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In this paper we study n-dimensional compact minimal
submanifolds in S™*P with scalar curvature S satisfying the
pinching condition S > n(n — 2). We show that for p < 2
these submanifolds are totally geodesic (cf. Theorem 3.2 and
Corollary 3.1). However, for codimension p > 2, we prove the
result under an additional restrictions on the curvature ten-
sor corresponding to the normal connection (cf. Theorem 3.1
and Corollary 4.1). We also show that the scalar curvature S
of a non-totally geodesic n-dimensional non-negatively curved
minimal submanifold in S”*P with flat normal connection sat-
isfies n(n —p —1) < S < n(n — 2) (cf. Theorem 4.1). Since
for a compact hypersurface M of S?*! the normal connection
is flat, we use the above estimate for a scalar curvature S of
a non-negatively curved minimal hypersurface M in S™*! to
infer that either M is totally geodesic or else it is isometric

to the hypersurface S™ (, /%) x §n—m < ";m> . As a conse-

quence this result, we conclude that the only non-negatively
curved compact minimal hypersurfaces in §*t! which are dif-
feomorphic to S™ is totally geodesic sphere.

1. Introduction.

Let M be an n-dimensional compact minimal submanifold in a unit sphere
S™TP. One of the interesting questions in the geometry of the minimal
submanifolds of S™*? is to obtain conditions under which they are totally
geodesic. These conditions generally involve the pinching of the sectional
curvatures, Ricci curvatures, or the scalar curvature (or equivalently the
square of the length of the second fundamental form). In [3] for n > 4, it
is proved that if the Ricci curvatures of a minimal submanifold in S™*P are
greater than n — 2, then M is totally geodesic, where n = dim M. For n = 3
also the above result holds and is proved in [6]. As a natural generalization of
this result one may expect that if the scalar curvature .S of an n-dimensional
compact minimal submanifold of S™*? satisfies S > n(n — 2), then M is
totally geodesic. This will improve all the existing results involving pinching
of the scalar curvature for the minimal submanifolds of S™*?, and specially
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that in [2]. However, it is not known whether this result holds even in
dimension 3. Recently in [6] a slightly courser (than expected above) result
is proved in dimension 3, namely there it is shown that for a 3-dimensional
compact minimal submanifold M of S3*P, the condition S > 4 implies that
M is totally geodesic.

In this paper we study n-dimensional compact minimal submanifolds in
S™TP with scalar curvature satisfying the pinching condition S > n(n — 2).
We show that for p < 2 these submanifolds are totally geodesic (cf. Theorem
3.2 and Corollary 3.1). However, for codimension p > 2, we have to put addi-
tional restrictions on the curvature tensor corresponding to the normal con-
nection to get the result (cf. Theorem 3.1 and Corollary 4.1). We also show
that the scalar curvature S of a non-totally geodesic n-dimensional non-
negatively curved minimal submanifold in S™*? with flat normal connection
satisfies n(n —p—1) < S <n(n—2) (cf. Theorem 4.1). Since for a compact
hypersurface M of S"*! the normal connection is flat, we use the above
estimate for the scalar curvature S of a non-negatively curved minimal hy-
persurface M in S"*! to infer (cf. Corollary 4.2), that either M is totally ge-

odesic or else it is isometric to the hypersurface S™ (\ / %) x Sn—m (1 / %)
considered in [2].

As a consequence of Corollary 4.2, we conclude that the only non-negativ-
ely curved compact minimal hypersurface in S™"*! which is diffeomorphic to
S™ is totally geodesic sphere, giving a result in the direction of a question
asked by Yau in [7] (cf. p. 692, Problem 99).

