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ISOMORPHISMS OF TYPE A AFFINE HECKE ALGEBRAS
AND MULTIVARIABLE ORTHOGONAL POLYNOMIALS

T.H. BAKER AND P.J. FORRESTER

We examine two isomorphisms between affine Hecke alge-
bras of type A associated with parameters ¢—!, t~! and gq, t.
One of them maps the non-symmetric Macdonald polynomi-
als E,(z;q*,t™ ') onto E,(x;q,t), while the other maps them
onto non-symmetric analogues of the multivariable Al-Salam
& Carlitz polynomials. Using the properties of E, (z;q~ %t~ 1),
the corresponding properties of these latter polynomials can
then be elucidated.

1. Introduction.

In several recent works [28]-[29], [9]-[10], eigenstates of the rational (type A)
Calogero-Sutherland model have been investigated from an algebraic point
of view. In particular it has been shown that the algebra governing the
eigenfunctions of the periodic Calogero-Sutherland model (namely the type
A degenerate affine Hecke algebra augmented by type A Dunkl operators)
is isomorphic to its rational model counterpart. This enables information
to be gleaned about the properties of the eigenfunctions in the rational case
(the (non-)symmetric Hermite polynomials) from the corresponding periodic
eigenfunctions (the (non-)symmetric Jack polynomials).
To summarize the argument, consider the type A Dunkl operators

0 1 1—s;
PRSNIES ol el )
ox; ap#a:i—xp

which, along with the operators representing multiplication by the variable
x; and the elementary transpositions s;;, satisfy the following commutation
relations

1 . .

— 28 Z?éj

(1.1) [di,l‘j] = 1 o . .
1+E§p¢i8ip 1=

di Sip =  Sip dp [du Sjp] = Ou { 7& j)p‘
It is easily checked that the map p defined by
1
(1.2) p(l‘z) = T; — id“ p(dl) = d,’, p(Sij) = Sij
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is an isomorphism of the algebra (1.1) [28].
Now, the non-symmetric Jack polynomials F,(z), indexed by composi-

tions 1 := (n1,... ,m,) can be defined [23] as the unique eigenfunctions of
the mutually commuting Cherednik operators
(1.3) & = axid; + Z Sip—n—+1

p>i

with a unique expansion of the form

(1.4) Ey(z) =2"4 ) cpa”.
v<m

Here, the partial order < is defined on compositions by: v < 7 iff v <
nT with respect to the dominance order (where v is the unique partition
associated to v etc) or v = nt, v # nand Y (n; — ;) > 0, for all
p=1,...,n. The polynomial E;(x) is an eigenfunction of &; given by (1.3)
with eigenvalue

(1.5) ni = am; — #{k <iilng > i} — #{k > il > ni}
Using the isomorphism (1.2) it follows that the polynomials [27, 24, 10]

B (2) := By(p(@)) - 1

are eigenfunctions of the operators
!
(1.6) hi=p(&) =& — gd?

which are precisely the eigenoperators of the non-symmetric Hermite poly-
nomials [2]. The orthogonality of these latter polynomials with respect to
the usual multivariable Hermite inner product then follows from the fact
that the operator (1.6) is self-adjoint with respect to the inner product

(1.7) (f,9) = H/Oo dz; e~ H |z; — qjk|2/a f(z)g(x).
i=1v ">

1<j<k<n

In this work, we provide a similar analysis of the Macdonald case. As
such, we introduce an isomorphism of the g-analogue of the algebra (1.1),
namely the subalgebra S;; = {T;,w, D;,x;} of the algebra of endomor-
phisms of the polynomial ring Q(q,t)[x1,... ,x,]. Here, {T;,w} generate a
subalgebra isomorphic to the (type A) affine Hecke algebra, while {D;} are
the ¢g-Dunkl operators introduced in [3, 14]. To describe this mapping, we
need to introduce some further concepts.

The generalization of the formalism of non-symmetric Jack polynomials
to the Macdonald case involves replacing the Cherednik operators (1.3) by
their g-analogues which can be realized as a commutative subalgebra of the
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affine Hecke algebra [18]. In the type A case, one can describe this using
the Demazure-Lustig operators

tr; — xi41

1.8 T, =t ; — 1 =1,...,n—1
(1.8) i + i — Tirt (si ) t n
t —
19 Ty = t+ L= 1)
qTn — 21
along with the operator
(1.10) W= S8p—1"""8281T1 = Sp—1"""8iTiSi—1"" " 51-

Here 7; is the operator which replaces z; by qx;, s; 1= s; 41 for1 <i<n-1
and sg := wsiw~!. The affine Hecke algebra is then generated by elements
T;, 0 <i<n—1 and w, satisfying the relations

(1.11) (Ti—t)(Ti+1) = 0

(1.12) LT T, = T T Tiy

(1.13) LT = 17T li—jl>2
(1.14) wl, = Tiw.

There is a commutative subalgebra generated by elements of the form [5, 6]
(1.15) Y=t """ Ty w Ty T
which have the following relations with the generators T; for 1 <i <n — 1.

