A SCHLAFLI DIFFERENTIAL FORMULA FOR SIMPLICES
IN SEMI-RIEMANNIAN HYPERQUADRICS,
GAUSS-BONNET FORMULAS FOR SIMPLICES IN THE
DE SITTER SPHERE AND THE DUAL VOLUME OF A
HYPERBOLIC SIMPLEX

EvA SUAREZ-PEIRO

Volume 194 No. 1 May 2000



PACIFIC JOURNAL OF MATHEMATICS
Vol. 194, No. 1, 2000

A SCHLAFLI DIFFERENTIAL FORMULA FOR SIMPLICES
IN SEMI-RIEMANNIAN HYPERQUADRICS,
GAUSS-BONNET FORMULAS FOR SIMPLICES IN THE
DE SITTER SPHERE AND THE DUAL VOLUME OF A
HYPERBOLIC SIMPLEX

EvA SUAREZ-PEIRO

In this paper we prove a Schlifli differential formula for
the volume of simplices in central unit hyperquadrics of semi-
Euclidean space ]R’q”‘l. Then we apply this result to obtain
Gauss-Bonnet formulas for simplices with riemannian faces in
the de Sitter sphere, and to generalize a formula of L. Santalé
relating the volume of a hyperbolic simplex with the measure
of the set of hyperbolic hyperplanes intersecting it.

Introduction.

Schlafli’s differential formula plays a central role in the computation of the
volume of hyperbolic and spherical polyhedra of any dimension. Given a
family of n-simplices A which vary in a differentiable manner in a non-
Euclidean space of dimension n and constant curvature x = 1 or Kk = —1,
the Schléfli formula expresses the differential of the volume of A in terms of
the volumes of its faces of codimension 2 and the dihedral angles at these

faces. Namely,

V(D) = " 3V, o(F) dap
F

n—1

where the sum is taken over all faces F' of codimension 2 of A, V,,_o(F)
denotes the ((n — 2)-dimensional) volume of face F' and ar denotes the
dihedral angle at face F.

Around 1852, L. Schlafli proved this formula for spherical simplices of
any dimension ([Schld]). In 1936 H. Kneser gave a different proof, which he
could easily generalize to the hyperbolic case ([Kne]). A more recent, very
recommended reference is J. Milnor’s paper ([Mil]), where some remarks
on the history of the Schlafli differential formula can be found, as well as a
new proof which is particularly transparent. In the last years great use has
been made of this formula to compute the volume of hyperbolic 3-manifolds,
possibly with cone-type singularities (cf. [HLM;], [HLMS,|, [HLMs3;]), fol-
lowing an idea of C. Hodgson ([Ho]). It has also been used to study the
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volume of hyperbolic spaceforms in general (cf. [Kel]). Recently F. Bona-
hon has found a Schlafli type formula for the volume of the convex core of
hyperbolic 3-manifolds (cf. [Bo]).

On the other hand, it is also interesting to compute the volume of sim-
plices contained in complete semi-riemannian manifolds of constant curva-
ture; some work has been done in this direction by J.-M. Schlenker ([Schle,],
[Schles]). An important example is the n-dimensional de Sitter sphere SY,
which is a complete Lorentz manifold of constant curvature 1. There is
a duality relationship between ST and n-dimensional hyperbolic space H™
(when both are considered as submanifolds of Minkowski space R7!), asso-
ciating to each point v in S} the hyperplane in H" with unit normal v (cf.
[HR]). Therefore, a Schlafli formula for the volume of simplices in S} can
be used to relate the volume of a hyperbolic simplex with the measure of
the set of hyperplanes intersecting it. (We will call the measure of this set
of hyperplanes, the dual volume of the given hyperbolic simplex.) For n =3
such a relationship was found by L. Santal6 ([Sag]), using methods of inte-
gral geometry. (An analogous equation, relating the volume of a spherical
tetrahedron with the measure of the set of planes intersecting it, was proved
by Milnor using the spherical Schlafli formula, cf. [Mil].) My PhD advisor,
José Maria Montesinos ([Mo]), obtained a Schléfli differential equality for
tetrahedra in S? by differentiating the above mentioned formula of Santalé
and then applying Schléfli’s equation for hyperbolic tetrahedra. He sug-
gested to me the possibility of obtaining a Schlafli formula for simplices in
ST following Kneser’s proof, and of generalizing with it Santald’s equality
to higher dimensions. This is, in a somewhat wider context, the aim of this
paper, which is a part of my PhD thesis ([Su]).

In Section 1 we adapt and generalize Kneser’s proof to obtain a Schlafli
differential formula for a large class of simplices in any central unit hy-
perquadric of semi-Euclidean space Rg“ (cf. [O’N]). For this, a suitable
definition of dihedral angle in a semi-riemannian geometry is necessary. This
is a point that requires some care and it is tackled in subsection 1.4, where
the (partial) standard definition is generalized (cf. [O’IN]). (A different def-
inition of dihedral angle (with complex values) in the semi-riemannian case,
giving rise to a different version of the Schléfli formula, has been used by
J.-M. Schlenker, cf. [Schle;], [Schle;].)

Then we give three applications of the Schlafli differential formula for
simplices in the de Sitter sphere. In Section 2 we give a new proof of Santald’s
formula in dimension 3 (relating the volume of a hyperbolic tetrahedron
with the measure of the set of hyperplanes intersecting it), using the Schlafli
formulas in H3 y S$. In this section we also introduce the notions of polar
dual and complementary dual of a hyperbolic simplex of arbitrary dimension,
which will be necessary to generalize Santalé’s formula to higher dimensions.
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(The polar dual of a convex hyperbolic polyhedron has been extensively
studied in [Ri] and [HR].)

In Section 3 we obtain Gauss-Bonnet formulas for simplices in the n-
dimensional de Sitter sphere S} with riemannian faces. These formulas
are analogous to the generalized Gauss-Bonnet formulas for spherical and
hyperbolic simplices, which relate the volumes of all even- dimensional faces
of the simplex and the dihedral angles at those faces (cf. [Sa;], [AVS]).

Finally Section 4 is a consequence of the previous two, and provides a gen-
eralization to higher dimensions of Santalé’s formula relating the volume of
a hyperbolic simplex with the measure of the set of hyperplanes intersecting
it.

I thank José Maria Montesinos for suggesting the idea of this paper and
for all his helpful advice and encouragement. I also thank Francis Bonahon
for giving me the opportunity to talk about this result in a students’ seminar
at the I.H.P. in Paris, and 1. Rivin and J.-M. Schlenker for their suggestions
and for drawing my attention to their results.

Added in the revised version. After submission of this paper, I. Rivin
and J.-M. Schlenker have obtained a smooth analogue of the Schlafli formula
for the volume bounded by a hypersurface in a general Einstein manifold,
using methods of differential geometry (cf. [RS]). The Schléfli formula for
polyhedra in the de Sitter sphere proved in this paper follows as a corollary
from their result. J-M. Schlenker and R. Souam have also obtained higher
dimensional analogues of the Schléfli formula ([S-S]), which generalize the
formulas given in Proposition 3.1. of this paper.

