notations in the previous sections, the group H,41 is
the fixator of ;11 in SOg,11(F); it is isomorphic to SOg,; the group N”
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consists of elements of the form

1 X —(X,X)/2
C(X) = IQn_l X/
1

where X € F?"~1 Let €} be the standard basis of F?"~1; let 6”(c(X)) =
Y((X,el)). For a vector X, we will let X; be the i-th coordinate of X. Thus
(X,el) = X,.

Observe that when n = 1, our trace formula is just the relative trace
formula proved in [J]. From the trace formula, we expect to get a lifting
from the cuspidal representations of SLs to the automorphic representation
of SOg,41 with a nonvanishing SOs,-period and a degenerate Whittaker
model with respect to #”~1 on N”.

The purpose of this section is to unwind the integrals I(f) and J(f') as
in Section 3, and prove the fundamental lemma for the trace formulas. The
proof uses the formula (1) and the formulas of the Weil representation.

5.1. Local orbital integrals.
We prove a similar result as in Proposition 1.
Given f € C°(SO2,,4+1(A)), there is a function ¢ € S(A?" 1) satisfying:

g1 (9 1)y (ensr) = /H o Jutgan

Here we are using the polarization of first type, (see §4). Thus I(f) equals:

Lol F(B (X)) (X, )X
'YGHn+1 \502n+1(F Hn+1 A2n— 1/F2n 1

) 2 /A “1/pane wy-1(7e(X), 1) s (ent1)(Xn)dX

YEHn+1(F)\SO2n41(F)

. X)TIY)p(Xn)dX.
(Y, 1Y6F2n+1 /A2n 1/p2n—1 ( ) )lb( )d

In the last step, we applied the Witts theorem and the formula for Weil
representation. Separate the above sum into two parts, according to whether
Yon11 equals 0 or not. If Y is such that Ys,1 = 0 and thereisani #n+1,1
with Y; # 0, then there exists X© with 1/(X?) # 1 such that ¢(X%)~'Y =Y.
For such a Y, the integration over X then gives value 0. Thus we can write
the above sum as I7(f) + 1~ (f) + I'(f), where I'(f) is the above sum with
condition Yo,11 # 0 and

- /A 6 (C(X) 1Y =())(Xn)AX

yGF 2n— 1/F2n 1
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where Y*(y) is the vector with Y (y), 11 = £1, Y*(y)1 = £y and Y*(y); =
0 for other i’s. Assuming the measure is so chosen that the volume of A/F
is 1. The integral I7(f) unwinds into

[ oty ueax.
Xn€A

Meanwhile the integral I'(f) equals

/ 2n—1 2n—1 ¢f
Yoni1€FX, (YY) 1/ XEAITL/F
(Y, Yo — Youi1Xon—1,. -, Yo — Yont1X1, Yor+1)9( X, )dX

where Y/ is the only number which gives the vector length 1. Make changes
of variables X; — Y%}H(XZ- + Y2,41-i), the integral unwinds into:

Z /XGAZ" 1

Yonp1€F%
<1 (X, X)
2Yon41

From the above discussion, we get:

s Xon—1,...,X1, Y2n+1> Y(—Xn/Yont1)dX,,.

Proposition 2. If f = ®f,, then there exists ¢y = @y, so0 that

(17) Z HI avyfv "‘]‘_II+ fv +HI fv

acF>x v

where

IE(f,) = / 610 (VE(2)) () d
F,

Iv(a,f’u) = /}7‘2"1 (rbf,v <1<2A;(,)(>7X7 CL) 1/1(—Xn/a)dX

The unwinding for J(f’) is standard; we state the result here, (see [J]).
Proposition 3. If f' = ®f!, then

(18) I =Y [0 )+ 17+ T 70 ()

acF'*%
where
0= Suln(e), D) /2)de
Jula, fu) = [ (@) -w’-m(a)” - v(y)Y(—(x+y)/2)dxdy.

F2

v
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([ 119 == ])
i w=([* 2]4)

5.2. The fundamental lemma.

Let v be a finite place where 1 has conductor O and the residue char-
acteristic is odd. We study the orbital integrals over the field F,. We will
drop the references for v in the notations.

Let f and f’ be Hecke functions as in Section 4. The concept of match-
ing functions is also defined in the current situation. For matching Hecke
functions, the identity (1) still holds. Also (13) holds. We prove:

Here

Theorem 3. If f and f' are matching Hecke functions, then I*(f) =
JE(), and I(a, f) = |a]"*2(a, 97 (a, ), a € F*.

