BRAID COMMUTATORS AND HOMOGENOUS
CAMPBELL-HAUSDORFF TESTS

STEFAN PAPADIMA

Volume 197 No. 2 February 2001



PACIFIC JOURNAL OF MATHEMATICS
Vol. 197, No. 2, 2001

BRAID COMMUTATORS AND HOMOGENOUS
CAMPBELL-HAUSDORFF TESTS

STEFAN PAPADIMA

We develop our general machinery of the Campbell-Haus-
dorff invariants of links, in the case of pure links, with em-
phasis on the connections with the lower central series of the
pure braid groups. We present a complete simple set of rules
for the Artin calculus of longitudes modulo the central series.
We prove that if two pure links differ by an order k pure braid
commutator, then their order k¥ Campbell-Hausdorff invari-
ants p(*) are the same. In this case, the general theory offers
a decision test for the equality of p(**V-invariants. We intro-
duce the notion of homogenous link, which leads to important
computational improvements for the general p(*+1)_test. We
provide both general homogeneity criteria and concrete inter-
esting classes of homogenous examples. We illustrate the ef-
ficiency of our approach, on several classes of examples which
cannot be distinguished by other known link invariants.

Introduction

This paper is a sequel to [22], where we have introduced a sequence,
{p(k)}k22, of so-called Campbell-Hausdorff invariants of links. Let K be
an oriented and ordered m-component tame link in S%, with fundamental
group G =: m1(S%\ K).

Our starting point is as in Milnor’s construction of the fi-invariants [19].
The group G comes naturally equipped with a geometric peripheral struc-
ture, consisting of n meridians, m; € G, and n longitudes, l; € G, associated
to the components of K, for ¢ = 1,... ,n. For each fixed k, £ > 2, Milnor
noticed that the meridians generate the nilpotent quotient G/T'xG, where
I'tG stands for the k-fold commutators of the group G. Consequently, one
may express each longitude (modulo commutators of length k) as a free
word in the meridians, lz(k) € Fx,fori=1,...,n. Here Fx denotes the free
group generated by x1,...,%,. In this way, one gets a system of algebraic
longitudes, | =: {l1,... ,l,}, where [; = {lgk)}kzg, fori =1,...,n, satisfying
certain convergence and normalization conditions. See [19].

Milnor’s idea was to extract from [ numerical invariants for K, by looking
at the various (integer) coefficients of the Magnus expansions of the free
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words lgk). He was led to actually consider certain residue classes of these
coefficients, in order to eliminate the indeterminacy created by the various
possible choices for . One serious drawback is the fact that each f-invariant
takes values in a cyclic group which depends on the given link K.

Our basic idea in [22] was to introduce a new wuniversal indeterminacy,
which depends only on the number of components, n. We are going to
recall it, briefly; see the next section for details. This indeterminacy is en-
coded by the action of a certain pro-unipotent Q-group, U, on a certain
filtered Q-vector space consisting of formal Lie derivations, Der |, filtered
by {FDer | }x. The U-action on Der | is Q-linear and filtration-preserving,
and everything depends only on n. The Campbell-Hausdorff expansion may
be used to construct a derivation, 9(l) € Derf, for any given system of
algebraic longitudes, [. For each & > 2, the k-th CH-invariant of K,
p®)(K) € U\Der{/FyDer, is, by definition, the U-orbit of d(I) modulo
FpDer 7. We have proved in [22, Theorem A] that p(®)(K) is a well-defined
concordance invariant of K, for all k.

In more geometric terms, our C'H approach has the following interpreta-
tion. Each nilpotent quotient, G/T'yG, inherits from the link complement
a natural homological marking; that is, a collection of 2n distinguished ho-
mology classes in degrees 1 and 2, given by the orientation classes of the
meridians and neighbouring 2-tori respectively, corresponding to the com-
ponents of the link. This homological marking passes to the Malcev com-
pletion, (G/TyG) @ Q. Let K and K’ be two n-component links, with
fundamental groups G and G’. We have shown in [22, Remark 2.9] that
p®) (K) = p*) (K") if and only if the groups (G/T'+G)®Q and (G'/T'1,G")®Q
are isomorphic by an isomorphism which preserves their distinguished low-
dimensional homology classes.

The two approaches lead to the same primary invariants; see [22, Remark
2.7]. Note however that in general the fi-invariants and the C H-invariants
exhibit an independent behaviour, as pointed out in [22, Example 3.4].

Our main goal in this paper is to develop and improve the general C' H-
scheme, for the case of pure links. We are going to view the oriented links
as Artin closures, b, of elements b € By, where B,, denotes Artin’s braid
group on n strings. If b € P, C B, (where P, is the pure braid group on
n strings), then one knows that b has n components, which are naturally
oriented and ordered. One good reason for looking at pure links is the
existence of a canonical simple system of algebraic longitudes, to be denoted
by I(b) = {li(b),...,l(b)}, for any pure link, b. It has the property that
lgk) (b) = 1;(b), for all k, and it can be canonically computed, by using the
embedding, B,, C Aut (Fx), provided by the Artin representation. See for
example [3, 21], and also the next section, for details. The corresponding

CH-invariants of b will be denoted by {p®*)(b)}.
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Like the fi-invariants, the C'H-invariants are sensitive enough to detect
the unlink among pure links, and also to detect the lower central series
filtration of P,, {T'xP,}. See Remark 1.1, and Corollary 2.9 respectively, for
the precise statements, in a slightly more general (unordered and unoriented)
form.

We are thus going to look at pairs of pure braids of the form b = S«
and b = 'a, where @ € P, and 3,3 € ' P,, with k > 2. The relation
between the C'H-invariants and the lower central series of the pure braid
groups will be a recurrent theme of this paper. It was suggested by a result
of Stanford [24, Theorem 1] in the theory of finite-type (Vassiliev) invariants
of links. Stanford’s result says that if b and o’ are as above, then b and V/
have the same Vassiliev invariants, up to order k — 1. It turns out that the
C H-invariants have a similar behaviour. Namely we show, in Corollary 2.8,
that under the same assumptions one has that p* (b) = p®) (/).

X.-S. Lin showed in [15] that the C'H-invariants are of finite type, in a
certain sense. (At the same time, he also noticed that the C'H-invariants
cannot be determined by quantum invariants.) Although less general than
the finite type invariants, the C' H-invariants have the following advantage,
from the practical point of view. The theory of finite type invariants is a
general scheme, that is, even if one knows that b and ' can be distinguished
by higher order Vassiliev invariants, it is in general hard to find a specific
higher order invariant which does the job. The C' H-theory is more concrete,
since it disposes of a built-in linear decision test for the equality at step
p*+D) " whenever one has equality at step pk): see [22, Theorem 1.4]. A
similar non-linear decision test was introduced by Habegger-Lin in [9] to
describe their solution of the link-homotopy classification problem.

Our main results in this paper are contained in Section 2. Lemmas 2.2-2.6
describe a complete simple set of rules for the Artin calculus of longitudes of
pure braids, [(b), modulo the lower central series. A key tool is provided by
a general result of independent interest, namely Proposition 2.1. It is well-
known how to associate a graded Lie algebra to a certain type of filtrations
on a group (in particular, to the lower central series filtration); see [14]. For
any given group G, one may consider the Torelli group, Tg, consisting of
those automorphisms of G which act trivially on the abelianization. The
Torelli group is naturally endowed with the Torelli filtration, which gives
rise to an associated graded Lie algebra. We establish, in Proposition 2.1,
a faithful relationship between this graded Lie algebra and the graded Lie
algebra of derivations of the graded Lie algebra associated to {I'yG}, for
any group G. This is done via the Johnson homomorphism, introduced and
exploited in [10], in connection with the study of the mapping class groups,
in the case where G is a surface group. The connection with link theory
comes from the well-known fact that the Artin representation embeds P,
into T'(F x); see e.g., (1.1). In Theorem 2.7 and Corollary 2.9 we show that
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the Torelli filtration coincides with the lower central series filtration of P,
(which is not true in general; see [10]), both being detected either by the
vanishing of the C'H-invariants, or by the vanishing of [ modulo the lower
central series of Fx.

The graded Lie algebra associated to the lower central series of G will be
denoted by griG =: @kzlgr{iG, where gr’l’iG =: I'tyG/Tx+1G. Note that
gr 1P, is torsion-free as a graded abelian group, and also that its graded Lie
algebra structure is rather well-understood; see [3, 7, 13].

Let b,/ € P, be of the form b = Ba and ¥ = f'a, with a € P, and
3,8 € I'hP,. We present a first improvement of our general C H-test in
Corollary 2.8. More precisely, we show that in this case p*)(b) = p*¥)(¥'),
and that p*+t1)(b) = p*+D(¥') if and only if the class of #/3~! modulo
['yy1P,, denoted by 5/5-1 € ng’iPn C (ng’iPn) ® Q, belongs to a certain
indeterminacy subspace of (gr lliPn) ® Q, which depends on «.

We take a second step in Section 3, where we introduce the homogenous
links and pure braids. Here our main result is Theorem 3.2. It provides
a major improvement of the general p*+1)-test, for the case of two pure
braids, b = Ba and ¥ = [('«, as above, under a homogeneity assumption
on a € I'yP,, with h < k. Namely we give a description of the above
indeterminacy subspace, which involves only the class of a modulo I'y,+1 Py,
S grl}kPn.

Proposition 3.3 offers two general homogeneity criteria. They are used
to check the homogeneity of several classes of examples of pure braids, in
Corollary 3.5, and to prove, in Corollary 3.6, the fact that all algebraic links
(in the sense of [20, §10]) are homogenous.

We illustrate in §6 the efficiency of our homogenous C H-tests, on three
classes of examples of pure links.

We exhibit, in Proposition 6.1, a series of infinite families, having the
same Vassiliev invariants up to order k¥ — 1 and the same fi-invariants (of
arbitrarily high order), which are faithfully detected by p*+D up to oriented
(not necessarily ordered) isotopy. In Propositions 6.2 and 6.3 we present
two infinite families of pairs of pure links, which are detected by p¥, up
to oriented (unordered) isotopy. The examples from 6.2 are link-homotopic
and have the same sublinks, while the examples from 6.3 are link-homotopic
and share the same HOM FLY polynomial and the same f-invariants (of
arbitrarily high order).

