GODBILLON-VEY CLASSES OF SYMPLECTIC
FOLIATIONS

KENTARO MIKAMI

Volume 194 No. 1 May 2000



PACIFIC JOURNAL OF MATHEMATICS
Vol. 194, No. 1, 2000

GODBILLON-VEY CLASSES OF SYMPLECTIC
FOLIATIONS

KENTARO MIKAMI

Dedicated to the memory of Professor Shukichi Tanno

Each transversally oriented foliation has the Godbillon—
Vey characteristic class, and regular Poisson structures define
symplectic foliations. In this note, we shall give a new inter-
pretation and the explicit formula for a representative of the
Godbillon—Vey characteristic classes of symplectic foliations
in the context of Poisson geometry.

1. Introduction and statement of result.

It is known that a Poisson structure with constant rank on a manifold, called
a regular Poisson structure, defines the symplectic foliation on the manifold.
For each transversely oriented foliation, we have the famous Godbillon-Vey
characteristic class. When the symplectic foliations of regular Poisson struc-
tures are transversely oriented, they have the Godbillon-Vey characteristic
classes. In this note we shall give a formula defining their Godbillon-Vey
classes in terms of Poisson structure. The main result is:

Theorem. Let (M"™, ) be an oriented manifold with a constant rank 2m
Poisson structure w. Take a volume form voly of M. By the map ¢,
we mean the isomorphism induced by volys between multi-vector fields and
forms. Then we claim that:

(1) The q(= n — 2m)-form a = ¢(n™) gives a transverse orientation of
the symplectic foliation of .

(2) Take a q-vector field % (m™) on M with the property ©™ A Y (7"") =
¢~ 1(1). Then the 1-form B = ¢([—k(x™),7™]g) gives a representative
of the Godbillon-Vey class by B A (dB)? and

¢~H(BA(dB)T) = (dp([—H (™), 7] 5))? I [~k (7™), 7"]s,

where |-, -] g is the Schouten bracket on M and _| is the inner derivation.
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2. Generalized divergence of multi-vector fields.

Let volys be a volume form of an orientable manifold M. Then we get the
C®°(M)-linear isomorphism ¢ : A“(TM) — A" “(T*M) by

o(U) = wwvolpyr = U Jvolyy, ie., (¢(U),V) = (volpr,U AV)

for all Ve N""“(TM), where ( , ) is the natural pairing. Define basey; €
A" (TM) by ¢74(1).

We may consider similarly the interior multiplication with respect to
forms, and we have

o a) = (=1 Do _basey,
where a is the degree of a. We recall the following elementary formula.
¢~ ((T) A d(U)) = (1) IFVYT) U = (1)) T

holds for each T'e A (TM) and U € A\ “(TM).

Let us consider the map 1) := ¢! o d o ¢. The next lemma says 1 can be
expressed by the Schouten bracket and -image of lower degree multi-vector
fields.

Lemma 2.1. For all multi-vector fields T and U, we have
P(TAU) = (=D, Uls+ (=1)"D(T) NU+T A y(U)
where u is the degree of U, i.e., U € N*(TM).

Proof. From the definition of ¢, (¢p(T),U) = (volps, TAU) = (T _Ivolps, U).
If U is a 1-vector field, then we have

YT AU)=¢ odod(TAU)=¢ tod(T AU _Ivoly)
=¢ Lod(U T Jvoly) = ¢~ o (Ly — w0 d)(T _volyy)
= ¢ Lo Ly(T Jvoly) — ¢t oy o d(T _Ivolyy)
= ¢ Y([U, T)g Jvolps + div(U)T _volyy)
—¢towopop todoo(T)
= [U,T)g + div(U)T — (T) AU
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where Ly is the Lie differentiation with respect to U. We can complete the
proof by the induction on degree of U. (|

Remark 2.1. For each vector field X, ¥(X) is equal to the divergence with
respect to volys. For this reason, we may call the map 1 the generalized
divergence. If we change our view point on the equation in Lemma 2.1, the
Schouten bracket is characterized by some volume form and the mapping
. This idea is shown in [2]. The derivation rule of the Schouten bracket
we use in this note is the bracket operation from left (or right) is a left (or
right) derivation respectively, i.e., [T, UAW]g = [T, Ulg AW 4 (=1)¢~DeU A
[T, W]s, where T € AN*(TM) and U € A\ “(TM).

