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The Nielsen root number N(f ; c) of a map f : M → N at
a point c ∈ N is a homotopy invariant lower bound for the
number of roots at c, that is, for the cardinality of f−1(c).
There is a formula for calculating N(f ; c) if M and N are
closed oriented manifolds of the same dimension. We extend
the calculation of N(f; c) to manifolds that are not orientable,
and also to manifolds that have non-empty boundaries and are
not compact, provided that the map f is boundary-preserving
and proper. Because of its connection with degree theory, we
introduce the transverse Nielsen root number for maps trans-
verse to c, obtain computational results for it in the same set-
ting, and prove that the two Nielsen root numbers are sharp
lower bounds in dimensions other than 2. We apply these
extended root theory results to the degree theory for maps
of not necessarily orientable manifolds introduced by Hopf in
1930. Thus we re-establish, in a new and modern treatment,
the relationship of Hopf’s Absolutgrad and the geometric de-
gree with homotopy invariants of Nielsen root theory, a rela-
tionship that is present in Hopf’s work but not in subsequent
re-examinations of Hopf’s degree theory.

1. Introduction.

The goal of this paper is two-fold. We will extend results from Nielsen root
theory for maps between orientable n-manifolds so as to remove the ori-
entability hypothesis. Then we will use the extended theory to re-establish
the connection between Nielsen root theory and two variants of the degree
of a map, namely, Hopf’s Absolutgrad and the geometric degree. By us-
ing methods from present-day Nielsen theory, we will provide new ways of
understanding some of the basic concepts of Hopf’s theory as well as more
direct proofs for some of the results. We next describe these goals in more
detail.

If f : M → N is a map between two manifolds and c ∈ N , then a root
of f at c is a point in f−1(c). The Nielsen root number N(f ; c) is a lower
bound for the cardinality of f−1(c), and it is homotopy invariant. While it
is possible to define N(f ; c) even if M and N are not manifolds, it is usually
not possible to compute it in such general settings. If, however, M and N
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are orientable n-manifolds, then a formula for computing N(f ; c) is known.
Following Hopf [H2], we write j to denote the cardinality of the coset space
π1(N)/fπ(π1(M)) and state the following partial version of Theorem 3.13
below, which is due to Hopf [H2, Satz VIIa] and Lin [L, Proposition 5].

Theorem 1.1. If f : M → N is a map of closed, connected oriented n-
manifolds, then N(f ; c) = 0 if the degree of f is zero and N(f ; c) = j if the
degree is not zero.

Our main extension of this theorem is to maps between closed n-manifolds
that are not necessarily orientable, but we will also allow manifolds with
boundary if f maps boundary to boundary, and non-compact manifolds if
f is proper (see Theorem 3.11).

Nielsen root theory was used in the degree theory that Heinz Hopf ini-
tiated in 1930 [H2], and therefore his degree theory is quite different from
others that existed at Hopf’s time. The degree in Theorem 1.1, the classi-
cal degree due to Brouwer [Bw, p. 105], is usually defined in terms of the
homomorphism of integer homology induced by f . The definition can be
extended to proper boundary-preserving maps of orientable but not neces-
sarily compact n-manifolds with boundary. But if at least one of M and N is
non-orientable, then the homological degree can only be defined in terms of
homology with coefficients in Z/2 and the resulting mod 2 degree deg(f ; 2)
tells little about the map f , in particular about its geometric properties. To
obtain such geometric information, and in particular to give an algebraic
approach to the geometric degree which looks at counterimages of points,
Hopf introduced a degree that he called the Absolutgrad (absolute degree).
It does not require orientability and provides much better information about
the map than does the mod 2 degree. Hopf’s Absolutgrad may be viewed as
a variant of the Nielsen root number, in fact it is precisely the “transverse
Nielsen root number” N∩| (f ; c) which is a lower bound for the cardinality
of the set of roots of maps between n-manifolds that are transverse to c
in a sense made precise in Definition 3.1 (see Theorem 5.3). In general,
N∩| (f ; c) ≥ N(f ; c) and equality need not hold. In Theorems 3.12 and 3.13,
we compute N∩| (f ; c) in the same setting in which we compute N(f ; c) in
Theorems 3.11 and 3.13.

An important reason for calculating the Nielsen root number N(f ; c) of a
map f of n-manifolds is that it contains geometric information: It is a sharp
lower bound if n 6= 2, that is, there exists a map g homotopic to f such that
g−1(c) contains exactly N(f ; c) points. The transverse Nielsen number is
also sharp, even if n = 2, in the sense that there is a map g homotopic to f
and transverse to c such that g−1(c) contains exactly N∩| (f ; c) points. This
is equivalent to saying that N∩| (f ; c) can be realized by a map g which has
N∩| (f ; c) as its geometric degree, and so it follows from the fact that N∩| (f ; c)
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is sharp that the Absolutgrad of a map between n-manifolds is equal to its
geometric degree. This is the property of the Absolutgrad that motivated
Hopf’s introduction of the concept in [H2]. Hopf was influenced in his 1930
study of the degree by work of Jakob Nielsen [N1, N2] on the subject of fixed
points that was published a few years earlier and, in particular, the Nielsen
root number (called “wesentliche Schichtenzahl”) and the transverse root
Nielsen number (called “Absolutgrad”) appear for the first time in Hopf’s
paper.

Thus our paper may be viewed in part as a re-examination of Hopf’s
degree theory from a present-day mathematical standpoint. Ours is by no
means the first updating and extension of Hopf’s work, and in particular
of Hopf’s very novel concept of the Absolutgrad. The first such studies are
contained in two important papers, by Olum [O] and Epstein [E]. In 1953,
Olum [O] considered maps between closed but not necessarily orientable
manifolds and used cohomology with local coefficients to introduce an alge-
braically defined “group ring degree” in a way which is more closely related
to the definition of the classical Brouwer degree (but not to that of the geo-
metric degree) than Hopf’s definition of the Absolutgrad. Olum showed that
it follows from his definition that Hopf’s Absolutgrad equals the absolute
value of the group ring degree, and he calculated the group ring degree in
terms of a “twisted” global degree, introduced earlier in his paper, and the
mod 2 degree [O, p. 478]. In an influential paper [E] that Epstein published
in 1966, the calculations of Olum were interpreted in terms of cohomology
degrees of lifts of the map f and these degrees were used by Epstein, and
subsequently by other authors, as the definition of the Absolutgrad for maps
between not necessarily orientable manifolds (see [E, (1.8) p. 371] and [Sk,
Definition p. 416]). In the approach of Olum and Epstein, maps between
n-manifolds are classified into three types and the Absolutgrad is defined
separately for each type. This somewhat complicated definition makes the
Absolutgrad more readily computable, but it obscures its meaning.

There have been several recent extensions of Hopf’s work. In 1986, Lin
[L] concentrated on the root theory component of Hopf’s work and provided
a modern definition of the multiplicity of a root class and a modern proof,
with techniques that we also use in this paper, of the sharpness of the root
Nielsen number in the special case that f is a map between closed orientable
manifolds of dimension at least 3. But Lin did not consider non-orientable
manifolds, nor did he re-establish the connection between Nielsen root the-
ory and degree theory. In 1987, Skora [Sk] provided a modern geometric
treatment of the connection between the Absolutgrad and the geometric
degree for boundary-preserving maps between surfaces, and thus re-proved
and extended results from [H2] which were proved even earlier by Kneser
[Kn1, Kn2], but Skora did not connect his results to Nielsen root theory.
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An extension of Nielsen root theory to proper maps f : M → N between n-
manifolds, where the point c ∈ N is replaced by a connected k-manifold of
dimension 0 ≤ k ≤ n, was obtained in 1992 by Yongwu Rong and Shicheng
Wang [RW], and in the case k = 0 the new and very geometric proof of their
main result can be interpreted to show that the transverse root Nielsen num-
ber is sharp for proper maps, under the assumption that the manifolds M
and N are closed and orientable and the homology degree of f (and hence
N∩| (f ; c), see Theorem 3.13 below) is non-zero. Their paper makes reference
to Hopf [H2], but not to Hopf’s Absolutgrad.

