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Let G C G¢ be a connected reductive linear Lie group with
a Cartan subgroup B which is compact modulo the center
of G. Then G has discrete series representations. Further,
since G is linear the characters of discrete series representa-
tions can be averaged over the Weyl group to obtain stable
discrete series characters which are constant on orbits of G¢
in G’, and can be regarded as the restrictions of certain class
functions on the regular set G of G¢c. The main theorem
of this paper expresses these class functions on G as “lifts”
of analogous class functions on two-structure groups for G¢.
These are connected reductive complex Lie groups which are
not necessarily subgroups of G, but which “share” the Car-
tan subgroup B¢ with G¢. Further, all of their simple factors
have root systems of type A; or By ~ Cs.

1. Introduction.

Let G C G¢ be a connected reductive linear Lie group with a Cartan sub-
group B which is compact modulo the center of G. Then G has discrete
series representations. Further, since G is linear the characters of discrete
series representations can be averaged over the Weyl group to obtain stable
discrete series characters which are constant on orbits of G¢ in G/, and can
be regarded as the restrictions of certain class functions on the regular set

¢ of G¢. The main theorem of this paper expresses these class functions
on G as “lifts” of analogous class functions on two-structure groups for
Gc. These are connected reductive complex Lie groups which are not nec-
essarily subgroups of G¢, but which “share” the Cartan subgroup B¢ with
Gc. Further, all of their simple factors have root systems of type A; or
BQ ~ CQ.

Let G¢ be a connected complex reductive Lie group and fix a Cartan
subgroup B¢ of Gg. Let G be a real form of G¢ such that B = G N
Bc is a relatively compact Cartan subgroup of G; that is B is compact
modulo the center of G. Then G has (relative) discrete series representations
parameterized by the set L'y of Harish-Chandra parameters. Let ©) denote
the discrete series character of G parameterized by A € L'z, and let ® denote
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the set of roots of the Lie algebra of G¢ with respect to that of Bg. The
Weyl group W (®) corresponding to ® acts on L'g, and there is a stable
discrete series character ©y of G parameterized by A which is given, up to
a constant, by ZweW(@) Owx- These stable characters can be regarded as
the restrictions of certain class functions on G¢. That is, given a discrete
series parameter A € L'y, there is a class function T\ on G, the set of
regular semisimple elements of G, so that if G is any real form of G¢ with
G N Bc = B, then the restriction of T\ to G = GN Gy is equal to O, up to
a sign which depends on the real form. We call T the stable discrete series
class function on G¢ parameterized by A € L.

Two-structures were first defined in [H1] and were used to prove an iden-
tity for the constants occuring in stable discrete series character formulas.
In this paper we use this identity to prove a formula expressing the stable
discrete series class functions Th,\ € L', on G as “lifts” of the analo-
gous class functions on groups corresponding to two-structures. The set of
two-structures for ® and two-structure groups are defined as follows.

A root subsystem ¢ C @ is called a two-structure for @ if it satisfies the
following two properties.

(i) Every irreducible factor of ¢ is of type A; or By ~ Cs.

(ii) Let ¢ be any choice of positive roots for ¢. Then if w € W (®) with
weT = ¢ we have detw = 1.

Two-structures exist for any root system ®, and are all conjugate via
W(®). We let 7(®) denote the set of all two-structures for &.

Fix ¢ € T(®), and write ¢ = ¢1 U... U gy for its decomposition into
irreducible factors. Each ¢;,1 < i < k, is an irreducible subroot system of
® and so corresponds naturally to a connected simple subgroup G; ¢ of G¢
with Cartan subgroup B;c = Bc N G;c. Let bg denote the Lie algebra
of Bc. We also define Goc = Bo,c = exp(by ) where by = {H € b¢ :
a(H) =0V a € ¢p}. Since the irreducible factors of ¢ are of type A; or Ba,
each of the groups G; c,1 < i < k, is locally isomorphic to either SL(2,C)
or SO(5,C). The group Gy c is abelian.

Let Go,c x G1,c X -+ x G c denote the abstract direct product of the
groups G;c,0 <14 < k. Since B;c C Bc,0 <7 <k, and Bc is abelian, the
mapping

f : BO,C X o+ X B]“C — BC given by f(bg,... ,bk) = b0~-'bk,

bi € Bic, 0<i<Fk,
is a group homomorphism. Let Z denote the kernel of this homomorphism.
It is a central subgroup of Gpc X -+ X Gj, c. Define
G%C = (GQC X oo X Gk7c)/Z, B%C = (BO7C X oo X Bk,C)/Z-

Then G, ¢ is a connected complex reductive Lie group with Cartan subgroup
By,c, and the mapping fp : B, c — Bc induced by f is an isomorphism
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onto Be. We will use the isomorphism fp to identify B, c and Bc. Thus
we will think of B¢ as a Cartan subgroup of both G¢ and G, c.

Note that the different subgroups G; ¢ do not necessarily commute with
each other inside G¢. This is because, although roots in different irreducible
factors of ¢ are orthogonal to each other, they need not be strongly orthog-
onal as elements of ®. Thus G, c can not necessarily be embedded as a
subgroup of Gc. However, we can define an orbit mapping from G, c to
Gc and a lifting of class functions from G, ¢ to G¢ as follows.

For any g € Gc, let Oc(g) denote the orbit of g in G¢. Similarly, let
O, c(z),r € G, c, denote the orbit of z in Gy, c. Let x € GZP,C’ the set of
regular semisimple elements of G, ¢. Then there exists b € B¢ (not unique)
such that b € O, c(x). We define

Fw,C(Ocp,C(x)) = OC(b)a
and prove that the orbit Oc(b) is independent of the choice of b € Be N
O,.c(x).

For z € G¢, write det(t — 1 + Ad(z)) = D(x)t"+ terms of higher de-
gree, where t is an indeterminate. Then D is a class function on G¢, and
x is regular just in case D(x) # 0. We also write Dy(z),z € G, c, for
the corresponding function on G, c. Let 2 € G|, o,9 € Gg such that
F,c(Opc(x)) = Oc(g). Then we define the transfer factor

®,
D2(x) = |D(g)|"%|Dy(x)|2.

For g € G, we let X, c(g) denote a complete set of representatives for the
G, c orbits which map to Oc(g) under the orbit correspondence F, c.
Let © be a class function defined on G:%C. Now for g € G, we define

(Lift30)(g) = > DE(x)O(x).

z€X,, c(9)

Then Liftg@ is a class function on G.
Let ®* denote a choice of positive roots for ® and let ¢ = & N¢p. Then

we have ) )
pzé Za, ,030:5 Za.

acdt acpt
Then L'y, the set of discrete series parameters for real forms G of G¢ with
G N Bc = B, is the set of all A € ib* such that e** is well-defined on B
and (a, A\) # 0 for all & € ®. For each A € L'y, let T\ be the corresponding
stable discrete series class function on G.