1. A Schlafli differential formula for simplices in
semi-riemannian hyperquadrics.

1.1. Background and definitions.

To fix notations we recall now some standard definitions in semi-riemann-
ian geometry (see [O’N]).

Semi-Euclidean space RIT! is R™*! with the semi-riemannian metric de-
fined by the bilinear form of index ¢

q—1 n
(xy) ==Y i+ Y 9
i=0 o

where x = (z9,... ,2z,) and y = (yo,... ,yn). The norm of a vector x €
R s [x| = |(x,x)|"/2. A vector x is timelike if (x,x) < 0, spacelike if
(x,x) >0 and null if (x,x) = 0.

Given € € {£1}, the central unit hyperquadric of RZH with sign € is the
submanifold

Qye) ={x € RZH | (x,x) = €}.
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It is a complete semi-riemannian n-dimensional manifold (not necessarily
connected) with constant curvature e. The totally geodesic submanifolds
of @y () are the connected components of the intersection of Qy(€) with
linear subspaces of R"*!. The isometries of Qy (€) are the restriction to
Q7 (e) of the linear automorphisms of RI'** leaving Q! (¢) invariant. Impor-
tant examples are the n-dimensional sphere S™ = Qg (1), the n-dimensional
hyperbolic space H", which is one of the two components of Q}(—1), the
n-dimensional de Sitter sphere ST = Q7(1), and the 3-dimensional hyper-
quadric Q3(1), which can be identified with SL(2,R) with the metric given
by its canonical Killing form. From now on we will write S¢'(€) to denote any
connected component of Qp(¢), and we will also call S (€) an n-dimensional
hyperquadric.

Let us now define an n-simplex in the hyperquadric Sg(e). We define a
linear halfspace in RZH as a closed halfspace whose boundary is a linear
hyperplane of ]Rg*l. A simplicial cone in Rg“ is the intersection of (n + 1)
linear halfspaces in general position (i.e., such that the (n + 1) boundary
hyperplanes intersect only at the origin). A face of codimension k of a
simplicial cone C (k =0,... ,n) is the intersection of C' with k of the hyper-
planes forming its boundary. Observe that the intersection of an arbitrary
simplicial cone C' with the hyperquadric Sy (€) can be empty, and it can also
be non-compact.

Definition 1.1. An n-simpler in the n-dimensional hyperquadric Sy (e) is
the intersection of a simplicial cone with Sy (¢), when this intersection is non-
empty and compact. A face of codimension k of an n-simplex A C S7(e)
(k =0,...,n) is the intersection with Si'(e) of a face of codimension k of
the corresponding simplicial cone.

Remark 1.1. Every simplicial cone C' in Rg“ can be written as

C={xovo+- -+ zpvy | 20>0,... ,2, >0}
for some basis {vo, ... , vy} of RI'TT. We will use the following notation for
the faces of codimension k of a simplicial cone:
Ciy .. i ={zovo+ -+ anvn |0 20,... 2 2 0; 2 =+ =1;, =0}

A subset A C S/ (e) is an n-simplex if and only if it can be written as

A={zovo+ - +xvp |20 >0,...,2, 20} NS (e)

for some basis {vg,...,v,} of RZH such that € (zgvo+ - + T, Vp, ToVo +
o4 xpvy) > 0if g > 0,... ,2, > 0 and they are not all zero. We will
denote the codimension k faces of an n-simplex A as follows:

lelk ={wovo+ - +xpvn [ 20 >0,..., 24 > 0;

:Jch:m:xik:O}ﬂSQ(e).
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Remark 1.2. Let C be a simplicial cone in RP*! such that A = C'N.SP(e)
is an n-simplex. Each codimension k face C;, ~ ; of C spans an (n+1—Fk)-
dimensional linear subspace (C; Lo k> of RZ‘H. If the induced metric in this
subspace is non-degenerate of a certain index v, then (C;,  ; )N.Sg(€) is an
(n — k)-dimensional hyperquadric of type S"*(¢), and the corresponding
face of A, Fy ;. = C; 4 N SG(e), is an (n — k)-simplex inside this
hyperquadrlc 1f the induced metrlc in (C; Lo Zk> is degenerate, then the
face F; ;. of A also has a degenerate metric as a submanifold of S¢'(e).

In what follows we will restrict our attention to the class of n-simplices A
in Si'(e€) satisfying the following additional condition (%), in order to avoid
dividing by zero in the coming calculations:

(%) All faces of codimension 1 and 2 of A have a non-degenerate metric.

1.2. The volume function.

Let A be an n-simplex in Si(e), and let C be the simplicial cone of
R2*1 such that A = C'N S/ (e). To compute the volume of A, it is very
useful to consider the following idea of Kneser ([Kne]). Define the function

= V/|(x,x)|, for x € R, Then the following relation holds inside the
simplicial cone C"

+1 _
dRy™ =" dr A dSy(€)
where dRZH‘l denotes the volume form of R;“H (with the standard orienta-

tion) and dSy (¢) denotes the volume form of Sy (e) <oriented in such a way

that the normal vector I followed by a positive basis of tangent vectors to
r
S7(€), form a positive basis of RIH! ).

Hence the volume V,,(A) of A can be obtained from the following equality:

T2 7‘2
(1) /06_2 dRZ“ = /Cr" e” 2 dr A dSy(e)

+o00 -2
= /de;(e)~/ ez dr
A 0

= 2" F(”;rl) Va(A).

Let {vo,..., vy} be a positive basis of RZLH such that C' = {xg vo+- -+
Ty Vi | o > 0,...,2, > 0}. Denote by (xg, ... ,x,) the coordinates in this
basis and let ®(zg,... ,zy) = (xg Vo+ -+ Ty Vi, o Vo + -+ + X, V) be

the quadratic form of RZ‘H. Then inside the simplicial cone C we have
® = ¢-72. On the other hand, consider the parallelepiped determined in
RZH by the vectors vy, ..., vy, and denote by V(vq,...,v,) its volume in
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RZH (which coincides with its euclidean volume). Then the volume form of
Ry is

dRI = V(vo,...,vy) dzg A ... A dy.
Therefore, Equation (1) can be written in the coordinates (zo, ... ,zy) as

(2) 2"% F<

n+1

> Vi(A) = V(vo,... ,vn)-/ e_e(b/Qda:o...d:En.
C

1.3. The volume differential.

The space S of all n-simplices in Si’(€) has a natural structure of n(n+1)-
dimensional manifold, with charts consisting, for instance, of products of
sufficiently small neighborhoods of the n + 1 vertices inside Si(e). The
volume function V,, : & — R, associating to each simplex A its volume
Vo (A), is a differentiable map, and we are interested in finding a formula
for its differential.