2. Preliminaries.

Let M be an n-dimensional compact minimal submanifold of the unit sphere
S™P. We denote by g the Riemannian metric on S™"? as well as that
induced on M, and by V and V the Riemannian connections S"*? on M
and respectively. Then we have

(2.1) VxY =VxY +h(X,Y), VxN=-AyX +VyY,

X,Y € x(M),N € I'(v), where h is the second fundamental form, x (M) is
the Lie algebra of smooth vector fields on M, T'(v) is the space of smooth
sections of the normal bundle v of M, V' is the normal connection and
Ay is the Weingarten map corresponding to the normal N € I'(v) which
satisfies

(2.2) g(ANX,Y)=g(h(X,Y),N), X, Y ex(M),NeTl(v).
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For the submanifold M the equations of Gauss, Codazzi and Ricci are re-
spectively

(2.3) R(X,Y)Z = g(Y,2)X — g(X,2)Y + Apy. X — Anx.)Y
(2.4) (Vh) (X,Y,Z) = (Vh)(Y, Z, X)
(2.5) RH(X,Y,Ni,Ny) = g ([An,, An,)(X),Y)

for X,Y,Z € x(M), Ni, Ny € T'(v), where R, R+ are the curvature tensors
corresponding to the connections V and V1 respectively and the covariant
derivative (Vh)(X,Y, Z) is given by

(VR)(X,Y,Z) = Vih(Y,Z) — h(VxY,Z) — h(Y,VxZ).
The second covariant derivative (V2h)(X,Y, Z, W) is defined as
(V2h)(X,Y, Z,W) = V% (Vh)(Y,Z,W) - (VR)(VxY, Z,W)
— (VW) (Y, VxZ, W) = (VR)(Y, Z,Vx W)
and we have the Ricci identity
(26)  (V*h)(X,Y,Z,W)— (V?h)(Y,X,Z,W)
= RYX,Y)WZ,W) — hR(X,Y)Z,W) — h(Z,R(X,Y)W).

For a local orthonormal frame {ej,...,e,} on M, as M is a minimal
submanifold we have

(2.7) ) k(e e) =0, Y (Vh)(X,ei,e) =0, > (V2h)(X,Y,e;,¢;) = 0.
Let Ric be the Ricci tensor of M. Then the Ricci operator @ is a sym-
metric operator defined by
Ric (X,Y) = g(Q(X),Y), X,Y € x(M).

The Gauss Equation (2.3) gives the following expression for the Ricci oper-
ator () of the minimal submanifold M

(2.8) QX)=(n-1)X — Z Ape; x)€is

where {eq,... ,e,} is a local orthonormal frame on M. The scalar curvature
S =), Ric(e;, e;) of the minimal submanifold is given by
(2.9) §=n(n—1) = [A]*,

where ||h|? = > i |h(ei,e)|I” is the square of the length of the second
fundamental form.
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Lemma 2.1. Let M be an n-dimensional compact minimal submanifold of
the unit sphere S"*P. Then

(2.10) /{||Vh|| +Z[ (e, ei; h(ej, ex), h(ei, e5))

ijk

— R(ex, ei; €j, Ah(e“ej)Ek)} + ZRiC (61', Ah(ei,ej)ej) }d’U =0.
ij

Proof. Define f: M — Rby f = % ||h||2 Then the Laplacian of f given by
Af =" lexer(f) = Veger(£)],
k

can be shown to satisfy
Af =g ((Vh)(ex, e eire;), hleie)) + > [(VR)(es ej, )|
ijk ijk
Now, using the Ricci identity (2.6) and Equations (2.4), (2.7) in the above
equation and integrating the resulting equation we get the integral formula
(2.10).

Next we define ||R||? the square of the length of the curvature tensor field
of M by

IRI* = 1R(eis ej)exl,
ijk

where {e1,...,e,} is a local orthonormal frame on M. Then using Equa-
tions (2.3) and (2.7) we immediately get:

Lemma 2.2. Let M be an n-dimensional compact minimal submanifold of
the unit sphere S"*P. Then

(2.11) IR|I* = 2n(n — 1) — 4||h||* + 2| An)®
-2 Zg (Ah(ej,ek)eiv Ah(ei,ek)ej)
ijk
2
where || Ap||? = D ik HAh(ei7ej)€kH and {e1,... ,en} is a local orthonormal

frame on M.