Assume that ® contains no irreducible factors of type Asg, k > 1. Then
by [H4, Theorem 5.7], p— p,, is in the root lattice of ®, so that e’ is well-
defined on Bc. Thus for any A € L, eNPe = AP PP is well-defined on
B and < o, A ># 0 for all & € . Thus every X € L5 is also a discrete series
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parameter for real forms G, of G, ¢ such that G, N B¢ = B. Now for each
A € Lz we have the stable discrete series class function Ty on G/, . In §4
we will define a sign efﬁ()\) = =+1 corresponding to each ¢ € T(®),\ € L.
Since L'y is stable under W(®), we can also define

S =@ Y ewn) T,
weW (®)
where W(®, ) = {w € W(®) : wp = ¢}.

Let G{ denote the set of all strongly regular elements of G¢. It is the
set of all elements g € G¢ such that the centralizer of g in G¢ is a Cartan
subgroup, and is a dense open subset of G'. The main result of this paper
is the following theorem.

Theorem 1.1. Assume that ® has no irreducible factors of type Ao, k > 1,
and let A € L', g € G&. Then

Tag) = > ep(N) (Lift2T¢)(g).

pET (D)
Equivalently, for any ¢ € T(®),
Ti(9) = (LiftZS5)(9)-

The formulas in Theorem 1.1 can be interpreted as follows. The functions
Ty, A € L5, have two invariance properties. First, they are class functions on
o Second, T,y = T) for all w € W(®). For each ¢ € T(®),\ € L'y, the
functions Sj\o have the second invariance property. When we lift from G, ¢
to G, they become class functions on G¢. Thus Lifthf has the same two

invariance properties as 1. The lifts Lift:I;Tf will also be class functions on
G. However, they will not have the second invariance property of Ty. We
will see in §5 that for any w € W(®),
ez (W) Liftg oy = e 1,(N) Liftg_le;“_l%
Thus
> €\ LiftdTY
ET(®)
is also invariant under A\ — wA, w € W(®).

Suppose that ¢ contains an irreducible factor of type Agg, k > 1. Then
there is an invariant neighborhood €2 of the identity in G¢ with the following
properties. Let ¢ € 7(®) and let 2, denote the union of all orbits in G|, ¢
which map into © N G via the orbit correspondence Fi, c. Then for any
X € L' we can define a class function T' f\a on Q:D which is related to stable
discrete series characters for real forms of a two-fold cover of G, ¢. Further,
we can define Liftg;Tf in QN G, and the formulas of Theorem 1.1 are valid
for g € QN GE.
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In [H4] we proved a formula similar to Theorem 1.1 for discrete series
characters. In this case we started with a connected reductive Lie group
G (not necessarily linear) with a relatively compact Cartan subgroup B,
roots & = @(gc, bc), and discrete series parameters L. Corresponding to
each ¢ € 7(®) we defined a connected reductive group G, with a relatively
compact Cartan subgroup B, ~ B, an orbit mapping from certain good
regular semisimple orbits of G, to orbits of G, and a lifting of class functions
from G, to G’. When ® has no irreducible factors of type Ay, every A € L'y
is a discrete series parameter for G, so that we had discrete series characters
O, of G and ©F of G, corresponding to A\. Theorem 6.5 of [H4] said that

Oxr(g) =clg) > €S (LiftG6%)(g9),9 € G”.
ET(P)

Here as in Theorem 1.1, G” is a dense open subset of G’ and eg()\) = +1. The
c(g),g € G”, are integers which are constant on G-orbits, and on connected
components of Cartan subgroups.

When G is linear, we can use this theorem to write

Yo oOwm=clg) > D €S(wh) (Lift56%,)(g)

weW (®) T (P) weW (D)

Z Z Z eg(vw)\) (LlftG(afw)\)( ).

@67 D) vEW () weW (¢)\W (D)
Now €5 (vw :e wA),v € W(p), so that
2

P
Z G)w)\

weW (P)

9 > Z Swh) [ Lt | Y 0%,,] | (9.

gOGT(@) weW (p)\W (D) vEW ()

Thus we have expressed the stable character ZwEW( ®) Owx in terms of lifts
of stable characters Zvew(w) ©7 .- However, the orbit mapping and lifting
theory for real groups are much more complicated than those for complex
groups, and Theorem 1.1 gives a much simpler formula than this stabilized
formula. Thus it is worthwhile knowing that in the linear case, the stable
theory can be obtained directly using the simpler orbit mapping for complex
groups. Moreover, in the linear case, the Shelstad’s theory of endoscopy
[S1, S2, S3| can be used to recover formulas for individual discrete series
characters given formulas for stable discrete series characters.

The organization of this paper is as follows. In §2 we define the stable
discrete series class functions T, A € L'z, on G(5. In §3 we recall the formulas
for stable discrete series characters on real forms of G¢ and prove that they
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are obtained via restriction from the functions 7. In §4 we define the two-
structure groups G, c, the orbit mappings Fi, ¢, and the lifting of class
functions from G;}C to G. Then we restate Theorem 1.1 in more detail as
Theorems 4.7, 4.8, and 4.11. In §5 we give the proofs for Theorems 4.7, 4.8,
and 4.11.

2. Definition of 7).

Let G¢ be a complex connected reductive Lie group. Given any subgroup
Hc of G¢ we will use the corresponding lower case German letter ho for the
Lie algebra of Hc. Let Bg be a Cartan subgroup of G¢, and let & denote
the roots of g P with respect to bo. For any root subsystem ¥ C ® we write
W (W) for the Weyl group of W.

Fix a real subalgebra b C bc such that

(2.1) bo=b0®ib and o(H) € iRV HED, acd.

Since G is reductive, g, = z¢ + [9, 9] Where z¢ is the center of g . For
each o € ® we let H, be the element of ibN [g, 9] dual to a. If G is
semisimple, b = > . RiH, is uniquely determined by (2.1). In general, a
choice of b corresponds to the choice of a real form of z¢.

Recall that a subset S of ® is called strongly orthogonal if for any «, § €
S,a+ ¢ . Let SOc(P) denote the set of all strongly orthogonal subsets
of . For S € SO¢(®) we define

(2.2a) ts={Heb:a(H)=0VaeS}; bsg=) iRHa..
a€eS
Then b =tq @ bg. Define

(2.2b) B=exp(b) CBc; Ti={teB:e*(t)=1VYacS}.
The identity component of Té is Tg = exp(tg). Finally, we set
(2.2¢) B(S)={b€ Bc:b=texp(iH),t € Td, H € bg}.

For 5,5 € SO¢(®), we write S = S if tg = tg. This is equivalent to
the condition that S and S” span the same linear subspace of ib*. Let G
denote the set of regular semisimple elements of G¢, and write B/(S) =

B(S)NGg, S € SOc(P).

Lemma 2.1. Let S, S’ € SOc(®),b € B(S)NB(S’). Then there are unique
H € bgNbgy and t € TENTL, such that b = texp(iH). Further, if B'(S)N
B'(S") £ 0, then S = 5'.