To do this, we will look at an arbitrary point A € S and consider a special
basis formed by n(n+1) linearly independent tangent vectors of S at A, and
we will compute the value of the form dV,, applied to each of these tangent
vectors. This special basis is defined as follows: for each of the n+ 1 vertices
of A, we take n linearly independent tangent vectors of S at A that represent
n ways of moving the chosen vertex in different directions, keeping all the
other vertices fixed. More explicitly, the chosen vertex will move along the
line joining it to each of the n remaining vertices, as described below.

Let C ={xg vo+---+xn v, | ®o > 0,... ,z, > 0} be the simplicial cone
such that A = C'N.S}(e). Since the ordering of the vertices is arbitrary, it is
enough to study the case where the vertex vi moves towards the vertex v
and all other vertices remain fixed. For every ¢t € R consider the basis formed

Vo (t) = Vo
by the vectors vi(t) =vi—twvg . When ¢ is sufficiently close to
vi(t)=v; if 2<i<n
0, the simplicial cone Cy = {Ag vo(t) + -+ Ap Va(t) | Ao > 0,... , A\, > 0}
is such that Ay = C;y N S (€) is an n-simplex. Then we will take as one of
the tangent vectors of S at A, the tangent vector to the path A; at time

t=0.
n(A
The value of the form dV,, applied to this tangent vector is dvd(tt) .
t=0

Using formula (2),

n— 1 _
2" T nt V(A =V(vg, ..., vp) - e c®/2 dxg...dxy,.
2 Cy

Since

Cy = {)\0V0(t)+--~—|-)\nvn(t)|)\020,...,)\n20}
= {zovo+- - +xpVvy|zo+a1t>0,20 >0,...,2, >0}
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we have

n— 1
27t r(’”‘;r ) V(A = V(vo,... s vn)

+oo +oo “+o00 +oo
/ / / / e_e(I)/Qd:no...dxn
1 =0Jxg=—21t Jro =0 Ty, =10

and differentiating we obtain

(3) 9"t T n+1Y\ dV,(Ay)
2 dt t=0

+o00 ."L‘(]:O
/ / . / T 6_6@/2dx1...dxn .
r1 = n—O

Let us now consider the dual basis {wg,... ,w,} of {vg,...,v,}, which
satisfies the relation (v;,w;) = d;;. Taking multiples of the vectors v; if
necessary, we can always assume that |w;| =1 for j =0,... ,n. Denote by
(zo,...,2n) the coordinates in the basis {vq,..., vy}, and by (yo,...,yn)
the coordinates in the dual basis {wo, ... ,wy}. Then the following relation
holds:

n n
(4) zi =Y (Wi, W;) yj i =Y (vi,Vj) ;.
j=0 7=0

n
Now the quadratic form of R} is ® = > (v4,v;) x;z;. Therefore,
ij=0

0P -

87331‘ =2 Z<Vi,Vj> :L'j = Qyi.
7=0

From (4) we deduce that, inside the hyperplane xg = 0,

n

Z<W1’WJ>

Jj=

xo = (Wo, Wo) Yo + Z(Wo,wz> yi = 0.
=1

Hence

(<W1’Wi>  (wo, w1) <W07Wz‘>> i

{(wo, wo)

(1w — o) ey D007

<W0, WQ) 81‘1
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For every t € R let {wq(t),...,wy(t)} be the dual basis of {v¢(t),...,

wo(t) = wo + 1 wy . Now define

vp(t)}. It is easy to check that wit) = w; for 1<i<n

for every ¢ € {1,... ,n} the function
(wo(t), wi(t))
Jolh) = ol - wato)l

Considering that |w;| =1 for all j, we obtain on differentiating that

dfoi(t)

(wo, w1) (Wo, w;)

= \W1,W;) —
dt ‘tzo < ! > <WO>W0>
Therefore,
" dfoi(t (P2
"3 f(zit()' ot/
i=1 t=20 i
and plugging this into (3) it follows that
ne 1 A
o o (n) el
t=0
~+o0 +oo M d
V Vo, e,V / / fOz '
t=0
o =10

78;1;‘1 e n

V) Y dfoi(t)

“ dt ‘t—O
/+oo /+oo
dfOi()

6@/2)
=e-V(vp,...,Vp) -
e-V(vo Vi) ; I ’t:()

+o00 +o00
/ / e_ﬁq)/Qd:El...dxn
0 0

Now let us observe that the volume of the codimension 2 face of A, Fy; =
{ry vi+- - +zy vy |21 > 0,...,2, > 0; 2; = 0} ﬁSg(e), can also be
computed using the relation (2) in the (n — 1)-dimensional subspace of RZH

ZL'OZO
dry...dz,

.%'0:1‘2':0
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spanned by vi,...,V;,...,Vv,. In other words,

. —1 ~
2" T (" . ) Voo (Foi)= V(V1, .. \Viyen Vi)

“+o00 +o0o
/ / eieq)/2dx1...d/x\i...dxn
0 0

Substituting this last expression in (5), we get

2 r
’ < 2 > di

.’EOIJJZ’:O

t=20

"~ V(vo,...,Vy) dfoi(t) ws (-1
= = : 27 .T Vy_o(Foi
EZ;V(VL...,VZ‘,...,V”) dt t=0 ’ 2 2(0)

1
and since the gamma function has the property that T’ (n—;— >:

n—1 r <n — 1), it follows that
2 2
dVn(Ay)
6 7~ "7
© e

€ Z V( V(vo,...,vp) . dfoi ?) +Vn—2(Foi).

n—1 i1 Vla-‘-,eia"'7vn) dt ’t:()

Let us now make some elementary observations about the volume of a par-
allelepiped in Rg“, which will allow us to simplify the factor
V(Vo, e ,Vn)

V(Vl,... ,Gi,... ,Vn)

in the last expression.