(1.16)
T;Yipn =tY; T, TYi=YinTi+(t—-1Y;, [T,Y]=0, j#ii+1

The non-symmetric Macdonald polynomials E; (x; q,t) are defined as the si-
multaneous eigenfunctions of the commuting operators Y; with an expansion
of the form (1.4). The corresponding eigenvalue is 7 with 7; given in (1.5),
and t* = q. From now on, we drop the dependence on ¢ and ¢ and just write
E,(x) = Ey(x;q,t) when the meaning is unambiguous.

Define the following degree-raising operator

(1.17) e =1\ Ty zpw Tyt TL

Using (1.12)-(1.14) it can be shown that the operators e; form a set of
mutually commuting operators. Our first result is:

Theorem 1.1. We have

E’W(elﬁ <5 6n; q717t71) 1= aﬂ(Qvt) E77<x17 <o T Q>t)
where
(1.18) (g, 1) = g8 )¢ (i ~Lwn)

with £(wy,) the length of the (unique) minimal permutation sending n to n*.
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The symmetric Al-Salam & Carlitz (ASC) polynomials were examined
in [1] as g-analogues of multivariable Hermite polynomials. There are two

families of ASC polynomials, denoted U)(\a) (z;q,t) and V)fa)(x;q,t), which
are simply related by

(1.19) Vi (@i t7Y) = U (w10, 1).
The polynomials V/\(a) can be defined as the unique polynomials of the form

Vi (@:0,t) = Pa(a;q.6) + > baPule;q,1)
p<A

which are orthogonal with respect to the inner product
(1.20) (£.9)V) = /[ @) o),
dqu( )( va (215 q)dgz;.

Here, Py(x;q,t) denotes the symmetrlc Macdonald polynomial [19] and we
use the notation for g-integrals

(121 [ s = -0 S sta e
while
wv(ziq) = (45 @)oo (35 0) o (403 @)
(w'q)’ (@)
(1.22) AP 2y, a,) = H [T (@),
—(k—1) 1<i<j<n

where the dash in (z; ¢)., denotes that any vanishing factor is to be deleted,
and it is assumed a < 0. Moreover, in (1.20) and in what follows, we assume
t = ¢*, where k is a positive integer.

The polynomials U /ia) are orthogonal with respect to the inner product

(123 (flg)©) = /[ o T 4l @),

i e) 1= 8P [ o)

where Aék) is given by (1.22) and

(475 @)oo (%75 @)oo
(4 9)00 (@5 @)oo (%5 ) oo

(1.24) wi (a3 ) =
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(1.25) / f@)dgz == (1 -q) (Zf )q" —aZf(aq")q">, (a<0).
a n=0

This can be regarded as a consequence of (1.19), and the formulas
1 oo

1
(126) = | wff @) f@)da i (5 ) () dyo

gogt  1— q
(1.27) AW, () = g7 Fr=D AR ()

where 2f = (2,,2,1,...,71). The formula (1.26) is established in
[1, eq. (2.23)], while (1.27) follows immediately from the definition (1.22).

Non-symmetric analogues of the ASC polynomials can be introduced in
the following manner: Consider the following ¢-analogues of the type A
Dunkl! operators [8] examined in [3],

(1.28) Di=a;' (1=t T o T
and let
(1.29) Ei:=Di+(1+aHt" 'Y, —a e,

The operators E; mutually commute, and our second main result is that:

Theorem 1.2. The polynomials

). B (_a)\nl
(1.30) Ey ' (x;q,t) = o@D

where ay(q,t) is given by (1.18) are the unique polynomials with an expan-
sion of the form

EM ) (wiq,t) = Ey(ziq,t) + Y o By(wiq,)
[v|<In]

E,(E;q it 1

which are orthogonal with respect to the inner product (1.20). Furthermore,
these polynomials are simultaneous eigenfunctions of the commuting family
of eigenoperators

(1.31) hi =Y; + (1 4+ a)t'"D; + at> *"D;Y; ' D;
with eigenvalue " .

An immediate consequence of Thm. 1.2, (1.19), and (1.26), (1.27) is:

Corollary 1.3. The polynomials

(1.32) By (wi,0) = B (@07 07
are the unique polynomials with an expansion of the form
E,(]U)(a;;q,t) = En(az L 1 Z dyw B, (z l,tfl)

v|<In|
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which are orthogonal with respect to the inner product (1 23). These polyno-
mials are simultaneous eigenfunctions of the operators hz, where h; denotes
the operator (1.31) modified by the involution *, which is defined by the map-
pings q+— ¢ 1, t—t71 and 2; — T4

In Section 2, we examine the various properties of non-symmetric Mac-
donald polynomials used in subsequent calculations, including raising and
lowering operators, and introduce a non-symmetric analogue of Kaneko’s
kernel [11]. We finish the section with a proof of Thm. 1.1. An isomor-
phism between Hecke algebras is introduced in Section 3, facilitating a proof
of Thm. 1.2. Various properties of these non-symmetric ASC polynomials
are then described including their normalization and a generating function.
We conclude by clarifying their relationship to the non-symmetric analogues
of the shifted Macdonald polynomials.