1. C'H-invariants of pure braids.

We start by recalling the construction of our CH-invariants for the case
of pure links, following [22]. A braid on n strings b € B, acts (on the
right) on the free group on n letters, Fx =: F(x1,...,x,), via the Artin
representation. If b is pure (b € P,), one knows that this action is of the
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following form:
(1.1) rib=""x;, for i=1,...,n,

with v; € Fx (where Yz = vzv~! stands for the group conjugation); see [3].
If one normalizes by requiring that

(1.2) ei(vi) =0, for 1=1,...,n,

(where e;(v) equals the exponent sum of the letter z; in the free word v),
one gets well-defined algebraic longitudes

(1.3) li(b) =v;, for i=1,... ,n.
Next one considers the Campbell-Hausdorff group embedding
(1.4) p:Fy — Ly,

defined on generators by p(z;) = x;, for i = 1,... ,n. Here Ly is the free
complete Q-Lie algebra on x1,... ,x,. Its elements are formal Lie series in
the indeterminates x1, ... , x, with rational coefficients. It carries the group
law provided by the well-known Campbell-Hausdorff formula; see [16, 23].
Set then

(1.5) pli(b) = s; = ZS?, with s; € L'y

r>1

(where L% denotes the Q-span of those Lie monomials which are homoge-
nous of bracket length r), for each i = 1,... ,n.

One may further consider the free bigraded Lie algebra Lt = Li(X @ Y),
freely generated by X = spanq {z1,...,zn}, Y =spanq {y1,... ,yn}; the
upper degree is given by bracket length and the lower degree comes from
setting |z| = 0 for x € X and |y| = 1 for y € Y. There is an associated
bigraded Lie algebra of derivations, Der}, where Der stands for those Lie
derivations of L} which are bihomogeneous, of upper degree +r (r > 0)
and of lower degree —j (j > 0). The Lie bracket is given by the (graded)
commutator of derivations; see [22, §1]. Everything in sight obeys to the
standard Koszul sign convention with respect to the lower degrees; see e.g.,
[25].

One may associate to b € P, the (formal) derivation 9(b) = > <, 0-(b),
with 0,(b) € Der given for each 7 > 1 on the free generators by

Or(b)x; =0, for i=1,...,n,
Or(b)y; =[xy, 8], for i=1,...,n,
as in [22, (2.1)-(2.2) and (1.3)].
Starting with two pure braids b, b’ € P,, the basic C H-test at step k + 1
may be described as follows [22, Theorem 1.4]. Assume that

(1.6)

(1.7) 87 =g/, forevery r<k and 1<i<n,

19
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(where s, = pl;(t')). Then p*+1 () = p+1(b) if and only if there exist
q: € Deré, for 1 <t < k, such that

(1.8) > e 0:(0)] =0

r4+t<k

and

(1.9) > [a1:0-(b)] = Ok(b) — k(D).

r4+t==k

The main goal of this paper is to provide a much simpler form of the
above test, for certain classes of pure braid examples, and then to illustrate
the usefulness of this approach, by comparing it to various other known link
invariants.

There is a general orbit space picture behind this, as explained in [22,
Introduction], see also [22, (1.3)-(1.4)]. If K is an arbitrary n-component
link (whose components are ordered and oriented), there are associated Mil-
nor systems of algebraic longitudes [19] (see also [22, Theorem 1.1]). Such
a system [ provides for each i (1 < i < n) a sequence {lz(k)}k of elements
of Fx = F(z1,...,xy,), which gives rise to s; =: lim p(lgk)). Here the

7k

limit is taken with respect to the topology of the natural complete filtration
{F;Lx =: L;s}s given by the order of the formal Lie series; see e.g., [22,

2.2]. (In the case of a pure link b one has lgk) = 1;(b), for all k.)

Denote by Der | the completion of &,>1Der (L) with respect to the filtra-
tion {EBT>5Der’1"}s and denote by {F;Der{ =: [] -, Derj} the induced fil-
tration on Der . Define d(1) € Der{, 9(1) = Y_,~, 6:(1), with 9,(1) € Der?,
as in (1 6) above. One may also construct the free complete graded Lie al-
gebra L*, as the completion of L with respect to the upper degree filtration;
it is endowed with the induced order filtration, {Fj L= L>¢},, as before.
It is then straightforward to reinterpret Der1 as being the complete Q-
vector space of those Lie derivations of degree —1 of L, which are strictly
filtration-increasing. (See e.g., [22, Introduction and (1.3)].)

Denote by U the pro-unipotent group of those filtration-preserving degree
zero Lie automorphisms of f* which act as the identity on the associated
graded, as in [22, Introduction]. It is not hard to see that U acts linearly by
conjugation on the filtered vector space Derf. Denoting by p(¥) (K) the U-
orbit of d(1) modulo FyDer | (p*)(K) € U\Der | /FyDer ), we have shown
in [22, Theorem A] that p*) (K) is independent of . It is an invariant of the
(ordered and oriented) concordance class of K. Moreover (1.7)-(1.9) above
correspond to the CH-test p*1)(5) = p*+D(b), under the assumption
p®) (&) = p®)(b), see [22, Theorem 1.4].
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By their construction, the C'H-invariants are non-numerical invariants, ly-
ing in orbit spaces of (finite-dimensional) linear U-representations in
Der | /FiDer| = @FZ! Der}, for k > 2. One knows [18] that for every k this
U-representation factors through Uy, the canonical unipotent subgroup of
GL(Der | /FyDer ) associated to the above direct sum decomposition. The
failure of numerical invariant theory comes from the fact that the polyno-
mial invariants of Uy, in Der f / F, reduce to the subalgebra of polynomials on
Der 1, for every k; thus they are quite inefficient for detecting Uy-orbits, for
k > 3. At the same time, the invariant theory of the U-action on Derf/Fk
seems to be intractable.

What can be done instead is to use the linear decision test (1.8)-(1.9).
We shall see its usefulness, on examples, in Section 6.

There is also a linear natural action of the semidirect product ® = Z5 x 3,
on Der f, which respects the filtration of Der;r and normalizes the previous
U-action; details may be found in the discussion preceding Proposition 2.8
[22]. Tt has the property that the ® - U-orbit of d(l) modulo FyDer{,
to be denoted by p¥)(K), depends only on the unordered and unoriented
concordance class of K; see [22, Proposition 2.8].

Remark 1.1. The CH-invariants are faithful at the basepoint, on pure
links, that is, if b € P, and ﬁ(k)(b) = ﬁ(k)(l), for all k, then necessarily
b=1.

Indeed, 1;(1) = 1, for i = 1,... ,n, whence 9(1) = 0. The equality of
the C'H-invariants forces then 9(b) = 0 modulo FjDer, for all k, whence
[i,s]] =0, fori=1,... ,n and r > 1. One may use now the commutation
properties of free Lie algebras [16, p. 328] (plus a normalization argument
for r = 1, see the beginning of the proof of Theorem 4.3 [22]) to infer
that p(l;(b)) = 0, for ¢ = 1,... ,n. The injectivity properties of the C H-
representation and of the Artin representation imply then that b = 1.

2. Braid commutators and the Artin calculus of longitudes.

We want to explain how to handle the C'H-decision test (1.8)-(1.9) for
pairs of pure braids of the form b = Ba, ¥V = Fa, with a € P, and
3,3 € I'yP,. Here I',G denotes the kth term of the lower central series of
a group G (defined by I')G = G and inductively I'yG = (G,T'y—1G), where
(x,y) = zyx~ly~! stands for the commutator of two group elements). We
have to begin by closely examinating the relationship between the lower cen-
tral series of P, and of Fy, via the construction of the algebraic longitudes
((1.1)-(1.3)). This may be done within the framework of the Johnson homo-
morphism. Our first result in this section generalizes a basic construction
of Johnson [10], which turned out to be extremely useful in the study of
mapping class groups, corresponding to the case where G is a surface group.
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One may associate to any given group G the following objects: The graded
Lie algebra griG =: ®p>11'G/T41G, with Lie bracket induced by the
group commutator (there are no extra signs in the Lie identities!); the graded
Lie algebra of derivations, Der*(grrG) = @s>1Der®(gr rG) (where Der ®
stands for the degree s homogenous Lie derivations); the Torelli group T,

Te =:{a € Aut G | a =1id mod I'yG}
and the decreasing filtration of Tg, FsTg (s > 1),
FTg = {a € Aut G | a=idmod I's;1G}.

By an old result of Kaloujnine [12] one has (Fy, F;) C Fsqy, for all s,t >
1, hence the commutator of automorphisms induces a graded Lie algebra
structure on gr .7¢ =: @s>1FsTq/Fs11Tq and I'sTq C Fi1g, for all s > 1.
We are ready to state our result:

Proposition 2.1. The Johnson construction which associates to a € Tg
and x € G the element ax -z~ € G induces a graded Lie algebra monomor-
phism

J :gr T — Der *(grrG),
for any group G.

Proof. We are going to use the notation (-) = (-) to indicate either the
equality of two elements of Tz modulo F. T or the equality of two elements
of G modulo I';G.

First we claim that ax =, z, for any a € FyTg and x € I'sG. For
s = 1 this is just the definition of F}, so we may proceed inductively. Pick
up any z € I';G and y € G and compute a(x,y) = (ax,ay) = (rT51k, ay)
(with x5y € T's1, by induction) =g, k11 (z,ay) (by standard commutator
calculus, see e.g., [16]) = (z,yyk+1) =s+k+1 (z,y) (by a similar argument),
whence our claim. We thus have for each ¢ € Fy, and s > 1 a map a :
I's — I'yi, defined by @z = ax - 7!, inducing @ : Ty — grffrk. If

z,y € Ty then a(zy) - (zy) ™! = azx(ay -y D2z~ ! =141 (az- 27 Y(ay-y™Y)
(by elementary commutator calculus). Therefore @ induces an additive map
a:gry — grffrk. For any a,b € Fj, and z € I'y we have a(bx) - 27! =
albz -z - (ax - 27Y) =441 (br -2 ) (az - 27Y) (since br - 271 € Ty
and a € Fp). Consequently setting J(a) = a, for a € F;,T, we obtain a
well-defined additive degree zero map defined on gr ;.7 with values in the
homogenous additive endomorphisms of positive degree of gr -G, which is
injective by the very definition of the filtration of 1.

