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In this paper, we introduce a class of Lie algebras which
are subalgebras of generalized Cartan type S Lie algebras of
characteristic 0. We determine the necessary and sufficient
conditions for such Lie algebras to be simple. And we give all
derivations of such simple Lie algebras.

1. Introduction.

This paper is a sequel to the paper [7] in which generalized Cartan type S
Lie algebras t*S(A, T, ) over a field F' of characteristic 0 were studied. We
have tried to make this paper independent of other papers. So in Section 2,
we give a description of relevant Lie algebras and some basic facts which will
be used in this paper. In Section 3 we introduce a class of Lie algebras which
are subalgebras of generalized Cartan type S Lie algebras, and determine
the necessary and sufficient conditions for such Lie algebras to be simple.
We give all derivations of such simple Lie algebras in Section 4.

This research was carried out during the author’s visit to University of
Wisconsin-Madison. He wishes to thank Professor J.M. Osborn for his hos-
pitality and helpful discussions.

2. Notations and related Lie algebras.

In this section, for the convenience of the reader, we recall the relevant Lie
algebra definitions and some basic facts which will be used later in this
paper. Throughout this paper we assume that F' is a field of characteristic
0, and that A is a nonzero abelian group written additively.

2.1 Generalized Witt algebras.

Let n be a positive integer, and ti,...,t, independent and commuting
indeterminates over F. Denote by P, and @, the polynomial algebra
Flti,... ,tn], and the Laurent polynomial algebra F[t{!,... t+'] respec-
tively. By W,, = W,,(F) we denote the Witt algebra, i.e., the Lie algebra of
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all formal vector fields

- 0

2.1 P, —
(2.1) Z; I o
with coefficients f; € @,. The bracket in W, is

0 0]_0@0 oo

atijgat]‘ - ot; atj g 8tj ot;’
where f,g € Qp, and i,j € {1,2,... ,n}. The subalgebra W,I = W, (F)
of W, consisting of all vector fields (2.1) with polynomial coefficients, i.e.,
fi € P,, is known as the general Lie algebra, or the Lie algebra of Cartan

type W. For more details, please refer to [13]. It is well known that W,, and
W, are simple Lie algebras.

Let T be a vector space over F. We denote by F'A the group algebra of
A over F. The elements t* , x € A, form a basis of this algebra, and the
multiplication is defined by % - t¥ = t**¥. We shall write 1 instead of ¢°.
The tensor product W = FA®p T is a free left FFA-module in the natural
way. We denote an arbitrary element of 7" by 0 (to remind us of differential
operators). For the sake of simplicity, we shall write t*0 instead of t* ® 0.
We now choose a pairing ¢ : T'x A — F which is F-linear in the first
variable and additive in the second one. For convenience we shall also use
the following notations:

p(0,x) = (9,x) = 0(x)

for arbitrary 9 € T and x € A. W becomes a Lie algebra under the following
bracket:

(2.2) [t”"@l, tyag] = t$+y(81 (y)ag — 82(13)81),

for arbitrary z,y € A and 01,05 € T. We refer to this algebra W =
W(A,T, o) as a generalized Witt algebra.

The subspaces W, = t*T , © € A, define an A-gradation of W, i.e., W is
the direct sum of the W, ’s, and [W,, W,] C Wy, for all z,y € A.

It follows from (2.2) that ad(d) acts on W, as a scalar d(z). Hence
each 0 € T is ad-semisimple, and T is a torus (i.e., an abelian subalgebra
consisting of ad-semisimple elements). In fact 7" is the only maximal torus
of W (see [3, Lemma 4.1]). Kawamoto proved in [11] that the Lie algebra
W = W(A,T,p) is simple if and only if A # 0 and ¢ is nondegenerate in
the sense that the conditions

(2.3) (0,z)y =0,VO0e€T = =0
and
(2.4) (0,z)y =0,VxeA = 0=0

hold.
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Note that (2.3) implies that A is torsion free. This implies that F'A is an
integral domain and it implies that the invertible elements of F'A have the
form at®, where a € F*,z € A.

There is a natural structure of a left W-module on F' A, namely the struc-
ture is such that

(2.5) 179 - ¥ = 9(y)t Y

for z,y € A and 9 € T. Also we have the natural left F'A-module structure
on W. These two module structures are related by the identity

(2.6) [fu, gv] = f(u-g)v—g(v- flu+ fglu,v]

where f,g € FFA and u,v € W are arbitrary. The W-module structure on
F A gives rise to a homomorphism

(2.7) W — Der (FA)

because each w € W acts on FA as a derivation. Clearly (2.7) is also a
homomorphism of F'A-modules. For more details about W (A, T, ), please
refer to [3].

2.2 Generalized Cartan type W Lie algebras.

Suppose that W = W (A, T, ) denotes a simple generalized Witt algebra.
Let I be an index set, d : I — T an injective map, and write d; = d(i) for
1 € I. We say that d is admissible if the following two conditions hold:
(Ind) d;,i € I, are linearly independent;
(Int) d;(A) =7Z for alli e I.
We assume throughout that an admissible d has been fixed. We set
At ={z e A:di(z) >0, Viel},
Aoz{xeA:di(x)—O we[}
Agi={x e A:di(z) = dj(z) >0, Vj e I\{i}},
Al ={r € Ardi(z) = —1; dj(x) =0, Vj e I\{i}},
Ag= Ajl_ U (UiEIAd,i) .

diac

We now introduce some subalgebras of W:

:ZWza

xeAI

Wai=| Y Ft"| -di, i€l

xGAd’i
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and

Wd = Wd(A7T7 30) = Wj + Z Wd,i-
i€l
We also introduce the subalgebra F' A;r of FFA, which is the span of all
elements t* with x € A:{. Since W is a left F'A-module, we can view W also

as a left FA}—module. Then it is easy to see that the subspaces W; and
Wy are F A(‘;—submodules of W.

By restricting the action of W on FA, we can view FA as a left Wy-
module, and then FA;r is a Wy-submodule of F'A. When d is fixed, and
there is no danger of confusion, we shall write

A+a Aiv Az#a W+7 Wia FA+
instead of
A;[i_a Ad,ia AZ?;: Wj? Wd,ia FA;[’—7
respectively. The following Theorem is proved in [5].
Theorem 2.1. The Lie algebra Wy is simple if and only if the following
conditions hold:
(i) if 0 €T and O(x) =0 for all x € Aq, then 0 = 0;
(ii) if x € Aq, then d;(xz) =0 for almost all i € I;
(iii) A¥ £0 for allieI.
The simple Lie algebra Wy is called an algebra of generalized Cartan type

W. For more details on the Lie algebra Wy, please refer to the papers [5]
and [12].

2.3 Generalized Cartan type S Lie algebras.

It is well known that the classical divergence Div:W,, — F [tlﬂ, N =
maps Y .y fi 8%1- to >, 8(%{:). The kernel S,, of Div is a subalgebra of
W,,. The algebra S, = (S,)" and St =8, NW,t are called Lie algebras of
Cartan type S.