Proof. Let b € B(S) N B(S’). Then there are t € T, ¢' € TS, H € by, H' €
by such that b = texp(iH) = t'exp(iH'). Let o € ®. Then |e*(t)| =
le“(t")| = 1. Further, a(iH) and «(iH') are real. Thus

e (t) exp(a(iH)) = e*(t') exp(a(iH"))
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implies that a(H) = a(H'). Since H and H’ are in bN g, 9], this implies
that H = H' € bg N bg. Now we must also have t =t' € Td NT4,.
Now suppose that b € B'(S) N B'(S’), and write b = texp(iH) where
H e bs mbsl and t € Té« stlv/ Let
U={aecd:e*t) =1}
Then S, 5" C U. Let
ws =[] sa; we =[] sa
acsS ags’
where for any a € ®, s, denotes the reflection in «. Then wg,wg €
W(¥),w% = w?, =1, and
bg={Hecb:wsH=—-H}, byg={Heb:wgH=—-H},
Since H € bgNbg, we must have wswg H = —wgH = H. Let a € W. Since
b e Gg,
e*(b) = exp(a(iH)) # 1,
so that a(H) # 0. Thus H is regular with respect to ¥ so that wswg'H = H
implies that wswg = 1. Thus wg = wg so that bg = bg/,tg =ty ]

Note that the case S = S’ € SO¢c(®) of Lemma 2.1 shows that for b €
B(S), there are unique ¢ € T4 and H € bg such that b = texp(iH). When
we write b = texp(iH) € B(S), we will always mean that t € T:, H € bg.

Let S € SO¢(®) and define

Or(S)={acP:a(H)=0V H ctg}.
Then S C ®(S) and rank Pr(S) = [S]. For b = texp(iH) € B(S), we
define
(2.3) Ppg={ac dr(S): :e“(t) =1} CIDIS ={aedys:alH) >0}

Then S C ®, 5 C ®r(S), and since rank ®r(S) = [S], we also have rank
O, = [S]. Thus S is a set of strongly orthogonal roots spanning @ g.
Write

(2.4) B(®) = Usesoc(®) B(S), B'(®)=B(®)NGe.
Let b € B'(®), and let S € SOc(®) such that b € B'(S). Then we write
(2.5) Dy =Dpg, @ = ‘I)zf,s-

Note that if b € B'(S) N B'(S’), by Lemma 2.1 we have S = S’ so that
Pr(S) = Pr(Y’) and Py s = Py 5. Thus the definition of ®;, does not
depend on the choice of S with b € B’(S). Further, as in the proof of
Lemma 2.1, for a € ®,, a(H) # 0. Thus ®; is a choice of positive roots for
D,
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Note that if b € B(S) and w € W(®), we have wS € SO¢c(®) and
wb € B(wS). Thus B(®) is a W(®P)-invariant subset of Bc. For g € G,
let Oc(g) = {rgx~! : ¥ € Gc} denote the orbit of g in G. Define

(2.6) Gc(®) = {9 € Gc: Oclg) N B'(®) # 0}

We will see in Lemma 3.4 below that G(®) is the set of all g € G such
that there is a real form G of G¢ with GN Bec = B and Oc(g) NG # 0.
Fix a set of positive roots ®T for ® and let

1
p=p@) =5 > a
acdt
Let ng denote the set of all A € ¢b* such that
(2.7) e* ™ is well-defined on B and (a,\) #0V a € ®.

If g is semisimple, then our assumption that a(H) € iR for all @ € ®
guarantees that the kernel of exp : bo — Bgc is contained in b. However,
when the center z¢ of g is non-trivial, this need not be true. Thus the fact
that e** is well-defined on B does not necessarily imply that it has a well-
defined extension to Bc. However we can extend to B(®). Let b € B(®).
Then b = texp(iH) € B(S) for some S € SOc(®). For A € Ly, define

6/\_p(b) — e>‘_”(t) e(A=p)(iH)

Since t € Té C B and H € bg are unique by Lemma 2.1, and do not depend
on the choice of S, this gives a well-defined extension of e*~* to B(®).

As in [K, XIII, §4], stable discrete series constants ¢(A : ¥*) can be
defined for any A € E'(®) = {7 € ib* :< 7,0 ># 0V a € ®}, root subsystem
U C & which is spanned by strongly orthogonal roots, and choice Ut of
positive roots. They are uniquely determined by the following properties:

(2.8a) cA:0) =1V )€ E'(D);
(2.8b) cA:UH) =0 if (\,a) >0V acTT;
(2.8¢) CA:UT) 4+ E(so A : UT) = 26(\ : UF)

where « is a simple root for ¥+ and U} = {3 € ¥t : (3,a) = 0}. Asa
consequence of this uniqueness, it is easy to see that
(2.8d) c(w:w¥) =\ : UT) YV we W(d).

Now L’y C E'(®) and for any b € B'(®), ®, C ® is a root system spanned
by strongly orthogonal roots. Thus the stable discrete series constants
(A : @), X € Ly, b € B'(®), are defined.

Write

(2.9) AN@*:b)= J[ @—e (1), be Bg;

acdt
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(2.10) (@t : N =sign [] (@A), A€ Ly
acedt
For \ € LjB we can now define a class function on G’C as follows. For
b e B'(®), set
(211) ) =@t :A) Y A(@F wb) A (wh) 2N - @F).
weW (P)

From the formula it is clear that T is a W (®)-invariant function on B'(®),
and so can be extended uniquely to a class function on G which is zero for

9 ¢ Go(P).

Lemma 2.2. Let A\ € L;. Then the definition of Ty in (2.11) does not
depend on the choice ®1 of positive roots for ®. Further, we have Ty = Ty
for all w € W(®).

Proof. Let u € W(®) so that u®™ is another choice of positive roots for ®.
Then for any b € B'(®), X € L, it is easy to check from the definitions that

e(ud@™ : \) = det ue(® : \),
A (udt 1 b) e?@P=P®T)(p) = det ul' (@ 1 b).

Thus the definition is independent of the choice of .
Now since T, is independent of the choice of T, we can use u®* in
(2.11) to write

ILA(b)
= e(ud™ : Z A (ud™ : b)_le“’\_p(“@ﬂ(wb) c(ur: @)
weW ()
e(®T N Z A(®F i u™ wb)fle/\*p(<I> ) (u™ wb) E(u : o).
weW ()

Now the result follows from a change of variables w +— uw since using (2.8d),
c(ur: @f ) =c(ur:udl ) =c(A: @),).
(]

We will show in the next section how T, is related to stable discrete series
characters on real forms of G¢.

3. Stable Discrete Series Characters.

Define b as in (2.1), and let G be a real form of G¢ such that GNBc = B =
exp(b). Given any subgroup H of G we will use the corresponding lower case
German letter h for the real Lie algebra of H, and h for its complexification.
We will write Hc for the connected subgroup of G¢ corresponding to Ac.
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By our choice of b, a(H) € iR for all « € &, H € b. Thus B is compact
modulo the center Zg of GG, and we can pick a Cartan involution 6 of G
as in [W] so that B is contained in the fixed point set K of #. In the case
that G has compact center, K is a maximal compact subgroup of G and
B C K is a compact Cartan subgroup of G. In general, K and B contain
Zq and are compact modulo Zg. Let ®x = ®(kq,be) denote the roots of
bc in kc. Roots in @k are called compact roots of G. Since B C K is
a Cartan subgroup for both K and G, we have rank G = rank K so that
G has discrete series representations. In the case that Zg is not compact,
these are sometimes called relative discrete series representations.