To finish the proof, two more (less trivial) verifications are needed: The
fact that @ is a Lie derivation of gr{-G, and the compatibility of J with the
Lie brackets.

Choose then arbitrarily a € Fj, «* € I's and y € I';. We have to show
that a(x,y) =g1s1ee1 (ax,y)(z,ay). We begin by following the definitions
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and writing

a(z,y) =az-ay-az (ay ™' y)(z,y Dy

We may next commute ay ! -y € I'pyy with (2,97!) € T'syy, modulo

Chysitr1, expand (az,y)(z,ay) and simplify to get the equivalent congru-

ence
-1 . _ -1 -1, -1
ay - Axr~ " T Spyster1 T YT QT Y T - ay.
This in turn may be rewritten as

y(y ' ay)(ar Tt 1) Sppsren y(y e (e - 2) 2y e ay,

in order to perform again a commutation trick (applied to both the above
pairs of parentheses). Finally, after the simplification of both sides by

y(az~! - x) and a little cancelation, this reduces to the identity y~—' - ay

=ktsittl y~ ! - ay, so we are done.
To see that J is a Lie algebra map we need to show that

(2.1) aba 0 (@) - 2! Zpagperr albz -z - [blaz - 2 Y)Y,

for any a € Fs, b € F; and = € I'y,. We may first rewrite (a,b)z as follows

aba o7 () -2t
=ab{lat(b z- 20 e ) e 2 b aba T (2) - 2L
Note that b~z - 27! € T'y,4, therefore C/L:/l(b_lx 271 € Tpyoys. It follows
that ab(a=t(b"'z - 271) =pieiep1 a7 lw - 271), since ab € F1. We may

thus infer that

—_—~

(a,0)T =pqsti41 67:1(5_135 O
cab{(b"'z-a (@ w27} ab(x) -2t

The already established linearity properties of J together with the bilinear-
ity of the commutator of derivations allow us to replace a and b by their
inverses in the right-hand side of (2.1). Comparing the result with the above

computation for (a,b)x we get the equivalent congruence
(2.2) ab {(b_lzv S [ x_l)} cab(x) -zt
_ -1 1 -1 -1 —1/ —1
=pasttr1a xTox b x-ba ().
It is convenient to write the left-hand side of (2.2) in the form
a(z-bz 1Y) - a {fl;(aflx Y (a7l mfl)} ca(z-be ) a2l

Note that x - bx™!, a(z - bz~!) € Thyy, ato - 271 ala o - 27h) € Ty
and consequently b(a~'z - 271), ab(a 'z - x7) € T}y 44¢, which enables us
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to replace the above expression (using a commutation argument modulo
Chtster1 ) by
abb " Hb(a -7l x- a2
This equals
ablaz-z7 v e b e @) = a2 b e b e (27 Y,

as desired (see (2.2)), since b'b(a 'z - ) € Thyspy and ab € F. Our
proof is complete. O

The next series of lemmas completely describes the calculus of longitudes
modulo the lower central series of P, and of Fx.

Lemma 2.2. If a € T'\P, then l;(a) € TsFx, fori=1,... ,n.

Proof. The abelianization of (1.1) readily implies that the Artin represen-
tation embeds P, into the Torelli group T(Fx), and consequently I'; P, C
F,T(Fx), for all s > 1. By the definition of the Torelli filtration this im-
plies that 0 =1 - ;1 = (li(@), ;) (see (1.1)), for i = 1,... ,n. Asis
well-known gr[-Fx is isomorphic to L% (Z) (the free graded Z-Lie algebra
on the degree one generators xi,...,x,). One also knows ([16, p. 328])
that the only homogenous elements of L% (Z) which commute with z; are
the multiples of z;.

We may use these facts to show that [;(a)) = 0, for ¢t < s, by induction.
We need only to recall that l;(a) =2 >, ; pijz; (as a consequence of the
normalization, see (1.2)), which completes the first nontrivial step (¢ =
2). O

Set then [;(a) = l;(o) mod Ty 1Fyx (i=1,...,n), for a € T P,.
Lemma 2.3. The above map induces a well-defined additive map l; : griby,
— griFx =L%(2), fori=1,... n.

Proof. Apply the general Artin calculus rule
li(aB) = li(a)B - 1i(3)

(see [22, Lemma 3.2]) to a, 3 € T'sP,, and next to a € T'4P,, f € Tsy1 Py,
together with the preceding result. O

The next key lemma appeals to the delicate part of Proposition 2.1 (the
compatibility of J with the Lie algebra structures).

Lemma 2.4. Defining, for v € TPy, 7 € Der *Lx (Z) by Fz; = [z, 1;(7)],
fori=1,...,n (on the free Lie algebra generators) one has for any o €
I'sP, and B € TPy,

lile, B) = [li(), L(B)] + a(l;(8)) — BUi(), for i=1,...,n.
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Proof. Let A : gr{P, — Der*(Lx(Z)) be the negative of the composition
of the map induced by the Artin representation, gri{P, — gr;T(Fx),
followed by Johnson’s homomorphism gr . T(Fx) — Der*(Lx(Z)). We
know from Proposition 2.1 that A is a graded Lie algebra map (the mi-
nus sign comes from the fact that P, acts on Fx on the right via Artin’s
representation). By construction we have for any v € I'y P,

Y

AV)Zi Zpra (@iy -2 )7

which may be rewritten (see (1.1)) in additive notation as [x;,[;(7)], i.e.,
A(7) = 7. The fact that X is a Lie map implies that

(23, 1i(ev, B)] = Mev, B)x; = 6(Bas) — Blaw;)

= afz;, 1;(8)] — Blas, i)
= [z, a(liB) — BLi)] + [[i, Lia], 18] — [[4,1:3), Lid]

(since & and 3 are Lie derivations)

= [wi, [l i8] + a(li3) — B(li)]
(by Jacobi). Invoking once more the commutation properties of a free Lie
algebra [16, p. 328], we get our stated formula. O

The previous lemmas offer a complete simple recipe of computation of the
algebraic longitudes modulo the lower central series, as soon as one knows
the values of I; (1 < i < n) on a specific set of group generators of P,. We
are going to use the well-known generators (ars)1<r<s<n, see [3, 1.8.2].

Lemma 2.5. The values of l;(a,s) € LY (Z) = griFx, for 1 <r <s<mn
and 1 < i < n, are zero excepting l,(a,s) = s and ls(ays) = z;.

Proof. The precise form of (1.1) for b = a,s is given in [3, 1.8.3]. It is
a routine exercise to apply the definitions (1.2)-(1.3) and then to get the
desired result by abelianization. O

Here is one more useful result in the Artin calculus modulo commuta-
tors, involving the action of the symmetric group 3, which comes from the
conjugation in the full braid group B,. (This corresponds to the passage
from ordered oriented to unordered oriented isotopy type, via the Artin clo-
sure.) Firstly one has the natural action of ¥,, on L% (Z) by (degree zero)
graded Lie algebra automorphisms which is given on the free generators by
9x; = Tg; (9 € i € {1,...,n}). On the other hand there is a well-known
short exact sequence of groups (see e.g., [3, p. 19])

(2.3) l1— P, — B, 5%, — 1.
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Thus B, acts by conjugation on griP,, by graded Lie algebra automor-
phisms, and since obviously the action of P, is trivial one has in fact an
action of X, via v.

Denoting by () the class modulo I's;; of an element belonging to T,
we thus have by definition (for g € ¥, and a € I';P,) g(@) = %, where
v(o) =g~
Lemma 2.6. Forge ¥, a € ' P, and 1 <i <n one has

li(ga) = gly—,(a).
Proof. Pick o € B, such that v(c) = g~'. One knows [3] that the Artin
action of o on Fx is of the following form

(2.4) rio =" 1wy, for i=1,...,n.
According to [22, Lemma 3.5] one then has for every 7

Li(7a) = (wia - Ly (a) - w; o,

where w; € Fx is as in (2.4). Using Lemma 2.2 we may compute modulo
541 as follows

-1 -1

Li(7a) =si1 lg1()o™ - (wia - w; ot =414 ly-1i(a)o

(since a € I'yP, C FsT(Fx), whence wa =441 w, for any w € Fx). Finally
we get l-1;(a)o™! =441 gly-1,(@), as desired, by noting that l,-1;(a) €
I',Fx and remarking that the action of c~! on I'sFx/T'sp /Fx =griFx is
the Lie multiplicative extension of the action of o~ on griFyx = Li(Z).
This in turn may be easily read off from (2.4) by abelianization

.’BjU_l =y xgj, for j=1,...,n,
which finishes the proof. U

The faithful relationship between the lower central series of P, and of Fx
is described by the following more precise form of Lemma 2.2. It is also
remarkable that in the case of P, the lower central series filtration coincides
with the Torelli filtration, compare to [10, §7].

Theorem 2.7. If a € P, then the following are equivalent:

(i) a € TsP,.

(i) li(a) € I'sFx, for everyi=1,... n.

(iii) a € F,T(Fx).
Proof. (i) < (ii). Plainly it will be enough to assume inductively that
a € TP, (for some k > 1) and prove that o € Ty 1Py, if [;(a) = 0 for
every ¢. This assertion in turn (which is trivial for n = 1) will be proved by
induction on n. It will follow for F,, by making use of the basic split exact
sequence [3, p. 23]

(2.5) 1 —K,— P, P, —1.
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In terms of Artin representations, if a € P, is represented by
a:F(ry,...,2,) — F(zy,... ,2,)
then n(«) is represented by
a mod z,:F(z1,...,75 1) — F(z1,...,2,1).

To construct the splitting, extend the action of § € P,,_1 to F(x1,... ,2,),
by setting

(2.6) T = Tp.

The split exact sequence with trivial Hj-monodromy (2.5) remains split
exact after applying the functor T'y, as shown in [7]. Therefore o = u/3, with
u € Ty K, and 8 € Ty P,_1. Then the hypothesis [,,(a) = 0 implies I,,(u) = 0
(by additivity, see Lemma 2.3, given that [,(3) = 1 by construction, see
(2.6)).

