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CLAUDIO D’ANTONI AND LASZLO ZSIDO

For A C*-algebra and M (A) its multiplier algebra, the weak
topologies (M (A), A*) and o(A*, M(A)) are shown to have
the Krein property, claiming the compactness of the closed
convex hull of every compact set. This has relevant conse-
quences concerning the analytic generator of strictly continu-
ous one-parameter groups of strictly continuous linear opera-
tors on M (A).

Furthermore, it is proved that there exists an one-to-one
correspondence between surjective linear isometries on A and
strictly bicontinuous, surjective linear isometries on M (A),
as well as between strongly continuous respectively strictly
continuous locally compact groups of them. In the case of
connected groups, they all arise from *-automorphism groups
by perturbation with a cocycle.

Introduction.

Recently the search for a sound C*-algebraic framework for quantum groups
has renewed the attention for analysis on multiplier C*-algebras: The present
setting requires a more precise understanding of groups of linear isometries
on multiplier C*-algebras. Of particular relevance seems to be the structure
of the analytic generator in the one-parameter case (see e.g., [Kus]).

The multiplier algebra M(A) of C*-algebra A is the non-commutative
generalization of the Stone-Cech compactification (€2 of a locally compact
topological space 2. In the commutative setting the canonical pairing be-
tween the bounded continuous functions on (2, identified with the continuous
functions on G52, and the bounded regular Borel measures on {2 has been in-
tensively investigated (see e.g., [Cnw| and [HJ]). In the non-commutative
frame the analogous pairing between M (A) and the dual A* is obtained
from the natural duality between A** and A* considering M (A) embedded
in A**. There exists a natural topology on M (A), called the strict topology,
which is compatible with this duality between M (A) and A*.

Our first goal is to prove in Section 1 that the corresponding weak topolo-
gies on M (A) and A* have the so-called Krein property (indicated in [C-Z] as
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axiom A1), claiming the compactness of the closed convex hull of every com-
pact set. This entails the Pettis integrability of the o(M (A), A*)-continuous
M (A)-valued respectively o(A*, M (A))-continuous A*-valued functions and
allows to apply the results from [C-Z] and [Z1] to the one-parameter opera-
tor groups on M (A). We notice that for commutative A the Krein property
for o(M(A), A*) and o(A*, M(A)) is already known (see [HJ]).

Subsequently, in Section 2 we investigate the extendibility of bounded
linear maps ® : A — B, A and B (C*-algebras, to strictly continuous
linear maps M (A) — M(B). We prove that for ® Jordan *-homomorphism,
whose range generates B, this extension exists and it is the only Jordan x-
homomorphism M (®) : M(A) — M(B) extending ®. A similar result holds
also for surjective linear isometries. Moreover, any strictly bicontinuous
surjective linear isometry M(A) — M (B) maps A onto B, hence it is an
extension of a surjective linear isometry A — B. For A and B separable,
making use of a result by L.G. Brown (see [Br]), we get the automatic strict
bicontinuity of all surjective linear isometries M (A) — M (B). The same
holds, for a different reason, if A and B are simple.

In Section 3 we study families (®;); of linear isometries depending on a
parameter t. We prove that continuous dependence in the strong operator
topology of (®¢); goes in pointwise strictly continuous dependence of M (Py);.
As a consequence, we get a one-to-one correspondence between the strongly
continuous representations of a locally compact group G by linear isometries
on a C*-algebra A and the strictly continuous representations of G by strictly
bicontinuous (automatic, if A separable or simple!) linear isometries on
M(A). In the one-parameter case the graph of the analytic generator of
the extension turns out to be the strict closure of the graph of the analytic
generator of the original group.

Using results due to R.V. Kadison (see [Kad2]) we prove also a structure
theorem for strongly continuous representations of connected topological
groups G by linear isometries on a C*-algebra A. Namely, they all arise
from strongly continuous representations of G by #-automorphisms of A,
perturbing them with a cocycle. We notice that the W*-algebra counterpart
of this result holds only under additional assumptions, for example, assuming
that the centre of the algebra is atomic.

Finally we show that representations of locally compact groups by linear
isometries on separable C*-algebras are strongly continuous under minimal
regularity assumptions and they induce strongly continuous representations
on separable, invariant C*-subalgebras of the corona algebra.

1. The Krein Property.

A relevant property for a locally convex topological vector space X is the
following one:



GROUPS OF LINEAR ISOMETRIES ON MULTIPLIER C*-ALGEBRAS 281

(K) the closed convex hull of every weakly compact subset of X is com-
pact.

According to a well known result of M.G. Krein, V.L. Smulian and A.
Grothendieck (see e.g., [Sch], Th. IV.11.4), the closed convex hull of a
weakly compact subset of X is weakly compact if (and only if) it is complete
with respect to the associated Mackey topology. Therefore let us call (K)
the “Krein property”.

We notice two consequences of the Krein property:

If X has the Krein property then every weakly continuous map Q — X, Q
compact topological space, is Pettis integrable with respect to any Radon
measure on ) (see e.g., [Rud], Th. 3.27, [Sch], Exercise IV.39 (a), [Ar],
Prop. 1.2, [C-Z], Prop. 1.4).

A second consequence concerns “dual pairs of Banach spaces”, that is
pairs (X, F) of Banach spaces together with a bilinear functional

X xF 3 (z,0) (2,0
satisfying
lzll = sup{[{z,)l; ¢ € F, llol <1}, z€X,
|zl = sup{[{z,¢)|; z € F, |z]| <1}, ¢€eF.

If X, endowed with the weak topology o(X,F), and F, endowed with
o(F,X), have the Krein property then, for any o(X,F)-continuous one-
parameter group t — Uy of o(X,F)-continuous linear maps on X, the an-
alytic extension operators U,,z € C, are (besides being o(X,F)-densely
defined, a consequence of the Pettis integrability of U) o(X,F)-closed (see
[C-Z], Th. 2.4). Moreover, denoting by U7 the adjoint group on F, U7 is
the adjoint of U, in F (see [Z1], Th. 1.1).

If 7 = X* then, according to the Krein theorem, the principle of uniform
boundedness and the Alaoglu theorem, o (X, F) and o(F, X) have the Krein
property. We shall prove this for an other kind of dual pair of Banach spaces,
in general not of the above form: We shall deal with dual pairs consisting
of the multiplier algebra M (A) and the dual space A* of a C*-algebra A.

The multiplier algebra M (A), first considered in [Buc] (for commuta-
tive A) and [Bus]| (for general C*-algebra A), is (*-isomorphic to) the C*-
subalgebra

{r € A™; za, ax € Afor all a € A}

of the second dual A**. For its basic theory we send to [Pedl], 3.12 and
[WO], Chapter 2.
The canonical duality between A** and A* induces a pairing
M(A) x A* 3 (z,¢) = (2,¢)

which makes (M (A), A*) a dual pair of Banach spaces. We recall that the
strict topology 3 on M (A) is the locally convex vector space topology defined
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by the seminorms
x + ||za|]| and z — |laz|], a € A.

It is complete and compatible with the duality between M(A) and A* (see
[T1], Cor. 2.3). Hence the strict topology is weaker that the norm-topology
on M(A), but stronger than the restriction to M (A) of the weak * topology
of A**. A is a strictly dense, norm-closed two-sided ideal of M(A). More
precisely, if (u,), is any two-sided approximate unit for A then u, — 14+ €
M(A) strictly.