The discrete series representations of G are parameterized by the set L'y
defined in (2.7). For X € L5, let ©, denote the discrete series character of
G corresponding to A\. We know that ©,,), = 0, for any w € W(®g). We
define a stable discrete series character corresponding to A by

(3.1) @)\ = Z Our = [W(‘I’K)]fl Z O
weW (P )\W(P) weW (D)

In this section we will prove the following theorem.
Theorem 3.1. For all g € G,

Ox(g) = (=1)*T(g)
where qq = 1/2dim(G/K).

Let
SO(®) ={S € SO¢c(P): S C P\Px}.
Each S € SO(®) corresponds to a Cartan subgroup Hg of G as follows.
For each noncompact a € ® fix a Cayley transform ¢, as in [K, p. 418].
Fix S € SO(®) and let cg = [],cgCa- Define tg and bg as in (2.2a). Then
Hg is the Cartan subgroup of G with Lie algebra

(3.2) hg =tg @ ag where ag = cg(ibg).

It satisfies (hg)c = cs(bc). Define Tg = Hg N K and Ag = exp(ag). Then
Hg =TgAg. Note that T's need not be connected. The identity component
Tg of Tg is contained in B, but in general not every connected component
of Tg will lie in B. By [H4, Lemma 2.1],

TsNB=Té={becB:e*b)=1YacS}

Write H;w = TéAS. When we write h = ta € Hé we always mean that ¢ € Tg
and a € Ag. Recall from [H4, Lemma 2.4] that every regular semisimple
element of G can be conjugated into HY for some S € SO(®).

Lemma 3.2. Let S € SO(®). Then there is ys € Gc such that Ad(ys) =
cs, HY = ySB(S)ygl, and for h = ta € H}, y;lhys = texp(cg1 loga).
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Proof. For each o € S, by [K, p. 418] there are X, € (go)a: Ya € (9¢)-a
such that ¢, = Adexp(n/4)(Yo — Xo). Let yo = exp(n/4)(Yo — Xa) €
Gc and ys = [[,eg¥a- Then Ad(ys) = cg, and since e*(t) = 1 for all
a € S,t € T, ys centralizes Ts. Thus ySB(S)ygl = ysTd exp(zbs)ys =
Tk exp(cgibg) = HE. O
Proof of Theorem 3.1. Suppose first that G¢ is simply connected. In this
case G is acceptable, that is e”(®") is well-defined on B, and we have the
formula for ©) given in [K, (13.39)]. Note that Knapp’s ©5 = (—1)%
€(®T : \)O,. Let A € L', S € SO(®),h =ta € HLNG'. Write
b= cglh =texp(cy' loga) € B'(S).
Then in our notation [K, (13.39)] can be written as

A@T :0)OA(h) = (=1)% (@A) > detw " D) e(wh : D)
weW (P)
where A(®T : b) = /@D (B)A/(®F : b). Since A(®T : wlb) = detw
A(®T : b),w € W(®), and c(wA : @) =¢(A: & _,,) using (2.8d), we can

rewrite this as

Ox(h)

= (1) @) Y A@T:wl) M w ) e @F )
weW (P)

= (1% (@ N) Y A b) 1A (wh) E(\ : B).
weW ()

Now suppose that G¢ is arbitrary. Then for A € L'z, A is also a discrete
series parameter for the covering of G contained in the simply connected
covering of G¢, and the formula on the cover is given as above. But the
formula has been written so that all terms are well-defined on G, and so is
valid on G as well.

For g € G', let Og(g) = {xgz™' : € G}. Fix g € G'. Then there are
S € SO(®) and h € HL such that g € Og(h) C Oc(h). But using Lemma
3.2, Oc(h) = Oc(b) where b= cg'h € B'(S) C B'(®). Thus

Oi(9) = Oa(h)
=(-1)% @ :n) > AP L AP (wh) TN @)
weW (®)
and from formula (2.11)
Ta(g) =Ta(b) = (@ : X)) > Al b)Ler P (wh) T\ : D).
weW (P)
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Lemma 3.3. Let S € SOc(®). Then there is a real form G of Gg such
that GN Bec = B and S consists of noncompact roots for G.

Proof. Let Gy denote a maximally split real form of G¢ containing B, and
let Sy be a set of strongly orthogonal noncompact roots of ® such that Hg,
is a maximally split Cartan subgroup of Gy. Then Sy is of maximal rank

in SO¢(®), that is [Sp] > [9'] for all S € SOc(®). Let S € SOc(P) be
of maximal rank. Then S = wSy for some w € W(®). Let z,, € Ng.(Bc)
represent w. Now G = x,Gozy," is a real form of G¢ containing B, and the
roots in S = wSy are noncompact for G. Thus the lemma is true when S is
of maximal rank.

Now suppose S is an arbitrary element of SOc(®). By [H4, Lemma 5.9]
there is ¢ € 7(®) such that S C ¢. Let Sy be a basis for ¢ consisting
of one root from every irreducible factor of type A; and two orthogonal
long roots from every irreducible factor of type Bs. Then by [H4, Lemma
5.1], Sp € SOc(®P) and is of maximal rank. Let Gy be a real form of G¢
containing B so that the roots in Sy are noncompact. Let a € S. If « is in
an irreducible factor of type A; of ¢, or is a long root in an irreducible factor
of type B2 of p, then +a € Sy, so that « is noncompact. Suppose that « is
a short root in an irreducible factor ¢g of type Bs. Since ¢q is spanned by
strongly orthogonal noncompact roots, one short root of ¢q is compact and
one is noncompact. Now S Ny = {a}, and there is v € W(yp) such that
va is noncompact. Thus there is w € W(yp) C W(®) such that wS consists
of noncompact roots for Gy. Now as above, G = waox;1 is a real form of
G containing B, and the roots in S are noncompact for G. U

Lemma 3.4. Let g € G. Then g € G(®) if and only if there is a real
form G of G¢ such that GN Be = B and Oc(g) NG # 0.

Proof. Let G be a real form of G¢ such that G N Bg = B, and let x €
Oc(g9)NG. Since z € G', as in the proof of Theorem 3.1, there are S € SO(P)
and h € HY such that » € Oc(h) = Oc(cg'h) where cg'h € B'(S) C B'(®).
Thus cg'h € Oc(g) N B'(®), so that g € Gig(P).

Conversely, suppose that g € G(®). Then there are S € SOc(®),b €
B'(S), such that b € O¢(g). By Lemma 3.3 there is a real form G of G¢ such
that GN Bc = B and S consists of noncompact roots for G. Now, using the
notation of Lemma 3.2, h = ysbygl € Hy C G. Thus h € GN Oc(g). O

4. Two-structure Groups.

Let ® be any root system. Then a root subsystem ¢ C & is called a two-
structure for & if it satisfies the following two conditions.

(i) Every irreducible factor of ¢ is of type A; or By ~ Cs.

(ii) Let ¢™ be any choice of positive roots for ¢. Then if w € W (®) with
weT = T we have detw = 1.
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Let T (®) denote the set of all two-structures for ®.