Lemma 2.3. Let M be an n-dimensional compact minimal submanifold of
the unit sphere S™*P. Then

1
(2.12) >R (erseiies Anepeper) = 5 RN -
ijk
where S is the scalar curvature of M and {e1,... ey} is a local orthonormal

frame on M.
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Proof. Equation (2.3) implies
Ah(ei7€j)€k = R(ek, ei)ej + Ah(ek,ej-)ei — 5ijek + 5@'6,’.

Taking inner product with Ah(ei,e]-)ek in the above equation and noticing

that
> R (ek, €} €5, Ah(ei,ej)ek:) =-> R <€k, €i; €5, Ah(ek,ej)6i>

ijk ijk
we get (2.12).

3. Minimal submanifolds with pinched scalar curvature.

Let M be an n-dimensional compact minimal submanifold of the unit sphere
S™*P. We choose a local orthonormal frames {e1, ... ,e,} on M and {Ny, ...,
N,} that of normals and define the function K+ : M — R by

2
[(L = Z |:RL(€7;, €5, Na,Nﬁi|
ijaf
and call it the normal curvature of the minimal submanifold. We also define
a function ¢ : M — R by

2 2
=2 [Aal* 1457,
a<(

where A, = Ay, is the Weingarten map in the direction of the normal
vector V.

Theorem 3.1. Let M be an n-dimensional compact minimal submanifold
of the unit sphere S"P. If the scalar curvature S and the normal curvature
K+ of M satisfy S > n(n — 2) and K+ < ¢ respectively, then M is totally
geodesic.

Proof. Let {e1, ... ,e,} be alocal orthonormal frame on M. Then Equations
(2.3) and (2.8) imply
(3.1) Ah(ej,ek)ei = R(ei, €k)€j - 5kj€i + 5ijek + Ah(ei,ej)ek-
(3.2) ZAh(ej,ek)ek = (n — 1)€j — Q(€j>.
k

Taking inner product in (3.1) with Ay, c.)ex, we arrive at
(33) Z g (Ah(ei,ej)eka Ah(ej-,ek)ei)
ijk

=4n*+>_R (6i76k§€j7Ah(e¢,ej)ek) —||n])*.

ijk
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Similarly Equation (3.2) gives

>~ 9 (Aniey e s Ancesenyei) = (0 —=1) bl

ijk
- Z Ric ((Bj, Ah(ei,ej)ei) .
ij
Now, using Equations (3.3) and (3.4) in (2.5) we arrive at

(3.5) Rt (er, ei, h(e, ej),h(ej,er)) = Z R (ei, ek €j, Ah(ei,ej)ek)
ijk
+ Z Ric (6]‘, Ah(ei,ej)ei>
ij

+ [ An]* = n IR

For a local orthonormal frame {Nj,...,N,} of normals we have
Z Ric <e], An(ese)e ) Z g(Aqe;, ej)Ric(ej, Anei)
ij [e%%]

(3.6) = Zg Aqei, ej)Ric (Zg (Aqei, e5)e;, Aq e,)

i J

= ZRiC(Aaei, Aqe).

at

Now, using (2.8) in (3.6) we arrive at

ZRIC (e],Ah(e“e] ) (n—1 ZHA eill” —ZHh (ej, Aaei)]

ij aij

= (=1 0> =D lAadsl®.
af

Also we observe that

(3.8) Zg (Ah(ej-,ek)eivAh(ei,ek)ej> = Z 9(Aaei, Agej)g(Aae;, Age;)

ijk ijof
and
(3.9) D 1AaAs = AgAal? = g (Aadp — AgAa)(e), e5)?
af ijos
= -2 g(Aaei, Age;)g(Aaej, Age;)
ija

+2) [ AaAg)?
af
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where we have used ||A,Ag|* = ||A3Aq|* which follows from the fact that
A, and Ag are symmetric. We use Equations (3.8) and (3.9) in (2.11) to
arrive at

IRII* = 2n(n — 1) — 4 ||h[|* + 2| A

+ 3 e — AgAal® =2 140 A
af af

and consequently Lemma 2.3 gives
23~ R (enseis €5 Angeeppen) = 2a(n = 1) = 4 + 2[4
ijk