Suppose that W = W (A, T, p) is a simple generalized Witt algebra. The
divergence div: W — F' A is the F-linear map such that

(2.8) div (t*90) = 0(x)t*

holds for all z € A and 0 € T'. It has the following two properties:
(2.9) div (fw) = fdiv (w) +w - f

and

(2.10) div [u,v] = w-div (v) —v - div (u)
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where u,v,w € W and f € FA are arbitrary. The latter property shows
that div is a derivation of W with values in the W-module F'A. Since
div: W — FA is a derivation of degree 0, its kernel S := ker (div) is a
homogeneous subalgebra of W:

(2.11) S =@uen Sy, Spi=SNW,.

For z € A define the F-linear function # : T — F by #(0) = d(z). The
condition (2.3) shows that, if 7™ is the dual space of T, the Z-linear map
A — T* sending  — & is injective. If T}, := ker(#), then we have S, = t*T}.
Hence Sy = Wy = T and, for x #0, S, isa hyperplane of W,. In particular,
if dim7T" =1, then S =T. To avoid trivialities, we shall assume always that
dim7 > 1.

Let S := (S) be the derived algebra of S. Note that the notation here is
different from that in [7]. We know (see [7]) that

S’ = @x;ﬁo gz

More generally, the subspaces t?S, z € A, are subalgebras of W and their
derived algebras are given by

(2.12) (t7S) =t°S=> t'T, ..
r#z

If dimT > 3, all the subalgebras t*S are simple. If dim7T = 2, then S
itself is simple while the shifted algebras t*S , z # 0, are not. Their derived
algebras

(t*S) = Z Ty ., 2 #0,
TH#£2,22

are simple.

We shall refer to the subalgebras S(A, T, ¢,2) = t*S if dimT > 3, and
S(A,T,p,2) = (t*S) if dimT = 2, as Lie algebras of generalized Cartan
type S. The Lie algebras S(A, T, ¢, z) have the A-gradation:

S(A, T, p,2) = Brea\ (2}t To—2 if dim7 > 2,
o Orea\ (2,223 To—2, if dim7T = 2.

These algebras were studied in papers: [6] when dim7T = 2 and z = 0, [4]
when dim 7" = 2 and z # 0, and [7] when dimT" > 3.

2.4 Generalized Block algebras.

We shall denote by Hom (A, F') the F-vector space of all additive (i.e., Z-
linear) maps A — F. We now fix an additive map a : A — F and a
skew-symmetric bi-additive map ¢ : A x A — F.

Let L = L(A, a, ) be the vector space over F having a basis consisting
of all symbols e,, © € A. We make L into a (non-associative) algebra over
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F' by defining F-bilinear multiplication L x L. — L by

(213) [€x7 ey] = f(xvy)ex-l-y? T,y € A,
where
(2.14) f(@,y) = o(x,y) + a(z — y).

If & =0, then L is a Lie algebra. These Lie algebras were studied in [8]. It
was shown by Albert and Frank [1] that, under the assumption that « # 0,
L is a Lie algebra if and only if there exists another additive map 6 : A — F
such that ¢ = a A 3, i.e.,

(2.15) p(z,y) = a(z)B(y) — B(z)a(y).
We shall assume throughout that such a § exists, i.e. that L is a Lie algebra.
We also assume that

(2.16) K,NKg=0,
where K, denotes the kernel of i for any additive map p : A — F. Let
L? = [L, L] be the derived subalgebra of L and Z the center of L. The

Lie algebra £ = L?/Z is simple [4, Theorem 2.5], and we shall also write
L(A, o, ) for L.

We refer to the Lie algebras £ = L(A, a, ¢) as generalized Block algebras.
Suppose that § € Hom (A, F') can be chosen so that (2.15) holds and

(2.17) B(A) =Z.
We now define the subset Ag C A by
(2.18) Ag={x e A:p(z) > -1},

and denote by Lg the subspace of L with a basis consisting of all e, with
x € Ag. It follows that Lg is a subalgebra of L.

We shall denote by Lg or L5(A, o, ) the quotient algebra Lg/Z. The
Lie algebra L3 is simple. For more details about L(A, «, ¢) and Lg(A, «, ¢),
please refer to [4] and [8].

3. Lie algebra S;(A,T, ¢, z).

Now we are ready to introduce our main object, the Lie algebra Sy(A4, T, ¢, z).
We assume that a generalized Witt algebra W = W (A, T, ), a generalized
Cartan type W Lie algebra W; = Wy(A,T,p) C W, a generalized Car-
tan type S Lie algebra S(A,T,p,z) C W are given, and we also assume
throughout the paper that all of these algebras are simple. Our hypotheses
here imply that dim 7T > 2. We define

Sd(A7 T, 2 Z) =Wyn S(A7 T, @, Z)
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Then Sy = S4(A, T, p, z) is a subalgebra of W. We shall also call the algebra
Sq a generalized Cartan type S Lie algebra. It is clear that S; has an A-
gradation with the following components of degree z € A:

(Sa)e = 0, for z ==z
P (t*Tp—) N Wy, for x € A\ {2}

if dim T > 2,

(Su)s = 0, for =2 or z =2z
W= (t"Ty—) N Wy, for z € A\ {z,2z2}

if dim7T = 2. It follows that (Sg); = 0 for all x ¢ Ay.

For convenience, by (U;) we denote the subspace of the vector space V
generated by Uy C V.

Theorem 3.1. Suppose that the Lie algebras W = W(A, T, ), Wy =
Wa(A, T,p) C W, and S = S(A,T,p,z) C W are given, and that all of
them are simple. Then Sq(A, T, p, z) is simple if and only if the following
conditions hold:

(a) di(z) = —1 foralli€ I;
(b) I is finite.

Proof. For simplicity we write L = Sy(A, T, ¢, z), so L, = (Sg), for x € A.

(=) Suppose that L is simple. We shall first show that (a) is true. For
contradiction we assume that there exists an element in I, say 1, such that
di(z) # —1. If t*dy € Wi N L (for definition of W see Section 2.2), we know
that di(x) = —1 and di(x — 2) = 0, so —1 = di(z) = di(z) # —1. It is a
contradiction. Then WiNL =0, i.e., L, =0for all z € A;. Theorem 2.1(iii)
assures that we can choose y € A with —y € Afé. Soy e A;;. If z # y, then
Ly =Ty, # 0. Let J = @y.q,(0)>1La- If 2 =y, we see that Lz, # 0,
let J = @;.4,(x)>3La- It is easy to verify that J is a nonzero proper ideal
of L in both cases, which contradicts the simplicity of L. Consequently (a)
holds.

On the other side we have —z € A}. From Theorem 2.1(ii) it follows that
I is finite. So (b) is true.

(<) Suppose (a) and (b) hold. We write I = {1,2,--- ,n}. We know
that L, # 0 if and only if z € Ay \ {z}. Fix {ui,ug, -+ ,u,} C A such
that d;(u;) = 6; ;. Let A(d) = Zus ® Zug @ - - - ® Zuy,, and A'(d) = {x €
Al|d;j(z) =0V i€ I}. Then it follows from (b) that A = A(d) & A'(d).

