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We will show that if ug € L? (R?) for some constant p >
1,0 < uo < (2/8)]2]=2 and wo(@) — (2/8)(|=f? + k)~ €
L'(R?) for some constants 3 > 0, k¥’ > 0, then the rescaled
function w(z,t) = e?Ptu(ePlz,t) of the solution u of the Ricci
flow equation u; = Alogu, u > 0, in R? x (0,00), u(x,0) =
up(z) in R?, will converge to ¢gr,(x) = (2/8)(|z|* + ko)~ in
L'(R?) as t — oo where ko > 0 is a constant chosen such that
fR2 (uo — ¢8,k,)dxr = 0. Moreover if ug satisfies in addition
the condition ¢gr, < uo < ¢Pg,k, for some constants k; > 0,
k2 > 0, then w will converge uniformly to ¢z, on every
compact subset of R? as t — co.

In this paper we will study the asymptotic behaviour of solutions of the
following degenerate parabolic equation

{ut:Alogu,u>0 in R? x (0, 00)

(0.1) u(z,0) = up(z) Vz € R?

as t — oo where ug satisfies the condition

0 <wp < (2/6)|z|7% uo € LY, (R?)
ug(x) — (2/B) (2> + ¥)~' € LY(R?)

for some constants p > 1, > 0, k¥ > 0. Recently there is a lot of interest
on the above equation. [ERV1], [V], [H1], [COR] It arises as the singular
limit of the famous porous medium equation [H2]

o[
m

as m — 0. We refer the reader to the survey papers of Aronson [A] and
Peletier [P] for various results on the above porous medium equation. As
shown by L.F. Wu [W1], [W2] Equation (0.1) also arises as the conformal
factor of the metric on a complete manifold on R? evolving by the Ricci flow.
Recently P.L. Lions and G. Toscani [LT] and T. Kurtz [K] have shown that
(0.1) also appears as the singular limit for finite velocity Boltzmann kinetic
models.

(0.2)
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Existence of multiple solutions of (0.1) which extinct in finite time as well
as the existence of a global infinite mass solution has been shown first by
P. Daskalopoulos and M.A. Del Pino, [DP]. Existence of multiple solutions
of (0.1) which extinct in finite time for ug € L'(R?) N LP(R?) for some
constant p > 1 was also proved by K.M. Hui [H1] and for radially symmetric
up € L'(R?) by J.R. Esteban, A. Rodriguez, and J.L. Vazquez, [ERV2].
Regularity and some other properties of solution of (0.1) have been obtained
by S.H. Davis, E. Dibenedetto, and D.J. Diller in the papers [DD] and
[DDD)]. Existence and uniqueness of global solution of (0.1) satisfying

I t
(0.3) lim inf M > —2 uniformly in [t1,ta] Vie >t >0
T—00 logr
and
(0.4) wp < %

in R% x (0,00) under the very general condition

(0.5) ug & LY (R?),up € L? (R*),up >0, for some p > 1

loc

was recently proved by S.Y. Hsu, [Hsl]. Existence of solution of (0.1) was
also proved by L.F. Wu [W1], [W2] for ug ¢ L'(R?) and satisfying some
geometric conditions. L.F. Wu also showed that under proper rescaling
some rescaled function of the solution of (0.1) will have a subsequence that
converges to a soliton solution of (0.1) of the form

2

(0.6) Vg r(,t) = B[22 + ke2t)

for some constants 8 > 0, k > 0, as t — oc.

In this paper we will use a modification of the dynamical system approach
of J.T. Chayes, S.J. Osher, and J.V. Ralston, [COR] to prove that the
rescaled function

(0.7) w(z,t) = e?Plu(ellz, t)

of the solution w of (0.1) satisfying (0.3), (0.4) with initial value ug satisfying
(0.2) will converge in L!(R?) to some function ¢z, given by

2

(0.8) Ppk(z) = D)

as t — oo where the constant ky > 0 is uniquely determined by the equation

0.9) /R (o~ 95, = 0.
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In other words when the initial value ug satisfies the condition (0.2), the
solution u of (0.1) will tends to the soliton solution g, of (0.1) for some
constant kg > 0 satisfying (0.9) as t — oco. We will also show that if ug
satisfies in addition the condition

(0.10) Gp <uo < dgk, in R’

for some constants k1 > ko > 0, then w will converge uniformly to ¢g 1, on
every compact subset of R? as t — oo.