The goal of this section is to prove:

Theorem 1.1 (on the Krein property for multipliers). Let A be an arbit-
rary C*-algebra. Then M(A) with o(M(A), A*) and A* with o(A*, M(A))
have the Krein property.

Since the strict topology is complete, also the Mackey topology
T(M(A),A*) is complete (see e.g., [B], IV.5, Remark 2). Therefore the
Krein property of o(M(A), A*) follows directly from the Krein theorem.

The proof of the Krein property of o(A*, M(A)) is more involved. Let us
shortly comment the already known results concerning it. We notice that the
Krein property for o(A*, M (A)) is equivalent to saying that all seminorms

M(A) € x — sup{|[(z,¢)|; ¢ € K}

with I C A* o(A*, M (A))-compact are 7(M(A), A*)-continuous, that is to
the 7(M(A), A*)-equicontinuity of any o(A*, M (A))-compact subset of A*.

If 7 is a locally convex vector space topology on M (A), compatible with
the duality between M(A) and A*, then M(A),7 is usually called strong
Mackey space whenever any o(A*, M(A))-compact subset of A* is T-equi-
continuous. In other words, M(A), T is strong Mackey if and only if 7 =
T(M(A), A*) and o(A*, M(A)) has the Krein property.

There are criteria in order that the strict topology 3 on M (A) be strong
Mackey: This happens for commutative A whenever the Gelfand spectrum
of A is paracompact ([Cnw]|, Th. 2.6) and, more generally, for arbitrary
A, whenever A has a “well behaved” approximate unit ([T2], Cor. 3.4). In
particular, in this case o(A*, M(A)) has the Krein property. However, even
for commutative A, (3 is not always equal to 7(M(A)A*), so M(A), 3 is not
always strong Mackey space (see [Cnw]|, Remarks on p. 481). Nevertheless,
it was proved that o(A*, M (A)) has the Krein property for any commutative
A (see [HJ], Th. 2). Actually this proof inspired our proof of the Krein
property of o(A*, M (A)) for general A.

The main ingredient in proving the Krein property of o(A*, M (A)) is the
following convergence result:
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Lemma 1.2. Let be A a C*-algebra, K a o(A*, M(A))-compact subset of
A = {p € A% ¢ = ¢*}, and p a positive Radon measure on the com-
pact topological space KC,o(A*, M(A)). Then, for any (increasing, positive)
approximate unit (u,), of A and any x € M(A),

/ (w*u,z, @)dpu(p) > / (2, QYdpu(p).
K K

We notice that if K would be contained in A% then, according to the Dini

theorem, we would have (z*u,x,¢) = (z*z, @) uniformly for ¢ € KC and the
statement of the Lemma would follow trivially.

Proof. First we consider the case x = 1 4++.
Let us define the lower o(A*, M (A))-semicontinuous functions g, : £ — R
by

9.(¢) =sup{[{a, )]s a" =a €A, —u <a<u} <ol

Then (g,), is upward directed and pointwise convergent to IC € ¢ — ||¢]|, so

(L1) /K au(0)due) - /K lelldue).

For let ¢ € K and € > 0 be arbitrary. Choosing a* = a € A, |la| < 1,
with

S
a2 2 flell = 5

we have
(u}/2au}/2)* = u}/zau}/z €A,
S0)
9.(#) = |(u}%au)’?, )]
> |{a, @)| = [{a — wPaul?, )]
> llell = 2 = llell - la = u}?au} .
Since

la —u}2aul?|| < [|(Laws — ul/)all + [[ula(Lass —ul/?)|
<2. Ha(lA** _ u}/2)2a||1/2
<2 ||a(1aes — u)al|*/?
<2 fa—wual"?

and (u,), is an approximate unit for A, it follows the existence of some ¢,
such that

9.(¢) > |lp|| —e for all ¢ > ..
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On the other hand,
[(1gxx —u,, @) < |l@|l — g.(p) forall p € K and .
Indeed, for every a* = a € A with —u, < a < u,,

[(a, ©)| < [{a, )] + [{a, o)
< <UL7(P+> + <ubv()0*>

= (u, |¢l),
[(Lawe — g, 0)| 4 [a, )| < (Lass —w,, @) + (uy, [])
= (La=, |ol)
= [l
hence
[(Lase —ue, 9} 4 9.(0) < [lo]]-
Therefore

(L)~ [ <uL,so>du<so>\
K K

< /K (e — e, @)l dp(e)

< /’C (el = 9u(9))dule)

/ (0, @)dp(p) 5 / (Laes, @) du(o).
I K

Now let z € M (A) be arbitrary.
The map

and (1.1) yields

D, :Ar > p(z"-x) € A
is o(A*, M (A))-continuous, so K, = ®,(K) is a o(A*, M(A))-compact sub-
set of A}. Denoting by p, the image of y under ®, uu, is a positive Radon
measure on K ,o(A*, M(A)) and

/ £ () da () = /K F(@.(¢))dul)

for all o(A*, M(A))-continuous f : K; — R. Using the above equality with

f@) = (u,,¥) respectively f(1) = (1a++,1) and applying the first part of
the proof to K., u,, we get

/K (T"w,, p)du(p)
—/<uL,zp)dux(1/J)—L>/ (Laws, P)dpa(¥)
K Kz
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= / (x"x, p)dp(p).
K
0

Proof of the theorem. We have already seen that the completeness of the
strict topology on M (A) implies the Krein property for o(M(A), A¥).

The Krein property for o(A*, M(A)) means that every o(A*, M(A))-
compact K C A* is contained in a o(A*, M(A))-compact convex subset
of A*. Let us first consider the case of a o(A*, M (A))-compact K C Aj.

Let P(K) denote the weak™ compact convex set of all probability Radon
measures on K, endowed with o(A*, M(A)). For every p € P(K) we can
define ®(p) € A* by putting

(@9(0) = [ (@.0ldute). aea

Then actually holds:
(1.2) @@w»aém@wwxxeMm>

(in other words there exists the Pettis integral o(A*, M(A)) — [ pdu(p) €
A*). Indeed, choosing an approximate unit (u,), of A and applying the above
lemma, we have for every 0 < z € M(A)

(@ Pu,2' 2, () = /’C (@' w22, o) dp(p) - /’C (x, 0)dp(p).

1/2, ,.1/2

But on the other hand, since = — x in the weak™ topology of A**,

we have also

U, T

(@' Pua? () 5 (o, B(p).
By (1.2) the affine map ® : P(K) — A* is continuous with respect to the
weak™ topology on P(K) and o(A*, M(A)) on A*. Consequently ®P(K) is
a o(A*, M(A))-compact convex subset of A* containing

{®(d,); 0, the Dirac measure in ¢ € £} = K.