(i) The volume V(vy,...,vy) is the same as the euclidean volume of the
parallelepiped determined in R™*! by the vectors vo,... ,v, (because
the matrix J; of the quadratic form of Rg“ has determinant +1).
Hence V(vg,...,Vvy) is the absolute value of the determinant of the
matrix having as columns the coordinates of the vectors vg,... ,v, in

the standard basis of Ry*!. It also equals \/|det(<vi, vi))ijl-

(ii) Let {wo,...,wy} be the dual basis of {vg,...,v,}, and let M (resp.
N) be the matrix having as columns the coordinates of vg,...,v,
(resp. Wwo,...,wy). Then M'-J, - N is the identity matrix, so
|det(N)| = |det(M)|~! and

1
V(vo,...,vp)

(iii) For any given k between 0 and n — 1, let vy,..., v, be the orthog-
onal projections of the vectors vg,... , Vi onto the subspace spanned

V(wog,...,wy) =
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by wq,...,w; (which is itself orthogonal to the remaining vectors
Vit1,---,Vp). Then for every i € {0,... ,k}, v — v; is a linear com-
bination of the vectors vi41,...,Vvy, and therefore

V(vo,-- s V) = V(Vy oo s Vi, Vit - -+ s Vi)
=V(vh o s VE) - V(Viits - Vp)

(the last equality being a consequence of the orthogonality). On the
other hand, it is inmediately checked that {wy,... ,w;} is the dual ba-
sis of {v{,... ,v}} inside the subspace spanned by wy,... ,w;. Hence
from (ii) follows that

V(Visitly - 5 Va)
\Y% c V) = )
(Vo va) V(wg,...,wg)
Using this last property in the particular case of expression (6) we get
AV, (Ay)
(7) —
t=20
€ - 1 dfoi(t)
= . V,,_o(Fp;
n—1 ;V(Wo,wi) dt t=20 2( 0)
€ - 1
n—1 -1 \/‘ <W07 W0> <Wl? Wl> <W0; Wz) ‘
dfoi(t)
CANANYS V,_o(Fy;
@t | _ g 2(Foi)

Before we can proceed further to arrive at a Schléifli formula, we need a
definition of dihedral angle in semi-riemannian geometry. A natural defini-
tion has been given by J-M. Schlenker (cf. [Schle;], [Schles]), in which the
dihedral angle can take complex values. This definition, together with a suit-
able definition of semi-riemannian volume (also complex-valued), provides
a Schlafli formula and Gauss-Bonnet formulas in the semi-riemannian case
which are identical to the corresponding spherical formulas (cf. [Schle;]).

However, here we are interested in defining the dihedral angle «g;(t) at
the face Fp;(t) of A as a real number, in such a way that

d()é()i(t) _ 1 . df(ﬁ(t)
dt 1t =0 /|{wo,wo) - (Wi, w;) — (wo,w;)2|  dt [t =
o (wol(t), wi(t))
where foilt) = Lol - Twi)]

1.4. A definition of dihedral angle in semi-riemannian geometry.
Consider the 2-dimensional vector subspace of Rg“ spanned by the vectors
wo and w;, which is orthogonal to the codimension 2 subspace (Cy;) spanned
by vi,...,Vi,...,vn. The restriction of the quadratic form of RP*! to
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this plane is non-degenerate, because of the condition (*) imposed upon
the simplex A (cf. Remark 1.2). If it is a (positive or negative) definite
quadratic form, then the dihedral angle at the face Fjy; can be defined in the
usual manner, as

Qp; = T — arccos <<W07W1>> = 7 — arccos( fo;).
[wol - [wl

However, this orthogonal plane can also have a Lorentz metric, so we need
to define the angle between two non-null vectors in the Lorentz-Minkowski
plane R?. The difficulty lies in the fact that the set of unit vectors in R?
is not bounded. In the Euclidean plane R?, the angle between two unit
vectors wi, wa can be defined as the length of the arc they subtend on the
unit sphere S'. If we try to define the angle between two unit vectors in R?
in an analogous manner, it can happen that the arc they subtend on the set
of all unit vectors has infinite branches.

A natural way to solve the problem is the following. Since the hyperbola
H~ corresponding to timelike unit vectors in R? has a positive definite met-
ric, while the hyperbola H™ corresponding to spacelike unit vectors has a
negative definite metric, we will assign positive length to all arcs contained
in H~ and negative length to all arcs contained in H™. Given two non-null
unit vectors wi, we in R?, consider the arc (possibly with infinite branches)
subtended by them in H~ UH™, and let [, be the sum of the lengths (with
the above sign convention) of the portions of this arc contained inside the
Euclidean ball of radius = in R?. Then define the angle between wy and
wo as the limit of [, as r tends to infinity. It is easy to check that this is
equivalent to the following definition.

Definition 1.2. Given two non-null vectors wi, wp in R?, the angle be-
tween wi and wo is defined by

;

—<W1,W2>>

if . 0
Wil - [wal if (wy, wy) - (wa, wy) >

ang(wq, wy) = arccosh <

and (wi, ws) < 0;

if <W1,W1> . <W2,W2> >0

(W1, wa) >

ang(wi, wy) = —arccosh <
(Wil - [wal

and (wi, wa) > 0;

if <W1,W1> . <W2,W2> < 0.

(w1, wa) >

ang(wq, wg) = —arcsinh <
(Wil - [wl

This definition is consistent with the standard one for the hyperbolic angle
between two timelike vectors lying in the same timecone of a Lorentz vector
space (cf. [O’IN]), and it is also the adequate one for our purpose.
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Since with our sign convention we have assigned zero length to the set
of all unit vectors in R?, the following definition of dihedral angle is also
natural.

Definition 1.3. Given two non-null vectors wy, wo in Rg“ which span a
Lorentz plane, the dihedral angle v at the edge of the dihedron { v € R?“ :
(v,wi) >0, (v,ws) >0} is defined as o = —ang(wi, ws).

1.5. A Schlafli differential formula.

Theorem 1.1. Let Sy (e) be a connected component of the central unit hy-
perquadric of sign € of RZ”H, and let A be a family of n-simplices in Sy (e)
varying differentiably with respect to one or more parameters, and such that
all their faces of codimension 1 and 2 have a non-degenerate induced metric.
Then the differential of their volume V,,(A) satisfies the following equality:

dV n— 2 dCYF

where the sum is taken over all codzmenszon 2 faces F of A, Vy,_o(F) is the
((n — 2)-dimensional) volume of the face F' and ap is the dihedral angle at
the face F. (When n —2 =0, we set Vo(F) =1.)

Proof. Let us continue the proof at the point where we had arrived in sub-
section 1.3. Our starting point was an n-simplex

A:{xovo—i—---—i—xnvn]xOZO,...,anO}ﬂS;‘(e)

(where the basis {vg,...,v,} is chosen so that its dual basis is formed by
unit vectors w;), and we deformed it by moving one of its vertices, vi,
towards another one, vq, keeping all the others fixed. More precisely, for
every t sufficiently close to 0 we defined the n-simplex

A = {)\0V0+)\1 (Vl—tvo)+)\2v2+‘ ot An Vi ‘ A >0, 0, > O}HS;L(E)

The only dihedral angles that change are the angles at the edges of the
face opposite to the vertex vo, that is, the dihedral angles ag;(t) at the

codimension 2 faces of A; of the form Fy;(t) (i = 1,... ,n). Therefore, what
we want to prove is that

AV (Ay) € dovg; (t)

i) LN, (R .

dt t=0 n-—1 ; at |y =
In subsection 1.3 we showed that
dVn(Ay)
dt |t =0
€ 1 ~dfoi(t)
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(wo(t), wi(1))
where foilt) = o @ Twi ]

Hence it only remains to prove that

daoi(t)‘ _ 1 . dfOz(t) )
dt Jy=0 |{wo,wo) (Wi, w;) — (wo,w;)2| dt |z —

We need to distinguish several cases:

e Case 1. If (wg, wq) - (w;, w;) — (wo, w;)? > 0, then for ¢ close to 0,
the plane spanned by wy(t) and w;(t) has a definite metric, and the
dihedral angle at the face Fp;(t) is ap;(t) = m — arccos(fo;(t)). Hence
dOé()i(t) 1 ] df()i(t)

t=0

e Case 2. If (wg, wq) - (w;, w;) — (wo, w;)? < 0, then for ¢ close to 0,
the plane spanned by wq(t) and w;(t) has a Lorentz metric. There are
three possibilities:

(1) (wo,wo) - (w;, w;) >0 and (wo,w;) <0.
Then «ag;(t) = —arccosh(— fo;(t)) and

dO[Oi (t) ‘ _ 1 ) dfOz (t) ‘ .