An important difference between the previous reinterpretations of Hopf’s
theory and this paper is that we re-establish the connection between Hopf’s
work and the ideas introduced by Nielsen. In particular, our approach is
based on the concept of root class that Hopf used as the analogue, in the de-
gree context, of Nielsen’s central notion of fixed point class, and our methods
are influenced by techniques of modern Nielsen theory. Most of our results
are not new. Although the formulae for the two Nielsen root numbers in
Theorems 3.11 and 3.12 are not due to Hopf, they can be obtained, by a
careful inspection, from Olum [O]. The sharpness of both Nielsen root num-
bers was first proved by Hopf [H2], and an updated proof of the fact that the
Absolutgrad equals the geometric degree in dimension ≥ 3, and hence of the
sharpness of the transverse Nielsen root number, was the goal of Epstein’s
paper [E]. On the other hand, some of our definitions and all our proofs
are new and different from existing ones. We use local degree theory to
define the integer-valued multiplicity of a root class and define the Nielsen
root number to be the number of root classes with non-zero multiplicity.
We introduce the transverse Nielsen root number, defined as the sum of the
multiplicities of all the root classes. The calculation of N(f ; c) and N∩| (f ; c)
is obtained by combining results from local degree theory with the definition
of root class in terms of a lift of f , and it also uses the various lifts of f
employed by Epstein [E]. A form of the Whitney Lemma due to Jezierski
[Je] and the theory of microbundle transversality are used to establish the
sharpness results. We have also included many examples. By these means
we obtain not only an extension of Nielsen root theory for maps between
n-manifolds which need no longer be orientable, but also a foundation for
Hopf’s Absolutgrad and its connection to the geometric degree, which is
in the spirit of Hopf but based in large part on developments in algebraic
topology and manifold theory since the time of Hopf’s work.

Our paper is organized as follows. We define the multiplicity of a root
class in Section 2, and in Section 3 we define and compute the two Nielsen
root numbers for maps of n-manifolds. Sharpness of the two Nielsen root
numbers for such maps, for n 6= 2, is established in Section 4. In Section
5, we relate the Nielsen root theory developed in the previous sections to
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Hopf’s degree theory. Although the geometric results of Section 4 exclude
maps of surfaces, much is known and we describe the Nielsen root theory
and Hopf degree theory of maps of surfaces in Section 6.

A very readable introduction to Nielsen root theory can be found in
Kiang’s book [Kg]. For the background from Nielsen fixed point theory,
see in addition [Bn1] and [Jg2].

We thank Albrecht Dold for his assistance with Remark 2.5, Ron Stern for
help constructing Example 3.16 and Jerzy Jezierski for his useful comments.

2. The multiplicity of a root class.

Throughout this paper, M and N will be connected topological n-manifolds
with (possibly empty) boundary. The manifolds are not necessarily compact
and they can be orientable or not (a manifold with boundary is called ori-
entable if its interior is an orientable manifold [Do, p. 257]). A map f : M →
N is boundary-preserving if it is a map of pairs f : (M,∂M) → (N, ∂N).
The map f is proper if K ⊂ N is compact implies that f−1(K) is a compact
subset of M . All homotopies in this paper are understood to be boundary-
preserving, and so a proper homotopy is a proper map f : (M,∂M) × I
→ (N, ∂N).

We will be concerned with a proper map f : (M,∂M) → (N, ∂N) of
manifolds of the same dimension and with the set f−1(c), for a point c ∈
intN , when that set is non-empty. We choose c as the basepoint for N and
some x0 ∈ f−1(c) as the basepoint for M , so f induces a homomorphism
fπ : π1(M,x0) → π1(N, c).

A proper map f : (M,∂M) → (N, ∂N) induces a homomorphism f∗ :
Ȟn(N, ∂N) → Ȟn(M,∂M) of Čech cohomology with compact supports and
integer coefficients (see [Do, 6.26, p. 290]). Let W = M − f−1(∂N) which
is an open subset of int M . If M and N are oriented manifolds, then there is
a class [N ] ∈ Ȟn(N, ∂N) corresponding to the fundamental class [intN ] ∈
Ȟn(int N) and a class [M ] ∈ Ȟn(M,∂M) corresponding to [W ] ∈ Ȟn(W )
obtained from a component of W by restricting the orientation of intM . The
cohomological degree of f , denoted deg(f), is defined by f∗[N ] = deg(f)[M ].

All manifolds are orientable with respect to Z/2 coefficients so, just as in
the previous paragraph, we may always obtain classes [N ] ∈ Ȟn(N, ∂N ; Z/2)
and [M ] ∈ Ȟn(M,∂M ; Z/2) and define the mod 2 cohomological degree,
denoted deg(f, 2), by setting f∗[N ] = deg(f, 2)[M ].

Maps between not necessarily orientable manifolds are classified in the
following manner. A map f : M → N is called orientation-true if it maps
orientation-preserving loops in M to orientation-preserving loops in N and
orientation-reversing loops in M to orientation-reversing loops in N , oth-
erwise it is called not orientation-true. The class of maps that are not
orientation-true is subdivided to produce the following classification:
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Definition 2.1. Let f : M → N be a map of manifolds. Then three types
of maps are defined as follows.

(1) Type I: f is orientation-true.
(2) Type II: f is not orientation-true but does not map an orientation-

reversing loop in M to a contractible loop in N .
(3) Type III: f maps an orientation-reversing loop in M to a contractible

loop in N .
Further, a map f is defined to be orientable if it is of Type I or II, and
non-orientable otherwise.

The term orientable map is sometimes used for Type I, that is orienta-
tion-true, maps; see [Do, Exercise 6, p. 271]. The characterisation of the
three types is based on Olum [O, p. 475] (see also [Sk, p. 416]). An
equivalent characterisation in terms of the orientability of covering spaces
of M and N , which we will use in §3, is given by Epstein [E, p. 371]. In
essence, the characterisation of the three types of maps is already contained
in Hopf’s paper [H2]. We shall see that maps of the first two types share
many properties with regard to Nielsen root theory and, as Hopf was well
aware of this, he considered maps of these first two types together and
therefore introduced the concept of an orientable or non-orientable map
[H2, Definition V, p. 579].

The following examples illustrate the three types of maps.

Example 2.2 (Type I). (a) If M and N are orientable manifolds, then all
maps f : M → N are orientation-true. (b) For N a non-orientable manifold
and M its orientable covering, the covering map p : M → N is of Type I.
(The case of N the projective plane is mentioned by Hopf [H2, p. 584].)
(c) The identity map of a non-orientable manifold is an example of a Type
I map between non-orientable manifolds.

Example 2.3 (Type II). Let M+ be the Möbius band and let p : M+ → S1

be the fibration obtained by retracting M+ to its central circle. Let i : S1 →
S1×I = N+ be defined by setting i(x) = (x, 0), then f+ = i◦p is a boundary-
preserving map from the Möbius band to the annulus. Let f = 2f+ : M =
2M+ → 2N+ = N be the double of the map f+, so M is the Klein bottle and
N is the torus. The loops representing elements in the kernel of the induced
homomorphism fπ : π1(M,x0) → π1(N, c) are orientation-preserving, so f is
not Type III. Since a map from a non-orientable manifold to an orientable
manifold cannot be orientation-true, we conclude that f is Type II.

Example 2.4 (Type III). (a) For M a non-orientable manifold, a constant
map f : M → N is obviously of Type III. (b) For an example of a Type III
map of M onto N , let T 2 denote the torus and P 2 the projective plane. Let
D be a disc in T 2 and let id : T 2−intD → T 2−intD be the identity. Extend
id to f : T 2#P 2 → T 2 by extending the identity map on ∂D in P 2 − intD
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as a map from P 2− intD to D ⊂ T 2. Since the generator of π1(T 2#P 2, x0)
represented by an orientation-reversing loop is mapped into the contractible
set D, we see that f is of Type III.

The remainder of this section will be devoted to defining, for f : (M,∂M)
→ (N, ∂N) a proper map of any type, the multiplicity of a root class of f
at c ∈ intN .

Points x1, x2 ∈ f−1(c) are in the same root class of f at c if there is a path
w : I → M from x1 to x2 such that f ◦w is a contractible loop at c (see [Kg,
Chapter V.B]). (This definition goes back to Hopf [H2, Definition V, p. 575],
where a root class is called a “Schicht”.) Since f : (M,∂M) → (N, ∂N) is
proper, the root classes are compact subsets of M and there are only finitely
many of them. Let V ⊂ intN be a contractible neighborhood of c. Since f
is boundary-preserving, f−1(V ) is contained in intM . Let R be a root class
of f at c and let U be an open subset of f−1(V ) such that U ∩ f−1(c) = R.
Since U is an open subset of M , it is a manifold, that is a space locally
homeomorphic to Rn, but it is not necessarily connected.

We shall first assume that U is an oriented manifold. If M is itself an ori-
ented manifold, then the orientation of U is the restriction of the orientation
of M . The neighborhood V is contractible, so it is an orientable manifold
and we choose an orientation for it, selecting the restriction of the orien-
tation of N if that manifold is oriented. The integer-valued local degree of
f |U : U → V over c is defined; it is denoted by degc(f |U) [Do, Definition 4.2,
p. 267]. If U0 ⊂ U , an open subset containing R, is oriented by restricting
the orientation of U , then degc(f |U0) = degc(f |U). Consequently, if U1 and
U2 are open subsets of f−1(V ) containing R that are oriented so that their
orientations agree on U1 ∩ U2, then degc(f |U1) = degc(f |U2). Moreover, if
V0 ⊂ V is also a contractible neighborhood of c, and U ⊂ f−1(V0) then, if
V0 is oriented by restricting the orientation of V , it follows that degc(f |U)
has the same value if we view f |U as a map into V0 as it does if we view
f |U as a map into V .