Case 1. Suppose that dim7T = 2 and |I| = 1, say I = {1}. Choose d2 € T
such that T'= Fd; @ Fdy. Denote e, = t*(dy(x — 2)ds — do(x — z)dy) for
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x € Ag. Tt follows that {e,|z € Ay \ {z}} is a basis of L = S4(A, T, ¢, z).
For any =,y € Ag we have
lex, ey] = [t*(di(z — 2)dy — da(x — 2)d1),tY(di(y — 2)d2 — da(y — 2)d1)]
= tx+y((d1($ — 2)da(y) — da(x — 2)d1(y))
t*(di(x — z)do — do(x — 2)dy)
— (di(y — 2)da(x) — da(y — 2)da (2))
t¥(di(y — 2)dz — da(y — 2)d1))

=Tty (d1 (x — 2)da(y — 2) — da(z — 2)d1 (y — Z))

(di(x+y—2)dy —da(x+y — 2)d1)

di(x—2z) di(y—2) .

dr—2) daly—2) |

Denote «a(z) = —da(z) — d2(2)di(x), B(x) = di(z) for x,y € A. It is clear
that 3(A) = Z. By Section 2.4 we know that L ~ Lg(A, a, 3). Consequently
L is simple.

Case 2.  Suppose that dim7T = 2 and |I| = 2, say I = {1,2}. Since
¢ is nondegenerate, we get that A = A(d) = di(A) ® da(4A) ~ Z ® Z.
We may assume that d;(x) = z; for x = (z1,22) € Z® Z. Thus Ay =
((Z+ -1)®(Zs — 1)) \{(=1,-1)}. Same as Case 1, we define e, = € Ay.
Then we also have

_ | di(z—2) di(y—2)
[%”“"@@—a daoly — 2) | v
ie.,
o+l oy +1
[emaey] - zo+1 yo+1 Cz+y) v T,y € Ad-

It is well known that the Lie algebra S C W, has basis {t{1¢52(t2 6t -
1

t1 %)Kfcl, x2) € Ag}. It is easy to verify that the following linear map is an
isomorphism of Lie algebras:

0 0
S oo 745 (b =g ).
Thus Sy is also simple in this case.
Case 3. Suppose that dim 7T > 2.

If |[I| = dimT = n, as we did in Case 2 we can deduce that L ~ S}, the
special algebra of rank n. Thus in this case Sy is simple. Next we assume
that dim 7T > |I| =n > 0.
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Let J be a nonzero ideal of L. It is suffices to show that J = L. Choose
a nonzero element u € J, say

m
(3.1) w=> t"0;, z; € Ag\{z}, 0; € Tr, .
i=1
with m is minimal. Then z1,--- , z,, are distinct and 0; # 0.

Claim 1. We have that m = 1.
Otherwise we suppose m > 1. Since T, C L, from the minimality of m it
follows that
@)l = @)1, =+ = (@)1
Thus

(3.2) Ty —2;€ F2, Vi, je{l1,2,--- ,m}.

Subclaim. We can choose such an element u in (3.1) such that dy(x1) =
—1.
Suppose di(x1) > 0. If 9y € Fdy, let y; € Af&, then

m

u = [tyldl, u] = Ztyl—’—xi (dl(xz)a@ — &(yl)dl) € J\ {0}
i=1
and di(y1 + 1) < di(x1). If O ¢ Fdy, then Ag; ¢ ker(0;), Otherwise we
can show that 0i(Agq) = 0, it is impossible. We choose y; € Ag1 \ ker(0).
We deduce that

' = [t dy,u) =Y (dy (22)0; — Bi(yy)da) € T\ {0},
i=1
and also dj(y1 +x1) < di(x1). After finitely many steps of this kind process,

we get a nonzero element v in (3.1) such that d;(x;) = —1. Our subclaim
follows.

Without loss of generality we may assume that 9; = dy. From (3.2) it
follows that there exists \; € F™* such that

T, =NZ+ 21, Vie {2, ,m}.
Since z; € Ay, we have di(z;) > —1, then —)\; € N, the set of natural
numbers. Thus dy(z2) > 0. If 9y € Fdy, then
[txldl, t“282] = t$1+x2 (d1 (ml)& — 8Z(y1)d1) 75 0.

It follows that

m

u = [t"dy,u) = Ztmﬁxi(dﬂl‘i)a@' — 0i(y1)d1) € J\ {0}.

=2
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This contradicts the minimality of m. Consequently 2 ¢ F'd;. Choose z; €
Ad71 \ker(é?g), then [tzldl,tzldl] =0 and [tzldl,t“GQ] = tzlerQ (dl(ZCQ)ag -
82(2’1)d1) 75 0. Thus

tzldl, thﬁ_xl d1 8 8 (Zl)dl S J\ {0}

It again contradicts the minimality of m. Therefore m = 1. Claim 1 follows.
Claim 2. We have T, C J.

From Claim 1 we know that there exists a nonzero element t*9y € J,
where x € Ay, Oy € Ty—,.

Subcase 1. Suppose x € A# for some i € I, say = € Ad1 Then 0y € Fd;.
Thus t*dy € J. For any 0 € T_x », from

[t%dy,t%0] = 0 — O(x)d; € J,

and dy ¢ T_,_,, we know that (d;,0 — d(z)d1|0 € T_,_,) = T. Hence
(0—0(x)d1|0 € T_y_,) =T_, =T,. therefore T, C J.

Subcase 2. Suppose x € A}. Define d(z) := Y1 di(z). If di(z) > 0,
choose y; € Ajl. Since dy(z — z) # 0 and Jy(z — z) = 0, we know that d;
and Jy are linearly independent. From the computation

[tY1dy, t78p] = t* TV (d1 ()0 — Do(y1)d1) # O,

we get a nonzero element Y1 (dy(2)0y — Oo(y1)d1) € J with d(z + y1) =
d(x) — 1. By repeatedly using this method, after finitely many steps we
deduce that there exists a nonzero element tY9 € J with y € Ag. If Aji C
ker(9) for all i € I, we infer that 9(A4) = 0. It contradicts Theorem 2.1(i).
Thus there exists an ¢ € I such that AZZ ¢ ker(0), say Aj; ¢ ker(0).

Choose z; € AZl%l \ ker(9), then
[tzldl,tyﬁ] = —t21+ya(21)d1 € J\ {0}

By Subcase 1 we obtain again that T, C J. Similarly T, C J for x € Agy;.
Thus Claim 2 is proved.

If x € Ajand ¢ FZ%, then T, ¢ kerz. Choose 0 € T}, \ kerz. From
[0,t70] = 0(x)t, 0 € J we know that t*T,_, C J.

If y e A;\ {0} and § € F2z, it follows that y = —kz for some positive
integer k. Since {Z|z € Atl} ¢ FZ, we choose 1 € Ajfl with &; ¢ FZ.
Since y # z, then d;(y) > 0 for all i € I. Note that t¥~*'T;,_, _, C J. Then,
for t*1dy,tY="10; € L, we have

[t 0, t7da] = —t¥(di(y — 21)01 — O1(z)dn) € J.
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Because (di,di(y—x1)01 —01(x)d1|01 € Ty—z,—-) = T. Then (di(y—x1)01 —
O1(x)d1]|01 € Ty—p,—2) = Ty—» = T3, hence L, € J. Therefore J = L. This
completes the proof of this theorem. O

Note that z ¢ Ag if [I| > 1, and z € Aq if |[I| = 1. The following corollary
follows directly from the above theorem.