Remark 2.2. Let 7 be a 2-vector field. A. Weinstein ([4]) defines the mod-
ular vector field of 7= with respect to a density. It is the same as (7) if we
take our voly; as density.

3. Godbillon-Vey forms of symplectic foliations.

Transversely oriented foliations have secondary characteristic classes which
are called the Godbillon-Vey class. We recall the definition of Godbillon-Vey
class in accordance with [1] and [3]. It is well known that a codimension
q foliation of M™ corresponds with an involutive rank (n — ¢) distribution
®. If the foliation is transversely oriented, then we have a ¢-form « which
is of course locally decomposable, i.e., @« = wi A ---w, for some local 1-
forms wi,... ,w, and satisfies doo = 3 A a for some 1-form 3. Let I :=
{r e NY(T*M) | 7 Ao = 0}. The distribution © of § is characterized by

@z{XG/\I(TM) | (X,7)=0forT €T} .

Conversely, if there is a g-form « which is locally decomposable, we have the
distribution © defined by « as

D:={XeA(TM) | (X,7)=0for T €T}

where Z := {7 € AYT*M) | TAa=0}. If « satisfies da = B A « for
some 1-form 3, then the distribution ® is involutive and the foliation of ®
is transversely orientable.

There is some ambiguity in choosing o and 3, but it is known that the
closed (2q + 1)-form 8 A (df)? is unique up to an exact (2q + 1)-form, and
the cohomology class [5 A (d3)?] is uniquely determined. The cohomology
class [BA(dB)Y] € H%qg '(M,R) is called the Godbillon-Vey class of the given
foliation, and B A (df3)? is often called the Godbillon-Vey form in this note.

Let us take a Poisson tensor field 7 on an n-dimensional manifold M with
constant rank 2m so that [, 7]g = 0, 7™ # 0, and 7™ = 0. Then we have
a ¢-form a = ¢(7"/m!), where ¢ is the isomorphism introduced in Section
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2 and ¢ = n—2m. Locally, we can find a frame field { X1, X»,... , X,,} such
that

=X ANXo+ XsA X4+ -4+ Xopm_1AX9, and <V01M,X1/\' . /\Xn> =1

under the assumption that the codimension ¢ > 1. Let {6,602 ... 6"} be
the corresponding dual frame field. Then we have 7 = m! X1 A--- X9, and
a=¢(r™/m!) = 2" A NG,

n n
1
Let [Xo, Xp) = Y A Xe (a,0=1,... ,n). Then df° = -5 PPN
c=1 a,b=1
for ¢ = 1,...,n. But, the Poisson condition [7,7]g = 0 is equivalent to
)\Z-I](- =0 foreachi,7=1,2,...,2mand K =2m+1,... ,n, and yields the
following Proposition.

Proposition 3.1. The distribution ® = {Hy | f € C®(M)} consisting
of the Hamiltonian vector fields of the Poisson tensor w, which defines the
symplectic foliation §, is characterized by o in the sense of Section 2 as® =
(X e N"(TM) | (X,7) =0 for 7 €T}, where T :={r € N (T*M) |1 Aa
=0} = linear span of 6*™F1 ... 6"

Let us denote the g-form ¢(7™/m!) by . Then « gives a transversal
orientation of the symplectic foliation 7 from Proposition 3.1. Let % (7™)
be a g-vector field on M with the property (volps, 7™ A % (7™)) = 1. We
have the main theorem below.

Theorem 3.2. We can define the global 1-form [ := ¢ ([—k(7™),7™]g). B
satisfies dao = B A\ v and hence the Godbillon-Vey characteristic class of the
symplectic foliation of 7 is given by the cohomology class of BA(dB)? and the
tangential pullback ¢~ (8 A (dB)?) of our Godbillon-Vey form is expressed
as

Yy =k (7™), 7" g)
N———
q-times
where 7 is the 2-form given by ¢ o Y[—dk(7™), 7™]g.
Proof. Set y = volys and U = % (7™). Then
Bra=(=1)""an(Un"g Ip) = —(aJ[U"]s) Jp.

Here the last step uses only linear algebra. On the other hand, dov = (V') _
w, where V- = 7™ /ml, it remains to show that —a _I[U,7™]g = (V). By
Lemma 2.1, we have

U, Vg = =(U) ANV =U A (V).