(ii) (wo,wq) - (w;, w;) >0 and (wg, w;) > 0.
Now «;(t) = arccosh(fo;(t)) and

da;(t) ‘ _ 1 ~dfoi(t) ‘ .

(iii) (wo, wo) - (w;, w;) < 0.
Now ayg;(t) = arcsinh(fo;(t)) and

daOi (t) ‘ 1 ) df()i (t) ‘

Taking into account the fact that all the vectors w; have norm 1, we see
that in all these cases

dam’(t)‘ _ 1 . dfOi(t)‘ '
dt Jt=0 I{wo,wo) (Wi, w;) — (wo,w;)2| dt | —

Therefore,

AV, (Ay)
dt
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2. Dual volume of a tetrahedron in 3-dimensional hyperbolic
space. (A formula of Santald, revisited.)

We define the dual volume of a hyperbolic n-simplex A in H" as the “mea-
sure” of the set of hyperplanes of H" intersecting it. There are two natural
ways to define a measure on the set P" of hyperplanes of H". On the one
hand, P™ can be identified with the Lie group O(1,n)/J, where J is the
subgroup of O(1,n) formed by all transformations leaving a given hyper-
plane of H" invariant. This Lie group has a left-invariant volume form,
which defines a measure on P" (cf. [Sag]). On the other hand, the de Sitter
sphere ST(1) (which we will simply denote by S} from now on) is a double
cover of P", via the map associating to each point v € S} the hyperplane
of H" orthogonal to v. Since the volume form of ST is invariant under the
antipodal map, it also induces a measure on P". It can be checked that
both definitions coincide. Hence the dual volume of a hyperbolic n-simplex
can be computed as the volume of a certain subset of the de Sitter sphere.

2.1. Polar dual and complementary dual of a hyperbolic simplex.
Let A be an n-simplex in hyperbolic space H". Let {vy, ... ,v,} be a basis
of]R’fJrl such that A = {xg vo+---+xy vy |29 >0,... ,2, >0} NH", and
let {wo,...,w,} be the dual basis, which is formed by spacelike vectors.
We will associate to A the following two subsets of the de Sitter sphere S}:

(i) the polar dual
A" ={xowo+ - +x, Wy |20>0,...,2, >0} NS}

which is the intersection of S} with a simplicial cone of R but is
not bounded; and
(ii) the complementary dual

AP = {zgwo+---+x, Wy |20 > 0and z; <0 for some i € {1,...,n}} NS}
which is a compact subset of S} but is not a simplex.

Remark 2.1. The following properties are easily checked. The comple-
mentary dual AP is a compact polyhedron in S}, whose faces of codimen-
sion > 1 are riemannian (i.e., they are spherical simplices). The polar
dual A* is not bounded, but all its faces of codimension > 1 are also
spherical simplices. Moreover, every face of A* of codimension > 2 is
also a face of AP, The dihedral angle of A* at a codimension 2 face is
the opposite of the dihedral angle of AP at the same face. In fact, if

Fro= {rowo+ - +x, Wy | 20 >0,...,2, >0;2; =2; =0} NS} is

a codimension 2 face of A*, then the dihedral angle of A* at the face F;

is —ang(v;, vj) = —arccosh <’_<‘|I“‘VJT>, while the dihedral angle of A" at
Vil |V

the same face is ang(v;, v;).
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In the following figure we show an example of A* and A” in dimension
2, seen in the projective Klein model.

What makes the complementary dual A interesting is its geometric in-
terpretation. Consider the map associating to each point w of AP the
hyperplane of H” orthogonal to w. This is a surjective map from A? onto
the set of all hyperbolic hyperplanes intersecting A. It is not one-to-one,
because there are pairs of antipodal points inside A”. However, these pairs
of points are contained in the boundary of A” and they form a subset of
measure zero. Hence there is a bijection between AT minus a subset of mea-
sure zero, and the set of all hyperbolic hyperplanes intersecting A. Therefore
the dual volume of a hyperbolic n-simplex is equal to the volume of its com-
plementary dual A”. To compute this volume we use the Schléfli differential
formula in the de Sitter sphere, obtained in the previous section. (Although

AP is not a simplex, we can just apply the Schlifli formula to a triangulation
of AF)

Lemma 2.1. Let A be a family of hyperbolic n-simplices varying differen-
tiably with respect to one or more parameters. Then their complementary
duals also vary in a differentiable manner, and the differential of their vol-
ume V,(AF) satisfies the followz'ng equality:

AV, (A" Zvn 2(F*) dovp-

where the sum is taken over all codzmenswn 2 faces F* of the polar dual
A* (which are also codimension 2 faces of AY), Vy,_o(F*) is the ((n — 2)-
dimensional) volume of the face F* and ap~ is the dihedral angle of AT at
the face F*. (Whenn —2 =0, we set Vo(F*) =1.)

2.2. Dual volume of a hyperbolic tetrahedron in dimension 3. The
following proposition can be found in [Sag, §IV.17.5, Note 1]. Here we prove
it using the Schléfli formula (compare with [Mil]).
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Proposition 2.1 (Santalé). Let A be a hyperbolic tetrahedron in H3, and
let AT be its complementary dual. Then the volume of A and its dual volume
are related as follows:

1
Vs(A) +Vs(A") = 5 XF:(W —ar) Vai(F)
where the sum runs over all edges F' of the tetrahedron A, Vi(F') is the
length of the edge F' and ar is the dihedral angle at the edge F'.
Proof. Let A = {xg vo+---+23 v3 | 20 > 0,...,23 > 0} NH3, and
let {wpo,...,ws} be the dual basis of {vg,...,v3}. The hyperbolic Schafli
formula says that

1
dVs(A) = — Z Vi (Fy) daij
0<i<5<3
where Fj; = {xg vo+ -+ a3 v3 | 20 > 0,... ,23 > 0; 2; = x; = 0} N H3
and o; is the dihedral angle of A at the edge Fj;.
On the other hand, we know from Lemma 2.1 above that
1

dVs(A”) = B Z Vi(Fyp) dog,
0<k<I<3
where F}; = {xo wo + -+ 23 W3 | 20 > 0,... ,23 > 0; x, = 2 =0} NS}
and aj; is the dihedral angle of AT at the edge Fy,. By Remark 2.1, o, =

ang(vg, vy).
Then the following relations hold. Given 0 < 7 < j < 3, denote by
0 < k <1 < 3 the other two elements of {0, 1,2, 3} different from 4, j. Then:

Vi(Fy) = ang(wg, w;) =7 — a5 and oy = ang(vg, vi) = Vi(F;).