Corollary 3.2. Suppose that Sq = Sq(A, T, ¢, z) is simple. Then (Sq)s # 0
if and only if v € Ag\ {z}.

4. Derivations of Sy(A, T, ¢, z).

In this section we assume that the Lie algebra Sy(A, T, ¢, z) is simple, and
we shall determine all the derivations of Sy(A, T, ¢, z). From the proof of
Theorem 3.1 we know that:

(a) T T =10, S4(A, T,p,2) = S(A, T, p,z), which was thoroughly studied
in [7];

(b) If |[I| = dimT = n, Sy(A, T, p,2) ~ S,
references, for example [12];

(c)fdimT =2and |[I| =1, S4(A, T, ¢, z) ~ Lg(A, o, 3) for some suitable
a, € hom(A, F), which was thoroughly studied in [8].

So from now on we always assume that 0 < |I| < dim 7" and dim 7" > 3.
Write L = Sy(A,T,p,2), I = {1,2,--- ,n} and S = erA;(Sd)x' Recall
that L has an A-gradation with the following components of degree x € A:

0, for x ==z
L, =
(t"Tp—z) N Wy, for x € A\ {z}.

which was studied in many

A derivation D of L is called homogeneous of degree x € A if D(Ly) C
Lyyy forally € A

From direct computation we can easily obtain the following lemma.

Lemma 4.1. Fvery D € Der(L) has the form
(4.1) D=>"D,
yeA

where Dy, is a deriwation of L of degree y, such that for each u € L there
are only finitely many y € A with Dy(u) # 0.

First we construct some derivations of Sy. For any additive function
i : A — F the linear map

DM(X) = :U’(x)Xu VXe (Sd):c
is a derivation of Sy of degree 0.

The following Lemmas 4.2-4.5 will be useful in the sequel.
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Lemma 4.2. Let z,y € A\ {0}. Then T, =T, if and only if T € Fy.
This lemma is obvious.

Lemma 4.3. Let x1,29 € Ag\{z}. If one of the following conditions holds:
(a) x9 € A;r and x1 € Ag; for certain i € I,
(b) z1, 29 € Az{ and Ty~ # Ty,

then

(42) [L.Z’l s L$2] = L$1+$2'

Proof. Suppose (a) is satisfied. If d;(z2) > 0, then d; € Ty, -, \ (Toy UT,—2),
hence Fd; 4 (d;(x2)0 — 0(x1)d;|0 € Tyy—») = T. We deduce that (d;(x2)0 —
O(21)d;|0 € Tyy—z) = Ty 42—~ From

[t“di,t”@] = t1‘1+$2 (dl(l‘g)a — a(l‘l)dz), Voe T$2*27

we see that (4.2) follows.

If di(z2) = 0, then x1 + x2 € Ag;. If 21 + 22 = 2 further, it follows from
(Sq). = 0 that (4.2) follows. Suppose 1 + x2 # z, by Lemma 4.2 then
Typy—» # Ty Choose 0 € Ty,—» \ Ty, so [t%1d;, 1°20] = —0(x1)t*11%2d,.
Since (Sg)zy 42, = Ft*11%2d;, hence (4.2) follows again.

Suppose (b) is satisfied. We have
(4.3) [t“&l, tméb] = tw1+x2 (81 ($2)62 - 82(1:1)81)

for all 0y € Ty —z, 02 € Tyyy—».

If 21 = 0, it follows from Ty, _, # T,,_, that &9 ¢ Fz. Then T,, # T..
Choose 0y € Ty, \ T.. Then (4.2) follows from (4.3). Now we assume that
z1,z0 € AT\ {0}.

We claim that T, _, # T, or Ty, # T,,—,. Otherwise from T,,_, =T,
and Ty, = Ty,—,, by Lemma 4.2 we obtain

dy(z2)(z1 — 2) = (di(x1) + )22, di(x1)(x2 — 2) = (d1(22) + 1)21.

Then x1 = —di(x1)z and o = —dy(x2)z, it contradicts Ty, —, # Typ,—».
Hence our claim holds.

We assume that T,,_, # Tp,. If Ty \ Toy C Ty,—, then we deduce
that Ty, —, = Ty,, it is impossible. So Ty, —» \ (Tyy U Tyy—2) # 0. Choose
01 € Tgcl_z\(Tgc2 UTQCQ_Z)7 then F'O; + <81($2)82—82(l‘1)81|82 € Tm_z) =T.
Hence (01(x2)02 — 02(1)01|02 € Tyy—z) = Ty 42y—». From (4.3) it follows
that (4.2) holds. O

Lemma 4.4. For a fired i € I and a fivzed xg € Ag \ {z} with d;(xz¢) = 1,
the subspace

(Sd)oco + Z (Sd)w
generates Sy as a Lie algebra.
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Proof. Denote by M the subalgebra generated by the above subspace. We
shall show that (Sg), € M for z € Ay by induction on k = d;(x). By
definition of M this is true for x € Ay with d;(z) < 1.

Claim 1. We can assume that xg € Ag.

If dj(z9) = —1 for one j € I\ {i}, choose u; € Ad#,j7 by Lemma 4.3 we
deduce that [(Sq)zg; (Sa)—u;] = (Sd)eg—u; C M. Note that d;(zo — u;) = 0.
Then we may assume that zg € A;{.

If dj(xzo) > 0 for some j € I\ {i}, also using u; € Ajfj, by Lemma 4.3
we obtain that [(Sa)zo, (Sa)u;] = (Sd)zg+u; C M. Note that dj(zo + uj) =
d;j(zo) —1. Thus after finitely many such steps we may assume that z( € Ag.
This is our Claim 1.

Claim 2. There exists yo € A\ {0} such that (Sq)zgs (Sa)ze+ys C M.

Since 1 < |I| < dimT we know that A% # 0. Choose y' € A%\ {0}. If
Tyo—z = Ty—s, then g — 2 = 2y’ — 2z, ie., xo— 2y’ + 2 = 0, we set yo = 2y/.
If Tpy—r # Tyy—. we set yo = 3. Thus yo € Ag \ {0} and Ty # Tyr—».
Since (Sq)ao, (Sa)yo € M and [(Sa)ao, (Sa)yo] = (Sd)zo+y, (Lemma 4.3), then
(Sd)z0> (Sd) o4y C M. Claim 2 follows.

Suppose that © € Ay with d;(z) = 1. Note that Ty,—, = Ty—z,—» implies
x—x9—2z=2(x0—2), le., z—3x0—2 =0, and that Ty 4yo—> = Tp—np—yo—=
implies * — 3x9 — 3yo + 2z = 0. Then Ty . # Th_py—2 or Thyyyo—2 #
Ty—zo—yo—z- Without loss of generality we assume that T ., # Tp_z—.
By Lemma 4.3 we know that [(Sg)z—zg, (Sd)zs] = (S4)z- By noting that
(Sd)z—=gs (Sa)zy C M, we get that (Sq)z C M. So (Sq)z C M for x € Ay
with d;(z) < 1.

