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‘We show that for a > %, the following inequality holds:
1

1 1 1
: / (1 — 2?)|g'(z)[*dz + / g(w)dz —log / 9@ dg > 0,
—1 —1

-1
for every function g on (—1,1) satisfying ||g||* = fil(l —
z2?)|g’(z)|?dx < oo and fil e?9(®)xdxr = 0. This improves

a result of Feldman et al., 1998, and answers a question of
Chang and Yang in the axially symmetric case.

1. Introduction.

On S? let J, denote the functional on the Sobolev space H'?(S?) defined
by

Ja(9) :a/ \Vg|2dw+2/ gdw—log/ e2dw.
52 52 52

Here dw denotes the Lebesgue measure on the unit sphere, normalized to
make f52 dw = 1. The famous Moser-Trudinger inequality says that J;
is bounded below by a non-positive constant C;. Later Onofri [6] showed
that C7 can be taken to be 0. (Another proof was also given by Osgood-
Phillips-Sarnack [7].) On the other hand, if we restrict J, to the class
of G of functions g for which e?9 has centre of mass equal to 0, that is
[g2 €%9Fdw = 0, then Aubin in [2] showed that for o > I, the functional
Jo is again bounded below by a non-positive constant Cy. In [3] and [4] A.
Chang and P. Yang showed that C, = 0 for « close enough to 1. This led
them to the following

Conjecture. Let G denote the functions in H'?(S?) for which [g, e*Zdw
=0. If & > 3, then infyeg Jo(g) = 0.

In this note, we prove this conjecture in the axially symmetric case. We
note that Feldman, Froese, Ghoussoub and Gui [5] proved that the above
conjecture holds for the axially symmetric case when o > é—g — ¢ for some
small e. They also gave an example which says the inequality is not true
if « < . It is also known that J,(g) > 0 if g is an even function, i.e.,
9(Z) = g(—) on S?. (See [7].)
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Let 0 and ¢ denote the usual angular coordinates on the sphere, and
define x = cos(f). Axially symmetric functions depend on x only. For such
functions, it is well-known (see [5]) that the functional J, can be written as

a [t 1 L
=4 [ a2 @Pas [ g o) [
2 -1 —1 2 —1
The set G is then replaced by

1 1
G, = {g\ [ a-lg@p <. [ 629<r>xdx:o}_
-1 -1

It is proved in [5, Proposition 3.1] that any critical point g of I, restricted
to G, satisfies the following differential equation

9 1
(1.1) al((1—2hg) —1+ XeQQ =0, A= / edz.
-1

The main result of this note is the following;:

Theorem 1.1. If a > %, then the only critical points of the functional I,
restricted to G, are constant functions.

As a consequence, the above theorem implies that the Conjecture of
Chang and Yang is true in the axially symmetric case.

Theorem 1.2. If o > L, then I,(g) > 0 for g € G,.

The rest of the paper is devoted to the study of (1.1). To this end, we
need some notations and some basic facts.
Let g be a solution of (1.1). Following [5], we set

G=(1-z%g.
Then G satisfies (see [5])
(1.2) aG' — 1+ ;629 =0,
and
(1.3) (1-2%)G"+2G - 2GG" =0
: G(-1)=G(1) =0.

We also need some facts about the Legendre’s polynomials.
Let P,(z) be the n—th Legendre polynomial, i.e., P, satisfies

(1 =2®)P) + APy =0\, =n(n+1),n=0,1,....
Note that

1
P0:1,P1:x,P2:§(3x2—1),...
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Moreover (see [1])

2
n+1"

(1.4) |P!(z)] < 1)\n,/ P2 =
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2. Proof of Theorem 1.1.

In this section, we shall prove Theorem 1.1.