On the other hand the formula [22, Lemma 3.2] I, (vw) = I, (v)w - I, (w),
taken modulo z, and applied to v,w € K, which is the free group generated
by {amm | 1 <7 < n} (see [3, p. 23]), identifies I, mod z, : K, —
F(x1,...,2p—1) with the group isomorphism sending a,, into z,, for all
r < n, see [3, 1.8.3]; compare also with [9, p. 400]. We may thus infer that
u € I'py1K,. The other hypotheses made on « imply that [;(3) = 0 for
1 <4 < n, whence 8 € I'y11P,—1 by induction and thus o = uf € I'y, 1 P,.

(i) « (iii). This time it will be enough to assume inductively that o €
'y P, N Fr1T(Fx) and to infer that necessarily a € I'y41P,. Lemma 2.2
and the construction of J (Proposition 2.1) imply that [I;(a), ;] = 0 for
i=1,...,n. It follows, as in Lemma 2.2, that [;(a) € T'y11Fx, for all 1.
The preceding result enables us to infer that o € I'y1 1 Py, as needed. O

Going back to the setting of the previous section, let b,b" € P, be of the
form b = Ba and V' = o, with a € P, and 3, 3" € T} P,.

Define an additive map A : grfP, — DerfL(X @ Y) by A(7)z; = 0,
i=1,...,nand
(2.7) AF)y; = [z, 1;(7)], for i=1,...,n,
where v € I'y P,

As a first corollary of our analysis of the Artin calculus modulo commu-
tators we may offer the following result.

Corollary 2.8. If b,V € P, are as above then p®F) (b)) = p*)(b). More
precisely:
(i) si" =s, forallr <k and 1 <i<m, as in (1.7).
(ii) 0r(b") = 9r(b) = Or (), for all v < k.
(iil) Ok (b) — O (V) = A(B = ).
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Proof. The assertion (ii) follows from (i) (see (1.6)), which in turn may be
proved as follows. One of the basic properties of the C H-representation
(1.4) is that if v =¢ v’ (v,v" € Fx) then the formal Lie series pv and pv’
are equal modulo terms of bracket length at least k; see [14, 16]. With this
remark, given the definition (1.5) of s; and s}, the assertion to be proved
is a consequence of the multiplicative property [22, Lemma 3.2] which says
that

(2.8) Li(b) =lL(F)a-li(a), for i=1,...,n

(and likewise for [;(b')). Therefore I;(b) = l;(a) = 1;(V'), since 8, 3 € TP,
(use Lemma 2.2).

As for the last assertion, in order to compute OJ(b) we will need pl;(b)
modulo terms of bracket length at least k + 1, for all ¢ (and similarly for
Ok(V')). By the same argument as before we may reduce modulo I'y41 in (2.8)
and replace 1;(b) by 1;(3) - l;(«) and 1;() by L;(8') - li(«), since [;(3), l;(F) €
I'vFx and a € T(Fx). We recall now the C'H-multiplication formula [16]

1
s-t=s+t+ 5[3, t] + terms of higher bracket length

(where s,t € L x)- As we have already remarked, [;(3) =; 1 implies that
pli(3) contains only terms of bracket length at least k. Therefore the above
C H-multiplication formula reduces to pl;(3)-pl;(a) = pl;(8)+ pli() modulo
terms of degree at least k + 1 (and likewise for pl;(5') - pli(«)).

We infer that 0x(b) = Ok(3) + Ok(a) and Ok (b') = Ok(B) + Ok(a), by
construction, whence 9k (b) — Ok (V') = 9k(B) — Ox(B’). Thus it will suffice to
show that 3 € I'y P, implies that d;(3) = A(B), in order to finish our proof.
On the other hand this claim is a direct consequence of the definitions of Jy,
and A, due to another basic property of the C'H-representation [16], namely
that pv = ¥ modulo terms of degree at least k + 1, for any v € I'yFx. Here
v denotes as usual the class of v modulo I'y+1F x, belonging to grlliFX =
L% (Z). a

Our second corollary says that the lower central series filtration of pure
braids may be detected by (unordered, unoriented) C H-invariants; see also
Remark 1.1.

Corollary 2.9. If a € P, then a € TP, if and only if p*)(a) = 0, where
0€ (®-U\Der]/FiDer{).

Proof. Since the action of ® - U on Der]L is linear, the equality p*) (a) =
0 translates to d(a) € FyDer{. As in Remark 1.1, this is equivalent to
pli(a) = 0 modulo ka,X, for all 4. Since p is faithful with respect to the
natural filtrations (see [14, 16]) this in turn is equivalent to [;(«) € T'yFx,
for all . Finally this means precisely that a € I'y P,,, by Theorem 2.7. [J
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3. Homogenous links.

Let K be an arbitrary n-component link, ordered and oriented. As recalled

in §1, the construction of the C H-invariants of K starts with the choice of

an algebraic system of longitudes, [ = {lgk)}. One knows that lgkﬂ) = lgk)

modulo T'yFx, therefore plz(kﬂ) = plgk)
(k)

each i a formal Lie series s; =: lim pl;

modulo f;)sz and thus we get for

€ Lx. There is an associated Lie

derivation of f,*, 0=2090() € Der1 , defined on the free Lie generators by
Ox; =0 and Qy; = [z;,si], for i =1,... ,n.

Definition 3.1. A derivation 0 € Delr]L of the form 9 = 3, 0;, where

0; € Der?, for every j, is said to be h-homogenous if its U-orbit contains
Op. A link K is h-homogenous if it has an algebraic system of longitudes [
such that 9(1) is h-homogenous. A braid « € P,, is h-homogenous if d(«) is
h-homogenous.

Consider then b = Ba and ¥V = F«, with a € T, P, and 3,3 € T\ P,
k > h > 1. The following result provides a major simplification of the
CH-test (1.8)-(1.9).
Theorem 3.2. If b, b/ € P, are as above then:
(i) Their CH-invariants of order k are equal, p®*) (b') = p¥ (b).
(ii) If o is h-homogenous then p*tV () = p*+(b) if and only if the
derivation A(B — (') constructed as in (2. 7) belongs to

Im{ad (O (a)) : Der i "L(X @ Y) — DerfL(X @ Y)},

or equivalently if and only if there exists 6 € Der k”_hL} with the prop-
erty that for each i =1,... ,n one has
(*i) (23,18 — B)] = [, 0L;(@)] + [0, Li(@)]

modulo  ([zj,1;(@)] |1 <j <n).

Here B, € grlliPn represent the classes of 3,3 modulo Ty 1P, and
likewise @ € gr &P, stands for the class of o modulo T'},41 Py, and ((-))
denotes the (homogenous) Lie ideal of L generated by (-).

Proof. The above statement (i) follows at once from Corollary 2.8.

For the proof of (ii) we will need the following general remarks. Denote by
Derar the completion of @,>1Der (L) with respect to the upper degree filtra-
tion. Note that we may identify Derg with the vector space of those degree
zero Lie derivations of L, which are strictly filtration-increasing, similarly as
we did before in the case of Der [ (see §1). As in that case, there is a natural
action of U on Der aL, by conjugation. Moreover the Lie bracket of Der} in-

[]

duces (by linearity and completion) a bilinear map Der & 0 X Der T — Der 1,
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which is obviously U-equivariant. Finally note that grj.(u) = id, for any
u € U, where {FDer |} is the canonical filtration of Der | ; see [18, 1.8].

These remarks may be used to rephrase (1.8)-(1.9) as follows: p*+1D(v') =
p(kH)(b) if and only if there exists ¢q € Derg with the properties

(3.1) g, 0(c)] =1 0
and
(3.2) (¢, ()] =g+1 0(b) — (V).

Here we have used =; to denote the equality of elements in Derir modulo
F:Der{ and we have used Corollary 2.8 (ii) to replace d,(b) in (1.8)-(1.9)
by 0,(«), for r < k.

If « is h-homogenous then by Definition 3.1 there exists u € U such that
“O(a) = Op(ar). Since the conjugation by w is a filtered automorphism of
Delr;r and it is also compatible with the commutator of derivations, we may
replace (3.1)-(3.2) by the equivalent condition: There exists ¢ € Der | such
that

(3.3) 14, 9n()] =1 0
and
(3.4) [9,0n(@)] =1 ™ (O(b) — O(V)) =k+1 O(b) — O(V).

(The second congruence from (3.4) comes from the fact that 9(b)—9(b') = 0,
see Corollary 2.8 (ii), because the conjugation by w is unipotent with respect
to the filtration {F;Der |}, as recalled before.)

Writing now ¢ = Zj>1 qj, with ¢; € Der(L), we may use the homogene-

ity of Op(a) to rewrite (3.3)-(3.4) as follows

(3.5) [¢j,O0n(a)] =0, for j <k—h
and
(3.6) [k, On(@)] = Ok(b) — Ok(V').

Summing up and resorting to Corollary 2.8 (iii) we find that p(*+1) () =
p*+D (D) if and only if A(B — ) € ad (9p(a))Der E"L(X @), as asserted.
To get the stated equivalent form of this condition, reformulate (3.6) by
applying both sides to y;, 1 < i < n, to obtain by the definition of A the
equivalent form

(3.7) [2i,1i(8 — )] = @r—nOn()yi — On()qr—ny:, for all 4.
(Note that the derivations are uniquely determined by their values on the
free generators and dz; = 0 for all 4, if 0 € Der | L(X @Y), for trivial degree
reasons. )

Remember next that a € 'y P,, therefore 0y (a)y; = [x;,1;(@)], for all i;
see the proof of Corollary 2.8 (iii). Consequently qx_,p(a)y; = [xi, 01;(@)]+
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[02;,1;(@)], where 6 € Der * "L is given by the restriction of g;_j, to L.
In fact a straightforward degree inspection shows gi_p to be uniquely de-
termined on X by 0 € Der* "Ly and on Y by qi_py; = Z?zl cij, with c;;
(1 <i,j < n) arbitrary elements belonging to ad % "(y;). Here ad % "(y;)
is the Q-span of the Lie monomials of the form ad (z;,)---ad (z;,_,)(y;).
We may thus see that {—0h(a)qx—nyi}ti<i<n is an arbitrary collection of
n elements of degree k + 1 belonging to ([z;,l;(@)] | 1 < j < n), since
0ad (x;,)---ad (x;,)(y;) = ad (x;,) - - -ad (mzs)(ﬁyj) for any 0 € Der | L(X &
Y)and 1 <iy,...,is, 5 <mn. Thus (3.7) is equivalent to {(*;)}1<i<n and
the proof of our theorem is complete. O

Set Yy = > ¥, >y €Y. The next result offers two general homo-
geneity criteria.