Suppose that (Sg)z, C M for all xg € A; with d;(z¢) = k for a fixed k > 1.
Consider x € Ay with d;(xz) = k+1. Similar to the above argument we know
that Tog—2 # Ty—zg—z OF Tonryofz # T:pfzofyona say Tro—»z # Ty—wg—z2s
By Lemma 4.3 we obtain that [(Sg)z—z¢, (Sd)ze] = (Sd4)z- By noting that
(Sd)z—=0s (Sd)ze C M, we get that (S4), C M.

By induction we obtain that (S4), C M for all x € Ay. This completes
the proof of Lemma 4.4. O

Lemma 4.5. (a) Suppose that Dy, Dy are derivations of a Lie algebra g,
and that M C g generates g. If Di|ar = Dalar, then Dy = Da.
(b) Suppose that Dy, Dy € Der(Sy) are homogeneous of degree y € Aq. If
Di(u) = Dy(u) for all u € (Sq). with x € A}, i.e., Dl’s; = D2|ij
then D1 = Ds.

Proof. (a) is obvious.
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(b) It suffices to show that D1 (t*d1) = Da(t"dy) for x € Agy. f x+y ¢
Ag\{z}, we see that D;(t*d;) = Da(t*d;) = 0. Suppose that z+y € Az\{z},
and that Dy (t*dy) = t*TY0 # 0 and Dy(t%dy) = t*TY9'. If 9 # 0’ we choose
2’ € A} with ' + z € A} such that d(z') — 9'(2') # 0. For any 01 € Tyy_,,
we have

[tm o1, txdl] =" +x(61 (l‘)dl —di (l’l)al)
Then [t¥' 9y, t*TY9] = [t* 0y, t* TV, i.e.,
O (x4 )0 — 920y = 01 (x + y)d — ' (2))0,
so, we deduce that
o1 (.CL‘ + y)(8 — 8,) = (a(x’) — 8’(1”))81, VoheT_,.

This is impossible since dimT,/_, > 1. Thus we get a contradiction. Con-
sequently 9 = &', i.e., D1 (t*dy) = Do(t%dy). O

Now we are ready to describe the homogeneous derivations D, in (4.1).

Proposition 4.6. If y ¢ A,, then every homogeneous derivation D of Sy
of degree y is 0.

Proof. We shall divide the proof into three cases.

Case 1. Suppose d;(y) < —3 for some i € I.
From Corollary 3.2 we see that D((S4);) = 0 for all x € Ag with d;(x) < 1.
By Lemmas 4.4 and 4.5 it follow that D = 0.

Case 2. Suppose di(y) = —2 and d;(y) > —2 for all i € I.

Then D((Sg)z) =0 for z € Ay with dy(z) < 0. If |[I| = 1, since (Sg), =0
then D((S4):—y) C (S4)> = 0 and di(z —y) = 1. By Lemma 4.4 it follows
that D = 0.

Suppose |[I| > 1. Assume that {ui,us, - ,u,} C A such that d;(u;) =
—0; ;. If di(y) < 0 for some ¢ € I\ {1}, it follows from di(u; —ui +y) =
—1,d;(ui — w1 +y) < 0 that D((Sq)ui—u1) € (Sd)ui—ui+y = 0. By Lemmas
4.4 and 4.5, we also have D = 0.

Suppose |I| > 1 and d;(y) > 0 for all i € I\ {1}. Choose v; € A#,Ug €
Ajé. Let D(t27V1dy) = AtU27"11Yd; for some A € F. From [t"27V1dy, d; —
dg] = —2t¥27"d, and D(dl — dg) = 0 we get that )\[th_v1+yd1,d1 - dg] =
—2Xt"271 %Yy Then A(di(y) — do(y)) = 0. Since di(y) — da(y) < —3 we
obtain that A = 0, i.e., D((S4)v;—v,) = 0. By Lemmas 4.4 and 4.5, it follows
that D = 0.

Case 3. Suppose that |I| > 2, that d;(y) > —1 for all ¢« € I and that
di(y) = do(y) = —1. We first show that D((Sg),) = 0 for all z € A4 with
di(z) < 0. f x4y ¢ Ay then D((S4)z) C (Sa)z+y = 0. In particular,
D(T,) =0. Suppose z € Ay with dy(z) =0and z+y € Ay. thenx+y € Ay
and da(x) > 1, d;(z) >0, Vi > 1. If y # 2z then g ¢ F2. Choose 01 € T,\Ty,.
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Let D(t*9) = AM**¥d; where A € F. Applying D to [01,t°0] = 01 (x)t*d,
we obtain that Adi(y) = 0. thus A = 0. Consequently D((S4),) = 0 in this
case.

Suppose that y = z. Recall that z,z + y(= = + 2) € Ay, di(z) = 0 and
di(xz) > 0for alli € I\ {1}. Choose u; € A;%, Vj € I. For any zo € A%\ {0}
we have

(4.4) (900, 719;] = —£70" (D(uy) Dy + Dy (w0)D),

where 0 € Typy—»,01 € Ty 4. Let D(t7"101) = g, t* " da, where Ny, € F.
Since Zg, 2, U1 are linearly independent, we can choose 0 € Ty —,NT5—y, \ 1.
Then (9(u1)01 + 01(20)0|01 € Tuy+z2) = Twy—u,—z since 0 ¢ Ty, 4. and
(0,0(u1)01 4+ 01(x0)0|01 € Ty,+~) =T. Applying D to (4.4) we obtain that

—D(L‘xo_u1 (8(U1)81 + O ({L‘())a)) = [t”m@, A@lt'z_ul dg]
= )\ala(z — uﬂt'ziuldg =0,
for all 01 € Ty,+.. Then D((Sg)zg—u,) = 0. Similarly we can get
D((Sd)x()*uz) =0. By [(Sd)*wm (Sd)x()*uz] = (54)—u, we have D((S4)—u,) =
0. By induction on k = do(x) > 2, and using [(Sgq)—us, (Sa)z+us] = (Sd)zs
we can obtain that D((S4)z) = 0 for x € Ay with d;(x) = 0.

Next we claim that D((Sq)—y,) = 0 for u; € A.

If y —uy ¢ Ag we have D((Sq)—u;) C (Sa)y—u, = 0.

Suppose that y — u; € Ag. Then d;(y) > 0 for all i > 3. If y = z,
from the above argument we know that D((Sg)—y,) = 0. Suppose also
that y # 2. Choose 01 € T, \ Ty. Let D(t7"10) = AgtY""dy for 0 €
T.tu,, where Ay € F. Then by [01,t"%10] = —0;1(u1)t™"19 we obtain that
[01, AgtY ™" dy] = — X901 (ug)t~"1da. Thus Ay01(y) = 0. Since 01(y) # 0 we
infer that A\g = 0. Consequently D((Sy)—v,) = 0 also. Therefore our claim
is true. By Lemmas 4.4 and 4.5 we conclude that D = 0 in this case. Hence
we have proved that D = 0 when y ¢ Ag. U

Proposition 4.7. Suppose that y € Ay \ {0}, and that D € Der(Sy) is
homogeneous of degree y.