2. Non-symmetric Macdonald polynomials.

In this section we gather together some (old and new) results concerning
non-symmetric Macdonald polynomials E,(x) in preparation of the proof
of Thm. 1.1, as well as the forthcoming section on the non-symmetric ASC
polynomials.

For future reference we note that the operators 7; and w defined by (1.8)
and (1.10) have the properties

T;l Tit1 = t_l.%i T; T;l Ti = Tiy1 T;l + (t_l - 1)1‘1
(2.1) Tyw; =t T ! Tizigi =21+ (t — Dain
WITr = qrpw WTi41 = TqW

valid for 1 <4 < n — 1. Also note the following action of T; on monomials
(2.2)
(1 —t)zf” ! 5111+ (1= t)al T f+11+x xly a>b
Tyafal = taf szrl a=1>
b 1 a+1
There exists a variant of the g-Dunkl operator (1.28) which is relevant to
the forthcoming discussion. With = denoting the involution defined in the
statement of Corollary 1.3, this operator is defined as

Di = —qDny1
= —qu; (1 —t T T T Tz>
(23) DY T Ty T

In obtaining the first equality in (2.3), the facts that
(2.4) T; = T.' and Oo=w!
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have been used in applying the operation " to (1.28), while the second equal-
ity can be verified by substituting for YZ-_1 using (1.15) and for D; using
(1.28) and comparing with the first equality.

Since the D; commute, it follows from the definition of D; that the {D;}
also form a commuting set. Moreover, using (2.4), one can check that the
operators D; possess the same relations with the generators T;, w as do the
D;, namely
(2.5)  TiDiy1 =tDyT;Y, TD; =D Ti+ (t—1)D;, 1<i<n-—1

[Ti, Dj] = 0, jAdi+1
Dpw=quwDs, Diw=wD;t1 1<i<n-—1.

To conclude the preliminaries, we follow Sahi [25] and introduce the gen-

eralized arm and leg (co-)lengths for a node s € n via

(2.6)
a(s)=mni—j Us)=#{k>ilj <nx <mi} + #{k <ilj <nmp+1<m}
a(s)=j—1 U(s)=#{k>ilm >mn} + #{k <ilne > n}

and define the quantities

dy(@t) = (1= gy i) = 3us)

SEN s€EN

(2‘7) d;](q,t) — H (1 o qa(S)-‘rltl(s)) l’(ﬁ) — Zl/(s)
sen sEn

en(at) = JT(1=a"@ @) atm) = as).
sEN s€n

The statistics I(n), I'(n) and a(n) generalize the quantity

(2.8) BA) == (i—DAi=>_ <2,>

7 %
from partitions to compositions. From [25] these quantities have the follow-
ing properties

Lemma 2.1. Let ®n:= (n2,... ,0n,m + 1). We have

w = M =1- qtn+ﬁ1 M =1— qtn—l-l-ﬁl

et elad AR ’
65in(q,t) = e?](Qat)v

dsm(q,t) 11— ot d;m(Qa t) 1= tim

dylg,t) 1 —t0n d(g,t) 11— tdin—T

for m; > nig1, iy =0 — it
a(®n) = m+a(n), (P =1n)+#{k>1n <m}
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U'(@n) = U(n)+n—1—#{k>1n <m}
a(sin) = a(n)  V(sm)=1U(m) Usim)=1n)+1 form > 1.
A consequence of the first two equations in the final line is that
(2.9) Un)=U(m")=bn"),  aln)=aln")=0bn"))

where (n7)" denotes the partition conjugate to n*.

2.1. Raising Operators and Lowering Operators.
There are two distinct raising operators which have a very simple action
on non-symmetric Macdonald polynomials. Define [13, 3]

P = xpw,
(2.10) Oy = x, Tt Ty T
A direct calculation reveals that for i = 1,2
Y, 2, = ¢Pinh
Y; 0, = ;Y1 1<j<n-1
whence ®;F,, is a constant multiple of Eg,, where ®n := (n2,... ,9n,m1+1).

This constant is determined by looking at the coefficient of x®" with the
result that

051 En = q771 E<I>77a

OB, = ¢ #imi<m} Eg,.
Remark. These operators are simply related via ®; = t"~1®yY;. Of
course any function of the operators Y; multiplied by ®; will be a raising

operator for the non-symmetric Macdonald polynomials but these two are
in some sense the simplest.

In a similar manner, one can use the g-Dunkl operators (1.28) to construct
lowering operators as follows,

U, = w!'D,,
(211) \112 = T1T2---Tn,1 Dn

Uy was introduced previously in [3]. These operators intertwine with the
Cherednik operators as

v, = ¢'vy,

YU = 0¥ 2<j<n
and it is seen that
U E, = ¢ "1 - By,
Uy B, = t#{i\m<77n}(1 _ tnilJrﬁn)E\Iln

where U9 := (n, — L,m1, ... ,Nn—1)-
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2.2. Kernel.