(3.10) —2S+> | Aads — AgAal? =2 " [ AaAsl’.
af aB

The integral formula (2.10) in view of (3.5) takes the form

(3.11) /M IVAIP + ARl = 1R =237 R (er, €05 €5, Angesey on)

+2 Z Ric (ej, Ah(ei7ej)ei) dv = 0.
]

Thus using (3.7), (3.10) and (2.9) in (3.11), we conclude

(3.12) /M VA +nlR)* = [ Aal* = > | 4ads — AgAall” b dv = 0.
af

Note that in view of Equation (2.5) we have

r 2
(313) K=Y RL(ei,ej,Na,Nﬁ)] =3 9([Aas Agl(er), )
ijaB ijos

=3 1S 9 ((Aads — AsAa)(ei), e5)°
apf

ij

= Z HAaAﬁ - AﬁAaHZ'
ap
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Also we have

2
Bl =37 [ Anereper| = D 9 (Aneis ) 1 Aaerl?

ijk ijka
=Dl 4all? g (Aaeise)* = Y Il Aall*
ijo «
2
= (Z HAaH2> =2 [ Aal? 145]*,
«a a<f
which gives
(3.14) 1ARNZ = [IAI1* =2 > [l 4al® 14511 -
a<f

Using Equations (3.13) and (3.14) in (3.12), we arrive at
3.15 / Va2 + (n— ||l |R)? + (¢ — K*) bdo = 0.
(3.15) LI (= 107) I 4 (= 1) }

Now using S > n(n — 2) with (2.4), we conclude that ||h|* < n and hence
the integral formula (3.15) implies that M is totally geodesic.

Theorem 3.2. Let M be an n-dimensional compact minimal submanifold
of the unit sphere S"*2. If the scalar curvature S of M satisfies S > n(n—2),
then M 1is totally geodesic.

Proof. In codimension 2 the integral formula (3.12) together with (3.14)
gives

/M{va|2+(n — 1) 1A + 2 A 4>~ | A1 Az = Az As]* b dv =0,

where {N7, N2} is a local orthonormal frame of normals on M and A, =
An,, @ = 1,2. Then using Lemma 1 in ([2], p. 64), and the hypothesis
S > n(n —2), we get from above integral formula that ||h||* = 0, that is M
is totally geodesic.

Remark 3.1. For Veronese surface M in S%, one can show that the normal
curvature K+ and the function ¢ appearing in Theorem 3.1 satisfy K+ =
¢ = 2. Indeed we can choose a local orthonormal frame {ey, es} on M and
a local orthonormal frame {Nj, N2} of normals such that the Weingarten

maps An,, An, take the form (cf. [2])

0 1 1 0
Al:(1 0)’ A‘Z:(o —1>'
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Remark 3.2. For a compact minimal hypersurface M in S™*! we have
K+ =0 and ¢ = 0 and consequently the integral formula (3.15) takes the
form

/M {Iv A+ (n = 1417) 14)} dv =0,

where A is the Weingarten map of the hypersurface. Thus we have:

Corollary 3.1. Let M be an n-dimensional compact minimal hypersurface
of the unit sphere S"t1. If the scalar curvature S of M satisfies S > n(n—2),
then M is either totally geodesic or else is isometric to the hypersurface

s (VR x5t (V)

Proof. If M is not totally geodesic, then the above integral formula gives
that the Weingarten map A is parallel and || A||* = n, consequently as in [2],

M is isometric to the hypersurface S™ (\/%) x S (1 / w) of S7tl,

n

4. Minimal submanifolds with flat normal connection.

In this section we study compact minimal submanifolds of the unit sphere
S™+P which have flat normal connection, that is R = 0. First, we prove the
following theorem which estimates the scalar curvature of such submanifolds
which are non-totally geodesic and non-negatively curved.

Theorem 4.1. Let M be an n-dimensional compact non-negatively curved
minimal submanifold of the unit sphere S™P with flat normal connection.
Then either M is totally geodesic or else the scalar curvature S of M satisfies
nn—p—1)<S<n(n-2).

