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For a proper continuous map f : M — N between smooth
manifolds M and N with m = dimM < dimN = m + k,
a homology class 0(f) € HS,_,(M;Z3) has been defined and
studied by the first and the third authors, where H{ denotes
the singular homology with closed support. In this paper, we
define O(f) for maps between generalized manifolds. Then,
using algebraic topological methods, we show that f.0(f) €
He¢,_, (f(M);Z2) always vanishes, where f = f : M — f(M)
and FI: denotes the Cech homology with closed support. As a
corollary, we show that if f is properly homotopic to a topo-
logical embedding, then 6(f) vanishes: In other words, the
homology class can be regarded as a primary obstruction to
topological embeddings. Furthermore, we give an applica-
tion to the study of maps of the real projective plane into
3-dimensional generalized manifolds.

1. Introduction.

This paper is a continuation of the authors’ studies [1], [2], [3], [4], and [5].

Let M and N be topological manifolds' of dimensions m and n re-
spectively and suppose k = n — m > 0. For a proper continuous map
f+ M — N, ahomology class 0(f) € HS,_,(M;Zs) has been defined in
[4, Definition 2.5], where H¢ denotes the singular homology of the com-
patible family with respect to compact subsets (see [21, Chapter 6, §3]),
or equivalently the singular homology based on infinite chains (see [19, §5
and §65]), or equivalently the singular homology with closed support (see
[22, p. 118], [9]). This homology class is a proper homotopy invariant? of
f and has the property that, when M and N are smooth manifolds, if f
is properly homotopic to a proper smooth embedding, then 6(f) vanishes.
Furthermore, when M is compact and M and N are smooth manifolds, if f

'In this paper, all manifolds have no boundary.
2Two proper continuous maps f and g : M — N are properly homotopic if there exists
a homotopy F': M x [0,1] — N between f and g such that F is a proper map.
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is homotopic to a topological embedding® , then 6(f) vanishes (see [4]). For
all these results, the differentiable structures on both M and N have played
an important role, since the technique of generic differentiable maps and the
results due to Ronga [20] about such generic maps have been extensively
used.

In this paper, we consider generalized manifolds and proper continuous
maps between such spaces. Generalized manifolds of dimension m which
we consider in this paper are certain topological spaces M such that for
every © € M, H,(M,M — {x};Zs) is isomorphic to H,(R™ , R™ — {0}; Z2)
(for details see §2). Note that, for such generalized manifolds, the Poincaré
duality holds (see [6], [7], [8], [9]). Such manifolds have recently been studied
extensively; for example, it has been known that there exist generalized
manifolds which are not homotopy equivalent to topological manifolds (see
10}, [11)).

Let f: M — N be a proper continuous map between generalized man-
ifolds with m = dimM < dimN = m + k. Since the definition of the
homology class 6(f) for maps between topological manifolds depends only
on the Poincaré duality, we can define the same class for maps between
generalized manifolds as well. We then study the homology class 6(f) from
an algebraic topological viewpoint, so that we need no differentiability hy-
pothesis on M or N. Our main result is Corollary 3.2, which states that
f0(f) € HE,_,(f(M);Zs) always vanishes, where f = f : M — f(M) and
H¢ denotes the Cech homology with closed support (for example, see [22,
p. 146], [9]). This result implies, as a direct corollary, that if f is a proper
topological embedding, then 0(f) € HS, , (M;Zs) vanishes (Corollary 3.5).
This means that the homology class 6(f) can always be regarded as a pri-
mary obstruction to the existence of a proper homotopy between the given
map f and a proper topological embedding.