This theorem is the fundamental lemma. The factor |a|**1/2~(a, 1) is
called the transfer factor. The Weil constant 7(a, ) is defined by:

(19) / b () (az?/2)dz = o] 2 (a, ) / B () (~a~ a2 /2)da
where ® is the Fourier transform of ®
B (x) = / B(y)p(ay)dy.

In the n = 1 case, the theorem is proved in [J] using relation between relative
Kloosterman sum and Salié sum. The n = 2 case was proved by Flicker-
Mars [F1-Ma] (for the unit Hecke functions fy and f{)) and Zinoviev [Z] (for
general Hecke functions). Our method of proof is different from theirs, and
gives a considerably shorter proof for the general case. We note also that
our transfer factor is different from the one in [J], that is because we define
our local orbital integrals differently.
The Theorem follows from a couple of Lemmas.

Lemma 3. Let f be a Hecke function of SOop41(F) and ¢ be the charac-
teristic function of O*"*1 then

w19 Dy (Doolens) = [ g7t g)dn.
Hn+1(F)
Proof. Similar to the argument in Theorem 1, we only need to show the
above identity for f = fo. Let K = SO2,+1(0). Then the identity is
equivalent to the following: For g € SOg,11(F), geny1 € 0?1 if and only if
g € KHp41. Observe that any vector X = ge,; satisfies (X, X) = 1. Thus
K acts transitively on the intersection of O?"*! and the SOs, 1 (F) orbit
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of e,+1. Under the assumption of 1), there is a k € K with ge,11 = kepiq.
Thus k~'g € H,y1 and g € KH, 1. O

From the Lemma, we can let ¢; in the definition of I(f) and I(a, f) to
be wy,—1(f)do.

Lemma 4. If f' is a Hecke function of SLy(F), then
(20)
[ g (1enly*@)ia)ds = [ 06 gyi(—a/2do
F

Proof. As in the argument of Theorem 2, we only need to show the identity
for fi. Denote by Fi(g) and F(g) the LHS and RHS of the equation (20)
when [’ = f]. Observe that both Fj(g) and Fy(g) are genuine functions on
SLy and satisfy:

Fi(v(s)gk) = ¢(—s/2)Fi(g),s € F,k € SLy(O).

Thus we only need to show Fj(m(a)) = Fa(m(a)). It is clear that Fy(m(a)) =
1 when a € O* and 0 otherwise. While

Fi(m(a) = [ Vs

which clearly equals 1 when a € O* and 0 otherwise. We have shown the
identity for g = m(a) and the Lemma. O

Apply Lemma 4 to the case g = (+:15,1). Then g = g, we see
() = [ o (Puly@)(o)de
The fact IT(f) = J*(f") follows immediately from Lemma 3 and the identity

(13).
Fix now a € F*. From the Lemma and the fact v(—y)Y = v(y),

J(a, f') = /F Fy (w0 m(a) - v(—y))i(—y/2)dy

Recall the action of w on the space of Weil representation is essentially the
Fourier transform. Using the formulas in [F], we see Fi(w - m(a) - v(—y))
equals:

/F ot (Lw - m(a) - v(—) g1 ()oY (x))(x)de
which is y(a, ') a|*t/? times

(21) / / F)bo (@Y )oY, Y (@) ) () ((aY, aY )y /2)dxdY.
F2n+1
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Note that (Y, Y (z)) = Y41 + 2Y2n11. The integral over Ya,4+1 and x has
the form

/ / ¢ (Yon+1)¥(x — 2Yap11 + a®yYau11Y1)dzdYay 1.
FJF

Using the fact that ¢(z) = ¢(—z), the above integral equals ¢ (1)1 (a2yY?).
Integrate over x and Ya,41; use X to denote the vector (Ya,...,Ys,), (21)
becomes:

/ s ()
XeF2n-1y eF
- go(aYy, aX, a) (=X, (a*yY1 + (aX,aX)y/2)dY1dX.

Thus J(a, f') equals v(a, ") |a|"*1/2 times:

22 (!
( ) /XeFQn—l,Yl,yeF “y (f )
- po(aYr, aX, a)(— X, ) (a’yYr + (aX,aX)y/2 — y/2)dYidX dy.

Use the Fourier inversion formula ¢(z) = ¢(—z) to integrate over y and Y,
J(a, f") equals:
1—(aX,aX)

Y(a, ™) a2 / wy1 ()0 (%,ax, a) P(=Xn)dX.

XeF2n-1

Make a change of variable X — a™' X, we get:

(23)
1-(X, X
a2 (e (P X)) (X fa)ax.
XeF2n—1 2a
The identity in Theorem 3 follows immediately from the above expression,
Lemma 3 and the identity (13). O
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