The sets 7 (®) for irreducible ® can be described as follows. If ® has one
root length or is of type Ga, then 7 (®) consists of all root subsystems of ®
of type A¥ where k is the size of a maximal set of orthogonal roots in ®. If
® is of type Boy,Cok, k > 1, or Fy, k = 2, then 7 (®) consists of all root
subsytems of @ of type B. Finally, if ® is of type Bajy1, Cogy1, k > 1, then
T (®) consists of all root subsytems of ® of type BY x Aj.

Note that ¢ € 7(®) is a root subsystem of ®, that is a subset of ® which
is closed under its own reflections. A root subsystem @ C @ is called a
subroot system of ® if for o, 3 € ¢, a £ § € p if and only if a £ § € ®.

Lemma 4.1. Let ¢ € T(®). Then every irreducible factor of ¢ is a subroot
system of ®. Further, if ® contains no irreducible factors of type Bp,n > 3,
or Fy, then ¢ is a subroot system of ®.

Proof. Let g be an irreducible factor of ¢, and let &y denote the intersection
of ® with the linear subspace of ib* spanned by ¢g. Then ®( is a subroot
system of ® with the same rank as (. Since there are no root systems of
the same rank properly containing a root system of type A or Bs, we must
have ¢ = ®g.

For the second part, we may as well assume that @ is irreducible, not of
type Bp,n > 3, or Fy. Suppose that o, € ¢ with a £ 5 € &. By the
first part, if «, 8 are in the same irreducible factor of ¢, we have a + 3 € .
Suppose they are in different irreducible factors of ¢. Then « and 3 are
orthogonal roots in ® with aw + 3 € ®. This can’t occur when ® has one
root length, is of type G2, or when at least one of a, 3 is long and ® of is of
type C,. Suppose that ® is of type C),. Then each short root is contained
in a unique subroot system of type C5, and is strongly orthogonal to any
short root outside that subroot system. Thus in this case we also can’t have
a+ (8 € ® when o, § are in different irreducible factors of . O

Let G¢ be any complex connected reductive Lie group and fix a Cartan
subgroup B¢ of G¢. Let @ denote the roots of 9o with respect to bo. We
want to associate to every ¢ € 7(®) a complex group G, ¢ with a Cartan
subgroup B, c isomorphic to B¢ and root system ¢. Fix ¢ € 7(®), and
write ¢ = 1 U ... U gy for its decomposition into irreducible factors. Each
i, 1 <4 < k, is a subroot system of ® by Lemma 4.1, and so corresponds
to a Lie subalgebra e of g c as follows.

For each o € ® we have the root space (g, )a of g and the root vector
Ho € bc N [9q, 9] dual to a. Now define

bi,C = Z CH,; 95¢c~ bi,C + Z (gc)a'
agp; acp;
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Since ¢; is of type Ay or By = C5, g, , is isomorphic to either si(2, C) or
s0(5,C) ~ sp(4,C). We also define

goyc:bo,C:{Hebc!a<H):OVa€g0}.

Let G; ¢ be the connected subgroup of G'¢ corresponding to 9 o Bic =
exp(b; ¢) = Gi,c N Be. Let Goc x Gi,c X -+ X G, ¢, respectively By c x
---X B}, ¢, denote the abstract direct product of the groups G; ¢, respectively
Bi,C,O <1< k. Define f : BO,C X oo X Bk,C — BC by

f(bo,... b)) =0bg---b, b € Bjc,0<i<k.

Here bg - - - by, denotes the product in Bc of the elements b; € B; ¢ C Bc.
Since Bg is abelian, f is a group homomorphism. Let Z denote the kernel
of this homomorphism, and let Z; denote the center of G;c,0 <7 < k.

Lemma 4.2. f: Bycx---xByc — Bc is surjective and Z C ZyX -+ - X Z,
is a central subgroup of Goc X --- X Gy c.

Proof. The proof is the same as that for [H4, Lemma 4.1]. O

Define
(4.1) Gyc = (Goc x--xGre)/Z, Byc = (Boc X xByc)/Z.

Then Gy ¢ is a complex connected reductive Lie group and B, ¢ is a Car-
tan subgroup of G, c. The Lie algebra 9oc = Ef:o 9 c of G, c can be
identified with a subset, but not necessarily a subalgebra, of g c By Lemma
4.1, in the case that ® contains no irreducible factors of type B,,,n > 3, or
Fy, ¢ is a subroot system of ®, so that 9, is a subalgebra of e and G, c
can be identified with a subgroup of G¢. ’

Let exp denote the exponential mapping from go into Ge, and exp,
denote the exponential mapping of 9,.c into G, c. The Cartan subalgebra

be = Z;“:O b; ¢ can be identified with the Lie algebra of B, ¢ and is a Cartan
subalgebra of 9oc Further, CD(Q% o bc) = . The Weyl group W(yp) can
be identified with a subgroup of W (®).

Lemma 4.3.
(i) The mapping fp : Byc — Bg induced by f is an isomorphism.
(ii) fp(exp,(H)) = exp(H) for all H € b¢.

(iii) fe(vdb) =vfr(b) for allb € B, c,v e W(p).

Proof. (i) Since Z is the kernel of f, f factors through B, c to give an
isomorphism.
(ii) For any H = ;4 Hi € bc,

f(exp,(H)) = f(exp(Ho), ..., exp(Hg)) = exp(Hy) - - - exp(Hy) = exp(H).
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(iii) For H € b, b = exp,(H),v € W(yp), using (ii),

fB(vb) = fp(expy(vH)) = exp(vH) = v fp(b).
(]

Because of Lemma 4.3 we will identify Bc and B, ¢ using the isomor-
phism fp. Thus even though G, ¢ is not necessarily a subgroup of G¢, we
will think of Bc as being a Cartan subgroup of both G, ¢ and G¢. This
identification respects the exponential map from b to B¢ and the action
of W(p) C W(®).

Let G’ C denote the set of regular semisimple elements of G, ¢. For any

x € G¢C, let O, c(x) denote the orbit of z in G, c. Let = € G’ - Then
there exists b € Bc N Oy c(x). We define
(4.2) Fypc(Opc(z)) = Oc(b).
Suppose that b,b' € Oy c(xz) N Be. Then there is v € W(y) such that
b' = vb. Now W(yp) C W(®) and by Lemma 4.3 the actions are consistent
with our identification of B, c and Bc. Thus Oc¢ (V) = Oc(b) and so the
orbit mapping is independent of the choice of b.

An element g € G¢ is called strongly regular if its centralizer in G¢ is a
Cartan subgroup. In particular, if b € B¢ is strongly regular, its centralizer
in G¢ is Be. Thus b is regular and no non-trivial element of W (®) fixes b.
Write G& for the set of strongly regular elements in G, B& = Be N GE.