Using the above mentioned result, we give various related results as appli-
cations. First, as Corollary 3.9, we show that the top Stiefel-Whitney class of
the stable normal bundle of a proper topological embedding, defined via the
Stiefel-Whitney classes of the generalized manifolds involved, coincides with
the modulo 2 normal Euler class of the embedding (see [12, Chapter VIII,
§11]). Furthermore, we give a new proof of a result of Haefliger [15] (see also
[23]) which states that the i-th Stiefel-Whitney class w;(f) € H(M; Z2) of
the stable normal bundle of a codimension-k proper topological embedding
f + M — N vanishes for all ¢ > k (Corollary 3.10). Then we give an
application concerning continuous maps of the real projective plane into 3-
dimensional generalized manifolds (Proposition 4.2), generalizing results of
[3].

3A continuous map is said to be a topological embedding if it is a homeomorphism onto
its image. In particular, the topological embeddings in this paper may not necessarily be
locally flat.
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We also give some new results about the homology class 6(f) itself. For
example, we show that if the source generalized manifold M is compact and
the closure of the self-intersection set of f has topological dimension strictly
less than m — k, then 0(f) € H,,_(M;Zs) vanishes (Corollary 3.17).

The paper is organized as follows. In §2, we give a precise definition of
generalized manifolds and define the homology class 6(f). We will see that
this class depends only on the map f : M — V, where V is an arbitrary
open neighborhood of f(M) in N. In §3, we show our key theorem (Theo-
rem 3.1) and give various corollaries. Finally, in §4, we give an application
to continuous maps of the real projective plane into 3-dimensional general-
ized manifolds (Proposition 4.2), which can be regarded as a refinement of
a result obtained in [3].

Throughout the paper, homology and cohomology groups always have
coefficients in Zy. The symbol “=” denotes an appropriate isomorphism
between algebraic objects.

2. Preliminaries.

In this section, we give precise definitions of generalized manifolds and the
primary obstruction 6.

Definition 2.1. A locally compact Hausdorff space M is a generalized man-
ifold of dimension m if the following conditions are satisfied.

(1) M is hereditarily paracompact (see Remark 2.2 (1) below).

(2) dimz, M < +oo in the sense of [9] (see Remark 2.2 (2) below).

(3) M is HLCZ, in the sense of [9, p. 35] (see Remark 2.2 (3) below).
(4) Ho (M, M —{z}) = H.(R™,R™ — {0}) for every x € M.

Remark 2.2. (1) A topological space is hereditarily paracompact if every
open subset is paracompact (see [9, Chapter 1, §6]). This condition is neces-
sary in order to guarantee that every open subset of a generalized manifold
is again a generalized manifold.

(2) By [9, 16.14 Theorem, p. 115], dimz, M < +oo if and only if there
exists an [ < +oo such that HF1(U) = 0 for all open subset U of M, where
HY denotes the singular cohomology with compact support.

(3) A topological space X is said to be HLCZ if for each z € X, each
neighborhood U of z in X, and each p, there exists a neighborhood V. C U
of z such that the homomorphism H,(V') — H,(U) induced by the inclusion
is trivial (see [9, p. 35]), where H, denotes the reduced singular homology.
Note that this condition together with the condition (1) implies, in our
situation, that the sheaf theoretic homologies and cohomologies coincide
with the singular homologies and cohomologies respectively (see [9]).

(4) Recall that a topological space X is said to be an ENR (Fuclidean
neighborhood retract) if there exist a subspace Y of some R™ homeomorphic
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to X, a neighborhood V of Y, and a retraction » : V. — Y. If M is an
ENR and satisfies the condition (4) of Definition 2.1, then M is a general-
ized manifold of dimension m. We call such a space an ENR Zs-homology
manifold. In particular, second countable topological manifolds are all ENR
Z>-homology manifolds. Note that a separable metric space X is an ENR
if and only if it is a locally compact ANR (absolute neighborhood retract)
and has finite topological dimension (see [16, Chapter V]). Note also that
the homology manifolds constructed in [10], [11] are all ENR Zs-homology
manifolds in the above sense?