The following remark describes the relationship between the cohomolog-
ical degree and the local degree.

Remark 2.5. The definition above of the cohomological degree deg(f) of
a proper map f : (M,∂M) → (N, ∂N) of oriented manifolds made use of
fundamental classes [intN ] ∈ Ȟn(int N) and [W ] ∈ Ȟn(W ), where W =
M − f−1(∂N). Duality [Do, Prop. 7.14, p. 297] gives us corresponding
elements of singular homology {intN} ∈ H0(int N) and {W} ∈ H0(W ) so
that, for the homology transfer homomorphism f! [Do, Equation 10.7, p.
310], we have f!{intN} = deg(f){W}. Consequently, for f∗ : H0(W ) →
H0(int N), we see that f∗f!{intN} = deg(f){intN}. On the other hand,
[Do, Prop. 10.10, p. 312] implies that f∗f!{intN} = degc(f |W ) {intN}.
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We conclude that if f : (M,∂M) → (N, ∂N) is a proper map of oriented
manifolds, then degc(f |W ) = deg(f).

If M and N are oriented manifolds, since the orientations of V and of U =
UR for each root class R were chosen to be restrictions of those orientations
and f−1(c) is the union of the root classes, the additivity property of the
local degree [Do, Prop. 4.7, p. 269] implies that∑

(degc(f |UR) : R is a root class of f) = degc

(
f |

⋃
UR

)
.

By excision degc(f |
⋃

UR) = degc(f |W ) and therefore Remark 2.5 implies
that ∑

(degc(f |UR) : R is a root class of f) = deg(f).

We have assumed that U is orientable because the definition of degc(f |U)
required that the open subset U of f−1(V ) containing the root class R be
an oriented manifold. Now we no longer assume that U is orientable. Then
there may not be any open subset of f−1(V ) containing R that is orientable,
for instance if M is a closed non-orientable manifold and f is the constant
map to c. However, we will now show in our Orientation Procedure (2.6)
that if f is an orientable map, then U is also orientable, and we will describe
an orientation procedure that we will always use to orient U when f is an
orientable map.

(2.6) Orientation Procedure. We first note that if f : (M,∂M) → (N, ∂N)
is a proper orientable map and U ⊂ f−1(V ) is an open set containing a
root class R, then U is an orientable manifold. For every loop in U maps
to the contractible space V , and hence every loop must be orientable since
f is an orientable map. Thus the fundamental group of each component of
U is generated by orientable loops, so each component of U is an orientable
manifold and therefore U is orientable. We shall always use the following
Orientation Procedure to orient U : If M is an oriented manifold, we orient
U by restricting the orientation of M . Otherwise, we choose some xR ∈ R
and an orientation of U at xR. Let x ∈ R be any point, then there is a path
w in M from xR to x such that f ◦ w is a contractible loop in N based at
c. Orient U at x by extending the chosen orientation of xR along w. The
orientation is independent of the choice of the path w as follows. Let w′ be
another path in M from xR to x such that f ◦ w′ is a contractible loop in
N based at c. The loop w−1 · w′ at x is orientable because f ◦ (w−1 · w′)
is contractible and the map f is orientable. Therefore, the orientation of
U at x is independent of the choice of the path w as we claimed. Since
each component of U is orientable, in this way the chosen orientation of
xR determines an orientation of each component of U that intersects R.
Choosing orientations of the remaining components arbitrarily, we make U
an oriented manifold.
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Unless M and N are oriented manifolds, there is no criterion for choosing
orientations of U and V , however, degc(f |U) is determined up to sign. This
can be seen as follows: Suppose that U is orientable and that we fix the
orientation of U for now. Having chosen an orientation for V , we have
defined degc(f |U). Letting deg′c(f |U) denote the degree using the opposite
orientation of V , we have degc(f |U) = −deg′c(f |U). Now fix the orientation
of V . If f is an orientable map, choosing the opposite orientation of U at xR,
the Orientation Procedure (2.6) changes the orientation of each component
of U that intersects R. The degree over c of the restriction of f to each
of these components thus changes sign. Since R is compact, the number
of components of U that intersect R is finite. The degree over c of the
restriction of f to each of the components that fails to intersect R is zero, so
applying the additivity property of the local degree to f |U : U → V , which
is a map of oriented manifolds, we see that changing the orientation of U
at xR reverses the sign of degc(f |U) in this case also. If the map f is not
orientable, U may still be an orientable manifold, for instance if R is finite
and U is taken to be a union of euclidean neighborhoods. However, if f is
not orientable, the orientation of U obtained by the Orientation Procedure
(2.6) would depend not only on the orientation of U at xR but also on the
choice of paths between xR and the other points of R. The facts that, (1)
for orientable maps the integer-valued degree of f |U over c is defined only
up to sign and (2) for maps that are not orientable the integer-valued degree
may not be defined at all, motivate the following:

Definition 2.7. Let f : (M,∂M) → (N, ∂N) be a proper map, let c ∈ intN
and let R be a root class of f at c. Let U be any open subset of f−1(V )
containing R but no other roots of f at c, where V ⊂ intN is a contractible
neighborhood of c. Then |m(R)|, the multiplicity of R, is defined by

|m(R)| = |degc(f |U)|,

where, for orientable (that is, Type I and II) maps, degc(f |U) is the local
degree with coefficients in Z and U is oriented according to the Orientation
Procedure (2.6) and, for non-orientable (that is, Type III) maps, degc(f |U)
is the local degree with coefficients in Z/2.

The definition is independent of choices because, up to sign, degc(f |U) is,
as we noted in the paragraph preceding Remark 2.5.

If M and N are oriented manifolds without boundary, the multiplicity of
Definition 2.7 agrees with the one used by Lin [L, p. 201] (see also [BS2,
§3]) up to sign. Lin defined the “multiplicity” m(R) of a root class R as
m(R) = degc(f |U), where U is any open set of M which contains R but does
not contain any roots of f that do not lie in R. In the oriented case it is
not necessary to use the absolute value sign in order to obtain a well-defined
homotopy invariant. Hopf was aware of the fact that in general an absolute
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value has to be used, for his definition of the multiplicity (called “Beitrag”)
of a root is essentially the value of |m(R)| in the following example. (See
[H2, Definition VIIa, p. 581] for the definition of the “Beitrag”, and [H1,
§5] for Hopf’s definition of the degree as the sum of the degree of f on
euclidean neighborhoods.)

Example 2.8. Suppose f : (M,∂M) → (N, ∂N) is an orientable map such
that f−1(c) is finite. For a root class R = {x1, x2, . . . , xk}, let U =

⋃k
`=1 U`,

where the U` are disjoint euclidean neighborhoods of x` in f−1(V ) that
contain no other roots of f at c, and orient U as in the Orientation Procedure
(2.6). The additivity property of the local degree, applied to the map of
oriented manifolds f |U : U → V , implies that

degc(f |U) =
∑

(degc(f |U`) : 1 ≤ ` ≤ k).

We conclude that, for an orientable map f with f−1(c) finite, we have the
following formula for the multiplicity of a root class

|m(R)| =
∣∣∣∑(degc(f |U`) : 1 ≤ ` ≤ k)

∣∣∣ .

If f is non-orientable, then the same formula applies, but with coefficients
in Z/2.

If f : M → N is a Type I map of manifolds without boundary, then the
multiplicity |m(R)| of a root class at c is the absolute value of the coincidence
index ind (c, f ;R) of Gonçalves and Jezierski [GJ, Definition 5.1, p. 19]
for c : M → N the constant map. This can be proved by modifying the
argument of Lemma 5.2 of [GJ]. Consequently, by Theorem 5.5 of [GJ],
|m(R)| = |ind|(c, f, ;R), the semi-index [GJ, p. 19] (see also [DJ] and [Je]).

3. The two Nielsen root numbers and their computation.

We now use the multiplicity of the previous section to define the Nielsen
root number and the transverse Nielsen root number in our setting. The
theory of these two numbers is closely linked, and the two numbers were
already studied jointly by Hopf [H2]. The first, namely the Nielsen root
number, is well-established [Kg, Definition 4.3, p. 129]. We shall see in §5
that the second, the transverse Nielsen root number, is closely related to
degree theory, and it is for this reason that the number is introduced.

We define a root class R of a proper map f : (M,∂M) → (N, ∂N) at
c ∈ intN to be essential if its multiplicity |m(R)| 6= 0, and let the Nielsen
root number N(f ; c) be the number of essential root classes of f . Hence
N(f ; c) is a lower bound for the number of roots of f at c. We write f ∼ g
if f is (properly) homotopic to g, and we will show in Corollary 3.14 that
N(f ; c) is a proper homotopy invariant. Let MR[f ; c] denote the minimum
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number of roots in the proper homotopy class of f , that is,

MR[f ; c] = min{#root (g; c) : g ∼ f}.