Lemma 4.4. For b € Bg, we have
F, &(0c(b) = {0, c(wb) : w € W(D)}.
If b € B, then for w,w' € W(®),
Op,c(wb) = O c(w'd)
if and only if w' € W(p)w
Proof. Every orbit in G:&C can be represented by an element ¥’ € Be. Now
Fu,c(0p c(V) = Oc(V) = Oc(b)
just in case there is w € W(®) such that ' = wb. Now for w,w’ € W (®),

Oy.c(wb) = Oy c(w'd) if and only if there is v € W () such that w'd = vwb.
But if b is strongly regular, w’b = vwb implies that w' = vw. O

For x € G, write det(t — 1 + Ad(z)) = D(x)t"+ terms of higher degree,
where t is an indeterminate. Then D is a class function on G¢, and x is
regular just in case D(x) # 0. We also write Dy(x),z € G, c, for the
corresponding function on G, c.

Let z € G, ¢, 9 € G such that F, c(Oy,c(z)) = Oc(g). Then we define

(4.3) D2(x) = |D(g)| "2 |Dy(x)|2.



202 REBECCA A. HERB

Since D is a class function on G¢ and D, is a class function on G, ¢, this
definition is independent of the choice of g and gives a class function on
Gy c. For g € G, we let X, c(g) denote a complete set of representatives
for the G, c orbits which map to Oc(g) under the orbit correspondence
F,c.

Let © be a class function defined on G;%C. Now for g € G, we define

(4.4) (Lift3©)(g) = > D(x)O(x).

z€X, c(9)

Since D2 and © are class functions on Gy,c, the definition does not depend
on the choice of X, c(g). If g,¢' € G’ with Oc(g) = Oc(¢') we can take
Xoc(9) = X, c(g'). Thus Lift?;@ is a class function on G.

Fix a real subalgebra b C b satisfying the conditions of (2.1). In §2, we
used b to define a subset Go(®) of G and class functions Ty, A € L'z, on
Ge. Let ¢ € T(®). Since G, ¢ is a connected complex reductive Lie group
with Cartan subgroup Bg, we can carry out all the constructions of §2 for
the group G, c. Note that SOc(y) is not necessarily a subset of SOc(®)
since S C ¢ can be strongly orthogonal in ¢, but not in ®. For S € SO¢c(¢)
we can define tg, bg, T4, B(S) as in (2.2). Write

(4.5a) B(p) = Useso(y) B(S), B'(¢) = B(p) NG, c.
Define
(4.50) Gelp) = {9 € Gypc: Opc(g) N B'(p) # 0}

Lemma 4.5. For any ¢ € T(®), B(p) C B(®).

Proof. We may as well assume that @ is irreducible. Let S € SO¢(p). If
® is not of type B,,n > 3, or Fy, by Lemma 4.1 ¢ a subroot system of &.
Thus S is also strongly orthogonal in ®, and so B(S) C B(®).

Suppose ® is of type B,,n > 3, or Fy. Then if 31, 52 are any orthogonal
short roots of ®, 81 £+ B2 are both long roots of ®. Let fi,..., [ denote
the short roots in S and Biy1,...,0, denote the long roots in S. For
1 <i<r=][k/2], set agi—1 = P2i—1 + P2, 2 = [2i—1 — 2. Then S’ =
{ai,..., a2, Bars1, ..., On} is an orthogonal subset of ® which contains at
most one short root, and hence is a strongly orthogonal subset of ®. Further
bg = by, and T C T4, so that B(S) C B(S') C B(®). O

Let ®* denote a choice of positive roots for ® and let ¢ = & N¢p. Then
we define

(4.6) p=p@) =3 3 a
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p(@T, ) = p(2F) — p(e™).
Recall from (2.7) that L'y denotes the set of all A € ib* such that e*~7 is
well-defined on B = exp(b) and (o, \) # 0 for all @ € ®. Assume that ¢
contains no irreducible factors of type Asx, k > 1. Then by [H4, Theorem
5.7), p(®T,¢) is in the root lattice of ®, so that e”(®"¥) is well-defined on
Bgc. Thus for any A € L', AP = AP eP(®79) is well-defined on B and
(o, A) # 0 for all o € ¢. Thus we can define a class function 7Y on Gfp,c as
in (2.11). It is supported on G(p) and satisfies

(4.7)
TY(b) = e(p™ : N) Z A (T wb) LA Pe (ub) E(\ oh), be B'(p).
veEW (p)
Here, as in §2,
(4.8a) A(pt:b)= J[ @—e*®), be Bg;
acpt
(4.8b) e(pT 1 \) = sign H (a,\),\ € L.
acpt

Further, for S € SOc(p),b=texp(iH) € B'(S) = B(S) NG, ¢, we have
(4.9) gy ={a€p:e*(tty) =1V tg € Tq}, o) = {a € ¢y : a(iH) > 0}.

As in §3, the restriction of Tf\o to any real form G, of G, ¢ with G,NBc = B
is, up to a sign, a stable discrete series character.

Associated to each ¢ € T(®) and choice of positive roots ®* for @ is a
sign €(¢ : @T) = +1 defined as in [H4, (5.1)], [K, p. 501]. Define
(4.10) eg()\) =e(p: @) el A) €(@T: N).

Lemma 4.6. eflp)()\) is independent of the choice ® of positive roots.
Proof. This follows from [H4, Lemma 6.4]. O
The main results of this paper are the following theorems.

Theorem 4.7. Assume that ® has no irreducible factors of type Ao, k > 1,
and let A € L'z. Then for all g € G,

Ta(g) = Y e2(M(LiftITY)(g).
0ET(D)

Theorem 4.7 can be reformulated as follows. Fix ¢ € 7(®). Since L5 is
stable under the action of W(®), for each A € L’y we can define

(4.11) S{=[W(@,@)] " > epwNT¥,
weW (®)
where W(®, o) = {w € W(®) : wp = p}.
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Theorem 4.8. Assume that ® has no irreducible factors of type Asr, k > 1,
and let X € L'y. Then for all g € G,

Tx(9) = (LiftZS5)(9)-

Suppose that ¢ contains an irreducible factor of type Asgi, k > 1. Then
as in [H4, Theorem 5.7], p(®7, ¢) is not in the weight lattice of ® so that
eMP¢ is not well-defined on B for any \ € L'y. However, we can still define
TY and Lift?;Tf near the identity in G/, o and G respectively as follows.
This construction is valid for general @, but is needed only in the case that
® contains irreducible factors of type Agg, k > 1.

Define

(4.12a)
w={X € g [Im\| < for every eigenvalue A of ad X}, = exp(w).

Then as in [HC1, §3], w is an invariant neighborhood of the identity in
9o and  is an invariant neighborhood of the identity in G¢. Define ' =
QN Gg. For any ¢ € T(®), we define

(4.12b) Q, ={reG,c:F,c(Oyc(z) C}.
Clearly €, is an invariant subset of GZK%C and Bc N, = BcNQ'. The
following lemma is a direct consequence of the definition of Q:@.

Lemma 4.9. Let g € Q. Then X, c(g) C .

Because of Lemma 4.9, if © is any class function on pr, we can define a
class function on €’ by

(4.13) (Lift2©)(9) = > DE(x)O(x),g€ Q.
z€X, c(9)

Lemma 4.10. Let b € Q' N Be. Then there is H € w N be such that
b=exp(H). Suppose that H, H' € wNbg such that b = exp(H) = exp(H').
Then o(H) = a(H') for all a € ®.