In [6], [7], it has been shown that the Poincaré duality holds for locally ori-
entable generalized manifolds. Furthermore, in [8], every generalized mani-
fold has been shown to be locally orientable. Thus the Poincaré duality holds
for all generalized manifolds (for details, see [9]). More precisely, if M is a
connected generalized manifold of dimension m, then HE, (M) is isomorphic
to Zs and the homomorphisms

~[M] : H'M)— Hj, (M),

~[M] : H{(M)— H,_;(M)
are isomorphisms for all i, where [M] is the generator of HS, (M) and is
called the fundamental class of M (see also Remark 2.3 below). We call the

above isomorphisms the Poincaré duality isomorphisms and denote them by
Dyy.

Remark 2.3. Note that the universal coefficient theorem works for coho-
mology with compact support and homology with closed support. In fact,
for a topological space X, the cup product® is a bilinear map

HY(X)x H(X) — H"(X) or

HY(X)x H/(X) — H™(X) or

HI(X) x Hi(X) — HIY(X),
the cap product is a bilinear map

H'(X) x Hj(X) —

Hl(X)XHJC(X) — Hj

HI(X) x H{(X) — Hj_
and the scalar product (or the Kronecker index)
map

S

X
X

(X)
(X)
(X),
()

J
c

i or

T

i or

, ) is a nonsingular bilinear

H{(X)x H(X) — Zy or
HY(X)x H(X) — Zo.
“In [10], [11], they use integral coefficients in a condition corresponding to Definition 2.1

(4). Thus their condition always implies ours.
®For details, see [22, p. 117] or [14, §26].
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Remark 2.4. Let M be a generalized manifold. Then, by using the Poin-
caré duality isomorphisms together with the Steenrod squaring operation,
we can define the Wu classes of M and hence the Stiefel-Whitney classes by
virtue of the Wu formula (for details, see [18, §11]).

Let M and N be generalized manifolds of dimensions m and n respectively
such that k =n—m > 0 and f : M — N a proper continuous map. Let
us denote by Uy € H¥(N) the Poincaré dual of f.[M] € HS(N); in other
words, f«[M] = Uy —~ [N]. Note that f.[M] € HS, (N) is well-defined, since
f is a proper map (see [22, p. 118]).

Let the total Stiefel-Whitney classes of M and N be denoted by w(M) €
H*(M) and w(N) € H*(N) respectively (see Remark 2.4) and let w(M) €
H*(M) denote the dual Stiefel-Whitney class of M; i.e., w(M) = w(M)~L.
Define w(f) = (f*w(N)) — w(M), which is called the total Stiefel- Whitney
class of the stable normal bundle of f. We denote by wy(f) € H*(M) the
degree k term of w(f), which is the k-th Stiefel-Whitney class of the stable
normal bundle of f.

Definition 2.5. We define

0(f) = (f"Us —wi(f)) —~ [M] € Hy,_.(M).
Note that this is a proper homotopy invariant of f. We also note that when

M is compact, 0(f) is an element of the usual homology group H,, (M),
since we have Hy, (M) = HS _, (M).

The above homology class has been originally defined in [4] and denoted
by 61(f) for proper continuous maps between topological manifolds. In
this paper, we use the notation 6(f) instead of 8;(f), which will cause no
confusion.

The reason why we use the homology class instead of the corresponding
cohomology class is that when M and N are smooth manifolds, 6(f) coin-
cides with the fundamental class carried by the closure of the self-intersection
set of a generic map properly homotopic to f (see [20], [4]).

Many important observations about f*Uy and wy(f) € H*(M) have been
given in [4, §2], although the objects considered there are maps between
topological manifolds. For example, the following lemma has already been
observed in [4] in such situations. Here we give a different proof which works
also for our more general setting. Note that, by Remark 2.2 (1), every open
subset of a generalized manifold is again a generalized manifold.

Lemma 2.6. Let V' be an open subset of N which contains f(M) and con-
sider the map fy = f: M — V(C N). Then 0(f) = 0(fv) in HS,_,(M).