Corollary 3.14 will thus establish the inequality N(f ; c) ≤ MR[f ; c].
We next introduce a minimum number for roots under the condition that

the map f covers a neighborhood of c geometrically by local homeomor-
phisms, and thus has no multiple roots (that is, roots with a multiplicity
6= ±1). More precisely, we will require that f is transverse to c, for c ∈ intN ,
according to the following definition which is used by Epstein [E, p. 375],
and is equivalent to the concept of “glatt” used by Hopf [H1, p. 599].

Definition 3.1. A proper map f : (M,∂M) → (N, ∂N) is transverse to c,
where c ∈ intN , if there exists a euclidean neighborhood V of c in N so
that f−1(V ) consists of finitely many euclidean neighborhoods in intM , and
each of them is mapped by f homeomorphically onto V .

For f : (M,∂M) → (N, ∂N) a proper map, we define the minimum num-
ber of transverse roots in the proper homotopy class of f by

MR∩| [f ; c] = min{#root (g; c) : g ∼ f and g is transverse to c}.(3.2)

We define N∩| (f ; c), the transverse Nielsen root number by setting

N∩| (f ; c) =
∑

(|m(R)| : R is a root class of f).(3.3)

Definition (3.3) has the same structure as the transversal Nielsen number
that was introduced for the fixed point setting in [Sm]. If f is transverse to
c ∈ intN , then clearly f−1(c) is finite, and in Example 2.8 each summand
degc(f |U`) = ±1. So a root class R of such a map must contain at least
|m(R)| roots. Thus N∩| (f ; c) is a lower bound for the number of roots of f

at c ∈ intN if f is transverse to c, and we will show in Corollary 3.14 that
it is also a proper homotopy invariant, so N∩| (f ; c) ≤ MR∩| [f ; c]. Further,
we will see in Corollary 3.14 that both the Nielsen root number N(f ; c) and
the transverse Nielsen root number N∩| (f ; c) are independent of the choice
of c ∈ intN .

We will prove in the next section that if the dimension of the manifolds
is different from two, then these Nielsen numbers are sharp, which means
that N(f ; c) = MR[f ; c] and N∩| (f ; c) = MR∩| [f ; c]. Further, we shall see in
Theorem 5.3 that the numbers defined in (3.2) and (3.3) can be interpreted
as the geometric degree and the Absolutgrad, respectively, of maps between
not necessarily orientable manifolds. Thus it is important to be able to
calculate N(f ; c) and N∩| (f ; c) and, for this purpose, we next investigate
the multiplicity |m(R)|.
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Let q̂ : N̂ → N be the covering space corresponding to fπ(π1(M,x0)) in
π1(N, c). The space N̂ is a space of equivalence classes of paths in N based
at c. Let f̂ : (M,∂M) → (N̂ , ∂N̂) be the lift of f that takes x0 to the class
of the constant path at c. For each ĉ ∈ q̂−1(c), either f̂−1(ĉ) is empty or
R = f̂−1(ĉ) is a root class of f at c ([Bk2, Lemma 2], see also [H2, Satz
III, p. 576]). We will next describe |m(R)| in terms of the lift f̂ .

Let V ⊂ intN be a contractible neighborhood of c that is an elemen-
tary neighborhood for the covering space q̂ : N̂ → N . Let R = f̂−1(ĉ)
be a root class and let V̂ be the component of q̂−1(V ) containing ĉ, so
q̂|V̂ is a homeomorphism onto V . Since f is boundary-preserving, f̂ has
the same property and therefore f̂−1(V̂ ) is an open subset of int M , more-
over, f̂−1(V̂ ) ∩ f−1(c) = R. Let U be an open subset of f̂−1(V̂ ) con-
taining R. If f is an orientable map, and therefore U can be oriented
by the Orientation Procedure 2.6, then degbc(f̂ |U), the integer-valued lo-
cal degree of f̂ |U : U → V̂ over ĉ is defined when an orientation is chosen
for V̂ . If the map f is not orientable, then we still have the local de-
gree degbc(f̂ |U) defined if we use Z/2 coefficients. Choose an orientation
of V . If the homeomorphism q̂|V̂ : V̂ → V is orientation-preserving, then
degbc(f̂ |U) = degc(f |U) whereas if q̂|V̂ is an orientation-reversing homeomor-
phism, then degbc(f̂ |U) = −degc(f |U). Thus we have the following alternate
description of the multiplicity of a root class.

Theorem 3.4. Let f : (M,∂M) → (N, ∂N) be a proper map, let c ∈ intN

and let ĉ ∈ q̂−1(c) such that R = f̂−1(c) is non-empty and thus a root class
of f at c. Let U be any open subset of f̂−1(V̂ ) containing R, where V̂ is the
component of q̂−1(V ) containing ĉ for V ⊂ intN a contractible elementary
neighborhood of c. Then

|m(R)| = |degbc(f̂ |U)|,

where, for orientable maps, degbc(f̂ |U) is the local degree with coefficients in
Z and U is oriented according to the Orientation Procedure (2.6) and, for
non-orientable maps, degbc(f̂ |U) is the local degree with coefficients in Z/2.

We now have the tool we need to prove:

Theorem 3.5. Let R and R′ be root classes of a proper map f : (M,∂M) →
(N, ∂N) at c ∈ intN , then |m(R)| = |m(R′)|.

Proof. Let ĉ, ĉ′ ∈ N̂ so that R = f̂−1(ĉ) and R′ = f̂−1(ĉ′). If M and N , and
therefore N̂ , are orientable manifolds, choose orientations for them so that
q̂ : N̂ → N is an orientation-preserving map. Since f̂ : M → N̂ is a map of
oriented manifolds and N̂ is connected, degbc(f̂) = degbc′(f̂) by [Do, Proposi-
tion 4.5, p. 268]. Let V ⊂ intN be a contractible elementary neighborhood
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of c and let V̂ and V̂ ′ be the components of q̂−1(V ) containing ĉ and ĉ′, re-
spectively. Let U = f̂−1(V̂ ) and U ′ = f̂−1(V̂ ′) and orient all of U,U ′, V̂ , V̂ ′

and V by restricting the orientations of the manifolds in which they lie, then
degbc(f̂ |U) = degbc′(f̂ |U ′) and therefore degc(f |U) = degc(f |U ′), so Defini-
tion 2.7 tells us that |m(R)| = |m(R′)|. In particular, since all manifolds
are orientable with respect to Z/2 coefficients, if f : (M,∂M) → (N, ∂N) is
a non-orientable map, then |m(R)| = |m(R′)|.

Thus we now assume that at least one of the manifolds M and N is non-
orientable and f is an orientable map, and we define ĉ, ĉ′ ∈ N̂ as before. Let
E be a euclidean subset in int N̂ and choose b̂, b̂′ ∈ E. Using the construction
of the homeomorphism in [V, p. 133-134], we obtain a homeomorphism
h : N̂ → N̂ such that h(̂b) = ĉ and h(̂b′) = ĉ′. Thus S = h(E) is an open
subset of int N̂ homeomorphic to euclidean space such that S contains both
ĉ and ĉ′. Since f is an orientable map, so also is f̂ and therefore, since S

is simply-connected, f̂−1(S) is an orientable submanifold of intM (compare
the proof in the Orientation Procedure 2.6). We extend the Orientation
Procedure 2.6 to orient f̂−1(S) in the following manner. If there is no
component of f̂−1(S) that intersects both R and R′, choose any points xR ∈
R and xR′ ∈ R′, choose orientations at xR and xR′ , orient the components
of f̂−1(S) that intersect R or that intersect R′ by means of 2.6, and orient
the remaining components arbitrarily. Otherwise, let C0 be a component
of f̂−1(S) that intersects both R and R′, choose an orientation for C0, and
choose xR and xR′ both in C0. We orient the components of f̂−1(S) that
intersect at least one of R and R′ by means of 2.6 using the orientations
at xR and xR′ obtained from the orientation of C0, and orient the other
components arbitrarily. We will show that this procedure is well-defined,
that is, if C is a component of f̂−1(S) that intersects both R and R′, then
it has the same orientation from 2.6 whether we use xR or xR′ to orient
it. Let x ∈ R ∩ C and x′ ∈ R′ ∩ C and let ζ and ζ ′ be paths in intM
from xR to x and from xR′ to x′, respectively, such that f ◦ ζ and f ◦ ζ ′

are contractible loops in intN at c. Let α be a path in C0 from xR to xR′

and let β be a path in C from x to x′. Since the orientations at xR and xR′

are determined by the orientation of C0, extending the orientation at xR to
xR′ along α agrees with the chosen orientation at xR′ . According to 2.6,
the orientations at x and x′ are obtained by extending the orientations at
xR and xR′ along ζ and ζ ′, respectively. Now suppose that the orientation
of C determined according to 2.6 from the orientation at x is not the same
as the orientation of C determined according to 2.6 from the orientation
at x′. Then extending the orientation by means of 2.6 at x along β would
not agree with the orientation at x′ obtained by means of 2.6 and therefore
the loop λ at x′ defined by λ = ζ

′−1 · α−1 · ζ · β would be a non-orientable
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loop in M . Since f ◦ ζ and f ◦ ζ ′ are contractible loops at c in N , then
f̂ ◦ ζ and f̂ ◦ ζ ′ (and consequently f̂ ◦ ζ

′−1) are contractible loops at ĉ and ĉ′

respectively. Therefore, the loop f̂ ◦ λ is homotopic to (f̂ ◦ α−1) · (f̂ ◦ β), a
loop in the contractible set S, so f̂ ◦λ is a contractible loop in N̂ . Since f̂ is
an orientable map, the loop λ must therefore be orientable and we conclude
that if the Orientation Procedure 2.6 is used, then the orientation of C
obtained from the orientation at x is equal to the orientation of C obtained
from the orientation at x′, as we claimed.