Proof. Let b € Q' N Be. Then there is H € w such that b = exp(H). Now
H € Cy_(b) = b so that I € wN bg. Now suppose that b = exp(H) =

exp(H'),H,H € wNbg. Let @ € ®. Then o(H — H') € 2miZ since
exp(H — H') = 1. But since H, H' € w,

Im a(H — H')| < |Im a(H)| + |Im «(H")| < 27,
so that «(H — H') = 0. Thus a(H) = o(H"). O

Let @ be a choice of positive roots for ® and define p(®*, ) as in (4.6).

Because of Lemma 4.10 we can define e?(®" %) on Bc N as follows. Let
b € QN Bc. Then there is H € w N b such that b = exp(H). Define

eP(®79) (b) = exp(p(®T, ¢)(H)). By Lemma 4.10 this is independent of the
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choice of H. Now for any A € L', e* " is defined on B(®), so we can define
e*re on B(p) NQ, C B(®) N by

(4.14) AP (b) = P (b) e”®T9)(b).

Thus for each \ € L’B we can define a class function T;\P on pr which is
supported on Go() N2, and satisfies
(4.15)
TY (b) = e(pT : A) Z AT vb) LA Pe (ub) (N k), b€ B(y) NQy,.
veEW ()

Tf corresponds to stable discrete series characters of real forms of a two-
fold cover of G, c. That is, there is a two-fold cover 7 : C:‘%c — Gy.c
such that e*~*¢ is well defined on B = 7~ !(B). Now \ € L and the usual
construction gives a class function T;\p on G'%C which restricts to stable
discrete series characters of real forms of CNJ%C with Cartan subgroup B. Let
U and U denote neighborhoods of the identity in C:’%C and G, ¢ respectively

so that the restriction my of m to U gives an isomorphism onto U. Then

T (z) = TY (), 2 €UN Q.
We can also define
(4.16) $= W@ Y T,
weW (P)

on €2,.

Theorem 4.11. Let A € L'y and g € GE N Q. Then
Ta(g) = Y ep(M(LiftgTY)(g)

peT ()
and for any ¢ € T(P),
Tx(9) = (LiftZS5)(9)-

5. Proof of Theorems 4.7, 4.8, and 4.11.

In this section we will prove Theorems 4.7, 4.8, and 4.11. In order to handle
both cases at the same time, we will let 2 be defined as in (4.12a) when &
contains an irreducible factor of type Ao, k > 1. If ® contains no irreducible
factors of type Ao we set Q = Ge.

Let ¢ € T(®). Fix a set of positive roots &1 and define p(®*, ) as in
(4.6). If ® contains no irreducible factors of type Asgx,k > 1, p(®T, ) is
in the root lattice of ® by [H4, Theorem 5.7]. Thus e?(*"#) gives a well-
defined character of Bc = Bc N 2. Otherwise, we can define eP(®9) on
BeNQ as in (4.14) using Lemma 4.10.
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Now for b € B N, we can define
(5.1a) A®T,0,b) = A(®T :b)"1 Al(pt 1 b) e P79 (b);

(5.1D) 5(®F,0,0) = |A@F, 0, b)| A(PF, 0,0) .
Then as in [H4, Lemma 6.6], we have
(52) Dg(b) = ‘A((I)+7 @, b)| = 5(@+7 1) b) A((I)+7 ©,b),b € B/C na.
Lemma 5.1. Let p € T(®),b € BENQ N € L'y. Then for any choice ®F
of positive roots for @,

ex(A) (Lift2TY)(b)

=@ N e(p: ) D> A@F wb) Tt ) (wb)

weW (®,p,b)
' 5((I)+7 ®, wb) E(A : ()Dib)v
where
W(®,p,b) ={we W(®): wbe B(p)}.

Proof. Since b € B¢, by Lemma 4.4 we can take X, c(b) = {wb} where
w runs over a set of coset representatives for W(p)\W(®). Now using the
definitions (4.4) and (4.10) we have

ex(A) (Lift3TY)(b)
=e(®@T: X)) e(pT ) e(p: @T) Z Dg(wb) Ty (wb).
weW (p)\W(®)

But 7Y (wb) = 0 unless wb € B(yp), that is w € W(®,,b). Since B(yp)
is invariant under W(y), we will have w € W (®, ¢, b) if and only if vw €
W(®,p,b) for all v € W(p). Let w € W(®,¢,b). Then by (4.7) or (4.15),

DY (wb) T (wb)
=e(pT N Z Di(vwb)A’(cp+ : vwb) e PP (vwb) E(A - o).
vEW ()
Now, for all v € W (), using (5.1) and (5.2),
Dg(vwb) A (o vwb) ™t e*P¢ (vwb)
= 5(®T, o, vwb) A (BT, vwb) ™t P (vwb).
Thus
ex(A) (Lift3T¥)(b)
=e(®T:)) e(p: @T) Z Z §(®F, p, vwb)
weW (@)\W (2,,b) vEW (p)
CA(@F vwb) T AP (vwb) E(N ;o )

vwb
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=e(®T:N) e(p: 1) Z §(®, p, wh)
weW (®,p,b)

AT wb) T AP (wb) TN o).

For b € B, define
(5.3) T(®,0) ={peT(®):be B(p)}.
Lemma 5.2. Letb e BENQ, A € L. Then for any o € T(P),

> g (Lift2TY) (D)

0eT(®)
= (Lift$, S{°)(b)
=e(@:)) ) A(@ 1 AP (wb)
weW (P)
Y el @) 8T, 0, wb) TN ).
€T (P,wb)

Proof. For any ¢ € T(®),w € W(®), w € W(®,p,b) if and only if ¢ €
7 (®,wb). Thus using Lemma 5.1 we have

> ep(n) (Lift2TY) (b)

pET (D)
=¢(®T: )) Z elp: ®T)
pET(P)
Z 5(®F, o, wb) A'(®T : wb)™t e*P(wb) E(\ o)
weW (P,p,b)
e(®T N Z A( ~L AP (wb)
weW (®)
Z e(p: ®T) 5(@T, 0, wb) 2\ : ¢1).
€T (P,wd)

Further, since lifting is clearly linear, we have using definition (4.11) or
(4.16)
(Lift3, SL0)(b) = (W (D,00)] 7" Y el (sA) (Liftd, TH) (D).
SEW(®)

Fix s € W(®). Then, using Lemma 5.1 to evaluate e 5 (8A) (Llft:I;OTf)\O)(b)
with the positive roots s®*, we have

ey (sA) (Liftd TH)(b)
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=e(s®1 : sN) e(ipg : sT)
Z A (sdF : wb) ™! esx_p(sqﬁ)(wb)
weW (2,00,b)
- 3(5D7, po, wb) T(sA 1 (p0),)-
But it is easy to check that
(s :s\) = (@ : N), A/(s®T:wb) = A(®T : s wb)
5(s®T, g, wb) = 6(®T, s g, s Lwd).
Further, by [H4, Lemma 5.4] and (2.8d),
e(s®F 1 pg) = (@1 : 57 pg), E(sA: (¢0)ity)
=2 s (po)ly) =X : (57 Tp0) o y)-
Thus we have

630(3)\) (LlftgoTsﬁ\O)(b)