Proof. Let i : V' — N denote the inclusion map and 4 : HX (V) — H}(N)
the natural homomorphism induced by i (for example, see [14, §26]). Fur-
thermore, let ¢ : H{(N) = Hom (H7(N), Z) — Hom (H;(V), Z2) = H{(V)
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denote the dual homomorphism of ;. Then we have the following commu-
tative diagram:

_1 *
He (M) —L He(N)y 22 mRovy L mR)

(2.1) [ i) Lo [
c (fv )« c Dy, k (fv)* k
Hm(M) - Hm(V) —— HYV) —— HYM)

(for example, see [14, §26]). Thus we see that

(2.2) fUp = (fv) Uy,

in HE(M).
Let v denote the total Wu class. Then we have

(2.3) (z —v(N),[N]) = (Sq(), [N])

for all z € HY(N). Let y € H(V) be an arbitrary element. Substituting
x =iy in (2.3), we have

(2.4) (igy — v(N), [N]) = (Sq(igy), [N])-
The left-hand side of (2.4) is equal to
(2.5) (ig(y — "v(N)), [N]) = (y — "o(N), [V]),

and the right-hand side of (2.4) is equal to

(2.6) (1gSq(y), [N]) = (Sq(y), [V])-
Thus we have
(2.7) (y — i"o(N),[V]) = (Sa(y), [V])

for all y € H}(V), which implies that v(V) = i*v(N). Then by Wu’s
formula, we have w(V') = i*w(N). This shows that

(2.8) w(f) = w(fv).
Then Equations (2.2) and (2.8) together with Definition 2.5 show that
6(f) =0(fv)in HS,_,(M). This completes the proof. O

It will be shown in the next section that if f is properly homotopic to
a proper topological embedding, then 6(f) € HS,_, (M) vanishes. In other
words, 6(f) can be regarded as a primary obstruction to the existence of
such a proper homotopy.
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3. Key theorem and corollaries.

In this section, we first prove the following key theorem and give its impor-
tant corollaries.

Theorem 3.1. Let f : M — N be a proper continuous map of an m-
dimensional generalized manifold M into an (m+k)-dimensional generalized
manifold N with k > 0. Then f.0(f) € HS,_(N) always vanishes.

Proof. First recall that
(3.1) FO() = f((FUp —wi(f)) ~ [M])
(32) = [((fUf) ~ [M]) = fulwi(f) ~ [M]),

where wg(f) is equal to the degree k term of (f*w(N)) — w(M). As to the
first term of Equation (3.2), we have

(3.3) L((fUp) ~[M]) = Uy ~ fi[M]
(3.4) = Uy~ Uy ~[N])
(3.5) = Uy —Uy) ~ [N].

On the other hand, as to the second term of Equation (3.2), we have

(3.6) f((ffw(N)) — w(M)) ~ [M]) = f((f*w(N)) ~ (0(M) ~ [M])).

Denoting by D the Steenrod squaring operation on the homology as defined
in [22, p. 152]% | we have

(3.7) @(M) ~ [M] = D[M].

Thus, with the usual Steenrod squaring operation on the cohomology being
denoted by Sgq, the right-hand side of Equation (3.6) is equal to

(3:8) fo((ffw(N)) ~ (@(M) ~ [M])) = [f((f*w(N)) ~ D[M])

(3.9) = w(N) ~ f.D[M]

(3.10) = Sq(v(N)) ~ D(f.[M])
(3.11) = D((N) ~ f.[M])
(3.12) = D((N) ~ (U ~ [N]))
(3.13) = D((v(N) — Uy) ~ [N]),

where Equation (3.10) follows from the Wu formula. Thus, we have only
to show that (Uy — Uy) —~ [N] is equal to the degree m — k term of
D((v(N) — Uys) —~ [N]) in view of Equations (3.2), (3.5), (3.6) and (3.13).

®The operation D here corresponds to Y, D; in the notation of [22]. Note also that D
is also defined in [18, Problem 11-F, p. 136] and [21, Chapter 6, §10] and is denoted by
Sq and Sq respectively.
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Let ¢ be an arbitrary element of H™ *(N). By the universal coefficient
theorem, we have only to show that

(3.14) (&, Uy —Us) ~ [N]) = (&, D((v(N) — Uy) ~ [N])).
As to the left-hand side, we have

(3.15) (&, Uy = Us) ~ [N]) = (£ = (Uy — Uy), [N]).