Hence
1
dVi(AF) = 3 Z (m — auj) dV1(F)
0<i<j<3
1 1
=5 Y @-ap)diFy) -5 Y ViFy) dog;
0<i<j<3 0<i<j<3
1
+3 Z Vi(Fij) dai
0<i<j<3
1
=5d > (m—aij) - Vi(Fy) | — dVs(A)

0<i<j<3

and therefore

ZW—&F ) - Vy( )>
F

DN | =

d(V3(A) + V3(AT)) <
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where the sum extends over all edges F' of the tetrahedron A. We obtain
on integrating that

V3(A) + V3(AF) = % Z(W —ar) - Vi(F) + constant.
F

To determine the constant, consider the limiting case when A degenerates

1
to a point, so that the expression 5 Z(TF —ap) Vi(F) tends to zero. In
F
this case, the complementary dual A" degenerates to a plane and V3(A) +

V3(AF) also tends to zero. Hence the constant is zero and the formula is
proved. O

In higher dimensions the relation between the volume and the dual volume
of a hyperbolic n-simplex A is not so straightforward. The reason is that
for n > 3, the volume of a codimension 2 face of A is equal to the dihedral
angle of AP at a face of codimension n — 1 # 2, which does not appear in
the Schlifli formula for the volume of AP, To generalize Santald’s formula
to higher dimensions, we will need some equalities that will be proved in the
next section (see Proposition 3.1 below). We will also benefit from them to
obtain Gauss-Bonnet formulas for n-simplices with riemannian faces in the
de Sitter sphere SY.

3. Gauss-Bonnet formulas in the de Sitter sphere, for simplices
with riemannian faces.

Let A be an n-simplex in the de Sitter sphere ST, such that all its faces have
a riemannian induced metric. Let {vg,... ,v,} be a basis of R?H such that
A={xogvo+- 4wy vy lrg>0,...,2, >0} NSY, and let {wy,... ,w,}
be the dual basis, which is formed by timelike vectors. Then we can find
signs €, . .. , €, € {1} such that egwo, ... , €, W, are contained in the upper
timecone. We will define the polar hyperbolic simplex of A as

A" ={xg-eoWo+ -+ Tp €Wy | 20 >0,... , 2, >0} NH"

Definition 3.1. Given 0 < r < n — 1 and a codimension r + 1 face of the
simplex A,

F; _ir:{xov()—i—---—i—xnvn\mozo,...,xnzO;

0. .
Tj, == =0} NST
we define the polar angle of A at the face Fio as the r-dimensional

hyperbolic simplex

ce

f— . . . . e s e . . . . . . n
eio---ir —{xZO €igWig T+ 25 - € W, | i, >0,...,2; >0}NH
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(which is a face of the polar hyperbolic simplex A*). We define the algebraic
measure of the polar angle @io .. .i, as

0:

10...4 — Sig €

i Ve(©4y . 0))

where V,.(©
©

io...i,) is the (r-dimensional) volume of the hyperbolic simplex
TV When r =0, we set §; =¢;, =£1 for i=0,...,n.

Proposition 3.1. Let A be a family of n-simplices in ST such that all their
faces are riemannian, and such that they vary differentiably with respect to
one or more parameters. For every 1 < r < n — 2 the following equality

holds:

(8) P(T;2> F<n_;_1) : Z Op - dVy1(F)

dim(F)=r+1

() o

dim(F)=r—1

where the sum runs over all faces F of the simplex A of the given dimension,
O is the algebraic measure of the polar angle at the face F' and Vi(F) is
the (k-dimensional) volume of a face F of dimension k of A.

Proof. Let F be a codimension n — r — 1 face of A. Then F' is an (r + 1)-
dimensional spherical simplex, and the differential of its volume is given by
the spherical Schléfli formula

1
9 dV,41(F) = - V,_1(L)-da(L, F
9) +1(F) =~ ch; (L) - da(L, F)
dim(L)=r—1
where the sum runs over all faces L of dimension r — 1 of F' and (L, F) is
the dihedral angle of the spherical simplex F' at the face L.

On the other hand, let L be a codimension n — r + 1 face of A, and
let ©f be the polar angle of A at the face L. Then ©p is an (n — r)-
dimensional hyperbolic simplex, and the differential of its volume is given
by the hyperbolic Schléafli formula. Since the faces of O, coincide with the
polar angles of A at the faces that contain L, we can write

-1
dVr(@L) = m Z Vn—r—2(@F) ' dﬁ(@Fu GL)
dim(LFc)ir—l-l

where the sum runs over all (r + 1)-dimensional faces F' of A containing L,
and #(©F,01) is the dihedral angle of the hyperbolic simplex © at the
face Op.
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Now the algebraic measures of O and Oy, are in fact p = +V,,_,_2(Op)
and 0 = +V,,_,.(0©r), so we can write the last expression as follows:

-1

(10) dip = —— Y 0p-7(L,F) d3(OF,0L)

e LCF

dim(F)=r+1
01, - Vp_r_

where 7(L, F) = —= Var-2(Or) € {£1} is a sign depending on the faces

Vn—r(eL) : HF
L and F.

For the sake of clarity in the notation, let us assume that F' = {z¢ vo +

o Tpg1 Vepr |0 > 0,002y > 0} NSY, and L = {xg vo+ -+ +
Tp41 Vel | 20 > 0,00 241 > 0520 = 21 = 0} NSY. The angle of F at

its (r — 1)-dimensional face L is
Q(Lv F) =T= ang(W(]vw/l)

where w(,, W) are two vectors belonging to the subspace of R’f“ spanned
by {vo,...,Vpy1}, such that (w}, ,v;) =d;; fori =0,1and j =0,...,r+1.
Now the subspace spanned by {vg,...,v,41} is orthogonal to the subspace
spanned by {w,9,... ,w,}. Hence the vectors w(,, w} are uniquely deter-
mined by the following conditions:

(Wi, vj) = i 01— L
(11) { (W wy) = 0 fori=0,1; j=0,...,r+1; k=r+2,... n
On the other hand, the polar angles of A at the faces F' and L are Op =
{Zry2 - €rqpoWrgo + - + Ty - €Wy | Tpyo > 0,...,2, > 0} NH", and
O ={zo-eoWo+x1-€1W1 + (Tpi2-€rp2Wrp2+- -+ Tp-€,Wy) | 2o > 0,21 >
0,Zr42 > 0,...,x, > 0} NH", respectively. Their algebraic measures are
Op = €42 ... €y Vyp2(Op) and 0 = €g-€1 €42+ €,V (Op). Hence
the sign 7(L, F) appearing in the Schlafli formula (10) is 7(L, F) = €p - €.
The dihedral angle of the hyperbolic simplex O, at the face O is