Proof. Since the normal connection is flat we have R = 0 and that all the
Weingarten maps Ay, N € I'(v), can be diagonalized with respect to the
same local orthonormal frame {ey,... ,e,} (cf. [1], p. 127). Choose a local
orthonormal frame {N, ..., Np} of normals such that A, (e;) = A'e;, where
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A are the smooth functions and o = 1,... ,p. Then we have
Z Ric (6], Ah(el,ej €]> Z R <€k7 €i; €55 Ah(el,ej)ek>
ijk

:Z Zg aezaej)RIC €, aej Zg aelae] (ekyei;ejaAaek)
o

i ijk

= Z Z Ric (Aqej, Anej) — Z R (ex, Aaejs €5, Aaer)
a J Jk

= ZR ek, Aaej; Anej, er) ZR(ek,Aaej;ej,Aaek)
| Jk gk

:Z 2Ky — AS AL Kj)
ajk

where Kj,; = R(ex, e;;€j,ex) is the sectional curvature of the plane section
spanned by {eg,e;}. Consequently we have

(4.1) Z Ric (ez, An(eie; e]> Z R (ek, ei; e, Ah(ewej)ek)

ijk
1
=3 Z 297 Krj — 2 ) ASAKy,
_ajk; ajk
1
=35 SO Kr + Y (A Ki; — 2 AIAKG,
| gk ajk ajk

1
5 > (A = A’ Kyj| = 0.
_ajk:

Then the integral formula (2.10) with R* = 0 and (4.1) gives

(4.2) [[Vh] =0,

ZRIC (ez,Ah(ez ¢) e]> ZR (ek,ez, ej,Ah(euej)ek> 0.

ijk
Now Equation (3.5) with R+ = 0 and the second equation in (4.2) yields

(4.3) 1ARNZ = nllR)* =
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Also, we have

2
(4.4) 14l1* = 1 Aal* = (Z IIAa!2> —2) [l 4al? I 46)1”

a<pf

= [IAl* =2 el 451"

a<fB

Combining (4.3) and (4.4), we arrive at
(4.5) N

Also from (4.3), we have ) (HAaH4 —n||Aq|?) = 0, or equivalently

(16) > (M2 - 2)" = 22

[0}

Now using Schwarz inequality, we get

2
5 n\2_ 1 9 N 1 9 Mp\?2
. ——) >= ——)| == -—=) .
(4.7) zaj(uAau 5) > [Z (11401 2)] S (el = 75)
Combining (4.6) and (4.7), we conclude that
(4.8) IRl (01 = np) <.

This proves that either M is totally geodesic or ||h||* < np. If M is not
totally geodesic, then from ||h|? < np together with (4.5) we get n < ||h|* <
np, which by Equation (2.9) is equivalent to n(n —p —1) < S < n(n — 2).

Next we prove the following:

Theorem 4.2. Let M be an n-dimensional compact minimal submanifold
of the unit sphere S™ P with flat normal connection. If the scalar curvature S
of M satisfies S > n(n—2), then M is either totally geodesic or is isometric

to the hypersurface S™ (\/%) x Sn—m <1 / %)

Proof. Since R+ = 0, Equation (3.5) gives

(4.9) Z Ric (6,’, Ah(ei,ej)ej) - Z R <€k, €i; €5, Ah(ei,ej-)ek>
]

ijk
= n|[Al* — | An]*
Thus the integral formula (2.10) in view of (4.9) and R+ = 0, takes the form

(4.10) [ {IonlE bl = a2 o <o,
M
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For alocal orthonormal frame { N1, ..., N,} of normals, using the expression
for || Ap|®as given in (4.4) into (4.10) we arrive at

(4.11) /M IVAIZ + (n = 1AI2) IR +2 37 14l 451 § dv=o.

a<p
Since S > n(n — 2), that is ||h||> < n, above integral gives ||VA| = 0,
A2 <n - HhHZ> — 0, s | Aal? [ Ag]? = 0. The last two equations give

either M is totally geodesic or else ||h||> = n and Ag=0,=2,...,p. In
the second case, we have as in [2] that M is isometric to the hypersurface

S™ (/) x 5mm (/22 of S,

Now as applications of these theorems, first we have:

Corollary 4.1. Let M be an n-dimensional compact minimal submanifold
of the unit sphere S™P with flat normal connection. If the scalar curvature
S of M satisfies S > n(n —2), then M s totally geodesic.