Thus,
—a U, V]lg=ad@U)AV) + a_d(UAp(V)).
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We now claim that

(1) alWU)AV)=0
and
(2) o J(UAG(V)) = (0, UY(V) = (V) /m!

To see these, we write 71 = X3 A Xo + -+ - + Xom41 A Xop, locally, where
X1, Xs,...,X, is a local frame for the tangent bundle of M, so that V =
X1 ANXo A+ A Xop. Then for any j =1,... ,2m and any local vector field
W of degree ¢ — 1,

<XjJOé, W) = <Oé, Xj/\W) = <,u, V/\Xj/\W) = 0.

It follows from this and the definition of the operator Y +— « _1Y that
a_l(p(U)AV)=0. Let 8 = ¢(m) be the modular vector field. Then it
follows from Lemma 2.1 and 7™t = 0 that # A V = 0 which implies that
6 _Ja = 0. Consequently we get (2) and thus also the fact that da = 8 A «.
We got finally a 1-form [ given by

B = ¢([—H (™), 7"]s).

From the definition, this 3 defines the Godbillon-Vey class by [3A(dB)"2™].
Since our hope is to see the Godbillon-Vey class in the context of Poisson
geometry, we would like to pull back the Godbillon-Vey form above by ¢ to
obtain a Tangential Godbillon-Vey multi-vector field, TGV, hereafter.

TGV = ¢~ (BA(dB)7) = (~1)" VUG A (dB)T Ibasey
= (=1)""dp .- dB_I(B Jbasey) = dB _1---dB_I(¢B)
g-times g-times

and we have

dB=¢o¢~ odod([—k(r™),7"]s) = ¢ (V([—Kk (™), 7™"]s)) .
(]

Remark 3.1. There is some ambiguity in choosing % (7™) with the prop-
erty 7" A Y (7"™) = baseyps. If we take an arbitrary riemannian metric (-, -)
on M, then we may choose such a multi-vector Y (7"™) by *(7"™), where * is
the Hodge-star operator with respect to the metric.

Remark 3.2. The final statement of our Theorem 3.2 makes sense if the
rank of our Poisson structure is equal to the dimension of the manifold,
in other words, if the Poisson structure comes from a symplectic structure,
namely, if 7 = —w™!. We may consider an arbitrary volume form on M.
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m

Then it is of the form voly; = fw—' with f # 0 and 2m = dim M. Since
m!

B = —o¢([1/(mf),7™]s) = =1/(m — D6([1/f, s A 7™ 1)

wm

=—f/im-=1/f,7|lg Jax -+ Jm_]
(m—1)-times

= —fl1/f,7ls Jw=—fHy/; Jw = dlog|f]
we see [f] =0 € H%DR(]VL R).

m)!

3.1. Codimension 1 symplectic foliations.

Let us consider the codimension 1 symplectic foliations, namely the full
rank Poisson structures of manifolds of odd dimension n = 2m + 1 as the
restricted cases. We already know that the tangential object corresponding
to a Godbillon-Vey form is given as

TGV = (=1)""'p_1dB Ibaseys = 81 (¢! od o ¢([—k(7™), 7))
= o[, "] JY[E, 7" ]s
where £ := —¥(7"™). Thus, we have the following result.
Theorem 3.3. Let 7 be a full rank Poisson structure on a manifold M?™+1.

Take a vector field € satisfying ™™ N € = —baseps. Then the Godbillon-Vey
class corresponds to

TGV = ¢[§7 Wm]SJ w[éa WW}S‘

From Lemma 2.1, we have
[ m"]g = (r™) AL —P(Em™  using (7™ A ) = —y(basepr) =0
YIE " ]g = [§, v(r™)]s — [¥(§), 7"]s
using the equation above and ¥ o =0
PP = krf I Ay(n) (B=2,3,...)
and the generalized divergence of each 2-vector field is obtained by
BX AY) = —p(X)Y +$(Y)X — [X, Y]
Remark 3.3. Using the relations above, we can split TGV into parts of 7

and . Thus, we would say we can understand the Godbillon-Vey form or
Godbillon-Vey class in the context of Poisson geometry.