ﬂ(@F’ @L) =T = ang(V6’ Vll)

where V), v} are two vectors belonging to the subspace of R} spanned

by {eoWo, €1W1, €r42Wri2, ... , €, Wy, }, such that (v}, e;w;) = d;; for i = 0,1
and j = 0,1,7 + 2,...,n. Again the subspace spanned by {eywo, w1,
€r42Wyrt2, ... ,€nWp} is orthogonal to the subspace spanned by {va,...,

Vy41}. Hence the vectors v{,, v} are uniquely determined by the following
conditions:

(12) {<eivg,wj>:5ij o =01 G=01r+2,...n

<6iV2,Vk>:O kZQ,...,’F—I—l
Consider the subspace II of R’f“ spanned by the vectors {va,... ,v,y1,
Wy42,...,Wp}. It has codimension 2 in R’f“, because it is the direct sum

of the two mutually orthogonal subspaces spanned by {va,...,v,41} and
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{W,42,..., Wy}, respectively. From conditions (11) and (12) we deduce that
{w), wi} and {egv}, €1v}} are in fact dual basis of the plane IT+, orthogonal
to IT in R} Hence

ang(w( , w)) =7 — ang(egvy , €1V])
and therefore
da(L,F) = —d(ang(wp, w)))
d(ang(eovg, elv'l))

= € €1 d(ang(V67V,1))
= —7(L,F)-dB(©F,0p).

Applying now the Schléfli formulas (9) and (10), we get
Y Op-dVea(F)

dim(F)=r+1
1
= > > 0p-V, (L) do(L, F)
dim(F)=r+1  LCF

dim(L)=r—1

== Y Y Vo) brr(LF) - d5(Or, 01)

dim(L)=r—1 LCF

dim(F)=r+1
n—r—1

=—— > Ve

dim(L)=r—1

-1

———— ) Or 7(LF)d3Or 6L)
LCF
dim(F)=r+1

= Tl%r—l Z VT—I(L) . daL

dim(L)=r—1

Using the properties of the gamma function we finally arrive at the desired
formula. (]
Let us define the following constants (cf. [Sa;]) for 0 <i <n —1:
o (L) -T2t Vol(S™)
o2Tr(mH)  VoI(SY) - Vol(Sr)

Then for 1 < r <n — 2, the equality (8) can also be written as follows:

(13) crpre Y. Op-dVep(F)—co1- > Ve (F)-dfp =0
dim(F)=r+1 dim(F)=r—1
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Remark 3.1. In the proof of Proposition 3.1 we have never used the fact
that the simplex A is compact. Therefore, formula (13) holds for any non-
empty subset of the de Sitter sphere ST which is the intersection of S} with
a simplicial cone of R?H, and such that all its faces of codimension > 1 are

riemannian. (For example, the polar dual A* of a hyperbolic n-simplex A,
cf. §2.1.)

A Gauss-Bonnet formula.

Proposition 3.2. Let A be an n-simplex in the de Sitter sphere ST such
that all its faces are riemannian. Then

(14)

x —
o [E—
—~

k'CQk‘ Z ng( ) 9 0

di =2k

where the sum runs over all faces F ofA of even dimension, Vor(F) is the
volume of a face F of dimension 2k, O is the algebraic measure of the polar
angle of A at the face F', and c; is the constant defined by
Vol(S™) _ () T
Vol(S?) - Vol (Sn—1-1) 2T (%)
if 0<i<n—-1 and ¢,=1.

C; =

(We are using here the following conventions: if k = g, then the polar angle

-1
O at the whole simplex is taken to be equal to —1; if k = nT’ then the
polar angles at the codimension 1 faces are +1 (see Definition 3.1), and if

k = 0, then the volume of a vertex is always 1.)

Remark 3.2. For even dimension n, the Gauss-Bonnet formula (14) gives
an expression of the volume of the simplex A in terms of the volumes of
simplices of lesser dimension:

g-1
(_1)% “Va(A) = Z(—l)k - Co - Z ng( )-0p if n is even.
k=0 dim(F)=

When n is odd, the Gauss-Bonnet formula does not involve the volume of
the simplex itself. Therefore, it cannot be used to reduce V,,(A) to volumes
in smaller dimensions:

n—1
2

(D% e Y Var(F)-0p=0 ifnisodd.
k=0 dim(F)=2k
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Proof. We will only give the proof in the case when n is even. The other
case is analogous.

Let A be an n-simplex in S} such that all its faces are riemannian, where
n is even. The Schlafli formula in the de Sitter sphere (Theorem 1.1) says

that

V(D) = —— SV, 5(F) dap
F

n—1

where the sum is taken over all codimension 2 faces F' of A and af is the
dihedral angle of A at the face F'. Now from the definitions of dihedral angle
and polar angle it follows easily that the polar angle of A at the face F' is
regh

20("5h) " n—1

0r = —ap. Considering also that ¢, o = , we can write

(n—2)
7 .

(—1)2 - dV,p(A) = (—1) ez Y. VaoF) dip.

dim(F)=n—2

On the other hand, from formula (13) we get

(—1) 2 -cp_9- Z Vn_2<F) dfp = (—1)7 an(A)
dim(F)=n—2
(n—2) (n—4)
(—1) 2 -cp_o- Z Op an,g(F) + (—1) 2 - Cp-4a
dim(F)=n—2
S Vo a(F) dfp =0

dim(F)=n—4

- S O dVa(F)—ca- S Va(F) dop =0

dim(F)=4 dim(F)=2
—cy - Z OF dVa(F) + ¢ - Z dfr = 0.
L dim (F)=2 dim (F)=0

Adding up all these equalities and integrating, we obtain

(_1)% Vi (A) = (=1%o - Z Vor(F) - 0 + constant.
k=0 dim(F)=2k

The constant can be found to be zero by considering the limiting case as the
polar hyperbolic simplex A* degenerates to a point. Then all polar angles
0r — 0, and the simplex A degenerates into a subset of a hyperplane, so
Vn(A) — 0. O

Remark 3.3. I have called formula (14) a Gauss-Bonnet formula because
of its analogy to the generalized Gauss-Bonnet formulas for convex polyhe-
dra in non-Euclidean space of constant curvature k = £1 (cf. [Sa;], [AVS]).
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There is, however, an essential difference in that the right-hand side of Equa-
tion (14) is zero. Therefore, if we tried to extend the formula (14) to poly-
hedra in S} which admit a triangulation by simplices with riemannian faces,
the Euler characteristic of the polyhedron would never appear.