Let ~ denote the involution on the ring of polynomials with coefficients
in C(q,t), which acts on the the coefficients by sending ¢ — ¢~ !, t st~
and extend it to act on operators in the obvious way. Define the kernel

a TL d T
(2.12) Ka(z;y;q,t Zq ()¢ (n=D)n|=V'(m) _Zn_ i E,(x)E,(y).
n

It follows from (2.7) that this kernel is related to the previously introduced
kernel [3]

(213) Kawiyiat) = 3 2 Byf)Eyfy

((2.13) was denoted by K4 in [3], but for the present purpose it is desirable
to use this notation for (2.12)) by means of

(2.14) Ka(z;y;q.t) = Ka(—qy; x50, 1).
The kernel K 4(z;y; q,t) satisfies the following properties:
Theorem 2.2.

—\ ()
(a) (C’Eﬂ)(x)lCA(w;y;q,t)z(Tfl) Ka(z;y;q,t)

) U Ka(wsyiqt) = B2 Kalz;y;q,t)
(©  DP Ka(wiyiq,t) = vi Kalw;y; q,1).

Proof. The proof of this result follows the same line of reason as in [3, Thm.
5.2], using the facts that

(215) Tr; = t_n—HT T (I)QTl Tifl
(2.16) D; = t‘”“Ti_ll---Tl U Typq - Ty
O

We recall from [3] that the analogue of property (c) for the kernel
Ka(z;y;,t) is
(2.17) DIV K a(w;y5 0. ) = yi K a(w; 93 0, 1).
A feature of both property (c) and (2.17) is that the g-Dunkl operator D;
(resp. D;) act on the left set of variables only. However, by applying the

operation ~ and using (2.14), we can form similar identities where they act
on the right set of variables, namely:

Corollary 2.3.
(2.18) (D)@ Ka(z;7;q,t) = —q 2 Ka(z;730,1)
(2.19) (D)W Ka(z;y;9,t) = —qu; Kala;y; ).
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2.3. First isomorphism.
Returning to the proof of Thm. 1.1, we claim that it follows from the
subsequent

Proposition 2.4. Let Ry be the subalgebra of the algebra of endomor-
phism on the polynomial ring Q(q,t)[x1,... ,x,] generated by the elements
{Ti, w, z;} with relations given by (1.11)-(1.14), (2.1) The map ¢ : Ry-1 41
— Ryg,t defined by

(2.20) ¢(WA;1) =Ty ThqwTy T, o) =e, ¢(:FZ£1) =T

s an algebra isomorphism.

Proof. Note that a simple consequence of the definition of ¢ given above, is
the relation

(2:21) oY) = Yi.

(2

The proof that ¢ is indeed an isomorphism follows by a standard calculation.
O

Proof of Thm. 1.1. We know that E,(z;¢~1,¢7!) is an eigenfunction of le.
This is shown by utilizing the relations amongst the operators {Yi_l,
Tiﬂ,xi} to move tll\e/operators Yi_1 through the terms in E,(z;¢~1,¢t71),

until one obtains Y;"' -1 = ¢t~ . 1. By adopting this viewpoint in the

eigenvalue equation (considered as an identity in R,-1,-1)
A N e A TR B L oM G R A I |
and applying the map ¢ to both sides it then follows from (2.20), (2.21) that

E,(e;q71,t71) 1is an eigenfunction of ¢(Y; ) = Y;, with leading order term
2" and hence must be proportional to E,(x;q,1).

To determine the proportionality constant (g, t) say, it follows from the
action of T; given by (2.2) that

efel . ..etn . 1 =g/ gn 4 Z bz’

v<n
where f(n) = ¥3,(%) and
n Mn—1 Mn—2
9(@) = D> mi—DGE—=1)+> X <i)+ Y x(m <)+ x(a-1 <)
i=1 1=0 =0

m
(222) 4> X i) A+ x(2 <)
=0

where x(P) = 1 if P is true, and zero otherwise. The simplification g(q) =
>=i(n —i)n — £(w,) then follows from the above expression by induction
on £(wy). O
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3. Al-Salam & Carlitz polynomials.

The isomorphism ¢ introduced in the previous section can be generalized
to another isomorphism 1), such that ,(x;) includes not just degree-raising
parts, but degree-preserving and lowering parts as well. It will turn out
that this isomorphism is precisely what is needed to obtain non-symmetric
analogues of the Al-Salam&Carlitz polynomials in the same way as was done
for the Hermite case.