The plan of the paper is as follows. In Section 1 we will give a new proof
for the existence of solution of (0.1) with initial value ug satisfying (0.2) by a
method different from that of [Hs1]. We do this by approximating solution
of (0.1) by Dirichlet solutions of (0.1) in bounded cylindrical domains. We
then use a modification of the dynamical system approach of [COR] to
construct an appropriate Lyapunov functional for Equation (0.1) from the
approximating solutions obtained in Section 1. The convergence result will
then follow immediately from the form of the Lyapunov functional.

We first start with some definition. We say that u is a solution of

(0.11) up = A log u

in R? x (0,7) if u > 0 in R? x (0,T) and is a classical solution of (0.11) in
R? x (0,T). For any ug € Li (R?), up > 0, we say that u is a solution of
(0.1) if u € C([0,00); Li .(R?)) and u is a solution of (0.11) in R? x (0, cc)
with [[u(-,t) —uo()|[z1(x)y — 0 as t — 0 for any compact set K C R2%. For
any R > 0, T >0, n € Z*, we let B = Br(0) = {z € R" : |z| < R},

L =Brx(0,T), and Qg = Bg x (0,00). For any ug € L*(Bg), ug > 0,
ug # 0, and g € C*(0BRr x [0,00)), g > 0 on OBg x [0,00), we say that u
is a solution of the Dirichlet problem

ur = A(log u) in Bg x (0,00)
u>0 on B x (0,00)
u(z,t) = g(x,t) on dBR % (0, 00)
u(z,0) = ug(x) Vx € Br

(0.12)

if u € C°(Bg x (0,00)) satisfies (0.11) in Qg in the classical sense with
u(x,t) = g(x,t) on IBR x (0,00) and u(-,t) — wp in distribution sense as
t — 0. For any set A, we let x4 be the characteristic function of the set A.

Section 1.

In this section we will prove the existence of solution of (0.1) by approxi-
mating the solution of (0.1) by solutions of the Dirichlet problem (0.12) in
bounded cylindrical domains. We will assume that ¢z is given by (0.8) for
the rest of the paper. We first recall a result of [Hs1]:
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Theorem 1.1 (Theorem 1.5 of [Hs1]). Ifui, ug, are solutions of (0.1) sat-
isfying (0.3), (0.4) with initial values up1 < uo2, then uy < ug. In particular
if up,1 = uo,2, then u; = ua.

By Theorem 1.4 of [Hs1] and Theorem 2.1 of [ERV 3| we have:

Theorem 1.2. Let uy, uz, be solutions of (0.1) satisfying (0.3), (0.4) with
initial values up1 and ug2 respectively. If up1 — ug2 € LI(RQ), then

lui(+t) —u2(-, )l L1 (rey < lluoa — woz2llpirzy VE> 0.
Theorem 1.3. Suppose uy € L°(R?) satisfies the condition
(1.1) up(z) > dppp(r) Vo€ R?
for some constants f > 0 and k > 0. Then for each R > 0, there exists
a solution ugr of (0.12) in Qr with g(z,t) = Ygr(x,t) on IBr x (0,00)
satisfying (0.4) and
(1.2) UR = UR = ¢g}k m @ VR > R>0.
Moreover {ur}r>pr, will increase monotonically to the unique solution of
(0.1) satisfying (0.3), (0.4) as R — oo.

Proof. Since the proof is similar to the proof of Lemma 1.3 of [Hs1], we will
only sketch the proof here. We first observe that since 13 satisfies

(Vpr)e < % in R? x (0,00),

by the proof of Lemma 1.3 of [Hs1] for each 0 < € < 1, R > 0, there exists
a solution up . of (0.12) in Qg with initial value ug(x,0) = ug(x) + € and
boundary value g(x,t) = ¢gx(x,t) on 0Br x (0,00) satisfying (0.4) and
(1.3)

min(e, 5 4(R, T)) < upe < max(|Juol| g g2y + 1, $px(R)) in Qf VT > 0.