As to the right-hand side of Equation (3.14), we have

(3.16) (&, D((v(N) — Uy) ~ [N])) = (94(&), (v(N) — Uy) ~ [N])
(3.17) ((Sq(§) — Uy) — v(N), [N])
(3.18) (Sa(Sq(€) — Uy), [N])
(3.19) = (Sq(Sq(§)) — Sa(Uy), [N])
(3.20) = (£~ Sq(Uy), [N]),

where Sq denotes the inverse of the automorphism Sq on the cohomology
with compact support (see [18, Problem 11-E, p. 136])” , Equation (3.16)
follows from [18, Problem 11-F, p. 136] (or [22, (59)]), Equation (3.18)
follows from the property of the Wu class, and Equation (3.20) follows from
the definition of Sq. Since the degree m + k term of & — Sq(Uy) is equal to
the cup product of £ and the degree 2k term of Sq(Uy), we see that

(3.21) (€ — 5q(Uy), [N]) = (£ — (Uy — Uy), [N]),

which is equal to the left-hand side of Equation (3.14) by virtue of Equation
(3.15), since Uy € H¥(N). This completes the proof. O

Corollary 3.2. Let f : M — N be a proper continuous map of an m-
dimensional generalized manifold M into an (m+k)-dimensional generalized
manifold N with k > 0. Then f.0(f) € HS, _,.(f(M)) always vanishes, where

F=1f:M— f().

Remark 3.3. Note that there exists a natural homomorphism H¢(M) —
H¢(M). By 0(f), we mean either the homology class of HS, , (M) as defined
in Definition 2.5 or its image in H ¢ (M) by the above homomorphism. It is
known that for ANR’s, the Cech homology groups are naturally isomorphic
to the singular homology groups: More precisely, the above homomorphism
is an isomorphism (for example, see [21]). Furthermore, this is also true
for compact generalized manifolds (see [9, 3.15, p. 298]). Thus, for such
spaces, we always identify the two homology groups, especially for ENR
Z>-homology manifolds and compact generalized manifolds.

"In the notation of [22, p. 161], we have Sqg =Y, Q;.
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Proof of Corollary 3.2. Take an arbitrary open neighborhood V of f(M) in
N. Since V is a generalized manifold, by applying Theorem 3.1 to fyy = f:
M — V, we see that (fy)«0(fy) =0in HS (V). Since 6(f) = 0(fy) in
H¢ (M) by Lemma 2.6, we see that (fy).0(f) =01in HS _, (V).

Let iy : f(M) — V denote the inclusion map. Then, by the above
argument, we have (iv).(f.0(f)) = (fy)«0(f) = 0 in HS,_, (V) for all V.
Since HE, ,(f(M)) is identified with the inverse limit

lim HS,_, (V)

with V' ranging over all open neighborhoods of f(M), we see that f.0(f)
vanishes in H¢, _, (f(M)). This completes the proof. O

We have the following immediate corollaries.

Corollary 3.4. Let f : M — N be a proper continuous map of an m-
dimensional generalized manifold M into an (m+k)-dimensional generalized
manifold N with k > 0. If f. : HS, (M) — H¢,_,(f(M)) is a monomor-
phism, then 0(f) =0 in HS,_,(M).

Corollary 3.5. Let f : M — N be a proper topological embedding of an m-
dimensional generalized manifold M into an (m+k)-dimensional generalized
manifold N with k > 0. Then 0(f) € HS,_ (M) vanishes.

Remark 3.6. In Corollary 3.5, 0(f) vanishes as an element of H¢ , (M)
as well, provided that M is compact or is an ANR (see Remark 3.3).