Now let the o(A*, M(A))-compact set K C A* be arbitrary. Since A*
© — @ € A* is o(A*, M(A))-continuous, Re,ImK C A; are also
o(A*, M(A))-compact. According to the above part of the proof, there are
o(A*, M(A))-compact convex sets Re L C K; € A* and ImK C Ky C A*.
Then K1 + iy is a o(A*, M(A))-compact convex subset of A* containing
K. O

By the above theorem the results from [C-Z] and [Z1] are available for
o(M(A), A*)-continuous one-parameter groups of o(M(A), A*)-continuous
linear operators on M (A). In particular, [C-Z], Th. 2.4 and [Z1], Th. 1.1
yield:
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Corollary. Let A be a C*-algebra, t — oy a o(M(A), A*)-continuous one-
parameter group of o(M(A), A*)-continuous linear operators on M(A),t —
of the adjoint group on A*, and z € C. Define the linear operator o in
M(A) by putting (x,y) € graph (o) whenever R 3 t +— ay(z) € M(A) has
a o(M(A), A*)-continuous extension on the closed horizontal strip between
0 and Im z, which is analytic in the interior and takes the value y in z. The
linear operator o in A* is defined similarly. Then o, is strictly densely
defined, its graph is closed with respect to the product of the strict topologies
on M(A) x M(A), and its adjoint in A* is of.

2. Jordan *-homomorphisms and linear isometries between
multiplier algebras.

In this section we investigate the extendibility of Jordan *-homomorphisms
and linear isometries between C*-algebras to similar maps between the re-
spective multiplier algebras. We also describe those linear isometries be-
tween multiplier algebras, which arise as extensions.
Let A, B be C*-algebras. m: A — B is called Jordan *-homomorphism if
it is a linear *x-map satisfying
m(2?) = w(x)?, =z € A
It is well known that then (see e.g., [S-Z], 6.6)
m(xy +yz) = w(x)7(y) + 7 (y)m(z),
m(wyx) = w(z)m(y)m(z),
zy = yz = 7(vy) = m(z)7(y)
with z,y elements of A. The last statement implies immediately that if A is
unital then 7(14) is unit for the hereditary C*-subalgebra Herg(w(A)) C B
generated by m(A). In particular, 7 being positive, ||| = ||7(14)]] = 1 or
0. For arbitrary A, the positive map 7w being bounded, we can consider the
Jordan x-homomorphism 7** : A*™ — B** and the above remarks yields
I]] = [l=**|| = 1 or 0.
Let w: A — B be a Jordan *-homomorphism. Then
(2.1) [x(@)m)l < llzyl, 2,y € Ap,

where A, denotes the Hermitian part {a € A;a = a*} of A. Indeed,
In(@)r(w) 2 = Ir)m(@)? ()] = ()
< |lyz?yll = [lzy|*.
Furthermore,
(2.2) m(z)'m(z) < w(a*x + zz*), xz€ A
For we just have to notice that

m(z)m(z) < w(z)'n(z) + m(z)r(e)” = n(z*z + zx”).
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It follows that

(2.3)

J C B norm closed two-sided ideal =
71(J) C A norm closed two-sided ideal.

Indeed, for any a* = a € 7~!(J) and #* = z € A we have by (2.2)

m(azx)*m(ax) < w((ax)*ax + ax(ax)™)

(z)m(a)?n(x) 4+ 7(a)m ()7 (a) € J,
so, according to [Ped1], Prop. 1.4.5,
m(ax) € J, ie., ax € n 1(J).

In particular, Ker m# = 7~({0}) is a norm closed two-sided ideal in A. Thus
7 factorizes in

A — A/Kerm ~ B
where the first arrow denotes the quotient #*-homomorphism and 7 is an

injective Jordan*-homomorphism. If 7 is surjective then 7 is Jordan -
isomorphism, hence isometrical. Therefore in this case

Ir(@)]* = |Ir(z"2)], =€ A.

The next result extends [P-S], Th. 2 and [Ped2], Th. 10 to Jordan
*_homomorphisms between C*-algebras. We recall that a C*-algebra is
called o—unital whenever it contains a strictly positive element or, equiva-
lently, it has a countable approximate unit (see [Ped1], 3.10.4, 3.10.5).

Proposition 2.1. Let A, B be C*-algebras, and m : A — B a Jordan *-
homomorphism with Herg(mw(A)) = B. Then
(1) there exists a unique extension of m to a Jordan x-homomorphism
M(m) : M(A) — M(B), namely M(7) = ©**|M(A), which is strictly
continuous and unital, hence carrying two-sided approximate units of
A in two-sided approzimate units of B;
(i1) assuming that A is o-unital, M(m) is surjective whenever 7 is surjec-
tive.

Proof. (i) Let us first prove that if A C Ay C A** is a C*-algebra, p: Ay —
B** is a Jordan *-homomorphism extending 7 and (x,), is a norm bounded
net in (Ag)y with |lz,al| = 0 for all @ € A, then ||p(z,)b]| = 0 for all b € B.
Indeed, applying (2.1) to p, we have for every a € A,

lp(z)m(a)ll = llp(z)p(a)] < [lzall = 0.
Therefore the hereditary C*-subalgebra

{b € B;||p(x,)b|]| = 0 and ||bp(z,)|| = 0} C B contains 7(A).
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Now let 2* = z € M(A) be arbitrary. Choosing a norm bounded net
(a,), in Aj such that a, —— z strictly, by the above proved statement
m*(2)b = norm — lifn m(a,)b € B for all b € B, hence 7**(x) € M(B). Thus
m™*M(A) C M(B).

Again by the first part of the proof, any Jordan x-homomorphism p :
M(A) — M(B) extending 7, in particular M (7)) = 7**|M(A), is strictly
continuous on every norm bounded subset of M(A). It follows that M ()
is the only such p. Moreover, since the strict topology § on M(A) is the
finest locally convex vector space topology on M (A) that agrees with 5 on
the norm bounded subsets of M(A) (see [T1], Cor. 2.7), M(7) is actually
strictly continuous.

On the other hand, 7**(1 4++) is unit for Her g« (7**(A**)) D Herg(m(A))
= B, hence also for its weak* closure in B**:

T (Laxs) = 1p==.
In other words, M () is unital.
(ii) Let
AT A/Kerr B
be the canonical factorization of 7. By Pedersen’s Tietze type extension the-
orem (see [Ped2], Th. 10 or [WO], Th. 2.3.9), M () is surjective. On the

other hand, 7 being Jordan *-isomorphism, M (7) is Jordan *-isomorphism.
We conclude that M (7) = M (7)M (mg) is surjective. O

Now we prove a partial converse to Proposition 2.1:

Proposition 2.2. Let A, B be C*-algebras. Then any strictly bicontinuous
Jordan x-isomorphism p : M(A) — M(B) maps A onto B, so p = M(p|A :
A — B). If A and B are both separable or both (topologically) simple, then
we have this for any Jordan x-isomorphism p : M(A) — M(B), whose strict
bicontinuity is hence automatical.

Proof. Let (u,), and (vg)x be increasing, positive approximate units for A
respectively B. Since A is two-sided ideal in M(A) and p~! is strictly con-
tinuous,

_ k .
ASw p=up 1(%)% = 14+« strictly.

In other words (w, ),k is a two-sided approximate unit for A. It follows for
every 0 <a € A

la — a"/?w, a2 2o,

k
lo(a) = p(a'w,ra'/?)|| == 0,

so, having

p(a?w, ra'’?) = p(a'’?)p(u,)vpp(u,)p(a'/?) € B
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for all ¢ and k, p(a) € B. Consequently
p(A) C B.
We get similarly also
p 1(B) C A, ie., p(A)DB.