Moreover up . will decrease monotonically to a solution ugr of (0.12) in
Qr satisfying (0.4) with initial value ugr(z,0) = up(x) and boundary value

g(z,t) =Yg r(x,t) on 9BR x (0,00) as € — 0. Since g, also satisfies (0.11)
in QR, by (1.1), (1.3) and the proof of Lemma 2.3 of [DK] we have

(1.4) Ure > i Qr
=  UR > Yk in Qr ase— 0.
By (1.4) for any R’ > R > 0, we have
up e(x,t) > VYgp(x,t) =ure(zr,t) V(z,t) € 0BR x (0,00).
Hence by Lemma 2.3 of [DK] again we have
upe < up e < max(||ugllpee(rey + 1, dpk(R))
inQr V0<e<1,RR>R>0
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= ur < up < max(|Jug||poo(r2y + 1, o5 (R))
inQr VR >R>0 ase—0.

Thus ug will increase monotonically to a solution u of (0.11) in R? x (0, 00)
satisfying (0.4) and

(1.5) u(w,t) > g r(z,t) VY(z,t) € R* x (0,00)

as R — oo. By (1.5) u satisfies (0.3). By the same argument as proof of
Lemma 3.6 of [H1], u(-,t) — ug in distribution sense as ¢ — 0. By Lemma
3.2 of [H1] u(-,t) — ug in L}, (R*) as t — 0. Hence by Theorem 1.1 u is the
unique solution of (0.1) satisfying (0.3), (0.4) and the theorem follows. [
Theorem 1.4. Suppose ug satisfies (0.2) and upj; = UoXR2\B; T 98,jXB;
U jm = UOXA,. + P3XB; + Pp1/mXEm where Ajm = {x € R* : ¢gj(x) <
uo(2) < ¢p1/m(@)}, B = {z € B? : uo(z) < ¢p,(x)}, En = {z € R?:

uo(z) > ¢g1/m(x)}, for all j;m = 1,2,.... If uj,;, is the unique solution
of (0.1) satisfying (0.3), (0.4) with initial value ug jm given by Theorem 1.3,
then for each j = 1,2,... wuj,, will increase monotonically to the unique

solution u; of (0.1) satisfying (0.3), (0.4) with initial value ug; as m — 0o
and uj will decrease monotonically to the unique solution u of (0.1) satisfying
(0.3), (0.4) with initial value ug as j — oo.

Proof. By Theorem 1.3 for each j,m = 1,2,..., there exists an unique
solution w;,, of (0.1) satisfying (0.3)(0.4) with initial value wgj,. Since
Uo,jm < o jm+1 for all jym =1,2,..., by Theorem 1.1 u;;, < Ujm1 for

all j,m =1,2,.... Since
Ug,j = UoXR2\B; T P8,;XB;
= ub;=ubxpap, + G xs <uf+dh, Vi=1,2,...,

by the same argument as the proof of Theorem 2.1.1 of [Hs2] for any R > 1,
there exists a constant C'y > 0 depending only on R and p such that

1/p 1/p
</ uj,m(:n,t)pd:n> < (/ ug7j7mdx> + Cht
BQR B3R
1/p
< (/ u&daz) + Chit
Bsgr

1/p 1/p
< (/ ugdx) + < qﬁg,ld&") + Cit
Bsgr B3r

holds for all j,m =1,2,..., ¢t > 0. By the L? — L™ regularity result of [H1],
for any 7" > t; > 0, R > 1, there exists a constant C > 0 depending only
on R, t1, and fng ubdx such that

0 <ujm(z,t) <Cy Viz|< Rt <t<T,jym=12....
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Hence for each j = 1,2,..., uj,, will increase monotonically to a solution
u; of (0.11) in R? x (0, c0) satisfying (0.4) as m — oo. Since u; > u;; and
uj1 satisfies (0.3), u; will also satisfy (0.3). By the same argument as the
proof of Theorem 1.2 of [Hs1] u;j(-,t) — ug in L{ (R?) as t — 0. Thus for
each j = 1,2,..., u; is the unique solution of (0.1) with initial value ug ;
and satisfying (0.3), (0.4).