=@ N e(sTlpo @) Y A(@FsThwb) T AP (57 wb)
UJGW( »P0, )
-5(<I>+,871g00,571wb) c(A:(s™ cpo) —lwb)

But w € W(®,¢g,b) if and only if wb € B'(yp) if and only if s~ twb €
B'(s7Y¢g) if and only if s~tw € W(®, s 1¢g,b). Thus

ego (sA) (Llftffo T2)(b)

= (@t \) e(s g BT ST A@t swh) Tt AP (wh)
wEW (@, 1¢g,b)

-5(<I>+,s_1<po,wb) E()\ : (s_lwo):;b)

= eg 1, (N) (Liftg 1, Ty #)(b

)
by Lemma 5.1. Now every ¢ € 7 (®) is of the form s~ 'q for some s € W (®),
and when we sum over s € W(®), each ¢ € T(®) occurs [W (P, ¢p)] times.
Thus
(Lift3, S)0) = > ep(A) (Lift2TY)(b).
p€ET (D)
O

Let ¥ be any root system. We define rank 7 (¥) to be the common rank
of all ¢p € T(¥). Then rank 7(¥) < rank ¥ and the two are equal just in
case VU is spanned by orthogonal roots. We let 75,s(¥) denote the set of all
root subsystems 1) C ¥ such that

(i) every irreducible factor of ¢ is of type A; or Bo;

(ii) rank ¢ = rank 7 ().

Then T (¥) C Taug(¥). Suppose that ¥ is irreducible. If two-structures of ¥
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are of type AY, then Toue (V) = 7 (V). However if two-structures of ¥ contain
irreducible factors of type Ba, then 7(¥) is a proper subset of Zoug(¥),
since T,ug(V) contains all root subsystems of W of type Bj x Af,2r + s =
rank 7 ().

Define 7 (®,b),b € Bc, as in (5.3).

Lemma 5.3. Let ¢ € T(®),b € B(®). Then ¢ € T(®,b) if and only if
PN @ € Toug(Pyp).

Proof. Let b € B'(®),p € T(®), and let 1) = &, Np. Then every irreducible
factor of 1 is of type A1 or By. Further, ®, is spanned by strongly orthogonal
roots, so that rank 7 (®p) = rank ®;. Thus ¢ € Toue(Py) if and only if rank
1 = rank Py,

Suppose that ¢ € 7(®,b). Then b € B(y), so there is S € SOc¢(p)
such that b = texp(iH) € B(S). As in the proof of Lemma 4.5, there is
S" € SO¢(®) such that [S] = [9'],tg = tg, and b € B(S’). Thus rank
P, =[] = [S]. Now for a € S,tg € T, e*(ttg) = 1 since ¢t € T and
to € TY, :Tg. Thus S C ®p, and so S C ¥ = ¢ N Py. Thus [S] < rank ¢ <
rank ®, = [S], and ¢ € Toug(Pyp).

Now suppose that ¢ € T,ue(Pp). Let S be a basis for ¢ consisting of one
root from every irreducible factor of v of type A; and two long orthogonal
roots from every irreducible factor of i of type By. Since rank ¢ = rank
®y, we know that [S] = rank ®;. Further, S is strongly orthogonal in .
Suppose that S is not strongly orthogonal in ¢. Then there are a,3 € S
with a + 8 € p. But a,0 € &, a + 3 € & implies that a + 3 € &;. Thus
a £ (8 € 1. This contradicts the fact that «, 3 are strongly orthogonal in
. Thus S € SOc¢(p). Since b € B(®P) there is S € SOc(P) so that
b=texp(iH) € B(S"). Now since S C ¥, e*(t) = 1 for all @ € S. Thus
t € Tsl. Further, since S and S’ are both orthogonal subsets of ®, with
[S’] = [S] = rank @y, they must have the same linear span. Thus bg = bg/,
and so b € B(S) C B(yp). O

For b € B'(®) N Q and ¢ € Toye(Pp), define
T(2,9) ={p e T(®): pN Py =9}
By Lemma 5.3,
(54) T(@v b) = UweTaug(cbb) T((I)v¢)

Lemma 5.4. Letb € B'(®)NQ and ¢ € Taug(Py). Then for any choice
of positive roots for @,

Z e(p: @) 6(DT, p,b) = {

pET(P,9)

(@) if e T(Pp);
0 if o & T (D).
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Proof. Fix b € B'(®) N Q and let S € SOc(®) such that b € B'(S). By
Lemma 3.3 there is a real form G of G¢ such that GN Bc = B and S
consists of noncompact roots for G. Thus as in Lemma 3.2 we have b =
yglhyg, h = ta € HL. Now in the notation of [H4, §6], we have §(®*, ¢, b) =
§(®*,p,h),®, = ¥, and ®;7 = (k). Thus the lemma follows directly
from [H4, Lemma 7.2]. O

Finally, we will need the following theorem which was proven in [H1,
Theorem 1]. Let E be a real vector space, let ¥ C E be a root system
spanned by strongly orthogonal roots, and let ¥ be a choice of positive
roots for W. Let E/(¥) ={A € E:< \,a>#0V a € U}.

Theorem 5.5. For all A € E'(V),
AT = Y (U EA YN,
YeT (¥)
Proof of Theorems 4.7, 4.8 and 4.11. By Lemma 5.2, Theorems 4.7 and 4.8
are equivalent and the two parts of Theorem 4.11 are equivalent. Since both

sides are class functions on G5 N €, it suffices to prove the theorems for all
b € B N Q. Then using Lemma 5.2, for any b € BS N Q, we have

ST @LETY)B) = (@A) D A(@F swb) Tt AP (wh)x
0eT (D) weW (P)
Z e(p: @T) 5(@T, o, wb) e(X: ¢1).
€T (P,wb)

Suppose that b ¢ B”(®). Then T)\(b) = 0. Let w € W(®). Then
wb ¢ B(®) so that wb € B(p) for all ¢ € T(®) by Lemma 4.5. Thus
T (@, wb) = 0, so that

> gV (Lift2TY) (b) = 0.
pET (D)
Now suppose that b € B”(®). Comparing the formula from Lemma 5.2

to that for T)(b) in (2.11), we see that it is enough to prove that for all
w e W(P),

D el @) 52T, o wb) e(A s pf) =T(A: D).
peT (P, wd)
Equivalently, we must show that for all b € B”(®) N,
DT elp:@Y) 6@, 0,b) TN ) =2(A: D).
€T (P,b)

Fix b € B"(®)NQ. For every ¢ € T(®,b), we have ;" = oN®;" = NP}
where 1) = ¢ Ny € Toue(Pp) by Lemma 5.3.
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Thus for any choice @ of positive roots and any A € L5, using (5.4) we
can write

Z e(p: @) 5(®T, 0, b) (N : <,0b+)

€T (P,b)
= > eA:vndf) D elp: ) 52T, 0,b).
Y€ Taug (@) PET (2,1)

Now by Lemma 5.4 and Theorem 5.5,
doooEhivndf) > e(p:@Y) 5T, p,b)

YE€Taug(Ps) PET(®,3))
= Y o)Ay n®))
YET (Py)
=c(\: ®)).
O
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