As previously mentioned, the symmetric ASC polynomials V;a) can be
defined via their orthogonality with respect to the inner product (1.20). We
remark that under this inner product we have the important result that the
adjoint operators of Tiil, w are given by

tn—l

(3.1) (T =T, W)= w (21 = g) (21 — ag).

aq

The ASC polynomials V/\(a) can equivalently be defined by means of the
generating function [1]

- 1 (=M b(X)V(a)(y'q,t)PA(w;q,t)
Y3, 1) = .
I o g elesia ) = 2 G HR 0T, a0

Here, po(7) = (2;¢)oo(a; @)oo, b(A) is defined by (2.8) and

(1 — g ()n=1())

1 _ qa(s # s)Jrl)

bolwyia,t) =3 COPD b (g )Pyt
r3Y:4, = x4, yq,1).

proRE g — & (g, DPA(L L, g, p) N BT

P)\(l,t,...,tn 1q,t _tl()\) H

This latter kernel was previously introduced by Kaneko [11] in connection
with hypergeometric solutions of systems of g-difference equations.
Similarly the ASC polynomials U

function [1]

(3.3)

can be defined by the generating

U (y; q,1) Po(a; 9, 1)
pa(xlv Q) o 'pa(xm q) ofo(iﬁ, Y; qat) - Z‘{: d;(q,t)P,.g(l,t, . t”_l; q,t)

where the hypergeometric function ¢Fq is defined by

. KR 7 7t K 7 7t .
( ) 0 0 xT5Y; Q7 E l, q, B ,tn_l; q, t) (Z‘ q ) (y q )
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3.1. Second isomorphism.

Consider the involution ~ on polynomials and operators defined in the
statement of Corollary 1.3. The operator E; introduced in (1.29) has its
origins in this involution, namely,

N 1 *
(3.5) E; = (Dpy1-)" = (—qD,) :
The form (1.29) follows from (3.5) by making use of the adjoint formulae
(3.1). The relations between the operators E; and the operators {D;, T;,w},
can be derived using (3.5). Thus, for example, application of the adjoint

operation * to the relations involving D;, T; gives, in place of the first
relation in (2.5),
(3.6) T ET ' =t B

Now consider the following mapping ¢ : {& ™!, Ti, i, Zi} —A{w, T}, z;,d; }
where each set of operators defines a certain algebra of endomorphisms on
the ring Q(q,t)[x1,... , x|, defined by

(37) %(96@') = Ei
¢a(&_1) = Tl e Tn—l (Yn + (1 + a)tl_nDn + atz_annYnDn) 5

@Zja(j:;l) = Tz
%(ﬁi) = "B T T BT T T T

)

Then Theorem 1.2 will follow from:
Proposition 3.1. The map ¥, is an algebra isomorphism.

Proof. The proof of this result consists of checking that the operators 1, (u)
given in (3.7) satisfy the same relations as the original operators u, given by
(1.11)-(1.14), (2.1) and (2.5), (after application of the involution ~). For
example, the first formula in (2.1), after application of the involution ~ |
reads

T, wigy = tai T
Now applying the mapping ¥, gives

T,Ei1 = tET] .

But this is equivalent to (3.6) so the algebra is indeed preserved. The calcu-
lations involved in checking the other relations are typically more involved;
however they are similar to those undertaken in [3], and so for brevity will
be omitted. (|

As with the relationship between Prop. 2.4 and the proof of Thm. 1.1 we
are in a position to complete the:
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Proof of Thm. 1.2. From Thm. 1.1, and the definition (1.29) of the operators
E; it follows that E7(7V) has leading term E,(z;q¢,t). In addition, it follows

from (3.7) that

(3.8) Vo (Yi ) =Yi+ (1 +a)t' "D; + at* 2"D; Y, ' D;

and from Prop. 3.1, that these are eigenoperators for the non-symmetric
ASC polynomials defined by (1.30). The corresponding eigenvalue is simply
7. By writing these operators out explicitly, it is seen that they are self-
adjoint w.r.t. the inner product (1.20). Hence by standard arguments, the
polynomials (1.30) are orthogonal w.r.t. (1.20). O

3.2. Normalization.
The images of the raising and lowering operators (2.10), (2.11) (after
application of 7) under the map 1, are guaranteed, by virtue of Prop. 3.1,

to be raising and lowering operators for the polynomials E,SV) (z).
In particular, using (2.16) and (3.7) we see that

$a(W1) = ag " Wy

so that W) remains a raising operator for the polynomials E7(7V). By exami-
nation of the leading terms, we must have
/

d
(3.9) Ui By = gt By,
Un

Also, use of (2.15) and (3.7) gives
%(‘E) = _qil \Iﬁl{

so that W7 is a raising operator for E7(7V). Indeed,
« (V) _ —1m—1 1 (V)
(3.10) Ui By =a g T By,

By an argument similar to that used in [4, Prop. 3.6] it follows from (3.9)
and (3.10) that

(V) o e (V)
(3.11) (Bg,) o)) = at =g 2=t 0 (B0 BN
n

Also, we have

V) 0\ W) _ Q=) =ty (V)
(3.12) <E,7En> - o <E( ) B )> _

The solution of the recurrence relations (3.11), (3.12) gives:

Proposition 3.2.
(3.13)

NY) = <ET(]V),E7(7V)>(

!
dn ey

_ (aq—1t2—2n) [n] q—2a(n)tl(n)+[/(n)
d77

NV
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where for t = ¢, [1]

NO(V) — (1 _ q)n kn(n— 1)/2t_2k H
=1

By using the formulas (1.32), (1.26) and (1.27) we see that the norm

M§U) of the non-symmetric ASC polynomials Ey(,U) with respect to the inner
product (1.23) is given by simply replacing ¢,¢ by ¢—!,#~! in (3.13). Use of
(2.7) then gives:

Corollary 3.3.