Corollary 3.5 shows that if a proper continuous map f : M — N between
generalized manifolds (dim M < dim N) is properly homotopic to a proper
topological embedding, then 6(f) vanishes. In other words, 6(f) can be re-
garded as a primary obstruction to the existence of such a proper homotopy.
This fact has already been shown in [4] when M and N are differentiable
manifolds and M is compact.

Remark 3.7. A topological embedding f : M — N between generalized
manifolds is proper if and only if f(M) is a closed subset of N.

Remark 3.8. Haefliger [15] has defined another type of an obstruction for
maps between topological manifolds using a different method. In fact, using
his obstruction, he has shown that, when M and N are compact topological
manifolds, if f: M — N is a topological embedding, then w;(f) = 0 for all
1 > k and that

(3.22) (wi(f) x 1) — A}y = (f x f)*Ay € H"(M x M),
where 1 € H%(M) is the identity element, and A%, € H™(M x M) and
)

Ay € H"(N >< N) are the Poincaré duals of the dlagonals of M x M and
N x N respectively (see [15, 5.2 Théoreme], [23]). It is not difficult to show
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that Equation (3.22) implies that our (f) vanishes. Thus our Corollary 3.5
can be regarded as a special case of Haefliger’s result at least when M and
N are compact topological manifolds.

Let f : M — N be a proper topological embedding as in Corollary 3.5
and suppose that M and N are ENR Zs-homology manifolds. Let us denote
by 7(f) € H¥(N,N — f(M)) the Thom class (see [12, Chapter VIII, §11]® )
and set x(f) = f*7(f) € H*(M), where f*: H*(N,N — f(M)) — H*(M)
is the homomorphism induced by the composition of f : M — N and the
inclusion N — (N,N — f(M)). The cohomology class x(f) is called the
normal Euler class of f (see [12, Chapter VIII, §11]).

Corollary 3.9. Let f : M — N be a proper topological embedding of an
m-dimensional ENR Zg-homology manifold M into an (m+ k)-dimensional
ENR Zs-homology manifold N with k > 0. Then we have wi(f) = x(f) =
f*Us € HF(M).

Proof. By [12, Chapter VIII, 11.25 Proposition], we see that the element
x(f) —~ [M] € H¢_, (M) is Poincaré dual to f*U; € H*(M) (see also
(12, Chapter VIII, §11.27]). Hence x(f) = f*Us. On the other hand,
by Corollary 3.5 and the definition of 6(f) (see Definition 2.5), we have
wi(f) = f*Uys. This completes the proof. O

The following result has already been proved by Haefliger when M and
N are compact topological manifolds (see Remark 3.8).

Corollary 3.10. Let f : M — N be a proper topological embedding of an
m-dimensional ENR Zg-homology manifold M into an (m+ k)-dimensional
ENR Zjy-homology manifold N with k > 0. Then the i-th Stiefel-Whitney
class w;(f) € H'(M) of the stable normal bundle of f vanishes for alli > k.

Proof. Consider the composition

FiM Lo N=Nx{0} 1 NxR*
where 7 is the inclusion map. It is not difficult to see that Hy, (N x R) is
naturally isomorphic to an_(i_k)(N) ® H¢ , (RIF) gMan—(i—k) (N). Thus
we see that Uz =0 € H!(N x R=*) and hence that 6(f) coincides with the

Poincaré dual of w;( f ). On the other hand, since f is a proper topological
embedding, 0(f) vanishes by Corollary 3.5 (see also Remark 3.6). Thus we
have w;(f) =0 € H(M). Thus we have only to show the following.

Lemma 3.11. We have w(f) = w(f) € H*(M).