Now let us assume that A and B are separable and p : M(A) — M(B) is
an arbitrary Jordan s-isomorphism. By [Br|, Cor. 6 (see also the remarks
after Corollary 1.4 in [D-Z]) A is the largest separable, norm closed, two-
sided ideal of M (A), so (2.3) implies that p(A) is the largest separable, norm
closed, two-sided ideal of M (B). Using again [Br], Cor. 6, we conclude that
p(A) = B.

Assuming finally that A and B are simple and nonzero, we can argue as
above, using the fact that A is the smallest nonzero, closed, two-sided ideal
of M(A), and similarly for B. Indeed, is J is any nonzero, closed, two-sided
ideal of M(A), then the essentialness of A yields

ANJ D AJ #{0}
and it follows by the simplicity of A that AN J = A. (]

Now let ® : A — B be an isometrical linear bijection between C*-algebras.
Then there exist 7 : A — B Jordan #-isomorphism and « € M (B) unitary
such that

(2.4) O(z) =ur(x), z€A

(see [Kadl] for the case of unital C*-algebras and [P-S|, Th. 1 for the
general case). We notice that u, hence also 7, is uniquely determined by ® :
according to Proposition 2.1., for any two-sided approximate unit (u,), of A
we have
m(u,) — 1p== strictly,
o)
®(u,) — u strictly.

We call (2.4) the Kadison decomposition of ®.
The following theorem is the main result of this section (cf. with [P-S],
Th. 2):

Theorem 2.3 (on extension of linear isometries). Let A, B be C*-algebras.
Then every isometric linear bijection ® : A — B has a unique extension to
an isometric linear bijection M (®) : M(A) — M(B), which is strictly bicon-
tinuous. Conversely, every strictly bicontinuous, isometrical linear bijection
between M(A) and M(B) is of the above form. Moreover, if A and B are
both separable or both (topologically) simple then the strict bicontinuity of
any isometric linear bijection between M(A) and M (B) is automatical.
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Proof. Let ® : A — B be an isometric linear bijection, and ¢ = urm
its Kadison decomposition. Proposition 2.1 entails that, letting M(®) =
uM (), M(®) is a strictly bicontinuous, isometrical linear map of M (A)
onto M(B). If ¥ : M(A) — M(B) is any isometric linear bijection extend-
ing ® and ¥ = vp is its Kadison decomposition, then U(A) = &(A) = B
implies p(A) = v*V(A) = B, so p|A : A — B is a Jordan #-isomorphism.
The uniqueness of the Kadison decomposition of ® = ¥|A yields

T=plA, u=wo.
But, again by Proposition 2.1, we have then M (7w) = p and it follows
M(®) =uM(m) =vp=V.

The second and the third statement of the theorem follow by taking the
Kadison decomposition and applying Proposition 2.2 to the Jordan *-iso-
morphism in the decomposition. ([

We notice that every isometric linear bijection ® : A — B between C*-
algebras induces also an isometric linear bijection C(®) : C(A) — C(B)
between the corresponding corona algebras C'(A) = M(A)/A and C(B) =
M(B)/B : C(®) carries the canonical image of x € M(A) in C(A) in the
canoncal image of M (®)(x) in C(B).

3. Groups of linear isometries on multiplier algebras.

After having established in the preceeding section that surjective linear
isometries between C*-algebras and strictly bicontinuous surjective linear
isometries between multiplier C*-algebras are in one-to-one correspondence,
let us now investigate the interplay of the continuity and analyticity prop-
erties of groups of such maps. We also investigate the structure of strongly
continuous representations of connected groups by linear isometries on C*-
algebras.

Let A, B be C*-algebras, and 7 : A — B a Jordan x-homomorphism.
Then the following variant of (2.1) holds:

{Hﬂ(fv)ﬂ(y)ll < (leyll? + llyz )Y < llzy] + [|yz|

3.1
(3:-1) for all z,y € A, one of which is self-adjoint.

Indeed, let us assume, for example, that y € Ay. By (2.2) we have 7(x)*nw(z)
< w(z*x 4+ zx*), so

| (@)m ()II* = 7 (y)m (@) 7 (z)x(y)]]

< |m(y)r(x*z + z2*)w(y)|
x4+ xza™)y)

y +yzzTy|

N
<
8
*
H /\
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2 2
< [lzylI” + [lyf|*-
First we prove:
Lemma 3.1 (on the continuity of the Kadison decomposition). Let be Q a
topological space, A, B C*-algebras, and ®; : A — B,t € Q), surjective linear

isometries such that Q 3t — ®y(a) is norm continuous for every a € A. Let
us denote by ®; = wymy the Kadison decomposition of ®¢,t € . Then

(1)

Q> t— m(a) is norm continuous for every a € A
Q >t m; 1(b) is norm continuous for every b € B;

(2) Q> t— M(m)(z) is strictly continuous for every x € M(A)

(3) Q >t uy is strictly continuous.

Proof. The first statement in (1) follows by noticing that, for every 0 < a €
A,
mi(a) = m(a'’?)? = m(a?)ufugmy (a/?) = (al/?) Dy (al/?).

The second statement is implied by the first one: For every b € B,
— — — s—t _
7t (0) = 7 HO)| = [l (w7 (8)) — bl *= [l (b)) = b]| = 0.

For (2)let * =x € M(A),t, — tin Q,b* =b € B and £ > 0 be arbitrary.
Let us also consider an (increasing, positive) approximate unit (ag); for A.
Then, for some k,

|(Lase = ey ®) [l (B) (Lave — ag) | < ==

8l
By the just proved (1) there exists ¢ such that, for every ¢ > ¢,

€ €
172, (arz) — miarz)|| < o

I (b) = m L (0)]] < , <
" ' 8|z 4jol]

Then we have for every ¢ > 1

(M (7w, ) () — M (m¢) (2))b]|

< [[M () (2 — agx)b| + || (7, (arx) — mi(ar))b]]
+ [ M (i) (arz — z)b]|

= || M (7, )(x — aga) - M(me, ) (7 (D)) ]
1M () (2 — agzx) - M () (7 (b))
+ [[(ms, (arz) — i (arz))b]| by (3.1)

< |z — agz)my, 0)|| + |7y, (0) (2 — ag) |
+l(z = agz)m; L O) + [l () (@ — ag) |
+ [, (arw) — mi(ar))b||
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< (@ — apw) (my, (0) = m, O+ (| (. ' (B) = 71 (B)) (2 — )|
+2[[(Laer — ag)amy ()| + 2[m; " (0) (Lawr — ag)z|
+ ||(7rtt(akx) - Trt(ak:c))bH and ¢.

[z H+2 + 20—zl + bl =

8|| | 8H | 8|| | 4\|b||‘
For (3) let b € B be arbitrary. Since

||ueh — ush||

= [luem (7 (b)) — usms (T (0))]]

= [[@¢(m; (b)) — @y (s (1))

< |@e(m (b)) = @ (B))] + [l (0) = 7 (D)),

—_—  —

s—t

by the continuity assumption on ¢t +— ®; and by (1), ||ub — usb| — 0.
Applying the above to b replaced by uyb*, it follows also that

[[bus — bus|| = [Jugb* — wb™|| = [lusuzb™ — b7
converges to ||uzufb* — b*|| =0 for s — t. O
It follows in a straightforward way the following:

Theorem 3.2 (on extension of groups of linear isometries). Let A be a
C*-algebra, and G a topological group. For every strongly continuous group
(Pt)iec of linear isometries on A, the group (M (®¢))ieq is strictly contin-
wous. If G is locally compact, then also conversely, every o(M(A), A*)-
continuous group (;)eq of o(M(A), A*)-continuous (automatic, if A sepa-
rable or simple!) linear isometries on M(A) leaves A invariant and induces
on A a strongly continuous group (&)‘A)teg of linear isometries. In parti-
cular, (&; = M(®|A))ieq is strictly continuous.