Proposition 3.3. If0 € Der is of the form 0 = Zth 0j, with 0; € Der{,
then:
(i) 9 is h- homogenous if and only if there is a filtered Lie isomorphism
Ly = LX such that gri,(v) = id with respect to the canonical
filtmtwn {FkLX}kzl and v(9Y') C ((O,Y)), where ((())) is the closed
Lie ideal of Ly generated by (-).
(ii) Assuming that O ) y = 0 and that Oy induces an injection Y/Q -
Sy — Lh"'1 0 is h- homogenous if and only if there exist a filtered

Lie isomorphism v LX = LX and a homogenous derivation 8h
Der ! satisfying 9}, >y = 0 and such that v(0Y) C ({9} Y)).

Proof. By definition 0 is h-homogenous if and only if ud = Jdpu, for some
u € U. For obvious degree reasons it is enough to check the above equality
only on the free generators belonging to Y, which amounts to

’U(ayz) = ah(“'yl)v fori=1,...,n,

where v = U, To say that u € U is equivalent (by the definition of

Ly’
U, see §1) to saying that v is a filtered Lie automorphism of Lx satisfying
gr.(v) = id and demanding the restriction of u to Y to be of the form

uy; :yi—l—Zgog(a:,y), fori=1,...,n,
j=1

with (pg € ad?;{(Y), for all j.
These remarks give at once the “only if” part of the above statement (i).
Conversely, knowing that v(9Y") C ((9,Y)) we infer equalities of the form

v(dy;) = Zcplzz:ﬁhy for i=1,...,n,
j3>0
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with goz € adg((Y) for 7 > 0 and where cpg (x,0ny) denotes the result of
the substitution y; — Ohy;, for every I = 1,... ,n, in the Lie polynomial
¢l (x,y). Using d = Y_,~,, & and the unipotency of v, we obtain

Ohy; = @?(m, Opy), forall i

(by equating the lowest bracket degree terms of the preceding relations).

Therefore we may suppose that ¢Y(z,y) = y;, for all i. Set then Ug,, =

and uy; = Zj>0 ¢l (z,y),fori =1,... ,n, toobtain u € U with the property
that “0 = 0y, as required.

The “only if” part in the above statement (ii) follows from (i), with 9}, =
Oy. For the converse implication, set g = gr L(v)™!: X = X, denote by
g € Aut Ly the completion of the (upper) degree zero Lie automorphlsm of
L% extending g, and write v = g~ 'u, with u € Aut Ly. Then gri.(u) =id
by construction, whence gr};(u) = id (since grj(u) is a graded Lle algebra
map for any u € Aut Ly and gry *Lx = L% is generated in degree one). The
hypothesis v(9Y") C ((9,Y")) readily 1mphes that w(9Y") C ((g9,,Y’)). Due to
the fact that the ideal ((g0;Y)) is homogenous and u is unipotent, a lowest
bracket degree argument as before reveals that necessarily 0,Y C g0, Y
Whence we get a commutative diagram

Y/Q ZY Lh+1
L
Y/Q ZY Lh+1

(for some linear map t).

The assumption on the injectivity of 0 from the above diagram readily
implies that ¢ is an isomorphism and therefore we actually have 0,Y = g0 Y
Consequently u(9Y) C ((0,Y)) and we are done, by resorting to (i). O

Remark 3.4. Let K be a link having a Milnor system [ such that lgh) =1
modulo I',Fx, for all ¢ (for example K = &, with o € T'yP,, see Lemma
2.2). Set 9 = 9(l). It follows then from [22, Theorem 4.3 and (4.6)] that
0 =73 ;5,05 and Oy Yy = 0. (In the case K = @, with o € ', P, this
translates to > 1, [2i,1;(a)] = 0, see the proof of Corollary 2.8 (iii).) The
other assumption made on 0j, in Proposition 3.3 (ii) is most natural, too.
For example, if h = 1 one may combine [22, (4.7)] and [17, §6] to see
that the map 9, : Y/Q - >y — L% = A2X may be identified with the
comultiplication A : Hy — A?Hj (where H, = H.(S®\ K;Q)). It turns
out that the injectivity of A characterizes the so-called generic links; see [1,
Example 4.3]. These enjoy several remarkable properties which have been
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studied in [1, 2, 17]. For example all algebraic links (in the sense of [20,
§10]) are generic; see [1, Example 4.5].

The preceding proposition may be used to produce several interesting
examples of homogenous links. For instance, denoting by o1,...,0,_1 the
standard generators of the full braid group B, see [3, p. 18], and setting
zn = (01 -0p—1)", one knows that z, is a central element of B,, which be-
longs to P, for n > 2, see [3, 1.8.4]. Also f, = 0y_10p_2- 0%+ 0p_20,_1
€ P,, n > 2, gives an interesting series of examples related to fibered links,
see e.g., [21].

Corollary 3.5. The pure braids z,, fn and ars, where 1 <r < s <mn, and
n > 2, are 1-homogenous.

Proof. The algebraic longitudes of the standard generators of P,, a,s, may
be immediately read off from [3, (1.15)]:

lilars) =1, ifi <rori>s,

lilars) = (zp,x5), ifr<i<s,
(38) l(ars) = *rag, fori =r,

ls(ars) = xp, for i = s.

Similarly, using the description of the Artin representation of the standard
generators o; of By, see [3, (1.14)], it is straightforward to see that the
longitudes of f,, and z, are as follows (see e.g., [21, 22]):

li(fn) = "vn-1g, fori<mn,
(3.9) { n(fn) =21 xp_1, fori=n

and

(3.10) li(zn) =1y - 2,

7

Lofor 1<i<n.

This gives at once the following formulae for 9y, by abelianization (since
plaFx € LY?):

O1(ars)y; =0, fori #r,s,
(3-8/) al(ars)yr = [xra xs]a
81(ars)ys = [x&wr]

al(fn)yz - [mivxn]a fOI"i < n?
3.9

( ) { al(fn)yn - [xnsz]

(where >y =: >0 [ @, >y € X), and

(3.10") 01 (zn)yi = [z, Xx], for 1 <i<n.

The basic Campbell-Hausdorff trick of our proof is based on the following
standard remark (see [14] and also [22, Lemma 2.5)):

<<(w1,w/1)7 SR (wm>w;n)>> = <<[w17w,1]> SR [wm>w;n]>>>
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for any elements w;, w} € L x, where [, ] is the Lie algebra commutator and
(+,+) is the C H-group commutator.

The proof for a = a,s and a = f,, is a direct consequence of Proposition
3.3 (i), taking v = id. To verify that d(a)y; = [z;, pli(a)] = 0 modulo
(01(a)y; = [xj,lj(a)] | 1 <j<mn)), foralll<i<n,itsuffices by the
previous remark to see that (z;, pli(a)) = p(1) modulo ({(z;,l;(c)) | 1<
j <m)), for all 1 <i < n. This amounts to making a routine check, for both
a = ars and o = f,. Namely we have to see that in the C H-group of Ly
the relations (z;,/;(«)) = 1, for all j, imply the relations (z;, pl;()) = 1, for
all 4, given the classical correspondence between closed ideals and normal
C'H-subgroups of complete Lie algebras [14].

Finally the proof for a« = z, uses Proposition 3.3 (ii). We shall take
0} = 01(fn) and note that 01(z,) > y = 0 and 01(fn) >y = 0 (see Remark
3.4). The injectivity condition for d;(z,) : Y/Q - >y — L% immediately
follows from the commutation properties of a free Lie algebra, via (3.10).
To construct v, set

(3.11)

vx; = x4, fori < n,
_ -1
VT = (T1° Tp_1)” Tn.

This defines a filtered Lie isomorphism v : L x = L x, which necessarily
is also a group automorphism of the associated C'H-group of Ly [14]. As
in the previous two cases, to check that v(9(zy)y;) = [vxi,vpli(zn)] = 0
modulo ((8y; = [x;,;(fa)] | 1 <7 <)), forall 1 <i < n, and thus
finish our proof, we may replace in the above congruences all Lie brackets by
C H-commutators and then replace ((0y; | 1 < j <n)) by the normal CH-
subgroup generated by (z;,2,), 1 < j < n. Resorting to (3.11) and (3.10), it
is straightforward to see that the relations (z;,z,) = 1, for 1 < j < n, imply
the relations (vz;, vpli(zy,)) = 1, for all 4, which completes the proof. O

Corollary 3.6. All algebraic links (in the sense of [20, §10]) are 1-homo-
genous.

Proof. The key property of algebraic link complements S% \ K is the fact
that they are formal spaces, in the sense of rational homotopy theory [25],
as shown in [6, Theorem 4.2]. Setting G = 71 (9% \ K), it is well-known that
this implies the existence of a filtered Lie algebra isomorphism between the
Malcev Lie algebra G ® Q and the (completed) holonomy Lie algebra ESS\K;
see e.g., [13] for details and references on G ® Q and L.

The Malcev Lie algebra of G is by definition G®Q =: lim ((G/T'vG)®Q).

—k

Here (G/T;G) ® Q is the Q-Lie algebra form of the Malcev completion of
the nilpotent group G/I'yG and the Lie algebra G ® Q is endowed with the
canonical (complete) inverse limit filtration. Let [ be any Milnor system of
longitudes of an arbitrary n-link K. As pointed out in [22, Remark 2.9],
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there is a filtered Lie isomorphism

(3.12) G®Q= lim (Lyx/(((0MY)) + L"),

where 9(%) = 8@(’“)), with {®) = {lgk)}lgign, for each k. It is immediate
to see that we may replace in (3.12) 8%) by d = d(1), for every k, to get a
filtered Lie isomorphism

(3.13) G ®Q=Lx/((dY))

(where the filtration of the quotient is induced by the canonical filtration
{FLx = L7}

On the other hand, we have shown in [22, (4.7)] how to compute 0;
in terms of linking numbers. This gives, via [17, §6], another filtered Lie
isomorphism, valid for any link K,

(3.14) ESS\K > Lx /(1Y)

(where the quotient carries again the filtration induced from L X)-

We may now finish our proof by resorting to Proposition 3.3 (ii). We may
take 0] = 01, recalling that in general one has d; >, = 0 and that 9; of an
algebraic link induces an injection Y/Q - >y — L%; see Remark 3.4. As
for the filtered Lie isomorphism v, it may be obtained in a standard way by
combining (3.13) and (3.14).