81n [12], M and N are assumed to be topological manifolds; however, similar argument
works for generalized manifolds as well. For example, imitate the argument in [14].
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Proof. We have only to show that w(N) € H*(N) corresponds to w(N x
Ri7%) € H*(N x R7*) by the natural isomorphism H*(N) = H*(N x
R~*). By the Wu formula, this reduces to showing that v(N) corresponds
to v(N x R¥F), where v denotes the total Wu class. For this, it suffices to

show that, for an arbitrary element x € Hg”r(i*k)*j(N x R77*), we have
(& — V(N), [N x R™¥]) = (S¢/ (2), [N x R"*]),

where v};(N) € HI(N x R*7*) is the element which corresponds to v;(N) €
HI(N). Since Hgﬂi_k)_j(N x RI7F) = H?ij(N) ® HI7F(RF), we may
assume that = = 1/ x { for some 2/ € H¢'™/(N), where ¢ € HF(R™F) = Z,
is the generator. Then, with the generator of H°(R/~*) 2 Z, being denoted
by 1, we have

(@ — vj(N), [N x R7F]) = ((2" x ¢) — (v;(N) x 1), [N] x [R"¥])

{

= (&' —u;(N), [N])

= (¢’ («"),[N])

= (S¢’(a") x ¢, [N] x [R'7))
(S¢ (x), [N><RZ .-

This completes the proof of Lemma 3.11 and hence Corollary 3.10 as well.
O

Remark 3.12. The above lemma follows also from [22, Théoreme III.10].

Remark 3.13. A result similar to Corollary 3.10 holds also for topologi-
cal immersions (i.e., locally injective continuous maps) between topological
manifolds as well. For details, see [15, §5.4].

Corollaries 3.5 and 3.10 imply, for example, that if the dual Stiefel-
Whitney class w;(M) of an m-dimensional ENR Zs-homology manifold M
does not vanish, then for all 5 <4, M cannot be topologically embedded in
R™1J as a closed subset. This is a very strong result, since we are consider-
ing topological embeddings which are not necessarily locally flat even when
M 1is a topological manifold.

Now we give some results concerning the properties of the homology class
0(f) itself.

Corollary 3.14. Let f : M — N be a proper continuous map of a connected
m-dimensional generalized manifold M into a 2m-dimensional generalized
manifold N. Then 0(f) € H§(M) always vanishes.

Proof. Since f, : H(M) — HS(f(M)) is always a monomorphism, we have
the result by Corollary 3.4. O
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For a continuous map f : M — N between generalized manifolds, we set

M(f)={x e M: [~ (f(x) # {x}},
which is called the self-intersection set of f (see [20], [4]).

In the following results, the source manifold M will be compact, since
we will use the exactness of Cech homology for compact pairs (see [17] and
[13, Chapter IX, §7]). In such cases, the homology class 0(f) will always
be an element of the usual homology group H,, (M), which is naturally
isomorphic to HS, ,(M). We also note that H¢ is isomorphic to H, for
compact spaces, where H, denotes the (usual) Cech homology.

The following is a refinement of [4, Theorem 6.1].

Corollary 3.15. Let f : M — N be a continuous map of an m-dimensional
compact generalized manifold M into an (m + k)-dimensional generalized
manifold N with k > 0. Set A = M(f) and B = f(A). Then there exists
an element p € H,,_1(A) such that

Gt = 0(f) € Hypy_ (M) = Hy,_, (M) and (f|A)up =0 € H,_(B),
where j : A — M is the inclusion map (when A =0, we regard H,,_(A) =

0= Hy_i(B)).

Proof. We may assume that A # () by Corollary 3.5. By an argument as in
[5, §3], we have the following exact sequence:

Hpy i (A) = Hoy (M) & Hyp_(B) ~2 Hoo_ i (f(M)),

where a = (js, (f|A)«) and ¥ = f. + j. with j/ : B — f(M) being the
inclusion map. Since 1(0(f),0) = 0 by Theorem 3.1, there exists an element
p € Hy,_r(A) such that a(u) = (Gep, (f|A)sp) = (0(f),0). This completes
the proof. O

Corollary 3.15 shows that the “support” of the homology class 6(f) €
H,,— (M) is contained in the closure A of the self-intersection set M (f) of
f. We do not know if p # 0 € H,,_;(A) when A # (. Note that, when
M and N are smooth manifolds and f is a generic map in the sense of
Ronga [20], then the homology class p € H,,_x(A) can be chosen as the
fundamental class carried by A and then p # 0 whenever A # (), as has
been shown in [20].