Proof. Denoting by ®; = u;m; the Kadison decomposition of ®;, the above
lemma yields the strict continuity of

Gt M(P)(x) =ur- M(m)(x)

for all x € M(A).

The converse statement follows from the theorem in the preceeding section
and from the well known fact, according to which all o(A, A*)-continuous
locally compact groups of bounded linear operators on A are strongly con-
tinuous. ([

For (®;)iec as above it is convenient to denote the extension (M (®¢))ieq
also by (M(®)¢)ieq, underlining in this way that not only the individual
®,’s are extended by strict continuity, but the whole strongly continuous
group P is extended to a strictly continuous group M (®).
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Next we look for connection between the analytic generator ®_; of a
strongly continuous one-parameter group (®;)scr of linear isometries on a
C*-algebra and the analytic generator M (®)_; of the strictly continuous
one-parameter group (M (®);)ier (compare with [Kus|, Th. 2.41):

Theorem 3.3 (on extension of analytic generators). Let A be a C*-algebra,
(P4)iecr @ strongly continuous one-parameter group of linear isometries on
A, and z € C. Then the graph of M(®), is the closure of the graph of ®,
with respect to the product of the strict topologies on M(A) x M(A).

Proof. First of all, the graph of M (®)., is closed with respect to the product
of the strict topologies on M (A) x M(A) according to the corollary in the
first section. Since the strict dual of M(A) is A*, it is enough to show that
the graph of @, is o(M(A), A*) xo(M(A), A*)-dense in the graph of M (®)..

By Theorem 1.1 both o(M (A), A*) and o(A*, M (A)) have the Krein prop-

erty, so the formula
n [T _
-2 / e (@) (a), ),

(T, \/7/ e Mt=2) M(®)¢(x),p)dt, z € M(A), p € A*

define o(M(A), A*)-continuous linear maps
Ty, T M(A) — M(A)
(see e.g., [C-Z], Prop. 1.4). In particular,
Iy ={(Th(a), Ty .(a));a € A} is o(M(A), A*) x o(M(A), A*)-dense
in {(Th(x), Tnz(x)); v € M(A)}.

According to [C-Z], Cor 2.5 and the proof of Lemma 2.2,

T, M(®), € M(®),T, = T, n>1,

o(M(A),A") — T}LH;OTH($) =z, x¢€ M(A).

It follows that

UL (@));z € M(A)} = {(Th(x), M(®):Tn(x));x € M(A)}
n>1
> (T (@), TuM(9)-(2)); 2 € Daga). ),
n>1
hence also

T

n>1

is o(M(A), A*) x o(M(A), A*)-dense in the graph of M (®),.



294 CLAUDIO D’ANTONI AND LASZLO ZSIDO

But |J I'), is contained in the graph of ®,. Indeed, since also (A, A*)
n>1
and o(A*, A) have the Krein property, applying the above quoted results
from [C-Z] to (P¢)ser instead of (M (P)¢)er, we get

T,ACA, T, AC Aand @, T,|A =T, .|A, n>1
Therefore
(Th(a), Ty »(a)) = (Th(a), ®,T,(a)) € graph of @, for all n > 1 and a € A.
O

Now let A, B be C*-algebras, and 7 : A — B a Jordan x-isomorphism.
According to the properties of Jordan #-homomorphisms, listed at the be-
ginning of the second section,

7 (xz) = 7 (x2)71™(2)
for every x € A** and z in the centre Z(A**) of A**. Thus, denoting by

po(A) the greatest projection in Z(A™) with po(A)A™ C Z(A**), and by
po(B) the similar projection in Z(B**), we have

™™ (po(A)) = po(B).

By a well known result due to N. Jacobson, C. Rickart and R.V. Kadison
([Kadl1], Th. 10, see also [Kad2], [Stm], [Th]), there exists a unique
projection p = p(w) € Z(B**) such that

p < 1w —po(B),
(3.2) (m(araz) — m(ar)m(az))p =0, a1,a2 € A,
(m(araz) — m(ag)m(a1))(1p=+ — po(B) —p) =0, a,az € A.

m(
We call p(m) the strict homomorphic carrier of m (compare with [Kad2],
Remark (2.7), where the maximal homomorphic carrier py(B) + p(7) is con-
sidered).
We notice that actually p(7) is the unique element 0 < p € Z(B*)
satisfying (3.2). Indeed, for any such element p, denoting by p; and py the
supports of p respectively 1+« — po(B) — p, we have for all a1,as € A

m(

(m(araz) — m(ay)m(az))p1 =0,

(m(araz) — m(az)m(a1))p2 =0,

hence

(m(a1)m(a2)) — w(az)m(a1))prp2 = 0.
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It follows successively
p1p2 < po(B),
p1p2 = p1p2(1p~+ — po(B)) = 0,
p1—p=pi(1p+ —po(B) — p) = pp2(1p= — po(B) — p) =0,
p = p1 is a projection.
The next result is covered by [Kad2], Lemmas (4.8) and (4.10), but we
give a proof for the convenience of the reader:

Lemma 3.4 (on the continuous dependence of the homomorphic carrier).
Let be Q a topological space, A, B C*-algebras, and 7y : A — B,t € Q, Jor-
dan x-isomorphisms such that

Q> t+— m(a) € B is weak*-continuous for every a € A.

Then
Q >t m(a) € B™ is s*-continuous for every a € A,

Q>t— p(m) € Z(B*™) is s-continuous.

Proof. Clearly, it is enough to prove the s*-continuity of Q > ¢t — m(a) €
B** for all self-adjoint a € A. But in this case

(me(a) — ms(a))® = me(a?) + ms(a®) — my(a)ms(a) — ms(a)me(a)
is weak*-convergent to
2m(a?) — 2wy (a)mi(a) = 0

for s — t.
Let be ¢, — t in Q. If p is any weak™-limit point of (p(m,)), then

p(me,) < 1p= — po(B),
(¢, (a1a2) — m, (a1)m, (az))p(me,) = 0
(e, (a1a2) — 7, (a2)m, (a1))(1p++ — po(B) — p(m,)) =0,

true for all ¢ and a1, as € A, together with

() 5 m(a), a€ A,

implies
p < 1p= —po(B),
(me(araz) — m(ar)m(az))p = 0
(me(araz) — mi(az)mi(ar))(1p= —po(B) —p) =0

for all a1, as € A. By the remark before the statement of the lemma it follows
that p = p(m;). Thus p(m,) — p(m) in the weak™® topology.