Set E = Ly /({dY)) and E; = Lx/((8;Y)). We have a filtered Lie isomor-
phism E = Ey, which may be lifted by freeness to a filtered Lie morphism
v: Ly — Ly, with the property that v(3Y) C ((8,Y)). Since plainly both
canonical projections, L x — F and L x — F4q, induce isomorphisms at the
grL-level, we infer that gr(v) : X = X is an isomorphism. This implies
that gr¥.(v) is an isomorphism, since gr }(ix) = L% and v is a Lie map.
We get inductively that v : L x/Fp = L x/F} is an isomorphism, for all k,
therefore v : L x = L x is an isomorphism, as needed, by the completeness
of f;X . O

4. Some homogenous C'H-tests.

In this section we are going to reformulate on examples our key homogenous
CH-test {(%;) }1<i<n (see Theorem 3.2 (ii)) in terms of the graded Lie algebra
griP,. As a first step we shall get rid of ad (x;) in front of [;(8 — ') from

To be precise, we are going to look at the property :

there exists 6 € Der k_lL} such that
(%) (24, li(7)] = [, 0L3(@)] + [0, ()]
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modulo ([z;,1;(@)] | 1<j<n)
foreachi=1,... ,n

of a given v € I'y P, (k > 2), where « is one of the 1-homogenous braids z,
or a5 of Corollary 3.5.

Beginning with a = z,, it will be convenient to consider, for any fixed 7,
1 < j <, the graded Lie algebra map 7; : L*(z1,... ,2,) — L*(2s | s #
j) given on the free generators by

(4‘1) { T = T, fori#j,

L5 = — Zi?éj Xy
Lemma 4.1. The above conditions {(*,)}1<i<n are equivalent for a = z,
with the conditions

L;(y) = 1;(7) modulo ([x1,Xx] | 1 <t <n), foralll <i,j<n
or equivalently (for any fized j, 1 < j <n)

7 (7) = ml(7), for all i # .

Proof. Setting I = ([xy,1;(2,)] | 1 <t < n) it is immediate to see that I =
([, >°x]) | 1 <t <n) (look at (3. 10) and (3.10")). Since li(zn) = Y x — i,
for every 4, the right-hand side of () equals (modulo I)

[(L‘i,(gzx] — [IL’Z,QIBZ] — [Qxl,xz} = [xi,OEX] — G[xz,xz} = [xi,QZX].

Therefore the conditions {(x}) }1<i<n just say that [z;,1;(}) —n]=0modulo I,
with ¢ = 1,... ,n, for some n € L’)f(.

Notice that for any fixed j, L% /I is isomorphic to L*(zs | s # j) xQ->_y,
the graded Lie direct product of L*(zs | s # j) and the one-dimensional
abelian graded Lie algebra concentrated in degree one Q - >y, and the
map 7; defined in (4.1) represents the projection of L% /I onto the first
factor. We may now invoke again the commutation properties of free graded
Lie algebras [16, p. 328] (remembering that k > 2) to get all the desired
conclusions of the lemma. O

A similar argument will do the job in the other case (a = a,s).

Lemma 4.2. The above conditions {(*;)}1<i<n are equivalent for o = ays
with B

[;(7) =0 modulo ([x,,zs]), for all i#r,s.
Proof. Set I =: ([zr,z5]) = ([xj,1;(ars)] | 1 < j < n), see (3.8) and (3.8').
Then the conditions {(x})}i<i<n take the form

[x; {( )] =1 0, fori#r,s,
[ { (’7)] =I [QZT, st] + [91‘7") $5],
[x& 15(7)] =1 [x& er] + [91:57 «777‘]7
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for some 6 € Der *~1L%. Taking into account that S [x;,1;(7)] = 0 (see
Remark 3.4) the last of the above conditions follows from the others. On
the other hand the preceding one obviously is always fulfilled, by defining
Oxs = 1,(¥) and Ox; = 0 for j # s. Therefore it suffices to show that
[z;,1] =7 0 implies [ =; 0, for any | € L%, k > 2, and for any i # r,s, in
order to finish our proof. For a fixed such ¢ it is enough to establish the
corresponding commutation property for the universal enveloping algebra
U(L%/I), which is isomorphic to (T*(x; | j # i)/(xrxs — zsxr)) [ T*(24),
graded by tensor degree. Namely it suffices to show that the centralizer of
x; equals T*(z;), which in turn can be easily verified, given the free product
structure of the algebra U (L% /I). O

Now we may take a second step and express everything only in terms of
grib.
Proposition 4.3. If v € TP, (k > 2) is such that 7 belongs to the graded
Lie subalgebra of gr{P, generated by {a,s | r,s # j}, for some j, 1 <
j<n (eg., ify € T'xP,_1), then v meets the requirements of the C H-test
{(+1) }i<i<n corresponding to o = z, if and only if ¥ = 0, where ¥ € grkP,
denotes as usual the class of v modulo T'yy1P,.
Proof. Let ES C grpP, be the graded Lie subalgebra generated by {@s |
r,s # j}. The result will follow easily from the following claim:

For any e € E} (t > 1) one has

(4.2) lj(e) =0
and
(4.3) li(e) € LY (zp | p # j), for alli # j.

Granting the above claim, we may finish our argument as follows. We
know from Lemma 4.1 that the C H-test {(x})}1<i<n is equivalent with the
fact that m;l;(¥) = m;l;(¥), for all i # j. By hypothesis ¥ € E]’-“, hence
mil;(¥) = 0 (see (4.2)) and m;1;(F) = 1;(7), for all i # j (see (4.3) and (4.1)).
Therefore our test is equivalent with [; (7) =0 for all 4, 1 <i < n, and this
happens if and only if % = 0, as asserted, according to Theorem 2.7.

As far as our above two claims are concerned, we may induct on ¢. At
step t = 1 both (4.2) and (4.3) follow at once from Lemma 2.5. For the
induction step, assume (4.2)-(4.3) to hold for e,e’ € EY. We are going to
show that they also hold for [e,€’] by using Lemma 2.4 to write

lile, €] = [li(e), li(€)] +e(li(€))) — (;’(Zi(e)), for 1<i<n.
This already gives the result claimed in (4.2), for i = j. For i # j we may use
again the above formula together with the induction hypotheses on e and
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¢’. To complete the proof of our second claim (4.3) we note that for any f €
gr 1P, having the property that [;(f) € L*(x, | p # j), for all 1 <i < n, the
associated derivation f € Der*L(z1, ... ,2,) defined in Lemma 2.4 leaves
invariant the Lie subalgebra L*(x,, | p # j) C L*(x1,... ,xy). This property
in turn needs to be checked only for the generators z, (p # j), due to the
fact that f is a Lie derivation. One has fx, = [z,,0,(f)], by construction,
and this is clearly an element belonging to the desired subalgebra, by our
assumptions on f, for any p # j. O

Concerning the graded Lie algebra structure of griF,, one knows for
example (see [3, §1.4]) that the split exact sequence (2.5) exhibits P, as a
semidirect product, P, = F(a,, | 1 < r < n) x P,_;. The structure map
is given by the Artin representation P, — Aut F(a,, | r < n) (after an
obvious change of notation for the generators of the free group). Accordingly
[7] gr P, splits as a semidirect graded Lie product

(4.4) griPy =L*@rp | 7 < n)(Z) X gr1Po_1.

Here the adjoint representation of gr [ F,—1 in the free Lie algebra equals by
construction the graded Lie algebra map

A=—J:griP,_1 — Der*(L(am, | r < n)(Z))
= Der *(L(z1,... ,2n-1)(Z))

(where J is Johnson’s homomorphism, as in Proposition 2.1); see the proof
of Lemma 2.4. We recall that if v € 'y P,—1 then A(§) =7, where

(4.5) i = |13, 1;(7)], fori=1,... ,n—1.
The simplest nontrivial example occurs for n = 3, where the above dis-
cussion implies that

(4.4) griPs =L*(ay,a2)(Z) x (Z - a)

(where we have denoted for future convenience a,3 by a,, for r = 1,2, and
@12 by a); here Z - a is a free rank one abelian Z-Lie algebra concentrated in
degree one and

(4.5") [a,a1] = [az,a] = [a1,as]

(see Lemma 2.5).

For concrete computations one may use standard Hall bases of free Lie
algebras, see e.g., [16]; for example {[a,as]} is a Z-basis of L?(a1,az)(Z),
{Ay =: [ay, [a1,as]], Az =: [ag, [a1,az]]} is a Z-basis of L3(a1,a2)(Z) ...

The simplest nontrivial homogenous C H-test corresponding to o = a,
occurs for n = 3 and k = 3 and it may be ultimately rephrased within gr [ P3
as follows.
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Proposition 4.4. For a given v € I'3P;3, set
7= cl[ala [ala GQH + CQ[GQ, [ala GQH, with C1,2 cZ

(where 7 € gr%Pg stands as usual for the class of v modulo T'yPs). Then
7 satisfies the conditions {(x})}1<i<3 corresponding to o = a12 € P3 if and
only if ¢y = ca.

Proof. By Lemma 4.2, all we have to show is that I3(¥) = 0 mod ([z1, z2])
if and only if ¢; = co.
By a repeated application of Lemmas 2.4 and 2.5 we find that
I3([a1, [a1, a2]]) = [y, [x1, 2] + [[21, 23], 22] — [21, [w2, 23]],
(4.6) -
13([ag, [a1,a2]]) = [, [w1, w2]] + [w1, [m2, x3]] — [22, [x3, 21]].

Computing modulo I =: ([x1, z2]) we arrive at
I3(la1, a1, as]]) =12~ [[w2, %3], 21],
I3(laz, [ar, a2]]) =1 =2 [[z2, z3], 21].

The additive property of Lemma 2.3 and the passage to the enveloping
algebra U(Lx /I) = Q[x1, z2] [ [ Q[x3] allow us to reformulate the conditions
{(*)) }1<i<3 as follows

2(c1 — 2) - [[z2, 23], 1] =0 in U(Lx/I).