Since uyg satisfies (0.2), ug will satisfy (0.5), by Theorem 1.2 of [Hs1] and

Theorem 1.1, there exists a unique solution u of (0.3), (0.4) with initial value

value ug. Since ug; > ugj+1 > ug for all j = 1,2,..., by Theorem 1.1 we
have
(16) uj2uj+12u V]:’L,Q,

Hence u; will decrease monotonically to a solution @ of (0.11) satisfying (0.4)
in R? x (0,00). Letting j — oo in (1.6), we get & > u. Since u satisfies (0.3),
u will also satisfy (0.3). By the same argument as the proof of Theorem 1.2
of [Hsl1], u(,t) — ug in L (R?) as t — 0. Hence U is the unique solution
of (0.1) with initial value uy and satisfying (0.3), (0.4). Thus u = u and the
theorem follows. U

Section 2.

In this section we will use a modification of the dynamical system approach of
[COR] to prove the large time behaviour of solution of (0.1) with initial value
satisfying (0.2). We will do this by constructing an appropriate Lyapunov
functional for (0.1). We first assume that ug satisfies (0.10) and let u be
the solution of (0.1) given by Theorem 1.3 which satisfies (0.3), (0.4). We
will also let w be given by (0.7) for the rest of the paper. Since v3, is the
solution of (0.1) satisfying (0.3), (0.4) with initial value ¢gj, by Theorem
1.1 and (0.10) we have

(2.1)  WYpp <u<VPpr, = Ok <w< gk, in R x (0,00).
Since wu satisfies (0.1), a direct computation then shows that w satisfies
(2.2) wy(z,t) = Alogw(x,t) + Bdiv (w(z,t)x) in R x (0,00).
Let v = w — ¢g,- Then v satisfies

(2.3) vy = Ala(z,v(z,t))) + Bdiv (v(z,t)z) in R* x (0,00)

and
(2.4)
2(k1 — k2)
2|? + k1) (|2|* + k2)

0<v< d)ﬂ,lm - ¢,5,k1 = ﬂ( € Ll(R2) in R2 X (07 OO)
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where

a(z, 1) = log(p + dp k() — log(Pp.k, (2))-
We would then like to find functions b(x, ) > 0, F/(z, 1), which satisfies the
following equation

(2.5) Vi{a(z,v(x,t))} + po(z,t)x
= b(z,v(z, 1))V F(z,v(z,t))} V(z,t) € R* x (0,00).
For each z € R? and 0 < k < k1 we let

(2.6) 2(z, k) = g () — dpk ().

Then for each z € R?, z(z,k) is a strictly monotone decreasing smooth
function of k. Hence for each z € R%, p € [0,(2/8)|z|2 — ¢k, (x)), there
exists a unique k(u) € (0, k1] such that p = z(z, k(p)) and k(p) is a smooth
function of p € [0, (2/8)|z|72 — ¢p, (7). We can then let F be defined by

@7)  Flon) = bi—k() 20 Y0 < < (2/8)[e] % — 4 (0).
Then
(2.8) F(z,z(z, k) =k —k YO<k<k

and F(z,p) is a smooth function of (z,pu) € {(x,pu) : 0 < u(2/8)|z|~2 -
¢a .k, (x)}. A direct computation shows that

(2.9) Vela(z, z(z, k)} + Bz(z, k) =0 Vz e R%0<k < k.
Differentiating (2.8) with respect to z; for i = 1, 2, we get
(2.10) Fp(x,2(x, k) + Fu(z, 2(x, k)20, =0 Vi=1,2.
By (2.9) we have
(2.11)  ag(z, 2(z, k) + au(z, 2(x, k) 20, + B2z(z, k)2 =0 Vi=1,2.
Eliminating z;, from (2.10) and (2.11),
(2.12) au(x, 2(z, k) Fy, (x, 2(z, k))
= (ag,(x, 2(z, k) + pz(x, k) Fu(z, 2(z, k) Vi=1,2.