But on the projections of B** the weak* topology coincides with the s-
topology: For e, f € B* projections

(e—f)P=e—f—fle—f)—(e—f)f "5 0
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whenever e "2’ f. Consequently
p(me,) — p(m) in the s-topology.
O

The above lemmas on the continuity of the Kadison decomposition re-
spectively on the continuous dependence of the homomorphic carrier allow
us to prove the following:

Theorem 3.5 (on the structure of strongly continuous connected groups of
linear isometries). Let A be a C*algebra, G a connected topological group,
and (®y)ieq a strongly continuous group of linear isometries on A. Let

(I>t = UTTt, t e G

denote the corresponding Kadison decompositions. Then (m;)iec is a strongly
continuous group of x-automorphisms of A, while G >t — u, € M(A) is a
strictly continuous unitary M (m)-cocycle:

Uts = Ut - M(ﬂ-t)(us)a l,s € G.

Proof. We recall that the strict continuity of G > t — wu; is exactly statement
(3) in Lemma 3.1. Also the M (7)-cocycle property follows easily:

Ups = M (Pys)(Laex) = M (D) (M (Ps)(1a%+)) = up M () (us)-
Using it, we get successively for every a € A
usTs(a) = Pus(a) = O(Ps(a)) = wm(usms(a)),
mis(a) = wpsuemi(usms(a)) = M(me) (ug) - 7 (usms(a)).
Consequently,
m; multiplicative = mys = 7y - w5 for all s € G.

According to this and to statement (1) in Lemma 3.1, it remains only to
prove the multiplicativity of every .

For we shall use the arguments from the proof of [Kad2], Th. 3.4:

Let e denote the neutral element of G. By the two continuity lemmas in
this section, the map

Gotr— Pt = po(A) +p(7rt) € Z(A**)

is s-continuous. Since m, = id4 is multiplicative, we have p, = 1 g«.
Now every pure state ¢ of A is multiplicative on Z(A**), so

(p, o) =1 or 0 for all projections p € Z(A™).
G being connected, the continuous function

G >t (p,p) € {1.0}
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is constant, therefore

(pty0) = (pe, ) = 1 for every t € G.

We conclude that, for every t € G, every a1,as € A and every pure state
@ of A,

(Ime(araz) — me(ar)me(az)?, o)
= ((Law = po)|mi(araz) — m(ar)me(az)*(Lass — pr), )
< 4llar|*flaz]*((Lass = pe), ) =0,
hence
mi(arag) — m(ay)m(az) = 0.
[l

Let A be a C*-algebra, and G a topological group. A strongly continuous
group (®;)ieq of linear isometries on A is called in [Kus], Section 2 semi-
multiplicative whenever there are strongly continuous groups ((I>§] ))tgg, j=
1,2, of linear isometries on A such that

(3.3) Dy(ab) = B, (a)D) (b) = 32 (a)®,(b), t € G, a,b € A

But it is easy to see that, with ®; = wu;m the Kadison decomposition of
®;, for any maps <I>§]) A — A te G, j= 1,2, satisfying (3.3), we have
necessarily

@gl) = m; and <I>§2) =wmu;, te€G.

Thus (®;)teq is semi-multiplicative if and only if all 7;’s are x-automorphisms
and the above theorem claims essentially that, assuming G connected, ev-
ery strongly continuous representation of GG by linear isometries on A is
automatically semi-multiplicative.

We notice that our Theorem 3.3 on the extension of analytic generators
was proved in [Kus], Th. 2.41 under the additional assumption of semi-
multiplicativity of the one-parameter group, which turns out to be automatic
by the above remark. However, our approach is more natural for the pre-
vailingly linear character of the statement of the theorem. Indeed, our proof
works for any (even not bounded) strongly continuous one-parameter group
of bounded linear operators on A, which extends by strict continuity to a
o(A*, M(A))-continuous one-parameter group of bounded linear operators
on M(A).

Let us consider also the W*-algebra counterpart of the above theorem
(compare with [Kad2], Th. 3.4):

Theorem 3.6 (on the structure of weak™ continuous connected groups of
linear isometries). Let M be a W*-algebra, whose centre is atomic, G a
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connected topological group, and (®¢)ieq a weak™ continuous group of linear
isometries on M. Let

(I>t = UTTt, te G
denote the corresponding Kadison decompositions. Then (m)icq is an s*-

continuous group of x-automorphisms of M, while G > t — us € M is an
s*-continuous unitary m-cocycle:

ugs = wm(ug), t,s € G.

Proof. First of all, G 5 t — u; = ®4(1ps) is weak™*-continuous, hence also
s*-continuous. Indeed, on the unitaries of M the weak™ topology coincides
with the s*-topology: For u,v € M unitaries

(u_v)*(u_v)+(u_v)(u_v)*:4'1M_U*'U—’U*u—u’u*—Uu*we;ak:o

*

weak
whenever v — wu.
Next, for every z € M,

Gt m(zr) =uPi(x) e M

is weak*-continuous according to the weak*-continuity of (®;)iec and the
s-continuity of G 3 t — wu,. It follows by straightforward arguments that the
maps

Got—m(z)eM, zeM

are even s*-continuous (see [Kad2], Lemma 4.10 or the first paragraph of
the proof of Lemma 3.4).
Similarly, as in the proof of the preceeding theorem, we get also
ugs = wmp(ug), t,s € G,
and then
m; multiplicative = mys = m; - w5 for all s € G.

Thus it remains only to prove the multiplicativity of every 7.
Let py denote the greatest projection in the centre Z(M) of M satisfying
poM C Z(M). Then

me(po) =po forallt € G.

According to [Kad1l], Th. 10, for every t € G there exists a unique pro-
jection p(m:) € Z(M) such that
p(m) < 1 — po,
(me(z122) — me(@1)me(@2))p(me) = 0, 21,22 € M,
(me(z122) — me(@2)me(21)) (I — po — p(me)) = 0, @1,22 € M.
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Moreover, arguing similarly as in the proof of Lemma 3.4, it is easy to verify
that the map
G5t p(m) € Z(M),
hence also
Gt p=po+p(m) € Z(M)
is s-continuous. We notice that m. = idy; implies p. = 1,7, where e stands
for the neutral element of G.

Now, for every normal state ¢ on M, whose central support is a minimal
projection of Z (M), the continuous function

Got— <pta ()0>
takes values in {1,0}. G being connected, it follows that

(ptyp) = (pe,p) = 1 for all t € G.
Consequently, for every ¢t € G and x1, 29 € M,

(Ime(z122) — 7o (1) me(22)]?, )
= ((1ar — po)|me(w12) — me(w1)me(2) | (1as — pe), @)
< Az |llz2l*(1ar — pe. ) =0

Since Z(M) is atomic, the normal states on M with central supports
minimal in Z(M) separate the points of M and we conclude that

mi(x1292) — m(w1)me(22) = 0 for all t € G and xq1, 9 € M.
O

In particular, if M is a factor, GG is a connected topological group and
(P4)iec is a weak™-continuous group of linear isometries on M, then

O, =um, t€ G

with (7¢)teq an s*-continuous group of x-automorphisms of M and G > ¢ —
ug € M an s*-continuous unitary m-cocycle.

However, the above theorem does not hold without the assumption on
the centre of M, even we assume M of type Io, G = R and all &; Jordan
x-automorphisms. Indeed, denoting by M the W*-algebra L*°(R; Mats(C))
of all essentially bounded (equivalence classes of) 2 x 2 matrix valued mea-
surable functions on R, choosing some #-anti-automorphism o of Mats(C)
(e.g., the transpose map) and putting for F' € L>°(R; Maty(C))

By(F)(s) = 0(F(3—t))1f0'<s<t 150, sER,
F(s —t) otherwise,
1 . .