) de
(314) ngU) . <ET(]U),E,(]U)> — (atn—l)lm qa(n)t_l("i)zlin NO(U)
n

where for t = q¢*, [1]

NO(U) =(1-q)"(— )kn(n 1)/24k( H

=1

3.3. Generating function.

The raising operator expression (1.30) facilitates the derivation of the
generating function for the non-symmetric ASC polynomials. Also required
will be the g-symmetrization of (2.12).

Proposition 3.4. Let [18] Ut = " T, where T, := T;, ---T;, for a re-
duced word decomposition o = s;; -+ s;,. We have

(3.15) (U)W Kalzsy:q:t) = [nlilotpo(w; —t" "y q,1)
where g is defined by (3.2).
Proof. We remark that this is the analogue of the result [3, Prop. 5.4]

(3.16) (U@ Ka(w;y;q,t) = nlidoFo(w; 93 g, ).
In fact in our proof of (3.15) we will use the formula

1 + B (2) = [n] 10 %1 p -~
GBI UTE) =Y g B, A=

which was deduced [3, eqgs. (5.8)&(5.18)] as a corollary of (3.16). Thus we
apply U™ to (2.12) and use (3.17) to compute its action. Simplifying the
result using the first equation in (2.9) and the formula [18]

d/
(3.18) Pw) = Y, 2 Eny),
npt=x 1
the result then follows. O
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Consider now the generating function

Fl Z/7 ZA E ( )
where
NV ood
1 A, = bl Y0 _ pa)yn=Dy|-l() Zv_
(3.19) (a/q) o L) q" Wt e

Here we have used the fact that [(n) = I(n") + €(w,) to rewrite ay(gq,t) as
defined by (1.18) as

ay(q,t) = g ¢(n=D)nl=l(n)

Clearly

v) V)

<F1(y; z), EY) (y)>y

Next note the integration formula

E,(2).

N
aT](Q? t)

— (a/q)"

a1 D)) = o (U Kawi2). 1))

(3.20) = (ovolys—t""2), 1), = NG T pal—20)
1=1

which follows from the symmetrization formula (3.15), the fact that U, is

self adjoint w.r.t. (, )év) and an integral formula for the kernel ¢¢o(y; z)

given in [1, Prop 4.8], and consider the generating function
n

Fy(y;2) =[] ! K(y; 2).

i=1 pa(_zi)

We have
V) (—a)! 1

(B B0w), - = ey ey (K. BiEe)

_ (/g L (5 0 ity )Y
= a8 L ooy (PP KG2).1)
(@ ;71
an(g,t) +3 pa(—2i)
s N
( /Q)"an(q’t)

In the above chain of equalities, we have used (1.30), (3.5), the kernel prop-
erty Thm. 2.2 (c¢) and (3.20) respectively. The non-symmetric ASC poly-

E,(2).

nomials Ef,v)(y) are a complete basis for polynomials in y and hence from
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above we have Fy = F,. That is, we have the generating function for non-
symmetric ASC polynomials El(,v).
Proposition 3.5. With A, given by (3.19)

n

(3.21) [[—— Ka(y:2 ZA EY(y) Eu(2).

=1 Pa(_zz
We remark that this generating functlon could also be derived in a manner
similar to that used in the symmetric case [1], namely by applying the
operator (Y, !

1) to both sides of (3.21) and deducing that Ef,v)(y) is an
eigenfunction of

(322)  hi=va(Y; ) =YiTi1- Ty (1+Dy) (1 +aDy) Ty - T2}
with leading term E,(y) (some manipulation using (2.5) and (2.3) casts this
into the form given in (1.31)). Note also that by applying the operation

with the respect to the y-variables in (3.21) and using the formula (2.14) as
well as

1
— = pa(q;q),
pa(‘r7Q) q»—>q_1
(see e.g. [1]) we deduce the generating function formula for the polynomials
EY.

Corollary 3.6.

(323) Hpa Z’L KA Z y Q7 Z d/6 l/ V(Z)’

i=1
The generating function formulas in turn imply a further class of oper-

ator formulas relating the ASC polynomials and the non-symmetric Jack
polynomials (c.f. [1, egs. (3.9)&(3.10)]).