Since v(z,t) satisfies (2.4), for each x € R%, t > 0, there exists ko < k < k;
such that v(x,t) = z(x, k). Hence by (2.12)

(2.13) au(z,v(z,t))Fy,(x,v(z,t))
= (ag; (z,v(z,t)) + po(z, t)x;) F(x,v(x,t) Vi=1,2.
We next observe that (2.5) is equivalent to
ay(z,v(x,t))vs; + ag, (x,v(x, 1)) + Po(z, t)x;
= b, v, ) (Fa, (2,0, 6) + Ful, oz, ))s,)
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for all i = 1,2. Hence (2.5) will hold if both

(2.14) ay(z,v(z,t)) = b(z,v(z,t))F(z, v(z, 1))

and

(2.15)  ag,(z,v(z,t)) + po(x, t)x; = b(z,v(x, b)) Fy, (x,v(z,t)) Vi=1,2
holds. Differentiating (2.8) with respect to k, we get

Fu(x,z(x,k))%(x,k) =-1
-1
=  Fu(z,2(z,k)) = —(g;) #0 by (2.6).
So we can let
(2.16) bz, p) = au(@, p)(Fu(z,p) ' = *au(%Z(%k(ﬂ)))%(%k(u))

0
— —%(a(x,z(l’vk)))

k=k(u)

0
= ——(log g —logds.r,)
Ok k=k()
_ 1
2| + k()

With such choice of b, (2.14) holds. By (2.12)(2.14) we see that (2.15) also
holds. Hence (2.5) holds. We next state a technical lemma.

> 0.

Lemma 2.1. If uy satisfies (0.2), there exists a unique constant kg > 0
satisfying (0.9).

Proof. Since ¢g i — ¢ppr € L'(R?) for any k > 0, k¥’ > 0, by (0.2) we have
up — ¢pr € L'(R?) for all k > 0. Hence for any k > 0 we can define

£ = [ (w0 = 9,
R2
Then for any k > 0, ¥’ > 0, we have

2(k — k) 1
k)= f(k')+ /
JO = IE =2 fo (el + (4 )
Hence f(k) is a continuous strictly monotone increasing function of k > 0.
Since the last term on the right hand side above will tends to —oo or oo as
k tends to zero or infinity, f(k) will tends to negative infinity or positive
infinity as k tends to zero or infinity respectively. By the intermediate value

theorem there exists a unique kg > 0 such that f(kp) = 0 and the lemma
follows. 0

dx.



RICCI FLOW EQUATION 33

Theorem 2.2. If ugy satisfies (0.2) and (0.10) for some constants 3 > 0,
K > 0, k1 > ko > 0, then the rescaled function w of the solution u of
(0.1) satisfying (0.3), (0.4) given by (0.7) will converge uniformly on every
compact subset of R* and also in L'(R?) to Ok, ast — oo where ¢g, 18
given by (0.8) and ko > 0 is a constant uniquely detemined by (0.9).

Proof. We first observe that since ug satisfies (0.10), the solution u of (0.1)
and w will satisfy (2.1). Hence Equation (2.2) satisfied by w is uniformly par-
abolic on Bag x (1/2,00) for any R > 0. By the Schauder’s estimates [LSU]
w is equi-Holder continuous on Bg x [1,00) for any R > 0. Hence by the
Ascoli’s Theorem and a diagonalization argument any sequence {w(-,t;)},
t; — 00 as i — 00, of {w(-,t)} will have a convergent subsequence {w(-,t})}
converging uniformly on every compact subset of R? as i — oco. Without
loss of generality we may assume that {w(+,¢;)} converges uniformly on every
compact subset of R? asi — oo and t; > 1 forall i =1,2,....

Let w(z) = lim;_oo w(z,t;) and T = W — ¢g1,. We claim that W = ¢g 4,
for some constant kg > 0 satisfying (0.9). To prove the claim, we observe
that by Theorem 1.3, u is the uniform limit of the solution ug of (0.12) in
Qr with g(x,t) =Ygk, (z,t) on 0BR x (0,00) as R — oco. Let v = w — ¢g 1,
and vp = wg — gk, where wr(z,t) = e?lup(e’lz,t). Then v satisfies
(2.3) in Dr = {(x,t) : |e’tz| < R,t > 0}. Moreover by (0.10)(1.2) and
Lemma 2.3 of [DK], we have