(a) Ify # z, there exists tY0y € (Sq)y such that D = ad (tY0y).
(b) If y = z, we have |I| =1 and D € F - ad (tYdy).

Proof. For any x € Ay \ {2}, we define the linear map Dy : Ty, — Typyy—-
(or Dy : Fd;y — Typyy— if @ € A;) by D(t%0) = t*1¥(D,0). By applying D
to

[t“@l, t@ag] = T2 (81 (1'2)82 — (92(1‘1)81)
where x1, 9 € Ag\{z} and O € Ty, , 02 € Ty,_,, we obtain that
(4.5) (Dg,01,22)02 — (D, 02, 21)01 + 01(x2 + ) Dy 02 — 0221 + y) Dy, Oy

= Dy 42, (01(22)02 — O2(x1)01)
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holds for 01 € Ty —», 02 € Tyy—», and x1, 2 € Ag\{z}.

Case 1. Suppose that § and Z are linearly independent. By setting o = 0
in (4.5) we obtain

(4.6) 91(y)Do(02) = 92(y) Dy (01) + (Do(82), 1) 01
By setting here 22 = 0 in (4.6) we obtain that
01(y) Do(82) = 02(y) Do(O1)-

Choose 02 € T, \ Ty, and denote 0y = 92(y) "t Dgy(d2). Then we have 9y €
Ty, and

(4.7) Dy(01) = —01(y)00, VO1 € T5.
Hence we can rewrite (4.6) as
92(y) (D, (01) — O1(y)90 + Oo(21)01) = 0.
Thus we deduce that
Dy, (91) = 01(y)9o — 9o(1)01.

It follows that D = —ad (tY0y). Note that by now we have not known that
tY0y € Sy yet. If Og =0ory € A;r, from 0y € T)—, then tY0y € Sy. If 9y # 0
and y € A; for some i € I, since A; ¢ ker(dp), choose zp € A; \ ker(dp).
Since D((Sq)z,) = 0 and D = ad (tY0p), we deduce that

[tya(), txodi] = tmOer(ao(LI?o)di + dp) = 0.
Thus dy = —0y(z0)d;. Hence tY9y € Sy.

Case 2. Suppose that y = z. Then |I| =1 and z € Afé. Since Dy ((Sq)o) C
(S4). = 0, we know that Dy = 0.

Claim 1. Forx; € Ag\{z} with &1 & FZ%, there exists a constant ay, € F
such that

(4.8) Dy, 0= a4,0, Y0 €Ty, NT.

If 21 € Ag\ A, clearly (4.8) is true. Next we suppose that 21 € A}. By
setting 01 = 02 = 0 € T, N1, and x2 = —z in (4.5), we obtain that

—(Dy,0,2)0 — (D_,0,21)0 =0,
and so
(4.9) (D_,0,21) = —(Dy,0, z)

holds. On the other hand, for zo = —2, 0y = 0 € T, N T, and arbitrary
01 € Ty, -, (note that we allow x; € Ay here), (4.5) gives that

(4.10) <Dm181a Z>8 + (D_zG, .1‘1)81 = 81(z)Dx1_28.
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By evaluating both sides at x1 and using 0y (z1) = 91(2), we obtain that
O (2)[(Dygy-20,21) — (D_,0,21)] = 0.
As &1 & FZz, we can choose 0; € Ty, \ T%, and so
(4.11) (Dy,—»0,21) = (D_,0,21), Y 0 € Ty, N T%.
By substituting x; + z for x; in (4.9), and using (D_.0, z) = 0, we infer that
—(Dy,—,0,x1) = (D_,0,21)

holds for 9 € T, NT,. By comparing this equation with (4.11), we conclude
that

(4.12) <D_28, :L’1> = 0, Va1 € Ad, o€ Tzl NnT,.
Now (4.10) gives that
01(2) Dy, -0 = (Dy, 01, 2)0
for 0y € Tyy—z, 0 € Ty, NT,, 1 € Ag, with &1 ¢ FZ. By choosing 0; €
Tyi—» \ T, and setting a,,—, = %, then we have Dy, .0 = az,—,0,
thus
Dxla = (lxla, Vo€ Ay,0¢€ Ty, NTy.

Hence our first claim is proved.
Claim 2. Ifxzi,z0 € A:{ with &1, &9, 1 + T2 ¢ FZ, then

(4.13) Qg 4zy = Qg + Qg

In order to prove this claim we shall consider first the case where 1, Zo,
and Z are linearly independent. Then we can choose 01 € (T, N T2)\T%,
and 0y € (T, NT,)\Ty,. It follows that 0i(x2)02 — O2(x1)0; is a nonzero
vector in Ty, 44, N T;. By using the first claim, (4.5) gives that
(4.13") (21425 — Qo — Aa,)[01(22)02 — O2(21)01] = 0,
and so (4.13) holds in this case.

Now assume that 21,22 and £ are linearly dependent. Since dim7T > 3
we can choose w € A such that #1,w and 2 are linearly independent. By
using the case already established, we have

Apy = Qgi 4w T Gy = Qgq + oy + Ay,
and
Azq4zo = Apidw T Apg—w = Qzq + Gy + Qzy + G_qp,
and conclude again that (4.13) holds. Hence our second claim is proved.

Now let z € Aj with £ € F'Z and set a; = a4y — ay, Where v € A;l" with
v &€ FZz. By our second claim, a,4, — a, is independent of the choice of v.
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With a, now defined for all z € A7, it is easy to see that (4.13) is valid for
all 1,29 € A;;

We shall now remove the restriction 3 ¢ FZ in (4.8). Thus assume
that &; € FZ and z; € A;r. We choose 5 € A; so that o € FZ, and
let 9 € T, and 0y € T,, N T,. By using the first claim and dy(z1) =
O1(y) = 0, the equation (4.5) gives (Dy,01,22)02 = ag,01(x2)02. Hence
((Dg, — ag,)01,22) = 0 for all zy € AT with &9 ¢ F2, and so (4.8) holds
also for z; € Fz.

For z € A;f, we define linear maps D!, : T,,_, — T by D,0 = D,0 — a,0.
By Claim 1, T,,NT is contained in the kernel of D/. In particular, if & € F2
and z # z, then D!, = 0. If & ¢ Fz, then T,, N T, is a hyperplane in T},
and so the vector
D.o
A(y)

is independent of the choice of 0 € T,_,\T, (note that y = z). Thus we
have

(4.14) Oy =

(4.15) D0 =0(y)0y, Vo€ Ay, 0€T, ..
If & € FZ, then 0, is not defined but (4.15) is also valid because D, = 0 and
dy)=0foroeT,_,=T,.

By substituting D}, + a,, for D,, and making similar substitutions for
D,, and Dy, 44, in (4.5), we obtain that

(D}, 01,22)05 — (D.,,82,31)01 + 01 (22 + y) D}, 02
— 62(1‘1 + y)D;lal + am@l(az)@g — axlag(x)al
= D}, 44, (01(22)02 — Da(21)01)

holds for =1,z € A;, O1€Ty,—,and O € Ty, .