Corollary 3.7. We have

n

1
(3.24) Er(zv)(y) = Z.1_[1%(_7)53/))En(y)
(3.25) BV = [Lea(-aD) By,
i=1

Proof. The first identity follows from (3.21) by using Thm. 2.2 (¢) and com-

paring coefficients of En(z), while the second identity follows similarly from
(3.23) and (2.18). O

As further applications of the generating functions we will present some

(V)

eyaluation formulas for Ej,
0= (1,t,¢2, ...t 0.

at the special points 9"+ and at>~"*+! where
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Proposition 3.8. We have

(3.26) E7(7V) 0ty = (_a)Inlq*a(n)tl’(n)*(nfl)\nIEn(ﬁ)
(3.27) E7(7V) (at® ") = (_1)Inlq—a(n)tl’(n)—(n—l)lnlEﬁ(ﬁ)
where
(3.28) E, (%) = ¢! <1

U

Proof. The formula (3.28) is a special case of a result of Cherednik [7] (see
also [20]). For the derivation of (3.26) and (3.27) we follow the strategy of
the proof of the analogous result in the symmetric case [1, Prop. 4.3]. First,
note from the definition (1.8) that in general

Tif (1) = tf (),
and so B B B
(UFF) () = U DFE) = [LFE).
Use of this latter formula in (3.15) with y = t9 gives

n
(3.29) Kat’;210,t) = 0t (8% —t" ' z1q,t) = [ [ (""" 26 @)oe
i=1
and similarly, from (3.16)
1
H?:l (Zi; Q)oo ’
where the final equalities in (3.29) and (3.30) are known results [17, 12].
Now set y = t9~"*1 in the generating function (3.15). Use of (3.29) with 2
replaced by t "1z, and then use of (3.30) allows the Lh.s. of the resulting
expression to be written

(3.30) Ka(t%; z:q,t) = o Fo(t%; 2 ¢, 1) =

1 5 (_a)h]‘dn S ~
n = KAt —az;q,t) = Y ~———"E,(t°)E,(2
T Camge A =3, B B

Equating with En(z) on the r.h.s. of the resulting expression gives (3.26).

The formula (3.27) follows similarly, by substituting y = at®~"*! in (3.15).
O

3.4. Relationship to the symmetric ASC polynomials.

The non-symmetric ASC polynomials are related to the corresponding
symmetric ASC polynomials in an analogous way to the relationship (3.17)
between the non-symmetric and symmetric Macdonald polynomials.

Proposition 3.9. Let
e
ay(q. ) = [n] 10—
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We have
(3.31) UTEY(y) = aya.)V,2 (y5a,1)
(3.32) UTEO) = aya. U (g0, 0).

Proof. Consider the action of the UT operator on (3.24) and (3.25). From
the first three equations of (2.5) one can check that 7; commutes with any
symmetric function of the D;. Thus the action of U T can be commuted to
act to the right of [, pa(—%Di) and 1/ [, pa(=D;). Use of (3.17) then gives

UtEV(y) = an(q,t)mpw(y)Zan(q,t)wpn

UtE (y) = an(q,t)Hpa(—qﬁi)Pw(y)=an(q,t)Hpa(Di)Pn+(y),

+(y)

where in obtaining the first equality in the second formula we have used
the fact that P,(y®) = P,(y), while the second equalities in both formu-
las make use of (2.3) and the fact that P+ is a symmetric function. But
the resulting operator formulas are precisely representations obtained in [1,
Eq. (3.9)&(3.10)] for the symmetric ASC polynomials. O

We can also relate the eigenoperators h; for the non-symmetric ASC poly-
nomials quv) to the eigenoperator [1, Eq. (3.28)]

n n n
(3.33) H=t'""> V7'~ (1+a)) t'"7'D;Y;7 +ad t"DI Y
=1 =1 1=1
ta(l—tT") Y 7DDy
1<i<j<n

for the symmetric ASC polynomials U §a).

Proposition 3.10. Let h; be given by (1.31) and H by (3.33). When acting
on symmetric functions

> hi=t""H.

i=1

Proof. From Theorem 1.2, by summing over i in (1.31) we have
n
Z h; EVY) (xz;q,t) = tl_”e(n+)E(V) (x;q,t),
i=1

where e(nt) = >0t =310 ¢" t"~'. We would next like to apply the
operator U™ to both sides of this eigenvalue equation. For this purpose we
require the fact that T; commutes with > " | h; (this follows from (1.16),
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and the fact that these same equations apply with the Y; replaced by D).
Thus, making use of (3.31), this operation gives

Zh VE (@0,8) = eIV (w19, 1).

But from [1] we know that this same eigenvalue equation applies with

S| h; replaced by t'="H. The result now follows from the fact that {Vn(f)}
are a basis for symmetric functions.

We remark that an alternative proof is to establish directly that when
acting on symmetric functions

(3.34) ZY‘ ZY

(3.35) = DY = i D;

n
(3.36) S DY+ (1-t) Y DDy
i=1 1<i<j<n
n
=t'""Y " D;Y; ' D;.
=1

O

3.5. Non-symmetric shifted Macdonald polynomials.

In [1] it was observed that the symmetric ASC polynomials V/\(a) () co-
incide (up to a factor and change of variables) with the shifted Macdonald
polynomials when a = 0. We show now that this behaviour carries over to
the non-symmetric case.