Remark 3.16. By the same argument, we can show that if v € H,, x(B)
satisfies jLv = 0in Hy,—i(f(M)), then there exists an element u,, € H,,—(A)
such that j.u, = 0(f) and (f|A)xpy = v.

Corollary 3.17. Let f : M — N be a continuous map of an m-dimensional
compact generalized manifold M into an (m + k)-dimensional generalized

manifold N with k > 0. Set A= M(f). If the topological dimension of A is
strictly less than m — k, then 0(f) € Hp,—(M) vanishes.
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For the definition and the properties of the topological dimension, see
[16].

Proof of Corollary 3.17. Since the topological dimension of A is strictly less
than m — k, we have H,,_1(A) = 0 by [16, Theorem VIII 4 (p. 152)]. Then
the result follows directly from Corollary 3.15. O

4. Maps of the projective plane into 3-dimensional generalized
manifolds.

In this section, we give an application of the results obtained in §3 to maps
of the real projective plane into 3-dimensional generalized manifolds.

Lemma 4.1. Let f : RP? — X be a continuous map of the real projective
plane into a topological space X. If f.[RP? = 0 in Hy(X), then f. :
Hi(RP?) — H{(X) is the zero map.

Proof. Suppose that f, : Hi(RP?) — Hi(X) is not the zero map. Since
Hi(RP?) is isomorphic to Zs, f. : Hi(RP?) — Hi(X) must be injec-
tive. Then, by the universal coefficient theorem, f* : H'(X) — H'(RP?)
is surjective. Thus, there exists an element ¢ € H'(X) such that f*¢ €
HY(RP?) = Zy is the generator. Since (f*¢) — (f*¢) = f*(€ — &) is the
generator of H?(RP?) = Zy, we see that f* : H*(X) — H?*(RP?) is sur-
jective. Thus, again by the universal coefficient theorem, f. : Hy(RP?) —
Hy(X) is injective. This contradicts our assumption. Thus f, : H;(RP?) —
H;(X) must be the zero map. This completes the proof. O

Proposition 4.2. Let f : RP?2 — N be a continuous map of the real pro-
jective plane into a 3-dimensional generalized manifold N. If f[RP?] =0
in Ho(N), then f. : Hi(RP?) — Hi(f(RP?)) is the zero map.

Proof. By Lemma 4.1, f, : Hi(RP?) — H{(N) is the zero map. Hence f
is homologous to a constant map g : RP?2 — N;i.e., f. = g. : H,(RP?) —
H,(N). As the definition of the primary obstruction (see Definition 2.5)
shows, 0(f) is a homology invariant; i.e., if f, = g, then 8(f) = 6(g). Thus
we have
0(f) = w1 (RP?) ~ [RP),

which is the generator of Hy(RP?) & Zy. Then the result follows from
Corollary 3.2. This completes the proof. O

Remark 4.3. When N is a topological manifold, we can also prove the
above proposition by using the fact that f is bordant to a constant map and
by using a result in [3]. Here we have given a proof which does not depend
on the argument or the result in [3].

As a direct corollary to the above proposition, we obtain the following.
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Corollary 4.4. Let f : RP? — N be a continuous map of the real projec-
tive plane into a 3-dimensional generalized manifold N. If f.,[RP? =0 in
Hy(N), then f is not a topological embedding.

Compare the above result with [3, Corollary 4.2].

Remark 4.5. A 2-dimensional compact generalized manifold is said to be
a cohomology real projective plane if it has the same cohomology ring over
Zo as RP?. The results of this section hold also for maps of cohomology real
projective planes into 3-dimensional generalized manifolds. Note, however,
that if a cohomology real projective plane is second countable? , then it is
homeomorphic to RP? (see [9, 16.32 Theorem, p. 388]).
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