P81 < WR < DBk,

in Qg.
0 <vr < gk — OB @

(217)  Ypr, Sur <VYsr, = {

Multiplying (2.3) for v = vg by F(x,vr(z,t)) and integrating over the set
DE = {(z,t) : |P'z] < R,1 <t < T}, T > 1, we get after integrating by
parts,

(2.18)

/ G(z,vg(z,T))dx
|z| <Re—AT

// b, v, )|V L F (2, vr(z, 1)} Pdadt
:/ G(z,vg(x,1))dz

|z|<Re~

! 0
+/1 /Iml i b(l',’UR(%',t))F(l’,’UR(I',t))%{F(JJ,UR(J;"t))}do—dt
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where
n
G(z,p) :/ F(z,s)ds.
0
Now for |z| = Re™P t > 0,
vr(z,t) = wr(z,t) — dgr, (v) = eQﬂtuR(eﬂtx,t) — dpk, ()

= €2ﬁt¢577€1 (eﬂtm) - ¢5J€1 (m) - ¢5,k1 (1‘) - ¢ﬂ,k1 (1‘) =0
= F(x,vg(x,t)) = F(x,0) =0 V|z| = Re P!t > 0.

Hence the last term on the right hand side of (2.18) is equal to 0. Since
both F'(z, ) and G(z, ) are monotone increasing functions of u, by (2.17)
we have

(2.19) G(z,vr(7,1)) < G(7, Ppky () — Pp 1y (2))
< (P8 () — gy (7)) F (2, 2(, k2)).

Thus by (2.18), (2.19), we have
/ G(z,vg(x,T))dx
|z|<Re—B?
// b(z,vr(z, )|V { F(x, vr(z, )} 2dadt
</ () B o
R2

(k1 — ka2) 1
= I} /RQ (T2+k1)(T2+k2)dx < oo

Letting R — oo, we get by Fatou’s lemma,

T
(2.20) G(:c,v(ar,T))da?—i—/l /R2 b(z,v(x, 1)) |V {F(z,v(x,t))}|*dedt

RQ

(k1 ko) / 1
<
o (124 k1) (12 1 k:g)dx <0

N / / (2, 0(2, ) Vo { F (2, v(x, 1))} 2dadt

dr < oo asT — oo.

— ko)? /
- /3 Rz (r? + kl)(ﬂ + k2)
We next claim that for any L > 0, {t;} has a subsequence {¢;} such that

(2.21) / Wl )T P vl ()P 0 s o
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Suppose the claim is not true. Then there exist L > 0, § > 0, such that
(2.22) / b(x,v(x, ;)| Vel F(z,v(z,t;))}de >6 Vi=1,2....
|z|<L

Since by (2.1), for any R > 0 (2.2) is uniformly parabolic on Bag x [1/2, 00),
by standard parabolic theory [LSU], w, Vw, d,,0yw, are uniformly bounded
on Brx[1,00). Thus v, Vv, and 8,,0;v are uniformly bounded on K x [1, 00)
for any compact subset K C R?. Hence

sup
t>1

(9t/ b(z,v(z,t) |V {F(z,v(z, )} dz| < C < .
|z[<L

Thus
/|<L b(z, v(x,1))| Vo { F(z, v(2, 1))} da

is a uniformly continuous function of ¢ € [1,00). In particular there exists
0 < e < 1/2 such that

(2.23)

/||<L bz, v(x, 1) [V {F (z, v(z, 1) }*do

—/ b(a:,v(:z,t/))\VI{F(:E,v(x,t/))}lzdx
|z|<L
<§/2 vt >1,t—t|<e.

By (2.22), (2.23), we have
(2.24)

b(z,v(x, )|V {F(z,v(z,t))}2de > 6/2 Vt—t;| <ei=1,2....

lz|<L

By passing to a subsequence if necessary we may assume without loss of
generality that

ti22,‘ti—tj|22€ Vi,j:1,2,....