Following Knop [14], Knop and Sahi [15] and Sahi [26], the non-symmet-
ric shifted Macdonald polynomials G,,(z) are defined, in the notation of [14],
as the unique polynomial with expansion

Gy(zq,t) = Z bn,,E
lv|<In|

which vanishes at the points z = #£ for all compositions & # n such that

|€] < |n|. Here t¢ is given by (1.5). Equivalently [13, 22] they can be

defined as eigenfunctions of the “inhomogeneous” Cherednik operators
== }N/; + 52

where the operators are defined with the variables z;. For such polynomials,
Knop [14] defined a raising operator ®x = (2, — t!"")w™! with a simple
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action on Gy (z;¢,t). It is easily seen that

, lim h; = =;
a—0
zi=t"—1lg; zi=tn—lzg,;

_a/ o~
lim —¥7 =
ali% q 1 K

which immediately implies the sought relationship between G, and E(V)

Proposition 3.11.

(3.37) EY (@i )| =G, @ g )
or equivalently
(3.38) By (x14,1) T tn=bma, (1" q,1).

One immediate application of (3.37) is the evaluation of G))(0; ¢, t), which
follows from (3.27). This is a special case of a result of Sahi [26, Th. 1.1],
in which an evaluation formula is given for G, (at®; q,t), for a general scalar

a. In fact use of (3.37) also allows this more general evaluation formula to
be deduced.

Proposition 3.12. With (« )(q ) . Hse)\(tl,(s) _ qa’(s)a) we have
Gyt asq,1) = all(1 /a)gﬂt—(n—mm 2;7 .
U]

Proof. Choosing a = 0 and y = " "%« in (3.23), and using (3.30) and
(3.38), we see that

la(n—1)in| @ 5 T (21/ 25 9o
il (n—1) | _n 5 _ :
Z o t d%@n Gn(t asq, t)En(Z) r[l (Z“ q)oo

1=

But we know that [17, 12]

n . (a:;t) (1
(2i/ @)oo (1/a)y /0‘
= =y 2 P(z5q,t E,(2).
| e M RN
The result follows by equating coefficients of E,(2). O

3.6. g-binomial coefficients.
Sahi [26] uses the polynomials Gy, to introduce non-symmetric g-binomial
coefficients "]  according to

(3.39) mq,t . gyg’?;

(75 is defined by (1.5)). Our generating function characterization of the ASC
polynomials, and thus by Proposition 3.11 of the polynomials G, makes
it natural to extend Lassalle’s [16] definition of the symmetric g-binomial
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coefficients to the non-symmetric case by defining the non-symmetric ¢-

binomial coefficients (Z)q , according to the generating function formula

n

(3.40) E@[[——=Y (")q t tl(n)—l(u)Z:V B ()
i n ’ Y

- (xiSQ>oo N 1%
=1

We can then use the generating function (3.15) to relate these binomial
coefficients to the polynomials Gy,.

Proposition 3.13. With (Z)qt defined by (3.40), we have

G (2 E,(z
(3.41) GZEO; - Z (Z)q—l,t_l GV((O;

Proof. Multiply both sides of (3.40) by ¢*®)¢(n=DII=I'(¥) dfj’éy E,(y) and sum
over v, rewriting the Lh.s. according to (3.15). Now equate coefficients
of E,(x) on both sides. The result then follows upon using (3.28) and

(3.37). O

Since (3.41) is a formula satisfied by the non-symmetric g-binomial coef-
ficients of Sahi [26, Cor. 1.3], and this formula suffices to implicitly define
these coeflicients, we have that

= (- [

Finally, let us present some formulas relating the coefficients (Z)q , to

their symmetric counterparts (Z) , which can be characterized by either
q,t
of the formulas [16, 21]

/

1 A @
(3.43) Pu(z;q.t) ] = > <u> ¢*™ b(“)d# Py(z;q,t),
A q,t A

1=
Pi(y;q 't 3 A Pu(yt®;q,t)
(3'44) P):k<0 -1 4-1 = P*HO' -1 4-1 '
A ) 1% q,t )\< g, )

“w
Here Py is the shifted Macdonald polynomial, which is related to the sym-
metric ASC polynomial V)\(O) by [1, Prop. 4.4]

(3.45) Pyt 5ttt ) = ¢ DNy O (g 1),

Proposition 3.14. With nt =k, v+ = p,

" > (0, - ().
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> (0,547 - ().,

nnt=

d, Pu(t") _d,

S R B

Proof. The proof follows the strategy given in [1] for the proof of the corre-
sponding results in the ¢ = t¢, ¢ — 1 limit (binomial coefficients associated
with non-symmetric Jack polynomials). For (3.46) we apply the U™ operator
to (3.41), making use of (3.17) and (3.31). Use of the fact that

a, [n]4!
ES0) vO(0:0,1)

and (3.45) then gives

P;(a:t‘g;q_l,t_l) :Z(U> P, (x;q,t)
P (0;¢71,t71) v/gt Pro(0;¢71,t71)

Comparison with (3.44) implies (3.46) The identity (3.47) follows similarly,
by applying U™ to (3.40) and comparing with (3.43). O
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