Now choose an orientation for S then, for the map of oriented manifolds
f̂ : f̂−1(S) → S, we again have degbc(f̂) = degbc′(f̂) by [Do, Proposition
4.5, p. 268]. Let S0 and S′

0 be neighborhoods in S of ĉ and ĉ′ respectively
such that q̂|S0 and q̂|S′

0 are homeomorphisms onto their images. Let V be a
euclidean elementary neighborhood of c in q̂(S0)∩ q̂(S′

0), let V̂ and V̂ ′ be the
components of q̂−1(V ) containing ĉ and ĉ′, respectively, and let U = f̂−1(V̂ )
and U ′ = f̂−1(V̂ ′). Note that we have chosen V so that V̂ ∪ V̂ ′ ⊂ S and
therefore U∪U ′ ⊂ f̂−1(S). Orienting U and U ′ by restricting the orientation
of f̂−1(S) we obtained using 2.6 and orienting V̂ and V̂ ′ by restricting the
orientation of S, for the maps f̂ |U : U → V̂ and f̂ |U ′ : U ′ → V̂ ′ we then have
degbc(f̂ |U) = degbc′(f̂ |U ′). By 3.4, we conclude that |m(R)| = |m(R′)|. �

In view of Theorem 3.5, when we calculate |m(R)| for a root class R of a
map f we understand that the calculation is valid for all the root classes of
the map. Next we will present, in Lemmas 3.6 and 3.7, two cases in which
|m(R)| is easy to compute.

All manifolds, in particular M and N̂ , are orientable with respect to
Z/2 coefficients, so the mod 2 cohomological degree deg(f̂ , 2) of the map
f̂ : (M,∂M) → (N̂ , ∂N̂) is defined as in §2. If f is a proper Type III map,
excision together with the argument of Remark 2.5 utilizing Z/2 coefficients
implies that degbc(f̂ |U) = deg(f̂ , 2), for U ⊂ W = M − f−1(∂N) as in
Theorem 3.4. Consequently we have:

Lemma 3.6. If f : (M,∂M) → (N, ∂N) is a proper Type III map, then
|m(R)| = deg(f̂ , 2) ∈ Z/2.

Following Hopf [H2, Definition 2, p. 573], we write j to denote the
cardinality of q̂−1(c), that is, the cardinality of the set of cosets π1(N, c)/
fπ(π1(M,x0)).

Lemma 3.7. If f : (M,∂M) → (N, ∂N) is a proper map such that j is
infinite then |m(R)| = 0.

Proof. If |m(R)| 6= 0 for some R = f̂−1(ĉ) then degbc(f̂ |U) 6= 0 by Theorem
3.4 and thus, for any other ĉ′ ∈ q̂−1(c), the proof of Theorem 3.5 shows that
degbc′(f̂ |U ′) 6= 0 so f̂−1(ĉ′) is non-empty. Thus, for every ĉ ∈ q̂−1(c) there
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is a root class R = f̂−1(ĉ), which is open in f−1(c). Since the cardinality
of q̂−1(c) is j and f proper implies that f−1(c) is compact, there cannot be
infinitely many root classes, so j is finite. �

As a consequence of Lemmas 3.6 and 3.7 we can now restrict our attention
to the remaining cases, in which f is an orientable map and j is finite.

For the proof of the next lemma, we will use the following set of covering
spaces of M and N , and of basepoint-preserving lifts of f to these covering
spaces; compare [E, p. 370].

M ′, x′0
f ′

−−−→ N ′, c′

p′
y yq′

M̃, x̃0

ef−−−→ Ñ , c̃

epy yeq
M,x0

bf−−−→ N̂ , ĉ

The spaces and maps in this diagram are obtained in the following man-
ner.

(1) p̃ : M̃ → M is the orientable covering of M . Hence M̃ = M if M is
orientable, but M̃ is a 2-sheeted covering of M if M is not orientable.
This covering space corresponds to the subgroup of π1(M,x0) which
is generated by the orientation-preserving loop classes of M .

(2) q̃ : Ñ → N̂ is the minimal covering space of N̂ with the property that
f̂ ◦ p̃ : M̃ → N̂ has a lift f̃ : M̃ → N̂ . Hence Ñ corresponds to the
subgroup of π1(N̂ , ĉ) which is generated by the images under f of
all orientation-preserving loop classes of M , and the homomorphism
f̃π : π1(M̃, x̃0) → π1(Ñ , c̃) is onto.

(3) q′ : N ′ → Ñ is the orientable covering of Ñ . Hence N ′ corresponds to
the subgroup of π1(Ñ , c̃) which is generated by the images under f of
all orientation-preserving loop classes of M which have an orientation-
preserving image in N .

(4) p′ : M ′ → M̃ is the minimal cover of M̃ with the property that f̃ ◦
p′ : M ′ → Ñ has a lift to f ′ : M ′ → N ′. Hence M ′ corresponds to the
subgroup of π1(M̃, x̃0) which is generated by all orientation-preserving
loop classes of M which have an orientation-preserving image in N
under f , and the homomorphism f ′

π : π1(M ′, x′0) → π1(N ′, c′) is onto.
Equivalently, p′ : M ′ → M̃ is the pullback of q′ : N ′ → Ñ over M̃ by
means of f̃ .
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Note that all the spaces in the diagram are n-manifolds with (possibly
empty) boundary because M and N are, and all the maps are proper and
boundary-preserving because f is proper and boundary-preserving. It is easy
to see from the fundamental groups to which the covering spaces correspond
that each of these covering spaces is either 2-sheeted or the identity.

By construction, not only M̃ , but also M ′ and N ′ are always orientable,
and so the integer-valued cohomological degree deg(f ′) of the map f ′ :
(M ′, ∂M ′) → (N ′, ∂N ′) is always defined.

Lemma 3.8. If f : (M,∂M) → (N, ∂N) is a proper orientable map and j
is finite, then |m(R)| = |deg(f ′)|.
Proof. The orientation of U by the Orientation Procedure (2.6) corresponds
to a cross-section s : U → M̃ and we set Ũ = s(U). Define R̃ = s(R) and let
x̃R = s(xR). Set f̃(x̃R) = c̃ ∈ q̃−1(ĉ). We may assume that V̂ in Theorem
3.4 has been chosen so that V̂ is an elementary neighborhood of the covering
space p̃ : Ñ → N̂ . Let Ṽ be the component of q̃−1(V̂ ) that contains c̃, then
the restriction of q̃ to Ṽ is a homeomorphism. We note that f̃(Ũ) ⊂ Ṽ

because f̂(U) ⊂ V̂ . Letting S̃ = f̃−1(c̃), we claim that S̃ = R̃.
To verify the claim, we first show that R̃ ⊆ S̃. We have x̃R ∈ S̃ by

definition. Let x̃ ∈ R̃ be any other point. We obtained x̃ by taking a path
w in M from xR to x = p̃(x̃) in M such that f ◦ w is a contractible loop in
N and lifting w to a path w̃ in M̃ starting at x̃R. Since f̃ ◦ w̃ is a lifting
of a contractible loop in N , it is a contractible loop and we conclude that
f̃(x̃) = f̃(x̃R) = c̃ so x̃ ∈ S̃.