By using (4.15) and similar expressions for D}, and D, the last

equation can be rewritten as follows

(4.16) O (Y)]azy + Oz, (22)]02 — Do(y)[az, + Oz, (21)]00
= [01(22)02(y) — 02(21)01 ()01 +a5
+ 01(y)O2 (w1 + y) 0z, — O2(y)O1 (22 + Y)Or,

xr1+x2)

Claim 3. The vector 9, for x € A; with & ¢ FZ% are independent of x.

Suppose 1,19 € A; with &1, &9, 21 + 2o ¢ FZz. For 0, € T,, NT, \ {0}
and 02 € Ty, \T%, (4.16) gives

(4'17) (91(.%2)(8902 - 8901+$2) = [aﬂfl + aIQ (xl)]al



GENERALIZED CARTAN LIE ALGEBRAS 449

If 21, &9, 2 are linearly dependent, we see that 01 (x2) = 0. Thus we obtain
from (4.17) that az, = —0y,(x1).

Assume that 1, 29, 2 are linearly independent. Then 0; € T, NT, can
be chosen so that 0;(x2) # 0. By evaluating both sides of (4.17) at x1, we
obtain that 01(22)(0zy (1) — Oy 41, (1)) = 0. Since 01(x2) # 0 we deduce
that

(4.18)  Opy(21) = Opytan(@1), ¥ 21,32 € A, with &1,30, 81 + 22 ¢ F2.
Symmetrically we have
Oy (X2) = Opyay (x2), ¥V 21,29 € Ag, with &1, &, T1 + &2 ¢ F2.
By evaluating (4.17) at x2 we get
gy = Opy (T2 — 21) — Oy 4ay (22),
ie.,
(4.19) agy = O, (T2 — 21) — Oy (22).
By evaluating (4.17) at z, we find
Oy tw5(2) = Ouy(2) = 0, (2).
By evaluating (4.16) at z, we find that
01(2)02(2) [0, (x2) — Opy(z1) + Gz, — agy] = 0.

Since we can choose 0; € Ty, —, and 02 € T, such that 0;(2)02(z) # 0,
we infer that

Uz, — gy = O, (z2) — Oz, (z1).
By replacing x1 with x1 + x5 and using Claim 2, we obtain the equation
Agy = 8I1+J?2(x2) - 8902(x1 + :I;?) = 8961 (:112) - 8952(5111 + xQ)'

Combining this with (4.19), we deduce that 0y, (z2) = Oy, (z2). Consider-
ing (4.19) also we have a;, = —0z,(z1). So 0y, (x2) is independent of zi,
consequently O, is independent of z1. Then Claim 3 is proved.

Denote —9, (z € A} with & ¢ F2) by 9. So we have
az = 0o(x), Vo € A, with & ¢ F2.

By the definition of a,, for x € A; with & ¢ F'Z, we also have

(4.20) az = 0o(z), Vx € AJ.
Combining this with (4.15), we deduce that
(4.21) D0 =—0(y)d + ()0, Vx € AL, 0 € T,_,.

So D|S; = ad (tyc?o)|sj. By Lemma 4.5 we see that D = ad (tY0p).
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Choose z € A9\{0}, and 9 € T,,_,\T.. We see that D((Sg)z) C (Sa)z+z =
Ft*t2dy, i.e., DO = \ady for some \y € F. Combining this with (4.21), we
infer that

Aod1 = —3(3/)60 + 80(.%)8
Since d; ¢ T,—, and dim T,_, > 2 we conclude from the above equation that
do(x) = 0. Furthermore we deduce that 9y = A\gd(y)~1dy, i.e., Oy € Fd.
Case 3. Suppose that y = —Az, where A € N ={1,2,3,...}.
By setting x2 = 0 in (4.5) we obtain
91(y)Do(02) = (Do(02), 1) 01,
for O € Ty, —»,09 € T,,. Since dim T}, —, > 2 we deduce that (Dy(d2),x1) =
0 for all z € Ay. Tt follows that Dgy(d2) = 0 for 0, € T, i.e., Dy = 0.

Now we show that Claim 1 is also true in this case.

First suppose that 1 € A} with —z1 € Ay and & ¢ F2. Since & ¢ F2
and —x1 — 2 € A;, we can choose 0y € T, _,\T,. By setting zo = —x
and 01 =0 € Ty, NT; in (4.5) and using Dy = 0 we obtain that

92(x1 4+ y) Dy, (9) + (Dg, (9), 21)02 + (D—2,(02), 21)0 = 0.

By evaluating the above equation at x; + y — z and by using (D, (9),z; +
y—2z) =0, 0(x1) = 9(y) = 9(z) = 0, we conclude that (D, (9),z1) = 0,
and consequently

82(371 + y)lel (8) = _<D*w1 (82)7'7}1)8’
holds for all 9 € T,,NT, and &, € T—,, .. Since o(z1+y) = —(A+1)d2(z) #
0, then (4.8) holds for 21 € A} with —21 € A and & ¢ F2.

We shall show (4.8) for 21 € A} by induction on d(z1) := Y, di(z1).

This has been proved for all z; with d(z1) < 1. Now suppose (4.8)
holds for all zq with d(z1) < k (> 1). Consider zo € A} with d(z2) =
k + 1. Choose xg € A(J{ with d(xzo) = 1 and with Zg, Z2, 2 being linearly
independent. By inductive hypothesis we have

D8 = a2y, ¥ 0 € Tyy N T,
Day0® = 0005 ¥ 0 € Ty N T

By replacing x; with zq, o with 29 — x¢, 91 with 9}, 02 with 9 respectively
in (4.5), we obtain that

(422)  Duy(0(22)0 — 0(20)0) = (g + ag—20) (9h(2)0 — D(z0)%)
for all 9 € Ty NTy, O € Tyy—uy NT». It suffices to show that
(0 (22)0 — O(w0) 0|0 € Ty VT2, O € Trpy—oy NTy) = Ty N T
Choose 0 € (Ty, N T)\Ty,, then
FO) + (0)(12)0 — 9(20)0}|0 € Tyy—zy NT2) = FO) + Toy—g N T
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is codimension 1 in T'. Hence the subspace
(04(22)0 — O(20)0)|0 € Toy—ng N To)CTyy NT,
is codimension 2 in 7. Therefore (4.22) holds. Thus there exists a,, € F
such that D,,0 = a,,0 for all 0 € T, N T,. Consequently Claim 1 is true.
Exactly the same as that in Case 2, Claim 2 is true in this case also.

Now same as in Case 2, we define a,, for z € A;r with £ € FZ and we can
remove the restriction & ¢ FZ in (4.8), then we can also define the linear
map D/, the vector 0, in (4.14) for z € A} with # ¢ F2, and same as before
we also get equations (4.15), (4.16).

Now we claim that Claim 3 is true in this case also. The proof is exactly
the same as it was in Case 2.

We also denote —9, (z € A} with & ¢ F2) by 9. So we have
az = 0o(z), V€ A}, with & ¢ F2.