Corollary 4.2. Let M be a non-negatively curved compact minimal hyper-
surface of S™1. Then M is either totally geodesic or is isometric to the

hypersurface S™ (\/%) x Sn—m (\/@)

Proof. Since M is hypersurface, the normal connection is flat, by Theo-
rem 4.1, we have either M is totally geodesic or the scalar curvature is
given by S = n(n — 2). If M is non-totally geodesic, we have ||k]|* = n
and consequently by the result in [2], M is isometric to the hypersurface

s (V) x5 (e

Remark 4.1. In [2], it is asked that the values of ||h||* should determine
the compact hypersurfaces up to rigid motion in the ambient sphere S™*!
(cf. p. 75). The above Corollary shows that for non-negatively curved
hypersurfaces in S"1, ||h||* takes only two values 0 and n and the corre-
sponding hypersurfaces are known. Thus the Corollary 4.2 can be thought
of as a result in the direction of this question.

We also have the following consequence of Corollary 4.2:

Corollary 4.3. Let M be a non-negatively curved compact minimal hyper-
surface of S, If M is diffeomorphic to S™, then M is totally geodesic.

Remark 4.2. One of the important questions concerning the hypersurfaces
of S"*1 is to show that “the only embedded minimal hypersurface in S™*+!
which is diffeomorphic to S™ is the totally geodesic sphere” (cf. [7], p. 692,
Problem-99). Corollary 4.3 can be considered as a result in this direction
for the class of non-negatively curved minimal hypersurfaces in S™*1.
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Finally, we prove:

Theorem 4.3. Let M be an n-dimensional compact minimal submanifold
of the unit sphere S™P with flat normal connection. If M is of constant
sectional curvature ¢ > 0, then either M is flat (¢ =0) and p > (n —1), or
totally geodesic.

Proof. Let {e1,...,en} be a local orthonormal frame on M. Then for the
minimal submanifold M of constant sectional curvature ¢, Equation (2.3)
can be restated as

(c = 1) (djkei — direj) = An(ejien)i — An(ersen)€i-

Taking inner product with Ah(%ek)ei and summing the resulting equation
we arrive at

(4.12) (1 —c) ||hlI* = || Anl* - Zg (Ah(ei,ek)ejyAh(ej,ek)ez) :
ijk
Now as the normal connection is flat, R* = 0 and with the help of

Equation (2.5) we compute

>0 (Ah<ei,ek>€ja Ah(ej,ek)ez) =9 (Ah(ej,ek)ewAh(ei,ek)ei)
ijk ijk

- ZQ Z An(ejen) € Anlesen) €
= Zg ((n —1eg — Q(ek)’Ah(ei,ek)ei)
ik

= (n— 1) |B))* = D Ric (ex, , Ap(e, en)i) -
ik
However for M the Ricci curvature satisfies Ric (X,Y) = (n — 1)cg(X,Y)
and consequently,

>0 (Anteren s Anies i) = (0 = DL =) ][>

ijk
Using this equation in (4.12), we get
2 2
(4.13) [AlI" = n(1 —c) [|n[]".

Note that Equation (4.3) holds for non-negatively curved compact minimal
submanifolds of S™P with flat normal connection. Thus combining (4.3)
and (4.13), we conclude that ¢|[h]|?> = 0 and this proves that either ¢ = 0
or M is totally geodesic. However if ¢ = 0, then S = 0 and consequently by
Thorem 4.1, n(n —p — 1) < 0 (as M is non-totally geodesic), which implies
p>n—1.
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Corollary 4.4. There is no compact flat minimal hypersurface in S*.
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