Integrating (2.24) over (t; —€,t; + ) and summing over i = 1,2,..., we get

[ bl DIV F ol ) oo
1 |z|<L

>
=3

i—¢&

t;+e
/| - b(z,v(x, 1)) |V {F(z,v(z, )} dxdt

> i5/2-25:oo.
i=1
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This contradicts (2.20). Hence {¢;} has a subsequence {t/} such that (2.21)
holds. We next observe that since v(-,t;) = w(-,t;) — ¢gx, converges uni-
formly on every compact subset of R? to ¥ as i — 0o, by (2.4) we have

(2.25) v(-t;)) =7 in LY(R?) asi— oo
= vdx = lim v(x,t;)dz.
R2 1—00 JR2

Now let n € C§°(R?), 0 < 1 < 1, be such that n(z) = 1 for |z| < 1
and n(z) = 0 for |z| > 2 and for any R > 1, let nr(x) = n(z/R). Then
|Vngr| < C/R, |Angr| < C/R?, for some constants C' > 0. Multiplying (2.3)
by nr and integrating by parts, by (2.4) we get

| o tma@de = [ o0tz

// a(z,v(z,s))Ang(z dxds—ﬁ// v(z,s)Vng - xdzds
Baop Bagr
[ vt tinteas ~ [ ot 0o
R? R2
C t
< 2/ / (logw — log ¢g i, )dxds
R* Jo Jr<|z|<2R
t 1
+ C/ / dxds
0 Jr<|z|<2r (|2[* + k1)(|z[* + k2)

C /t/ Ct
< = log ¢k, — log ¢ i, )dxds + —;
R2 R<\x|<2R( B,k2 k1) R2

C / / < k1 — ko > Ct
< = 1+ dzds + —
R? R<\x|<2R 2|? + R?

SOf [ ok, o
TR R<|z|<2R \95,2 + k2 R?

"
<Ct VR>\/]€1.

Letting R — oo we get

(2.26) /R2 v(z,t)dr = /R2 v(z,0)dz Yt >0

= vd:v:/ v(z,0)dz by (2.25).
R2 R2

By (2.4) for each x € R?, i =1,2,..., we can choose a constant k! € [k, k1]
such that
U(:E, t;) - Z($> k;)
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Then by (2.16) we have
1 1
= >
‘$|2 -+ k?,: — L2+ k1
Hence by (2.21), (2.4), and Fatou’s lemma, we have

b, v, 1)) = bla, 2(x, k) Vie| < Li=1,2,....

/ |V AF(z,v(z,t)}dz -0 asi—oo VL>0
|z[<L

= |V A{F(z,5(z))}?dz =0 VL >0

lz|<L

= F(z,0(x) =k —kg>0 VzeR?

for some constant ko € [ko, k1]. Since for each z € R?, F(z, i) is a strictly
monotone increasing function of p and F'(z, z(x, ko)) = k1 — ko, hence

() = 2(2,ko) = b (¥) — dpk, (x) Vo € R

N fm(‘%‘ﬁo - ¢ﬁ7k1)d$ = fRQ vdr = fR2 v(z,0)dr = fR? (uo — ¢ﬁ7k1)d$
w= ¢,@,k0

= / (uo — qb@ko)div =0.
R?

Thus ko satisfies (0.9). By Lemma 2.1 the constant ko > 0 is uniquely de-
termined by (0.9) and is independent of the sequence {¢;}. Hence w(z,t) —
®8 ko (x) uniformly on every compact subset of R? and in L'(R?) as t —
Q. U

Theorem 2.3. If ug satisfies (0.2) for some constant 5 > 0, k' > 0, then
the rescaled function w of the solution u of (0.1) satisfying (0.3), (0.4) given
by (0.7) will converge to dgk, in L*(R?) ast — oo where gk, is given by
(0.8) and ko > 0 is chosen such that (0.9) holds.

Proof. We will use a modification of the proof of [Z] to prove the theorem.
Let Ajm, Bj, Enm, uoj, uojm be as in Theorem 1.4. Then by Theorem 1.4,
for each j,m = 1,2, ..., there exists an unique solution u;,, of (0.1) satisfy-
ing (0.3), (0.4) with initial value ug j, such that for each j =1,2,..., ujm
will increase monotonically to the unique solution u; of (0.1) satisfying (0.3),
(0.4) with initial value ug ; as m — oo and u; will decrease monotonically
to the unique solution u of (0.1) satisfying (0.3)(0.4) with initial value ug as
j — oo.
Observe that for all m > 1/K', j =1,2,...,

|0,5,m — u0,5| < (W0 — Dg,1/m)XEnm
< |uo — dpur|XE,, < |uo— dpw| € L'(R?)