The same as in Case 2, Equations (4.20) and (4.21) are true. So D|S; =
ad (tyé?o)\sj. By Lemma 4.5 we see that D = ad (tY0y). By definition of dy
we know that tY0y € (Sg)y.

By now we have completed the proof of Proposition 4.7. O

Proposition 4.8. Suppose that D € Der(Sy) is homogeneous of degree 0.
Then there exists a v € hom(A, F) such that D = D,,.

Proof. For any = € A;, we define the linear map D, : T,—, — T, (or
D, : Fd; — Fd; if x € A;) by D(t*9) = t**Y(D,0). If € Ty, _,, then
d(x1) = 9(2) and (D,,0,21) = (D4, 0,2). As x = 0, the equation (4.5)
takes the form
(4.23) <Dm181,x2>82 — <Dx282,l‘1>81 + o (xg)DanQ — 82(.%‘1)Dx181

= Dy, 42, (01(22)02 — O2(1)01)
where 0 € T, 02 € Ty, and z1, 22 € A;r. By setting v = 0 in (4.23),
we obtain that (Dgds,x1)01 = 0. Hence Dy = 0.

We claim that (4.8) holds for 1 € Aj\{z} and 0 € T,;, N T.
Ifxg € Ad\Aj, (4.8) holds clearly. Next suppose that x € A:l’.

First suppose that 1 € A} with —z1 € Ay and & ¢ F2. Since & ¢ F2
and —x1 — 2z € A;, we can choose 0y € T, _.\T,. By setting zo = —x
and 0y =0 € T,; N T, in (4.23) and using Dy = 0, we obtain that

02(21) Dy, (0) + (D, (9), 21)02 + (D—4,(02),21)0 = 0.
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By evaluating the above equation at 1 —z and by using (D, (9),z1—2z) = 0,
d(z1) = 0(z) = 0, we conclude that (D, (9),z1) = 0, and consequently

82($1)DIE1 (6) = _<D*IE1 (62)a $1>8,

holds for all 9 € T, NT, and 02 € T_,,_,. Since O2(x1) = —02(2) # 0, then
(4.8) holds for z; € AT with —zq1 € Ay and £ ¢ F2.

We shall show (4.8) for 21 € A} by induction on d(z1) := >, di(z1).

This has been proved for all z; with d(z;) < 1. Now suppose (4.8)
holds for all z; with d(z1) < k (> 1). Consider zy € Ag with d(zy) =
k + 1. Choose zg € A:l' with d(xg) = 1 and with g, &2, 2 being linearly
independent. By inductive hypothesis we have

Dayd = gy, ¥ O € Ty N T,
Day—200 = Qy—g0s ¥ O € Ty N T

By replacing 1 with zg, z2 with o — x¢, 01 with J}, 92 with O respectively
in (4.23), we obtain that

Dy, (0(22)0 — 9(20)9)) = (azy + wy—20) (0p(22)0 — I(20)0))
for all 9) € Ty NTy, O € Tyy—z, N Ts. It suffices to show that
(0h(22)0 — O(w0) )| € Ty VT2, 0 € Tipy—oy NTy) = Ty N T
Choose 9 € (Ty, NT)\Ty,, then
FO + (0)(12)0 — 0(x0)0)|0 € Tyy—ng NT2) = FO) + Ty, NT,
is codimension 1 in 7. Hence the subspace
(04(22)0 — O(w0) 0|0 € Toy—ng NTo)CTyy N'T,

is codimension 2 in 7. Therefore (4.23) holds. Thus there exists ag, € F
such that D,,0 = a,,0 for all 9 € T, N T,. Consequently our claim about
(4.8) is true.

Exactly the same as that in Case 2 in the proof of Proposition 4.7, Claim
2 in the proof of Proposition 4.7 is true in this case also.

Now as in Case 2 of the proof of Proposition 4.7, we define a, for x €
Aj\{z} with & € FZ and we can remove the restriction & ¢ FZ in (4.8).
Then we have obtained that:

(a) For any = € Ag\ {z}, there exists a constant a, € F such that

(4.8) D,0=a,0,VOeT,NT,.
(b) For all z1,z, € A},

Agy+zy = Azy + oy

Now we claim that, for any x € Ay \ {z},
(4.24) D,0=0a,0,VO0eT,_..
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If # € FZ, this follows from (4.8") since T, N T, = T, NT, = T,. If
z € Ag\ (A} U{z}), (4.24) is clear. Next we suppose z € A} with & ¢ F2.
We shall show this by induction on d(z) := ) ;. ; di(x).

If d(xz) = 0, by replacing D with D 4 D,, for a suitable ;1 € hom(A, F),
we may assume that a, # 0. For 9 € T,,_,\T, let D(t*0) = a,t*d’. For any
i€ l,u; €A;, appling D to [t*0,t"id;] = t*T%id(u;)d;, we obtain that

[at™0' Y d;) + [t7°0, ay, t" d;] = (az + ay,)t* 740 (u;)d;.
We deduce that a;(0 — d')(u;)d; = 0. Thus d(u;) = 9'(u;) for all u; € A;
and any 7 € I. So we obtain that 0 = &'.

Suppose (4.24) holds for any = € Ay \ {z} with d(x) < k where k > 0.
Consider z1 € AJ\(Zz) with d(z1) = k + 1. Suppose t710 € (Sg)s, with
0 €T, ,\T,. For any i € I and any u; € A;, we know that D|(Sd)zl+ui =
Oy +u; | (Sg)a, 1o, - BY TePlacing D with D + D, for a suitable p € hom(4, F),
we may assume that a,, # 0. Let D(¢t*10) = a,,t**d'. Appling D to
[t™10, tYid;] = t“1 7" ((u;)d; — d;(w1)d;), we obtain that

Qg [t“a', tuidi] + [tzla, auit"idi] = (azl + aui)t“*“i(@(ui)di — d,(xl)d,)
Then we infer that d;(x1)(0 — ) = (0 — 9')(ui)d;. If (0 — ) (u;) # 0, we
deduce that d; € Ty,_,. This contradicts the fact that x; € A:lr. So we
deduce that d(u;) = &' (u;) for all u; € A;, any i € I. Thus 0 = 9.

By induction we see that (4.24) is true. Define v € hom(A, F') so that
v(z) = a, for allr € A}, Then we see that D|Sj = ad (ty80)|5;. By Lemma
4.5 we conclude that D = D,,. O

We now summarize the results on derivations of Sy(A, T, ¢, z) obtained
in this section.

Theorem 4.9. Every D € Der(S4(A, T, p,2)) has the form D =3, D,
for degree y derivations Dy, such that for each v € S4(A,T, ¢, z) there only
finitely many y € A with Dy(u) # 0, where

(a) Dy =ad (tY0y) for some tY0y € (Sq)y if y € Ag\ {0, 2};

(b) Dy = aad (tYdy1) for some a € F if y =z € Ag;

(¢) Dy =D, for some v € hom(A, F) ify =0.

As in [3, Proposition 3.3, we also have that the sum D = 3 -, Dy in
the above Theorem is finite if dim 7" < oco.
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