Let
1 (e.)
G(z) = Bz + @5(3952 — 1)+ Y aPulx),
k=3
GQZZakPk(l’)
k=3
and
1
bi:ai/lP,f,kzz
We first derive some equalities:
1
(2.1) /(1—x2)(G) :(—1)/ G?,
(2.2) /PlG—
2g
(2.3) / (1—:1:%6A §<1—a@>,
2.4 P.G RN
. =—— - —. k>
ey [ ra=-2 [a-on ez

(2.5) /1G2:<6—a> 3P
2o 2o+ (- 2) (2-0)) = [La-stier o [
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en [ a-ahept-6 [ =3 (v -0
-1 k=3

-1

Proofs of (2.1)-(2.7). Multiplying (1.3) by G and integrating over [—1, 1],
we obtain (2.1). The relation (2.2) follows by definition. Multiplying (1.2)
by [*, Pi(s)ds,k > 1 and integrating over [—1, 1] we obtain (2.3) and (2.4).
Multlplymg (1.3) by = and integrating from —1 to 1 we obtain (2.5). To
show (2.6), we just need to use (2.1), (2.5) and the definition of G3. The
equality (2.7) follows from definition. O

We will show 3 = 0, which implies G = 0 by (2.5). Our basic strategy is
to show that if 3 # 0, then

1
6 =
e
which will lead to a contradiction.
Below we assume that 3 # 0.
Next we obtain some inequalities.
From (2.3) we have
(2.8) ! B>0
. - .

By definition we have

GP
f e

2%k +1/ 2 ! oeiy €29\
< = | a-2?)P
<= (aAk/_( )|l

<2k+1<2 A 2

2
=3 ww23““@>'

Hence we obtain

2(2k + 1 2
(2.9 i< 2D (Dos) e
Similarly we obtain
3 1
2.10 Zlag| < = = 3.
(2.10) Fla2l < — =5

From (2.6) (since > 0),

wr(-2) (o)
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Since a > 0.5, we have

1 2 2
2.11 > 7T—— —— ) >1.5.
From (2.6) and (2.8), we have
4 2 2

6

(e

72

—+
(07 [0

(=)

a < 0.537.

)0

which implies that

From (2.6) we have

353

(o (-3 (:-9)
3 « «
1 1
= [ (1-2°)(Gy* -6 | G3
-1 1
1 ! 2 /1 \2
25 (1 —27)(GY)
2/
17/t 4 12
1[/2 2\2 4, 12,
22[(a‘1> (6‘a>35‘35 ‘5“2}'
Hence we obtain
2 T5 2\ /2 1/2 2
e (- 2) (o) s (e (2]
10 /1 6
235<a‘ )‘5“2
10 /1 6 25 /(1 2
235<a‘ )‘5X9(a‘5>
10 1\ /1
>3 (2-2) (5-9):
Since (é —f) >0, > 0.5 and 2ﬁ—é > 0, we conclude that (since 8 > 0)
(2.13) 0§5+<7—2> <2—6>—1<2—1> <6—2>§1
« o « 2 \« o

which implies, by a simple computation, that

(2.14) a < 0.52.
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Moreover since a > 0.5 and § > 1.5, we obtain from (2.12) and (2.13) that

(2.15) —_p<—2 <

To obtain better estimates, we fix an integer n > 3. We have by (2.6)
and (2.7)

(o (-2)2-9)

(A — 6)b7

o

Sl

w

(A — 6)b; + fj (A — 6)b7

k=3 k=n+1
> ()\k—G)bi n+1 Z )\ka
k=3 Ant1 k=n+1
=Y (A —6)b;
k=3
Ap1—6 (2 (2 2\ 4 e
ol P Zg (2 1) (62 ) — 252 — = Aeb?
- Ant1 (Z)’ﬂ(a ><6 a> 3 a2 Z e
n )\n .
= (Ak—ﬁ—;lﬁAObi
k=3 n+1
Anp1—6 (2 (2 2\ 4., 12,
mr T Z Z 1 6—— ) —=-p%_-=
o <3ﬁ<a >< a) 30 5@
R 6)\k—)\n+1b2_2 9 Ant1 — 6
- A LD
=3 n+1 n+1
Ani1—6 (2 (2 2\ 4,
ol (Zp(=—-1)(6-=)—=p%).
2t () (-2)-57)
Hence we have
2 2 2
2.16 — 4 7 — — ——6
@i (o (1-2) (3-9))
Ani1—6 (2 (2 2\ 4,
— BlZ2-1)(g=2) =2
<sﬂ<a )(5-3)-57)
S —Antie 12 9Aag1 — 6
— b — —ay——.
Z n+1 5 2 )\n—l—l
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After some simple computations, the left hand of (2.16) equals to
4 2 2 2
Ant1 o « «o