= |uo,j,m - Uo,j| —0 ae z€R?> asm— o0
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and
uo,; — uo| < (dp,; — wo)XxB; < |dgr — uolxs,
<|pp —uol € L*(R?) Vj>K
= ‘Uo,j—uof —0 ae xz€R? as j — oo.
Hence by the Lebesgue dominated convergence theorem,
(2.27) [10,j,m — wo,jll L1 (r2) — O asm— o0 ¥j=12...
||U0,j - UOHLI(RQ) — 0 as jJ — oQ.

Let wj ,,, and w; be given by (0.7) with u replaced by w; ., and u; respectively.
By Theorem 2.2, for each j,m = 1,2... there exist a unique constant k;,
satisfying

(2.28) / (uwo,j,m — ¢ﬁ7kj,m)dx =0
R2

such that w;,, will converge uniformly to ¢gg, , on every compact subset
of R? and also in L'(R?) as t — co. We claim that for any j > k', there
exists constants Ca ; > C7 ; > 0 such that

(229) Cl,j S k:j,m S 027]' VYm = 1, 2, cee

Suppose not. Then without loss of generality we may assume that there
exists j > k' such that either

(2.30) kjm — 00 asm — oo
or

(2.31) kjm — 0 asm — oo.
Now by (2.27) and (2.28) we have

(2.32)

/ (u(),j,m — ¢57k/)dx + / (¢B,k’ — ¢,B,kj,m)d$ =0 Vm=1,2,...
R2 R2

= / (uo,j — dpp)dz + lim / (Ppk — OBk )dr =0 as m — oo.
m—oo [p2 ’

Now by (0.2),

}/ ug,j — Gpp)de _/ !Uo—¢ﬁ,k'|d$+/ |98, — Ppwldr < co.
R2 RQ

By the proof of Lemma 2.1, the second term on the left hand side of (2.32)
is equal to either positive infinity or negative infinity depending on either
(2.30) or (2.31) holds. Hence contradiction arises. Thus (2.29) must hold.
Hence for each j > k', {k;m}5_; will have a subsequence converging to
some constant k; satisfying Ch; < k; < Cqj as m — oo. Without loss of
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generality we may assume that k;,, — k; as m — oo. Letting m — oo in
(2.28), by (2.27) we see that k; > 0 satisfies

(2.33) /R (w0~ G4, )iz = 0.

By repeating the previous argument but with k; replacing k; ,, in the argu-
ment. There exist constants Cy > C7 > 0 such that

Clgkngg Vj>k‘/

and {k;} will have a subsequence converging to some constant kg satisfying
C1 < ko < Cy as j — oo. Without loss of generality we may assume that
kj — ko as j — oo. Letting j — oo in (2.33), by (2.27) we see that kg > 0
satisfies (0.9). By Theorem 1.2 we have

[wjm (5 ) — i )l rey < llwogm — vojllLirey Vi,m=1,2...
i) —u( ) ey < lluoy —wollpyrzy Vi=1,2....
Since
[wjm (5 t) — wi( )l prrey = llwjm(5 ) —ui ()l 1rey Vim=1,2...
[w; (5 t) —w ey = llug (1) —ult)lprrey Vi=1,2...

[w(t) = dp.kollL1(R2)

< lw(t) = wi(- D)l re) + lwi () — wim ()|l L1(r2)
[ wjm(5t) = Dk L1 (R2)
+ 108k — Pk, I (R2) + P88, — PBkoll L1 (R2)

< luo — ol (r2) + w0, — wojmll L1 (r2)
+ [ wjm (5 t) = Gkl (72) + 98,k — Pkl L1 (R2)
+ bgk; — Pokollrrzy Vi>E,m=1,2,...

= limsup [[w(-,t) — Pgkoll L1 (r2)

t—o00
< luo,; — uollr(rey + [[w0,5m — w05/l L1 (R2)
+ 108,k — P8k, |1 (R2) + 1Pk — DB Kol L1 (R2)
= Jlim w(-;t) = ¢pkollLr(rzy =0 asm — 00,j — o0
—00

and the theorem follows. O
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