In order to prove that S̃ ⊆ R̃ we will assume that there exists x̃ ∈ S̃ that
is not in R̃ and arrive at a contradiction. As f̂ ◦ p̃(x̃) = q̃◦ f̃(x̃) = ĉ, it follows
that x = p̃(x̃) ∈ R. Thus, there is a path w from xR to x such that f ◦w is
contractible in N . Consider the path w−1 defined by w−1(t) = w(1− t) and
let w̃−1 be the path in M̃ obtained by lifting w−1 to a path that starts at
x̃, then x̃′R = w̃−1(1) is in p̃−1(xR) but x̃′R 6= x̃R because otherwise lifting w

to a path that starts at x̃′R = x̃R would show that x̃ ∈ R̃. However, x̃′R ∈ S̃

because lifting the contractible loop f ◦w we see that f̃ ◦ w̃ is a contractible
loop and therefore, in particular, f̃(x̃′R) = c̃. As x̃′R ∈ S̃, there exists a path
ṽ in M̃ from x̃R to x̃′R so that f̂ ◦ p̃ ◦ ṽ is a contractible loop at ĉ in N̂ .
But the loop v = p̃ ◦ ṽ at xR in M does not lift to a loop at x̃R in M̃ , and
so it is orientation-reversing. As f = q̂ ◦ f̂ is orientable, it cannot map the
orientation-reversing loop v to the contractible loop q̂ ◦ f̂ ◦v, and so we have
a contradiction. Hence R̃ = S̃.

Since we have homeomorphisms p̃|Ũ : (Ũ , Ũ − R̃) → (U,U − R) and
q̃|Ṽ : (Ṽ , Ṽ − c̃) → (V̂ , V̂ − ĉ) such that (f̂ |U) ◦ (p̃|Ũ) = (q̃|Ṽ ) ◦ (f̃ |Ũ),
we conclude, using Theorem 3.4, that |m(R)| = |degbc(f̂ |U)| = |degec(f̃ |Ũ)|.
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We recall that p′ : M ′ → M̃ is the pullback of the orientable cover q′ : N ′ →
Ñ over M̃ by f̃ , so

M ′ = {(x̃, y′) ∈ M̃ ×N ′|f̃(x̃) = q′(y′)}

and p′ is projection p′(x̃, y′) = x̃. Furthermore, f̃ can be lifted to f ′ :
(M ′, ∂M ′) → (N ′, ∂N ′) by setting f ′(x̃, y′) = y′. Choosing an orientation
for the contractible set Ṽ defines a cross-section on Ṽ to N ′ and we let V ′

be the image of the cross-section. Let c′R = q
′−1(c̃)∩ V ′. We define an open

subset U ′ of M ′ by letting

U ′ = {(x̃, y′) ∈ M ′|x̃ ∈ Ũ and y′ ∈ V ′}.

The restriction of p to U ′ is a homeomorphism h of U ′ onto Ũ with inverse
h−1 : Ũ → U ′ given by h−1(x̃) = (x̃, q

′−1(f̃(x̃)) ∩ V ′). Let

R′ = {(x̃, y′) ∈ M ′|x̃ ∈ R̃ and y′ ∈ V ′}.

Letting S′ = f
′−1(c′), we claim that R′ = S′. If (x̃, y′) ∈ R′ then x̃ ∈ R̃ = S̃,

that is, f̃(x̃) = c̃. Therefore f ′(x̃, y′) = y′ ∈ q
′−1(c̃) but since y′ ∈ V ′ it must

be that f ′(x̃, y′) = c′ and we see that R′ ⊆ S′. On the other hand, (x̃, y′) ∈ S′

means that y′ = c′ and since (x̃, y′) ∈ M ′ we know that f̃(x̃) = q′(y′) = c̃,
that is, x̃ ∈ R̃, so (x̃, y′) ∈ R′ and we have established the claim.

We have homeomorphisms h = p′|U ′ : (U ′, U ′ − R′) → (Ũ , Ũ − R̃) and
q′|V ′ : (V ′, V ′− c′) → (Ṽ , Ṽ − c̃) such that (f̃ |Ũ) ◦ (p′|U ′) = (q′|V ′) ◦ (f ′|U ′)
so we conclude that |degec(f̃ |Ũ)| = |degc′(f ′|U ′)|. On the other hand, since
M ′ and N ′ are orientable manifolds and R′ = f

′−1(c′), then the fact that
degc′(f ′|U ′) = deg(f ′) follows from Remark 2.5, so we have proved that
|m(R)| = |deg(f ′)|. �

If f is a map of Type I, then M̃ = M ′ and Ñ = N ′, and hence f ′ = f̃ .
Thus Lemma 3.8 tells us that:

Lemma 3.9. Let f : (M,∂M) → (N, ∂N) be a proper Type I map and let j

be finite, then |m(R)| = |deg(f̃)|.
The following lemma is due to Epstein [E, Lemma 3.3]. We include the

brief proof for the convenience of the reader.

Lemma 3.10. Let f : (M,∂M) → (N, ∂N) be a proper Type II map, then
deg(f ′) = 0 and therefore |m(R)| = 0.

Proof. As f is not orientation-true, there exists loops v in M and w =
f ◦ v in N such that one of v and w is an orientation-preserving loop and
the other is an orientation-reversing loop. Let Tv and Tw be the covering
transformations of M ′ and N ′ that are induced by v and w on these covering
spaces of M and N respectively, then one of the these is an orientation-
preserving homeomorphism and the other is orientation-reversing. Now f ′ ◦
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Tv and Tw ◦ f ′ are lifts of f that agree at one point, so they are equal and
deg(f ′) deg(Tv) = deg(Tw) deg(f ′). Since deg(Tv) deg(Tw) = −1, we have
deg(f ′) = −deg(f ′), and the lemma follows. �

We have now finished the calculation of the multiplicity |m(R)| for all
cases. To summarize the results of Lemmas 3.6, 3.7, 3.9 and 3.10: If j
is infinite or f is of Type II then |m(R)| = 0. If f is of Type I then
|m(R)| = |deg(f̃)| whereas if f is of Type III then |m(R)| = deg(f̂ , 2). Since
Theorem 3.5 tells us that all root classes of a map have the same multiplicity,
the Nielsen root numbers can be calculated from their definitions as follows.

Theorem 3.11. Let f : (M,∂M) → (N, ∂N) be a proper map between two
n-dimensional manifolds. If f is a Type I map, then N(f ; c) = j if deg(f̃) 6=
0 and j is finite. If f is a Type III map, then N(f ; c) = j if deg(f̂ , 2) = 1
and j is finite. In all other cases, N(f ; c) = 0.

Theorem 3.12. Let f : (M,∂M) → (N, ∂N) be a proper map between two
n-dimensional manifolds. If f is a Type I map, then N∩| (f ; c) = j · |deg(f̃)|

if j is finite. If f is a Type III map, then N∩| (f ; c) = j · deg(f̂ , 2) if j is
finite. In all other cases N∩| (f ; c) = 0.

If both M and N are orientable, then all maps are of Type I and the
results of Theorems 3.11 and 3.12 can be simplified by using deg(f) rather
than deg(f̃). For compact manifolds M and N , the formula for N(f ; c)
given in the next theorem can also be obtained from [BS2, Theorems 3.1,
3.4, 3.12 and 4.8]. For closed manifolds, this theorem can be found in [L,
Proposition 5].

Theorem 3.13. Let f : (M,∂M) → (N, ∂N) be a proper map between two
n-dimensional orientable manifolds. Then

N(f ; c) =

{
j, if deg(f) 6= 0
0, if deg(f) = 0,

and N∩| (f ; c) = |deg(f)|.

Proof. We first assume that j is finite. It is easy to see that then q̂ is proper,
and so we can use [Do, Propositions 4.5, p. 268 and 4.7, p. 269] to show
that deg(q̂) = j > 0. As M and N are orientable, we have f̃ = f̂ , and
therefore |deg(f)| = |deg(q̂)| · |deg(f̂)| = j · |deg(f̃)|, and thus Theorem
3.13 follows from Theorems 3.11 and 3.12.

Now we assume that j is infinite. We claim that in this case deg(f) = 0,
and that therefore Theorem 3.13 follows again from Theorems 3.11 and 3.12.
To verify our claim, we use Lemma 3.7 which states that for infinite j all root
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classes have multiplicity |m(R)| = 0, and so degc(f |U) = 0 also. Therefore
deg(f) =

∑
(degc(f |UR) : R is a root class of f) = 0 as claimed. �

Maps that are homotopic by a proper homotopy induce the same homo-
morphism of Čech cohomology with compact supports [Do, p. 290], so the
cohomological degree is a proper homotopy invariant. Therefore, Theorems
3.11 and 3.12 imply

Corollary 3.14. Let f : (M,∂M) → (N, ∂N) be a proper map, then N(f ; c)
and N∩| (f ; c) are proper homotopy invariants. Moreover, the values of both
N(f ; c) and N∩| (f ; c) are independent of the choice of c ∈ intN .

We conclude this section with some examples of maps with non-zero Niel-
sen root numbers.