2 1
— Y <1 - )‘n+1) (O‘ _IB> '
Thus we have by (2.9), (2.10) and (2.16)

48 [/ 2 2\ 2
o) () (2)-2
2 1 12 5 Apy1 — 6
2o () ) e

Ao — Ang1 22k +1) (1 2
62 n+ 9 (a ﬁ)

1
2 20 Aps1 — 6 (1 2
=1 (1 ) G-t ()
n 2
—ézm@k—kl) (;_ﬂ>

3 k3 )\n+1

(-2
2041 —6 (1 4 1 1
S G- ()] (G -9)

n

)\n—i-l - Ak
n = ——(2k+1).
¢ kz—ii /\n—i-l ( * )

Since 1/2<a<1and)\n>2forn21,wehave
128 f—2 LA (6228
Ani1 [\ a o An+1
(1))
)\n+1 (67

<0.
Thus the left hand side of (2.17) satisfies

where

(2.18) LHS of (2.17) < P
n+1
We now claim
1 4
2.1 ——_f3<—, ¥Yn>4
(219) SoB< Vo
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By (2.18), we just need to show that the right hand side of (2.17) satisfies

(2.20) RHS of (2.17) >25<_4a

We prove it by induction.
We first prove n = 4. To this end, we iterate the inequality (2.17). Note
that the right hand side of (2.17) with n = 3 equals

(2.21) [45 (1 - 220> - %02020 6 (a - 5)
EEM e
SRTRE

W
@
|
|
|

2o (G-9)] (G-2)
> 36g_11256§} (—B) (by (2.15))
>

(i)

By using (2.18) and (2.17) again, we obtain

1 8 1
2.22 — - —— 2
( ) ﬂ_20192<0 g

Similarly, by using (2.22), we have

RHS of (2.17) > [3.6ﬁ— % y 0.25} <; —5> (by (2.22))

> 20 ( - ﬁ) (since 8> 1.5 by (2.11)).

Thus (2.20) holds for n = 4 and hence (2.19) holds for n = 4.
Let us now assume that

1 4
« A

We observe that for n > 4
> (@2k+1) -

(2k 4 1) —

(2k+1)

Cn

b
Il
w

I
NE

— kzgk(k: +1)(2k +1)

il
w
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1 36
— X1 =9 .
2 i * )\n+1
Hence we have by (2.17)

(2.23)
(i) [ (-
n+1 o «o «
o)
20 A1 —6 4 /1 36 1 1
_<3 )\nJrl +3<2>\n+1_9+)\n+1)> <04_B):| <Oé_/3>'

The right hand of (2.23) satisfies

RHS of (2.23)

2 64 1 32 8 An+1 1
> 48 (1- = _° - _35).
o |: B ( )\n+1> + 3 )\n )‘n)\n—i—l 3 )\n :| (a IB)

To show (2.20), we only need to show

e 4. 321 16 4
)\n+1 - 3 )\n /\n/\n+1 3 An ’

or

8> 4 Api1 = 8hng1 +12
— 3 A1 —4)

In view of the inductive assumption, it suffices to show

l>% A4l Ang1 —5H
a3 )\n )\n+1_4'

Because of (2.14), it is easy to verify that the above inequality holds for
n > 4.

In conclusion, we have obtained (2.19).

Finally we can finish the proof of Theorem 1.1. In fact, if we let n — 400
in (2.19), we obtain

~-B=0

(07

which is a contradiction to (2.8).
This implies that 3 = 0 and therfore G = 0. Hence ¢’ = 0, and g¢
Constant.

o
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