Corollary 3.1. Assume that the situation is the same as that of Theorem
3.3.
(1) If m is a unimodular, namely, if (w) = 0, then TGV = 0 and the
Godbillon-Vey class is zero.
(2) If we can find € to be a Poisson vector field, namely, [£,m]g =0, then
TGV =0 and the Godbillon-Vey class is zero.
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(3) If we can find a divergence-free £, namely, (&) = 0, then
TGV = ¢(p(r™) N &) & p(@™)]s.

Proof. (1) We use the same notation in this section. Then ¢(¢(§)7™) =
¢(€)92m+1 and

2m
(). 7™ = D (&), XjlsXa A+ Xy A Xou,
j=1
thus TGV = ¢(¢ (&)™) [ (€),n™]g = 0. (This is already stated in [4].)
(2) and (3) are the direct corollary of Theorem 3.3. O

As an analogy of exact symplectic structures, there is a notion of exact
Poisson structures. We recall the definition.

Definition 3.1. A Poisson structure 7 is called exact if there is a vector
field Y satisfying [Y, 7|g = 7.

Remark 3.4. 1) In Definition 3.1, there is no restriction on the rank of 7.
2) If 7 is exact in the sense of Definition 3.1, then 7 is exact in the sense
of Poisson cohomology theory.
3) There is some ambiguity choosing Y in Definition 3.1 up to Poisson
vector fields.

Corollary 3.2. Let (M*™ ™ 1) be a full-rank regular Poisson manifold.
We assume 7 is exact by a vector field Y. We assume furthermore n"* NY #

0 everywhere. Then it turns out that the Godbillon-Vey class is zero, in fact
TGV = 0.

Proof. We can find a volume form voly; so that (voly;, 7™ AY) = 1 and
thereby we may take —Y as £ in Theorem 3.3. Then, using the same notation
in the proof of Theorem 3.3, we have

B=o([-&7"]s) = o([Y,7"]s)
= ¢(mr™ " A [Y,7]g) = ¢(ma™) = ma,
and we see
BAdS =maAmda=m?>aABAa=0.
O

3.2. 3-dimensional case.
If dim M = 3, then the situation is very simple. From Theorem 3.3, we
see that a Godbillon-Vey form corresponds to

TGV = ¢ (B AdB) = ¢[¢,mls IY[E, 7s.
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Since ¢[€, 7]g is a 1-form and ¢ [, 7]g is a 1-vector field because of dim M =
3,
¢~ (B A dB) = Y€, m]s JolE, s = Y€, m]s €, w]s volu
[€: s A (€, )
basens
Since [, 7]g is 2-vector field and dim M = 3, we see that [, 7|g A [, 7]g = 0,
and applying the map 1 to this equation, we get
0=1v([& 7] A€ 7ls) = [I€ 7s, € 7]s]s + 20 ([€, 7]s) A€, 7ls.

We therefore have the special result for 3-dimensional manifolds.

Corollary 3.3. Consider a nowhere vanishing Poisson structure w on 3-
dimensional manifold M. Choose a vector field £ satisfying m AE = —basey.
Then a Godbillon-Vey form is given by

_1 Hfﬂr]Sv [5777]5]5’
2 baseys

volys.

4. Examples.

We show some concrete examples of regular Poisson structures on 3-dimen-
sional manifolds and their tangential Godbillon-Vey fields.

4.1. 3-dimensional tori.

We shall consider Poisson structures on the 3-dimensional torus T® =
R?3/Z3. Poisson structures and related objects on T3 may be lifted on the
universal covering space R3, where we may consider Z3-invariant Poisson

structures and objects. Let z = (2!, 22, 23) be the canonical coordinates of

R? and D; = aa] for j =1,2,3. Each 2-vector field on T? is of form
x

™= al(aj)Dg A D3 + (I2($)D3 AN Dy + a3($)D1 A Do

where a;(z) is Z3-invariant for j = 1,2,3. The Poisson condition for 7 is

al a an as
[D3,a1]s [Ds,az]s [D1,az2]s [D1,as]s

as ai

=0.
[D2,a3ls [D2,a1]s

Rank 2 is equivalent to a1 + as? + az® # 0.
We take the foliations generated by m = (D1 + baD2) A (D1 + b3D3) as
concrete examples. Then the Poisson condition is
b3®[Ds, bo]s + b3[D1, bas — b2?[Da, bs]s — ba[D1, bs]s = 0.