@t(F)(s):{U (Fs=t)ift<s<0 0 p

F(s —t) otherwise,
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(P1)1er is a weak*-continuous one-parameter group of Jordan s-automor-
phisms of M, but no ®; with ¢ # 0 is multiplicative.

We finish the section (and the paper) with a continuity criterion for groups
of linear isometries on multiplier algebras of separable C*-algebras and with
a result concerning continuity on corona algebras of separable C*-algebras.

They will follow from the next two lemmas of general character:

Lemma 3.7 ([Z2]). Let (X, F) be a dual pair of Banach spaces, G a locally
compact group, and (Up)iec a group of o(X, F)-continuous linear operators
on X. If there exists a compact set K C G of nonzero Haar measure, such
that all functions

K>t (Ul(zx),p), ze€X,poeF
are continuous, then (Up)ieq is o(X, F)-continuous.

Proof. Let m denote a left Haar measure on G. By [He-R], Cor. 20.17
there exists tg € G such that m(K NtgK ') > 0. Then the support of the
restriction of m to K NtoK ! is a compact subset Ky of K NtyK ! such
that
m(Ko) = m(K NtgK ') > 0, in particular, Ko # 0,
V C Gopen, VNKy#0)=m(VNKp) >0.

Now let x € X, p € F and € > 0 be arbitrary. Defining F': Ky x Ko — C

b
Y F(t,s) = (U-1(x),¢) t,s€ Ko,
F is separately continuous. Indeed, by the continuity assumption on U,
KoCK>t— <Uts_1 (ZL'), 30> = <Ut(Us—1(x))v 90>

is continuous for every s € GG, and

Ko CtoK ™! 3 5 = (Us-1(2),9) = (Us-1, (Uy1(2)), U ()

is continuous for every ¢ € G. According to a theorem of I. Namioka ([IN],
Th. 1.2, see also [Chr], Th. 1) it follows the existence of a dense G set D in
K such that F is jointly continuous in every point of D x Kj. In particular,
choosing some t; € D, F'is continuous in (t1,¢1), so there exists some open
set t1 € V1 C G such that

(t,s) € (VinNKy) x (Vi NKy) = |F(t,s) — F(t1,t1)] < ¢,
that is
te (VinkKo) VinKo) ' = [(U(z) — z,¢)| <e.
But V4 N Ky > t, being not empty, we have m(V; N Kp) > 0 and [He-R],
Cor. 20.17 implies that (V3 N Ky) - (Vi N Ko)~! is a neighborhood of the

neutral element of G.
We conclude that the mappings

Got—-Ul(r)eX, ze€X
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are o(X, F)-continuous in the neutral element of G, hence everywhere. [J

Lemma 3.8 ([Z2], compare with [Hi-P], Th. 3.5.3 and Th. 10.2.3). Let
X be a separable Banach space, F a linear subspace of the dual X*, sat-
isfying

=] = sup{[(z, p)|; 0 € F, llell <1}, z€ X,

G a locally compact group with left Haar measure m, and (U)ieq a group
of bounded linear operators on X. If there exists a Haar-measurable B C G
with 0 < m(B) < +00, such that all functions

Bt (U(x),p), z€X, peF
are Haar-measurable, then (Uy)icq is strongly continuous.

Proof. Let (x)r>1 be a norm dense sequence in X \{0}. For every k,n > 1
there exists i € F, ||@rnll < 1, such that

1
(ks Pren) | > Tkl — o
Then
||| = sup{|[(x, orn)|: k,n > 1}, ze X.

Let z € X and d,¢ > 0 be arbitrary.
By the measurability assumption on U, the functions

B3t |U(x) — xpll = sup{|(Ui(z) — zx, epo)lipiq = 1}k = 1
are Haar measurable, so all sets
Sy = {t € Bi||Uyz) — ax| <2} € B, k>1
are also Haar-measurable. Since (zj)r>1 is norm dense in X, we have
U Sk=B.
E>1

Thus, putting

Ry = Sk\ U S, k>1,
1<i<k

we get a partition Ry, Ra,... of B in Haar-measurable sets such that
t € Ry = ||Us(x) —xi]| <e, k>1.
By the countable additivity of m there exists kg > 1 with

ko 5
m (B\ U Rk> < gm(B),

k=1
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ko
and then, by the regularity of m, a compact set Ko C |J Ry with
k=1

ko 5
m (U Rk\Ko) < gm(B)

k=1

It follows that

m(B\Kp) < 2E(Sm(B)

and the Haar-measurable sets
Ex=RiNKy 1<k<k
yield a partition of Kg such that
te By = ||U(x) —xi]| <e, 1<k<ko.

Let xE, denote the characteristic function of Ej. By the Lusin theorem
there are compact subsets K7, ..., Ky, of Ky such that, for every 1 < k < ko,

m(Ko\Kk) < ?i?om(B)’

XE, | Kk : K — [0,1] is continuous.

Then
ko

Kaupe =) Ki C Ko
k=1
is a compact subset of B with

m(B\K;s.) < dm(B)
and all functions
XEp | Kese : Kese — [0,1]
are continuous. Therefore

ko

Km,é,s St Fx,&,e(t) = ZXEk (t)xk €X
k=1

is norm continuous. Moreover,
|Ui(x) — Fyoe(t)]| <eforallte K;;..

Summing up the aboves: For every z € X and every d,¢ > 0 there exists
a compact set K, 5. C B with

m(B\Kyzse) < dm(B)
and a norm continuous map Fj 5. : K; 5. — X with

|Ui(x) — Fyoe(t)]| <eforallte K;;..
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Then, for every x € X and § > 0,

o0
K:):,é = ﬂ Kx,EZ*",n’l cB
n=1
is a compact set with
m(B\Ks) < ém(B)
and
Ky53t—Ul(z)e X

is norm continuous as the uniform limit of the norm continuous maps
F$7527n7n71‘Kx757 n > 1.
Denoting now

[e.o]
Ll = ﬂ kavéz_k7
k=1

L1 is compact subset of B with

m(B\L;) < ém(B)

and all mappings
List—Ulap)e X, k>1

are norm continuous.
On the other hand, again by the measurability assumption on U, the
function

B3t Ul = sup{|lax[|™" - [(Uelzr), ¢pa) | k.0, g > 13
is Haar-measurable. By the countable additivity of m there exists a suffi-
ciently large ¢ > 0 with
2
m({t € B; [|Ul| < c}) > gm(B),
and then, by the regularity of m, a compact set
2
Ly C {t € B;||U|| < ¢} with m(Lg) > gm(B).
We conclude that L = L1 N Ly is a compact subset of B such that
m(L) = m(Lg) — m(LQ\Ll)
Z m(Lg) — m(B\Ll)
2 1

> gm(B) — gm(B) > 0,

|Us|| < cforallteL

and the mappings
Lot—Ulzr) e X, k>1
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are norm continuous. Since (zg)r>1 is dense in X, it follows the norm
continuity of all mappings

Lot—Ul(zr)eX, zelX.

Now Lemma 3.7 yields the o (X, X*)-continuity, hence the strong continuity
of (U)tea. U

By the above result, every representation of a locally compact group by
bounded linear operators on a separable Banach space, which has a “minimal
regularity property”, is automatically strongly continuous.