Example 3.15. Let f : Sn → Sn be a map of degree d 6= 0 between two
n-spheres, where n ≥ 2. As j = 1, Theorem 3.13 shows that N(f ; c) = 1
and N∩| (f ; c) = |d|, and so N∩| (f ; c) 	 N(f ; c) if |d| > 1. More generally,
it follows from Theorem 3.13 that N∩| (f ; c) = |d| is strictly greater than
N(f ; c) = 1 for any map f : (M,∂M) → (N, ∂N) between two orientable
n-manifolds if fπ is an epimorphism and |deg(f)| = |d| > 1. Examples
with N∩| (f ; c) 6= N(f ; c) for maps of non-orientable manifolds can readily

be constructed by using cartesian products. To be specific, let f : P 2×S2 →
P 2×S2 be the product map f = f1×f2 with f1 the identity and f2 of degree
d with |d| > 1. Then f is of Type I, j = 1, f = f̂ , M̃ = Ñ = S2 × S2 and
f̃ = f̃1 × f̃2 where f̃1 is the identity and f̃2 = f2. Now |deg(f̃)| = |d| 6= 0 so
N(f ; c) = 1 by Theorem 3.11 whereas Theorem 3.12 implies that N∩| (f ; c) =
|d| > 1.

Example 3.16. A different type of example of a map f of non-orientable
manifolds for which N∩| (f ; c) 6= N(f ; c) is illustrated by the following. Rep-

resent the Klein bottle by K = P 2#S2#P 2, then a rotation of S2 inter-
changing the copies of P 2 defines an action of Z/2 on K with two fixed
points. Therefore, the homomorphism of fundamental groups induced by
the quotient map f : K → P 2 is onto [Bd, Cor. 6.3, p. 91]. Thus P̂ 2 = P 2

and f̃ is the lift f̃ : T 2 → S2 of f to the oriented covers. By inspection,
N∩| (f̃ ; c̃) = 2, and so we obtain from Theorem 3.13 that f̂ is a map of de-
gree ±2. Since the map f is of Type I, Theorems 3.11 and 3.12 imply that
N(f ; c) = 1 and N∩| (f ; c) = 2.

Example 3.17. As in Example 2.2(b), let f : M → N be the covering map
of the orientable cover of a non-orientable manifold N . Since j = 2 and
deg(f̂) = 1, Theorem 3.11 implies that N(f ; c) = 2 and Theorem 3.12
implies that N∩| (f ; c) = 2 also.
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Example 3.18. Let f : K → K be a map of the Klein bottle then, by
[BO, Prop. 6.4], there are integers b, d and e such that fπ(α) = αbβd and
fπ(β) = βe for appropriately chosen generators α and β of π1(K, x0). If
e 6= 0 then b is odd and N(f ; c) = |be| 6= 0. Thus Theorem 3.11 tells us
that j = |be| and that f is not of Type II. From the proof of [BO, Prop.
6.4] we learn that fπ is a monomorphism in this case, so f cannot be of
Type III and we conclude that f is of Type I. We claim that |deg(f̃)| = 1
and therefore, by Theorem 3.12, that N∩| (f ; c) = |be|. The map f is Type

I and M = K is non-orientable so N̂ is non-orientable (see [E, page 371])
and it follows that the fiber of the covering space q = q̃ ◦ q̂ : Ñ → N has
cardinality 2j = 2|be|. Let r : No → N = K be the oriented cover and let
qo : (Ñ , c̃) → (No, co) be the covering space such that r ◦ qo = q. Since qo

is a covering map between closed oriented manifolds and the cardinality of
the fiber is |be|, we conclude that |deg(qo)| = |be|. The Type I map f lifts
to a map fo : (M̃, x̃0) → (No, co) of the oriented covers and fo = qo ◦ f̃ by
uniqueness of lifts. We see from the proof of Proposition 6.4 of [BO] that
deg(fo) = be, so |deg(f̃)| = 1 as we claimed.

Example 3.19. Let A be a 2×2 integer matrix with determinant d odd and
let f ′ : T 2 → T 2 be the corresponding map of the torus. Let f ′′ : T 2#P 2 →
T 2 be the map of Example 2.4(b) and define f = f ′ ◦ f ′′ : T 2#P 2 → T 2.
The map f is of Type III because f ′′ is. Since d is odd, deg(f ′, 2) = 1. Now
deg(f ′′, 2) = 1 also, so deg(f, 2) = 1 and therefore deg(f̂ , 2) = 1. Noting
that fπ(π1(T 2#P 2, x0)) = f ′

π(f ′′
π (π1(T 2#P 2, x0))) = f ′

π(π1(T 2, f ′′(x0))), we
have j = |d|. Therefore, Theorems 3.11 and 3.12 tell us that N(f ; c) =
N∩| (f ; c) = |d|.

4. Sharpness.

In this section, we will prove the sharpness of the two Nielsen root numbers
defined in §3, that is, that N(f ; c) = MR[f ; c] and N∩| (f ; c) = MR∩| [f ; c],
using results from [Je]. As in [Je], we will work in the general setting of
topological manifolds, and hence we use the microbundle transversality from
[KS, Essay III, p. 84]. Recall that a microbundle ξ = ξn over a space X
consists of a total space E(ξ) ⊃ X together with a retraction r : E(ξ) → X
that is a submersion near X, and which has the property that, for all x ∈ X,
the fibres ξx = r−1(x) are n-manifolds without boundary. Now consider a
pair (Y, P ) of topological spaces, where P is closed in Y and is equipped with
a normal mircobundle η, which means that the total space of η is an open
subset of Y containing P . If X is a topological manifold without boundary,
then a map h : X → Y is called topologically transverse to η if h−1(P ) is a
topological submanifold of X admitting a normal mircobundle ξ such that,
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for every x ∈ h−1(P ), a neighborhood of x in the fibre ξx is mapped by h
homeomorphically onto a neighborhood of h(x) in the fibre ηh(x). See [KS,
p. 84] and [Je, p. 167].

In order to apply microbundle transversality to a proper map f : (M,∂M)
→ (N, ∂N) between two topological n-manifolds with (possibly empty)
boundaries, we will have to assume that f has the additional property that
f(int M) ⊂ intN . We write fo for the restriction of f to intM , select
c ∈ intN , and we will in the remainder of this section choose X = intM ,
Y = intM × intN , P = intM × {c}, and η as the normal microbundle of
P in Y which has E(η) = Y as its total space and the projection r : Y → P
given by r(x, y) = (x, c) as its retraction. Let h : int M → intM × intN
be defined by h = (e, fo), where e : intM → intM is any map, then
clearly h−1(P ) = root(f ; c). According to Definition 3.1, a proper map
f : (M,∂M) → (N, ∂N) is transverse to c, where c ∈ intN , if there exists
a euclidean neighborhood V of c in N so that f−1(V ) consists of finitely
many euclidean neighborhoods in int M , and each of them is mapped by f
homeomorphically onto V . Transversality of h to η and transversality of f
to c are intimately related: A proper map of the form f : (M,∂M, intM) →
(N, ∂N, intN) is transverse to c ∈ intN if and only if there exists a map
e : intM → intM so that the map h = (e, fo) : intM → intM × intN is
topologically transverse to η. To see that this is true, note that if h = (e, fo)
is topologically transverse to η, then the map e must be a map that is con-
stant on a neighborhood of each of the points in h−1(P ). Conversely, given
a proper map f transverse to c, such a map e can always be found in order
to construct a map h which is topologically transverse to η.

The most important step in the proof of the sharpness of Nielsen numbers
consists in uniting two points in the same Nielsen class whenever possible,
and for this step we want to apply results concerning Nielsen classes from [Je]
to a map h = (e, fo). This is possible as, according to the definition of the
Nielsen relation in [Je, p. 168], two points of h−1(P ) are in such a relation
if and only if they belong to the same root class of f . We will use a Whitney
type lemma to unite roots, and for this we need local orientations. By a local
orientation O(x) of M at x ∈ intM we mean a generator O(x) ∈ Hn(M,M−
x) and by a local orientation of N at y ∈ intN we mean a generator of
O(y) ∈ Hn(N,N − y), where the homology groups have coefficients in Z
(see [Do, Definition 2.1, p. 252]).