(This is just the integrability condition for the distribution.) If b3 is a
periodic function of x3, then the Poisson condition is reduced to bs[Ds3, ba]g+
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[D1,ba]g = 0. Take da' A da? A dz® as a volume form of T3. If we assume

1
that bs is nonzero, then we may take £ = b—Dg. We have
3

Dy.b
€, 7]g = [21)32]8172 A (D1 + bsD3)

and so

(¢, 7s, [, w]s]s = 0.

Thus, the Godbillon-Vey classes of those Poisson structures are all zero.

4.2. Left invariant symplectic foliations of PSL(2,R)/I.
Let X1, X2, X3 be the left-invariant vector fields of SL(2,R) correspond-

. 1 0 01 0 0 . .
ing to (0 _1), (0 0), (1 O) respectively. Then we have the relation

[XlaXQ] = 2X27 [X17X3] = _2X37 [X27X3] = Xl'

Take a 2-vector field m = p1 Xo A X3+ p2 X3 A X1+ p3X1 A Xs. The Poisson
condition for 7 is given by

p1(—[X2, 3]s + [X3, pals) + pa(—[X3,p1]s — [X1, p3ls)
+ p3(—[X1,pals + [ X2, p1]s) + (p1” + 4paps) = 0.

Let us assume that p; are constant a; (j = 1,2, 3), namely we assume that
7 is a left-invariant 2-vector field 7 = a1 X9 A X3 + a9 X3 A X7 + a3 X1 A Xo.
Since

[7’[‘,7T]S = 2(&12 + 4&2&3)X1 AN Xo A X3

holds, 7 is a Poisson tensor if and only if a2 4+ 4asaz = 0. This condition
determines 2-dimensional subalgebras of si(2,R). (If we consider the Lie
group SO(3) and the left-invariant vector fields {Y1, Y2, Y3} with Lie bracket
relations of [Y7, Y] = 2Y3, [Ya, Y3] = 2Y] and [Y3, V1] = 2Y5, then the Poisson
condition for a 2-vector field m = p1Yo A Y3 + poY3 A Y1 + p3Y1 A Y5 is given
by

p1([Y2; psls — [Y3,p2]s) + p2([Y3, p1ls — [Y1,psls)
+ p3([Y1,p2]s — [Yo, p1]s) — 2 (p1? + po? + p3*) = 0.

If pj (j = 1,2,3) are constant, then 7 must be zero. This corresponds to
the fact that SO(3) has no 2-dimensional Lie subgroup.) Consider a left-
invariant rank 2 Poisson tensor m = a1 X9 A X3+ a9 X3 A X7+ a3 X1 A Xs on
SL(2,R), namely we put the conditions a2 +as?+a3? # 0 and a1 +4azaz =
0. Take the left-invariant volume form dual to X1 A X5 A X3. Then we may
take —& = Jm = b1 X1 + bo X2 + b3 X3 with the condition b3 = 1/ag if aa =0
or bg = (1 — a1b1 — agbg)/GQ if a9 7'5 0.
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We have

[—f,ﬂ’]s = (—(Ilbg + 2a3b1)X1 A X9 + 2((12()2 — a3b3)X2 A X3
+ (a1b3 — 2a2b1)X3 N X4

and

[, 7ls, €, 7]s]s = 8((2a3b1 — a1bz)(—2a2by + a1b3)

+ (agbg — a3b3)2)X1 AN Xo A X3
=8X1 N X9 A X3

under the Poisson condition a;? + 4asas = 0 and the condition about by, by
and b3.

Since SL(2,R) is homeomorphic to S x R™ x R, H3(SL(2,R),R) =
{0} and the Godbillon-Vey classes of codimension 1 foliations of SL(2,R)
are zero. However, our discussion makes sense if we restrict ourselves to
PSL(2,R)/T, where I is some co-compact discrete subgroup of PSL(2,R).
Thus, we see that the Godbillon-Vey form of our Poisson structure is —4 x
canonical volume form. Since the left-invariant volume form on SL(2,R) is
also right-invariant, we have ¥(X;) =0 for : = 1,2,3 and ¢(7) = —a1 X1 —
2a3X9—2a2X3. We get the same result from direct computation of ¢(i(m) A
&) [, v(m)s.
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