Theorem 3.9 (on characterizing continuity of linear isometry groups on
separable C*-algebras and their multipliers algebras). Let be H a complex
Hilbert space, A C B(H) a non-degenerate, separable C*-subalgebra, and

M(A) ={z € B(H);za, ax € A for all a € A}.

Then ® — ®|A establishes an one-to-one correspondence between the sur-
jective linear isometries ® on M(A) and those on A.

Let further be G a locally compact group and (Pt)iec a group of linear
isometries on M(A). If there are

- a linear subspace F C B(H)*, satisfying |la|| = sup{|(a,p)|;¢ €
F, el <1} for all a € A,
- a Haar-measurable B C G of nonzero, finite Haar measure,

such that all functions
Bt (P4(a),p), acA peF

are Haar-measurable, then (®|A)weq is strongly continuous and (Py)icq is
strictly continuous, i.e., the maps

Gt O(z)a, Gt ad(x)
are norm-continuous for all x € M(A) and a € A.

Proof. The first statement follows from Theorem 2.3, taking into account
the canonical identification of the here defined M(A) with the multiplier
algebra defined in the first section (see [Ped1], Prop. 3.12.3 or [WO], Prop.
2.2.11).

Now let (®¢)ie be as in the theorem. Then Lemma 3.8 implies the strong
continuity of (®;|A):cq, and then the strict continuity of (®;):cq is entailed
by Theorem 3.2. (]

In general, for (®;)cc strongly continuous group of linear isometries on
a separable C*-algebra A, the group (C(®;))icc is not strongly continuous.
However we have strong continuity on separable, invariant C*-algebras of

C(A):
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Theorem 3.10 (on continuity properties of linear isometry groups on corona
algebras of separable C*-algebras). Let be G a locally compact group,
(P4)tec a strongly continuous group of linear isometries on a separable C*-
algebra A, and D a separable C*-subalgebra of C(A) = M(A)/A, left invari-
ant by (C(P¢))ieq. Then the group (C(P¢)|D)ieq of linear isometries on D
18 strongly continuous.

Proof. Let us denote by 7 the quotient map M(A) — C(A) and let (xy,)n>1
be a sequence in M(A) such that (7(zy))n>1 is dense in D. Then the C*-
subalgebra B C M(A) generated by AU {x,;n > 1} is separable and it is
easy to see that
B=n(D).

It follows that B is left invariant by (M (®;))ieq. Since (M(P¢)|B)icc is
o(B, A*)-continuous, according to Lemma 3.8 it is strongly continuous and
the strong continuity of (C(®;)|D)ieq follows. O

Actually we have proved more: If G, (®¢)ieq and 7 are as above, then

-1 (D D C C(A) separable C*-subalgebra
m " C(®)DCDforallteG

is contained in
{r e M(A); G >t M(®;)(x) is norm-continuous}.

Clearly, the above two C*-algebras of M (A) are equal whenever G is sepa-
rable.

References
[Ar] W. Arveson, On groups of automorphisms of operator algebras, J. Funct. Analysis,
15 (1974), 217-243.
[B] N. Bourbaki, Topological Vector Spaces, Springer-Verlag, 1987.

[Br] L.G. Brown, Determination of A from M(A) and related matters, C.R. Math.
Rep. Acad. Sci. Canada, 10 (1988), 273-278.

[Buc] R.C. Buck, Bounded continuous functions on a locally compact space, Michigan
Math. J., 5 (1958), 95-104.

[Bus] R.C. Busby, Double centralizers and extensions of C*-algebras, Trans. Amer.
Math. Soc., 132 (1968), 79-99.

[Chr]  J.P.R. Christensen, Joint continuity of separately continuous functions, Proc.
Amer. Math. Soc., 82 (1981), 455-461.

[C-Z] I Ciorénescu and L. Zsid6, Analytic generators for one-parameter groups, Tohoku
Math. J., 28 (1976), 327-362.

[Cnw] J.B. Conway, The strict topology and compactness in the space of measures, 11,
Trans. Amer. Math. Soc., 126 (1967), 474-486.

[D-Z] C.D’Antoni and L. Zsid6, Abelian strict approzimation in multiplier C* -algebras,
preprint, 1998.



306 CLAUDIO D’ANTONI AND LASZLO ZSIDO

[He-R] E. Hewitt and K.A. Ross, Abstract Harmonic Analysis, I-1I, Springer-Verlag,
1963/1970.

[Hi-P] E. Hille and R.S. Phillips, Functional Analysis and Semi-Groups, Amer. Math.
Soc. Colloquium Publ., 31 (1981).

[HJ] J. Hoffmann-Jorgensen, Weak compactness and tightness of subsets of M(X),
Math. Scand., 31 (1972), 127-150.

[Kadl] R.V.Kadison, Isometries of operator algebras, Ann. of Math., 54 (1951), 325-338.

[Kad2] , Transformations of states in operator theory and dynamics, Topology, 3

(1965), 177-198.

[Kus] J. Kustermans, One-parameter representations on C*-algebras, preprint (see funct
- an/9707009).

[N] I. Namioka, Separate continuity and joint continuity, Pacific J. Math., 51 (1974),
515-531.

[P-S]  A.L.T. Paterson and A.M. Sinclair, Characterization of isometries between C™ -
algebras, J. London Math. Soc., 5(2) (1976), 755-761.

[Pedl] G.K. Pedersen, C*-Algebras and their Automorphism Groups, Academic Press,
1979.

, SAW*-algebras and corona C*-algebras, J. Operator Theory, 15 (1986),

[Ped2]
15-32.

[Rud] W. Rudin, Functional Analysis, McGraw-Hill, 1973.
[Sch] H.H. Schaefer, Topological Vector Spaces, Springer-Verlag, 1980.

[Stm] E. Stgrmer, On the Jordan structure of C*-algebras, Trans. Amer. Math. Soc.,
120 (1965), 438-447.

[S-Z] 9. Stratilda and L. Zsidé, Operator algebras, INCREST Prepublication, (1977-
1979), 1-511.

[T1] D.C. Taylor, The strict topology for double centralizer algebras, Trans. Amer.
math. Soc., 150 (1970), 633-643.

, A general Phillips theorem for C*-algebras and some applications, Pacific
J. Math., 40 (1970), 477-488.

[Th] K. Thomsen, Jordan-morphisms in *-algebras, Proc. Amer. Math. Soc., 86 (1982),
283-286.

[WO] N.E. Wegge-Olsen, K-theory and C*-algebras, Oxford University Press, 1993.

[Z1] L. Zsidé, Spectral and ergodic properties of the analytic generator, J. Approxima-
tion Theory, 20 (1977), 77-138.

, unpublished manuscript, 1979.

(22]

Received September 30, 1998. Both authors were Supported by M.U.R.S.T.,; C.N.R. and
E.U.

UNIVERSITA DI ROMA “TOR VERGATA”
VIA DELLA RICERCA SCIENTIFICA
00133 Roma

ITALIA



GROUPS OF LINEAR ISOMETRIES ON MULTIPLIER C*-ALGEBRAS 307

E-mail address: dantoni@axp.mat.uniroma?2.it

UNIVERSITA DI ROMA “TOR VERGATA”
VIA DELLA RICERCA SCIENTIFICA

00133 Roma

ITAaLIA

E-mail address: zsido@Qaxp.mat.uniromaz2.it