This is equivalent with ¢; = co, as asserted, since one may expand the
brackets and easily see that [[z2,z3],21] is a nonzero element of the free
product of polynomial algebras, Q[z1,z2] [ Qlzs]. O

5. Unordered isotopy classes of pure links and X,,-actions.

As is well-known [3], the conjugation in B, does not change the oriented
isotopy type of the Artin braid closure. For pure closed braids, which come
naturally equipped also with an ordering of their components (corresponding
to the labels of the strings), one has the following more precise statement:

Given any b, € P,, their Artin closures b and b are oriented (not neces-
sarily ordered) isotopic if and only if there exists o € By, belonging to some
fixed complete set of representatives for the cosets of P, such that b and b/
are oriented (and ordered) isotopic links.

Thus our C'H-invariants {p*)} k>2 may be used to detect unordered oriented
isotopy types of pure links, via the conjugation action of B,, on P, and the
induced action of ¥,, on the graded Lie algebra gr{F,, see Lemma 2.6.

On the other hand, let us recall from [22, Proposition 2.8] another natural
action of Y, by bigraded Lie algebra automorphisms, on the bigraded Lie
algebra of derivations Der JL(X @ Y') described in Section 1. The group



408 STEFAN PAPADIMA

Aut LE(X @Y) of bihomogenous Lie algebra automorphisms, which clearly
acts on the bigraded Lie algebra Der ;L(X @ Y) by conjugation, may be
identified with GL(X)x GL(Y), by taking the restrictions of automorphisms
to the free generators. The above mentioned action of ¥,, on Der ] is defined
by restriction, via the following product representation of 3, in GL(X) x
GL(Y), given for any g € ¥, by

(5.1) {gwi—xgi, fori=1,... ,n,

9Yi = Ygi, fori=1,... n.
We begin with the following Y,-equivariant appendix of our homogenous
CH-test (Theorem 3.2).

Lemma 5.1.
(i) The map A : griP, — DerTL(X @ Y) constructed in (2.7) is equi-
vartant with respect to the above X, -actions.
(ii) For any a € 'y P, and g € ¥,, one has
90 () = Op(e) if and only if gaa =@

(where ga denotes the conjugation action of g on the class of a, @ €
grip,).

(iii) For any a € T'y P, set H = {g € ¥, | 90,(a) = On(a)}. Then the
map

ad (9 () : Der jL(X ®Y) — Der}"L(X @ Y)
18 H-equivariant.

Proof. The first basic equivariant property is a consequence of Lemma 2.6,
which may be used to compute, for any g € 3, vy € I'sP,, and 1 <i < n

A7) (yi) = [23,1i(g7)] = [2i, glg-1:(F)]-

On the other hand, we get, using the definition of A (see (2.7)) and (5.1)
above

TN (yi) = gAV) (Yg-15) = glg-1i; lg-1 (V)] = [, glg-1,(7)].

The second assertion of the lemma is then a corollary of the first, due to
the fact that () = A(@) (see the proof of Corollary 2.8 (iii)), in conjunc-
tion with Theorem 2.7, which implies that A is injective. (For the injectivity
of A one also needs to use the commutation properties of a free Lie algebra,
together with the normalization condition (1.2) in degree x = 1.)

Finally, the last statement (iii) may be checked by a routine application of
the fact that ¥,, acts on Der ;L(X @©Y') by Lie algebra automorphisms. [J

For practical purposes one may compute the ¥,-action on gr P, by re-
sorting to the graded Lie algebra structure. This is a folk statement, whose
relevant details are going to be recorded for the reader’s convenience.
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The semidirect graded Lie splitting described in (4.4)-(4.5) together with
Lemma 2.5 may be used to argue inductively on n. Thus it can be shown that
gr 1’2Pn is a finitely generated free abelian group, for all £k > 1. In particular
the component griP, admits as a Z-basis the set {@,s | 1 <r < s <n}
(which obviously may be identified with the set of 2-element subsets of
{1,...,n}, by associating to @,s the subset {r,s}). Finally, in this way
one may also obtain a system of defining relations between the graded Lie
algebra generators of gr 5P, {@rs}1<r<s<n. It is given by the relations (4.5")
corresponding to every 3 distinct indices 1 < r,s,t < n,

(52) [armart] = [aStaaTS] = [artaast]a
together with the commutation relations
(5‘3) [armatu] = 07

for every 4 distinct indices 1 < r,s,t,u < n. The X,-module structure of
gr P, may then be handled as in the lemma below.

Lemma 5.2.

(i) The X, -module gr %Pn 18 isomorphic to the free Z-module generated by
the ¥, -set of 2-element subsets of {1,... ,n}, endowed with the obvious
Yn-action, for every n.

(ii) The above property, together with (4.4") and (4.5"), suffice to describe
the ¥3-action on grllipg, for all k.

Proof. Remember that we have identified @,s € gripP, with {r,s} C {1,

.,n}. For the proof of (i), it will be plainly enough to show that ¢-a, s =
Ggrgs, for any g € X, (with the convention that Gu, =: Gy, if 1 < v <
u < n). Equivalently, we must show that ;(g - Grs) = Zi(agngs), for all 3;
see Theorem 2.7 and Lemma 2.3. This we may do by an easy computation
which uses Lemmas 2.6 and 2.5.

We may formulate the above statement (ii) more precisely, for k = 2.
Namely we claim that gr %Pg is the free rank one signature Z-module of Xs.
To see this it is enough (see (4.4")) to verify that 7i[a1,as] = a1, as] =
—[a1, az]; here we have denoted by 7; € ¥,, the transposition (¢,7 4 1), for
1 < i < n. To make the above computation, one may use the fact that ¥,
acts on gr [P, by graded Lie algebra automorphisms, Lemma 5.2 (i) and the
defining relations (4.5"). For example,

T1]a1, az] = [T1@13, T1G23] = [G23, @13] = —[a1, az],
and similarly
Tolar, az] = [@12,a23] = [a, az] = —[a1, as].

Inductively, we have to compute the action of g € 33 on a basic commuta-
tor of the form [c, '], with ¢ € L#(ay, a2)(Z), ¢ € Lt (a1, a2)(Z), s+t =k > 3,
and s < t. We have to distinguish two cases. When s > 2, g[c, ¢] = [ge, g¢],
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with gc € L%(ay,a2)(Z) and gc’ € L'(ay, as)(Z) already computed. Thus we
just have to rewrite [gc, g¢/] as a linear combination of basic commutators
in L*(a1, a2)(Z), see e.g., [16]. If s = 1 then necessarily t > 2 (since k > 3),
hence g¢’ € L!(a1,az2)(Z). On the other hand, gc is also already computed
and belongs to {a1,a9,a}, by property (i). If gc = a, (r = 1,2), then we
are done, as before. Finally if gc = a then [a, g¢/| € L¥(ay,a2)(Z) may be
computed by Jacobi with the aid of the relations (4.5), which completes our
inductive step. O

Example 5.3 (k = 3). The action of ¥3 on gri Py is given by

1A = —As, T1As = — Ay,
ToA1 = A1 + Ay, TAy = —Ao,

where {A; = [a1, [a1,a2]], Az = [ag, [a1,as]]} is the Hall basis of gr3 Py =
L3(a1,a2)(Z) and 7; is the transposition (i,i + 1), for i = 1,2. Indeed,

T A1 = —|az, a1, a2]] = —Ag,
1Az = —la1, a1, a2]] = —Aq,

(5.4)

(by the results of Lemma 5.2 for £ = 1,2) and

{ T A1 = —[a, a1, as]] = —[[a, a1], as] — [a1, [a, as]] = A1 + Ag,
Ay = —[ag, [a1, az]] = —As

(by the results of Lemma 5.2 for & = 1,2, the Jacobi identity and the
relations (4.5')).

6. C H-invariants versus Vassiliev and other link invariants.

We have pointed out in [22] some similarities and differences between our
C H-invariants and Milnor’s p-invariants. In this section we are going to
present a similar comparison with finite type invariants, on examples. Vas-
siliev’s invariants are more general than the CH-invariants (which are of
finite type, in a certain sense; see [15]) and more powerful than the CH-
invariants (which fail to distinguish knots; see [22, §3]). On the other hand,
the C H-approach has the advantage to offer a more specific useful concrete
tool for many-component links, as we shall soon see. We will examine a
series of three classes of examples. As in the previous sections, we are going
to look at the Artin closures of pairs of pure braids of the form b = Sa and
b = a, with a € P, and 3,3 € I'yP,, where k > 2.

The basic motivation is provided by Stanford’s result [24, Theorem 1],
which says that b and ¥ have the same Vassiliev invariants of order less than
or equal to k—1. We have seen, in Corollary 2.8, that a similar phenomenon
occurs for the C' H-invariants, namely that p®)(b) = p(®)(#/). Stanford also
showed how to use his preceding result to obtain infinite families of distinct
links, sharing the same Vassiliev invariants, up to order k£ — 1, with an
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arbitrary given link K; see [24, Theorem 2]. We begin by constructing
similar (less general but simpler) classes of examples, which are faithfully
detected by p**t1). The point is that the C'H-theory offers a concrete pk+1)-
test, whenever p*)(K) = p(*) (K"), while it seems to be a difficult job to find
a specific higher order Vassiliev invariant to distinguish K from K’.

We shall take « equal to the central braid z, € P, (n > 3), f =™ and
B =4t (m,t > 0), where v € ['yP, is such that 5 € gr&P, is a nonzero
element belonging to the graded Lie subalgebra generated by {a,s | r,s # j}
for some j, 1 < j <n (one may use for example any nonzero 7 € gr lliPn_l),
as in Proposition 4.3.

Proposition 6.1. The pure links {’Y/m?n}mzo have the same Vassiliev in-
variants of order less than or equal to k — 1 and the same p-invariants of
arbitrarily high order, for any v € Ty P, (k > 2). If ¥ € grkP, is as above
then ’y/m?n and Yz, are oriented isotopic if and only if m = t. The isotopy
type is detected by pFTY .

Proof. The assertion on Milnor’s fi-invariants of the oriented and ordered
links @1 may be easily proved as follows. As is well-known [19] (see also
[22]) the first p-invariants fz;; (1 < 4,7 < n) have trivial indeterminacy
(fij = wij) and may be computed by abelianization from the algebraic
longitudes. More precisely, I;(a) = > =1 Iy (@)zj € gr LFy, forany a € P,.
By Lemma 2.3 and (3.10) we thus see that ﬁij('y/mzb) =1 for all ¢ # j and

ﬂzz('yfn?n) = 0 for all i. Since in general fi;, where I = (iy,... ,is), and
1 <i1,...,is <mn, is defined only modulo Ay - Z, where Ay is the greatest
common divisor of certain p-integers p 7, where the multiindex J is shorter
than I (see [19]), it is straightforward to infer that all the other f-invariants
are trivial: i;(7"z,) = 0 for all s > 2.