Remark 3.4. The same procedure used in the proofs of Propositions 3.1
and 3.2 can also be applied in the spherical and hyperbolic case to prove
the above mentioned Gauss-Bonnet formulas for spherical and hyperbolic
simplices.

4. Dual volume of a hyperbolic n-simplex. (A generalization of
Santalé’s formula.)

Let A={axgvo+- +xy vy | 20>0,...,2, >0} NH" be a hyperbolic
n-simplex, and let {wy,... ,wy} be the dual basis {vg,...,v,}. Consider
the polar dual of A, A* ={zo wo+ -+, Wy | 20 >0,...,z, >0} NS},
and the complementary dual, A" = {xq wo+---+ 2, Wy, | o > 0 and z; <
0 for some ¢ € {1,... ,n}} NS?. We saw in Section 2.1 that the dual volume
of A (i.e., the measure of the set of hyperbolic hyperplanes intersecting it)
is equal to the volume of its complementary dual A”. Now we are going
to find a relation between this dual volume V,,(AF) and the volumes of all
odd-dimensional faces of the hyperbolic simplex A and the polar angles at
those faces.

Definition 4.1. For 0 < k < n — 1, we will associate to each face of codi-
mension k + 1 of the simplex A,

F={xogvo+ - +xn,Vvn|2z0>0,...,2, >0; T ==, =0} NH"
the following k-dimensional face of the polar dual A*:
F* :{332‘1 Viy —|—~~-+$ik Vie |1'Z'1 >0,... s T > 0} QS?

We will call F and F* polar faces. We define the polar angle 0 of the
hyperbolic simplex A at the face F' as the volume of its polar face F™* (which
is a k-dimensional spherical simplex).

Remark 4.1. If F is a codimension 2 face of A and ap is the dihedral angle
of A at F, then the polar angle at F' is 0 =7 — ap.

Proposition 4.1. Let A be a hyperbolic n-simplex. Then its dual volume
18

(15)  Va(A") = (D coppr- D>, Vaqr(F)-0p
dim(F)=2k-+1

il
o

where the sum extends over all odd-dimensional faces F of A, Vo 1(F) is
the volume of a face F of dimension 2k + 1, Op is the polar angle of A at
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the face I, and c; is the constant defined by
Vol(S™)

“ = Vol(ST) - Vol(Sn—1-7)
(LY . (=t
:L(IQ) f0<i<n-1 and ¢,=1.
2 (244
-1
(We are using here the following conventions: if k = nT, then the polar

-2
angle 0 at the whole simplex is taken to be equal to 1 ; if k = n?’ then

the polar angles at the codimension 1 faces are 1, and if £ = 0, then the

volume of a vertex is always 1.)

Remark 4.2. For odd dimension n, formula (15) relates the volume of the
n- simplex A with its dual volume:

Va(AP) + (-1)"F - Va(A)
=> (V¥ cmr- D> Vopu(F)-0p ifnisodd.
k=0 dim(F)=2k+1

In particular, in dimension 3 we obtain again Santalé’s formula for hyper-
bolic tetrahedra.

When n is even, formula (15) relates the dual volume of the n-simplex A
with its “surface area” S,_1(A), i.e., with the sum of the volumes of all its
faces of codimension 1:

b

Va(AP) 4+ (=1)2 - ¢p_1 - Sn1(A)

3
B~

or

(—1)F - copsr - Z Vop+1(F) - 0p if n is even.
dim(F)=2k+1

il
[e=)

In particular, in dimension 2 this says that the measure of the set of all lines
intersecting a planar hyperbolic triangle, is equal to the perimeter of the
triangle. In dimension 4, the expression is a little more complicated:

3V4(AP)+2 S3(A) = Z V1<F)0F
dim(F)=1

Proof. We will do it only when n is odd, since the other case is analogous.
Let us apply the formulas (13) of Section 3 to the polar dual A* of A
(cf. Remark 3.1). Since the constants ¢; satisfy the relation ¢; = ¢,,—;—1, we
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have that for 2 <r <n—1,

(16) Cr_g- Z Ops - dVy—rp1(F)
dim(F*)=n—r+1
— ¢ > Vv 1 (F*) - dfp- =0

dim(F*)=n—r—1

where the sums extend to all faces F™* of the polar dual A* of the given
dimension, Op« is the algebraic measure of the polar angle of A* at the face
F* and Vi (F*) is the (k-dimensional) volume of a k-dimensional face F*
of A*.

Now the dual basis {vq,...,v,} of {wo,... ,w,} is formed by timelike
vectors contained in the upper timecone. Therefore, the algebraic measure
of the polar angle of A* at the face F* coincides with the volume of the
polar face F' of A (cf. Definition 3.1). Hence if F¥ C A and F* C A* are
polar faces of dimensions r and n — r — 1, respectively, then

VT(F) == GF* and Vn,Tfl(F*) = GF.

Therefore, for 1 < r < n — 2 the equality (16) can be written in terms of
quantities associated only to the hyperbolic simplex A itself, as follows:

A7) epar > Veo(F)edop — ¢r > Op-dVe(F) =0
dim(F)=r—2 dim(F)=r

where the sums run over all faces F' of A of the given dimension, 0g is the
polar angle of A at the face F, and Vi (F') is the (k- dimensional) volume
of a face F' of dimension k of A.

On the other hand, considering the Remark 4.1 and the fact that ¢; =

Cn—2 = ——7; we know from the hyperbolic Schlafli formula that
n

(18) AVa(A)=cna- > VyoF) dfr
dim(F)=n—2
and from the Schldfli formula in the de Sitter sphere, that
Vo (AP)=cr- Y Vo o(FY) dap-
dim(F*)=n—2

where we sum over all codimension 2 faces F* of A*, and a g+ is the dihedral
angle of A" at the face F*. But ap- = V{(F) and V,,_o(F*) = 0, where
F is the polar face of F*. Hence

(19) AV (AT ) =ci- ) 0F dVi(F
dim(F)=
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Let us combine formulas (17), (18) and (19):

(G Z ‘9F dVl(F) = an(AP)

dim(F)=1
Cc1 - Z Vl(F) d@F—Cg- Z 9F dVg(F):O
dim(F)=1 dim(F)=3
(n=5) . (n—3)
(-1 2 cepear > Vau(F)dIp+(-1)" 2 -cho
dim(F)=n—4
dim(F)=n—2
(n—3) (n—3)
(1) 2 cenar Y Vaa(F)dip=(-1) 2 -dV,u(A).
dim(F)=n—2

Adding up all these equalities and integrating we obtain

Va(AP) + (-T2 V()

= (=1)* - copyr - Z Vor+1(F) - 0F + constant.

k=0 dim(F)=2k+1
Again we see that the constant is zero by considering the limiting case as A
degenerates to a point (and A” degenerates to a hyperplane in S}). U
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