On the other hand, the Artin closures of "z, and ~'z, are oriented
(not necessarily ordered) isotopic if and only if the closures of 7(y™z,)
and ~'z, are oriented and ordered isotopic for some o € B,, as recalled
in Section 5. For the rest of the proof it will be then enough to show
that if p+tD)(7(y™)z2,) = p+t(4t2,) for some o € B, then necessarily
m = t. By Theorem 3.2 and Corollary 3.5 the equality of the above p(h+1)-
invariants is equivalent with the fact that the derivation A(m - g5 —t - 7)
belongs to Im ad (9i(zy,)) for some g € 3, (where the action of ¥, on
gr 1Py, is induced by the conjugation action of By, as in Lemma 2.6), since
zn is 1-homogenous. Since z, is a central element of B,, we infer from
Lemma 5.1 (ii)-(iii) that ad (91(zy)) is a ¥p,-equivariant map, and conse-
quently Der¥L(X @ Y)/Imad (91(2,)) is a (finite-dimensional) ¥,-vector
space. Therefore the above p**1_test may be rephrased as saying that
m - gA(7) = t- A(¥) (where the equality is understood to take place in
Der }L(X®Y)/Imad (91(2y,))), for some g € ¥,,; use the equivariant Lemma
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5.1 (i). Since 7 # 0 by hypothesis, the homogenous C H-test from Proposi-
tion 4.3 and Theorem 3.2 (ii) may be invoked to infer that A(%) represents
a nonzero vector modulo Im ad(9;(zy)).

If m = 0 this readily implies ¢ = 0 and if m # 0 we know that ¢t/m is
an eigenvalue of the finite-order linear map induced by g on the quotient,
hence ¢ = +m, which implies that actually t = m, since m,¢ > 0. U

Clearly the first interesting examples of pure links arise from Ps;. While
we had to assume, in the preceding result, that n > 3, our next result shows
that the C H-method may be used efficiently for pure links on 3 strands,
too. Consider for example b = fa and ¥ = 3~ 'a, where «a is the standard
generator ajg € P3 and B € I'sP;. Set f = c1 A1 + cAy, where A; =
[ai, [a1,a2]] and a; = @3, for i = 1,2, as in Proposition 4.4.

Proposition 6.2. The pure links BE have the same sublinks (up to oriented
isotopy) and are link-homotopic, for any 8 € T'sPs. If ¢c1 # co then Ba and

B~ Ya are not oriented isotopic, the difference between them being picked up
by p&.

Proof. The first assertion is immediate. Deleting the ith strand corresponds
to applying the canonical projection p; : P3 — P, for 1 < ¢ < 3, see
[3]. Since P is abelian p;(fa) = pi(ai2), for all i, therefore the 2-sublinks
are independent of (§ (and are either trivial or Hopf links). The passage
from link isotopy to link homotopy corresponds to the canonical projection
p : P3 — H(3) and one knows that I'sH(3) = 0, see [9, 1.12], whence
the claim on link-homotopy. (Actually both the above properties are a
consequence of the fact that the links B& share the same f-invariants.)

As in the previous proof, we shall conclude by showing that p(¥) (9b) =
p® (V) for some o € By implies that ¢; = co. Firstly p* () = p™ ()
implies that p® (“b) = p)(¥) [22, Theorem A (ii)]. The equality of the
p@-invariants translates in turn to the fact that [;(°b) = I;(¥'), for all i
(see [22, Remark 2.7]), due to the relation between abelianized longitudes
and Milnor’s 1i;;-invariants, explained in the preceding proof. Consequently,
(see Theorem 2.7) gaia = @12, with ¢ = v(0~1), as in Lemma 2.6. By the
description of the ¥3-module gr P recorded in Lemma 5.2 (i), g must be
either 1 or the transposition 71 = (12). Therefore either 0 = 1, or 0 = 0
and b =7 3 a, since aja = o3; see [3].

The 1-homogeneity of o (Corollary 3.5) implies, via Theorem 3.2 (ii) plus
the homogenous C H-test of Proposition 4.4, that p*(?b) = p(¥') if and
only if one has ¢1(g8 + 8) = c2(g8 + (), where 7 = ¢1(7) A1 + c2(F) A is
the expression of any given element 7 € gr%Pg with respect to the basis
{41, A2}, as usual.
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If g = 1 this gives that c1(B) = c2(8), as desired. For g = 7 one
has that ¢1(g3) = —ca(B) and ca(g8) = —c1(B); see Example 5.3. Hence
c1(gB + B) = ca(gB + ) if and only if ¢1(8) = c2(0), as stated. O

It was noticed in [15] that the C'H-invariants, like the G- invariants, can-
not be determined by quantum invariants. Our last result exhibits exam-
ples having the same HOMFLY polynomial and at the same time equal
fi-invariants of arbitrarily high order, which may be handled by homoge-
nous C' H-tests. We shall consider pairs of the form b = 3z, and b/ = 3712,
(b,b' € P,), with 3 € T'sP3. Set 3 = c1 A1 +c242, as in the previous example.

Proposition 6.3. The pure n-links B/z; and m (with n > 3) have the
same HOMFLY polynomial, the same p-invariants and are link-homotopic,
for any B € T'sPs. If 1 # ca, c1 # 0 and co # 0, then they are distinguished
by pW up to oriented isotopy, for n > 6.

Proof. As before, we are going to prove that if p®* (7b) = p (¥') for some
o € By then ¢f = ¢cg or ¢; = 0 or cg = 0, for n > 6. The fact that
pH (7 (8)z,) = pW (B~ 2,) for some o € B,, may be reformulated as follows:
muli(gB + B) = mplj(gB + B), for all 1 < i # j < n, for some g € ¥,; see
Theorem 3.2 (ii) and Lemma 4.1. By Lemma 2.6 this condition in turn may
be rewritten as follows

(*) Tnglg=1:(8) + mnli(B) = Tngly-1;(8) + mnl;(53)

(for all 1 < i # j < n), for some g € 3,,. We are going first to infer that g
must leave invariant the subset {1, 2, 3}.

To this end, let us start by noting that [;(3) € L(x1, 22, 23)(Z), for i < 3,
and [;(3) = 0, for i > 3, since 3 € P3 and consequently z;8 € F(x1, 2, x3),
for ¢ < 3, and z;8 = z;, for i > 3; see the definitions (1.1)-(1.3). On the
other hand it follows immediately from (4.6), given the definition of 73 (see
(4.1)), that m3l3(3) = ci[ze, [z1,22]] + c2fz1, [x1,22]]. A similar iteration
of Lemmas 2.4 and 2.5 readily gives that m3l1(8) = m3l2(3) = msl3(B). If
there is some i < 3 such that g~ > 3 and at the same time there is some
j > 3 such that g~!j > 3, then the equality (*) implies that m,l;(3) = 0.
Given that [;(3) € L(x1,x2,73)(Z) for i < 3, we may conclude by (4.1)
that necessarily [;(3) = 0, if n > 3. Hence m3/;(8) = 0, and this implies
that ¢; = c2 = 0, by our previous computation. Thus we infer that either
g({1,2,3}) = {1,2,3} or g~ *({4,... ,n}) C {1,2,3}; in the second case we
get that n < 6, a contradiction. Denote by h € X3 C X, the restriction of g
to {1,2,3} (i.e., hi = gi for i < 3 and hi =i for i > 3). We deduce from the
above discussion that the relations (%) continue to hold also for h. Therefore
hB+j € gr %Pg Cgr %Pn meets the requirements of the homogenous C H-test
of Lemma 4.1. For n > 3 this implies, via Proposition 4.3, that h3 = —f3,
for some h € X3.
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The explicit description of the ¥3-module gr? P; (see Example 5.3) leads
then immediately to the desired conclusion: ¢; = ¢cg or ¢; = 0 or cg =0
(corresponding to h = (12) or h = (23) or h = (13)).

The equality of the fi-invariants follows from Proposition 6.1 and the as-
sertion on link-homotopy is proved as in Proposition 6.2. The proof of the
coincidence of the HOMFLY polynomials is based on an idea of Birman [4]
and uses the general machinery developed in [11] (see also [5]). One knows
that for each n there exists a representation of B,, into a finite-dimensional
C-algebra B,,, p, : B, — B,, inducing a surjection C[B,] — B,. More-
over there is a trace (a C-linear map vanishing on the algebra commutators)
Tn + By — C. Here B,, p, and 7, depend on two complex parameters
and have the property that: Given any b, € B, such that e(b) = e(V)
(where e stands for the exponent sum with respect to the standard genera-
tors o1,... ,0,—1 of By), the HOMFLY polynomials of their Artin closures
b, b/ will coincide as soon as Tppn(b) = Tupn (V). See [11], [5]. In our case
e(b) =e(b') = e(zy), since 8 € I'9B,,.

Next one knows [11] that generically B,, is semisimple (it is isomorphic
to C[X,]). Therefore it splits as a product of full matrix algebras, B, =
[I, M(d;; C), and the restriction of 7, to each M (d;; C) is the usual matrix
trace, up to a normalization factor. It will be thus enough to check that
tr mipn(b) = tr mip, (b)), for all 4, where m; : B,, — M(d;; C) denotes the
canonical projection. Since z, is central in C[B,,], m;pn(z,) will be a scalar,
for all 5. Thus we are left with proving that tr m;p,(8) = tr mpn(8~!) for
all 4, if 8 € '9B3 and n > 3. Since one also has group inclusions B,, C B,
and algebra maps B,, — B, commuting with the above representations
pm and py, for m < n, it will plainly suffice to check the above equality of
traces for n = 3.

By the classical representation theory of 3 there are three matrix rep-
resentations of Bz to be considered; see [11]. For two of them d; = 1 and
consequently m;p3(8) = mip3(B~') = 1, since B € I'sB3. For the other
one d; = 2, whence again tr m;p3(3) = tr mp3(8)~'. The last equality
follows from elementary matrix theory, since m;p3(5) € SL(2;C) because
6 € 'y Bs. O
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