If f : (M,∂M) → (N, ∂N) is a map which is transverse to c ∈ intN
and if x is a root of f , then f defines, by restriction, a homeomorphism of a
euclidean neighborhood Ux of x in int M onto a euclidean neighborhood V of
c in int N . Using the excision isomorphisms Hn(M,M−x) ∼= Hn(Ux, Ux−x)
and Hn(N,N−c) ∼= Hn(V, V −c) we see that, given a (local) orientation O(x)
of M at x, the restriction of f to Ux defines a corresponding orientation of N
at c which, by abuse of notation, we denote by f∗(O(x)). As in [Je, p. 168]
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we define a local orientation of the microbundle η at (x, c) ∈ intM×intN to
be a generator of Hn(x×N,x×(N−c)). Then it is straightforward to check
that the R-relation of [Je, Definition (1.2)], which characterises points of
h−1(P ) that can be removed by a homotopy, takes in our case the following
form: Let f : (M,∂M, intM) → (N, ∂N, intN) be a proper map that is
transverse to c, where c ∈ intN , and let x1, x2 ∈ root (f ; c). Then x1, x2 are
R-related with respect to a map h = (e, fo) : intM → intM× intN which is
transverse to η if and only if there exists a path w : I → intM from x1 to x2

such that f◦w is a contractible loop at c and f∗(O(x1)) = −f∗(O(x2)), where
O(x1) is a local orientation of M at x1 and O(x2) is the local orientation of
M at x2 that is obtained from O(x1) by continuation along w. Note that
this characterisation of the R-relation is independent of the choice of the
map e and the orientation O(x1).

The following lemma gives information about the number of points in R-
relation to one another. Its proof helps to explain why the different behavior
of orientable and non-orientable maps leads to different minimal root sets.
The technique in the proof of “flipping” the local orientation when dealing
with non-orientable maps was used by Hopf in the elimination of inessential
root classes in [H2, p. 601].

Lemma 4.1. Let f : (M,∂N, intM) → (N, ∂N, intN) be a proper map be-
tween two n-dimensional manifolds and let c ∈ intN . Let f be transverse
to c, and let R = {x1, . . . , xk} be a root class of f at c. If k > |m(R)|,
then there exist two points in R which are R-related with respect to any map
h : intM → intM × intN given by h = (e, fo) that is transverse to η.

Proof. We first assume that f is an orientable map. Since f−1(c) is finite,
as in Example 2.8 we may choose U to be the disjoint union of euclidean
neighborhoods U`, each containing one point x` ∈ R. Furthermore, since f
is transverse to c, we may choose the U` so that each restriction f |U` is a
homeomorphism onto the euclidean neighborhood V of c. If we orient U as
in the Orientation Procedure 2.6, then we see from Example 2.8 that

|m(R)| =
∣∣∣∑(degc(f |U`)| : 1 ≤ ` ≤ k)

∣∣∣ ,

where the local degree is defined with integer coefficients. Since each f |U`

is a homeomorphism, the corresponding summand equals ±1 and therefore
k > |m(R)| implies that not all local degrees can be equal. So, without loss
of generality, we assume that degc(f |U1) = −degc(f |U2), where according
to the Orientation Procedure 2.6 the orientation of U2 is obtained from the
orientation of U1 by continuation along a path w from x1 to x2 in intM that
is chosen so that f ◦ w is a contractible loop in N at c. The orientations
of U1 and U2 define local orientations O(x1) and O(x2) of M at x1 and
x2 and, according to our selection of orientations for U1 and U2, the local
orientation O(x2) is obtained from O(x1) by continuation along w. From
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degc(f |U1) = −degc(f |U2) it follows that f∗(O(x1)) = −f∗(O(x2)), and
therefore x1 and x2 are R-related with respect to a map h = (e, fo) that is
transverse at η.

Now let f be non-orientable, that is, of Type III. We can choose the open
set U as before and obtain, by using Example 2.8 with coefficients in Z/2,

|m(R)| =

{
1, if k is odd
0, if k is even.

We first assume that k > |m(R)| = 1, and so there exist at least two roots
in R, say x1 and x2, and a path w in int M from x1 to x2 so that f ◦ w is
a contractible loop at c in N . If the continuation of the local orientation
O(x1) from x1 to x2 along w leads to a local orientation O(x2) so that
f∗(O(x1)) = −f∗(O(x2)), then it follows as before that x1 and x2 are R-
related. Otherwise, we select an orientation reversing loop ` : I → intM so
that f ◦ ` is a contractible loop in N , and a path v : I → intM from x1 to
`(0). Then w′ = v · ` · v−1 ·w is a path from x1 to x2 so that its image under
f in N is a contractible loop at c. As the continuation of a local orientation
along w′ gives the opposite value as the continuation of this local orientation
along the path w, it follows once again that x1 and x2 are R-related with
respect to h. This completes our proof if k > |m(R)| = 1. If |m(R)| = 0
then k is even, and so k > |m(R)| implies k ≥ 2 and two R-related roots
can be found in the same way. �

In the next theorem we prove the sharpness of the transverse Nielsen root
number with respect to proper homotopies. This result is essentially due to
Hopf (see Theorem 5.4).

Theorem 4.2. Let f : (M,∂M) → (N, ∂N) be a proper map between two
n-dimensional manifolds and let c ∈ intN . If n 6= 2, then there exists a map
g : (M,∂M) → (N, ∂N) which is homotopic to f by a proper homotopy, is
transverse to c, and has precisely N∩| (f ; c) roots at c. Hence N∩| (f ; c) is
sharp, that is N∩| (f ; c) = MR∩| [f ; c].

Proof. The theorem is obviously true if n = 1, and so we assume that n ≥ 3.
As c ∈ intN , all roots of f lie in int M . Using the construction in [BS1],
there is a map f+ : (M,∂M, intM) → (N, ∂N, intN) that has the same root
set as f , and it is easy to see from the construction that there exists a proper
homotopy from f to f+ relative to the complement of the interior of a collar
of ∂M .

As before, we choose X = int M , Y = int M×intN , P = int M×{c}, and
let η be the microbundle of P in W given by the projection r(x, y) = (x, c).
If we define the map h : int M → intM × intN by h(x) = (x, f+(x)), we
can use the microbundle transversality of [KS] (see also [Je, Lemma 1.1])
to deform h on a compact neighborhood of root (f ; c) in int M , and relative
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to the boundary of this neighborhood, and then extend it over intM as the
identity, to obtain a map h′ : intM → intM × intN that is transverse to η.
The map h′ = (h′1, h

′
2) defines a map f ′ : (M,∂M, intM) → (N, ∂N, intN)

by setting f ′(c) = h′2(x) for all x ∈ intM and f ′(x) = f(x) for all x ∈ ∂M ,
and we have h′−1(P ) = root (f ′; c). As the map h′ is transverse to η, the
map f ′ is transverse to c.

Now let R be any root class of f ′ which consists of k > |m(R)| points.
Then Lemma 4.1 implies that at least one pair of these roots is R-related
with respect to the map h′. Let this pair be x1, x2. As we can choose the
path w which establishes the R-relation to be a flat arc in int M , there exists
an n-dimensional ball D ⊂ intM that contains w but no root of f ′ other
than x1, x2. Therefore we can use the Whitney Type Lemma 3.1 from [Je]
to obtain a homotopy of h′|D, relative to the boundary of D, to a map from
D into (int M × intN)− P . We keep h′ fixed on the complement of D.

We repeat this process as many times as possible to remove pairs of points
from h′−1(P ) that belong to the same root class of f ′, and so construct a map
h′′ = (h′′1, h

′′
2). The map h′′2 : intM → intN extends to a map g : (M,∂M) →

(N, ∂N) by setting g(x) = h′′2(x) for all x ∈ intM , and g(x) = f(x) for all
x ∈ ∂M . It follows from Lemma 4.1 that each root class of g consists of
exactly |m(R)| points. Hence g has exactly N∩| (f ; c) roots at c and, as h′′

is transverse to η, the map g is transverse to c. Each modification of h has
been made on a compact subset of int M , so the sequence of the constructed
homotopies defines a homotopy from f to g that is boundary-preserving
and has a compact carrier, that is, it is constant outside a compact set.
Therefore this homotopy from f to g is proper. �

With regard to N(f ; c), sharpness was first proved (under slightly different
assumptions than those used here) in [H2, Satz XIIIb]. Techniques are now
available that allow us to give a short proof of this fact, as follows.

Theorem 4.3. Let f : (M,∂N) → (N, ∂N) be a proper map between two n-
dimensional manifolds and let c ∈ intN . If n 6= 2, then there exists a map
g : (M,∂M) → (N, ∂N) that is homotopic to f by a proper homotopy and
has precisely N(f ; c) roots at c. Hence N(f ; c) is sharp, that is N(f ; c) =
MR[f ; c].

Proof. Again we can assume that n ≥ 3. We proceed as in the proof of The-
orem 4.2 to obtain a proper boundary-preserving map which has N∩| (f ; c)
roots at c and is transverse to c. The proof is completed by using the Creat-
ing and Cancelling Procedures which were developed to minimize the num-
ber of fixed points on differentiable manifolds by [Jg1] and used to minimize
the number of roots on orientable PL manifolds by [L, §3, proof of Theorem
B]. As these procedures consist of local changes that occur in int M , and
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use neither a global orientation nor a PL or differentiable structure on the
manifolds, they can be applied without change. �

Here are some examples to illustrate Theorems 4.2 and 4.3.

Example 4.4. Let f : Sn → Sn be a map between two n-spheres, let c be
any point of Sn, and let |deg(f)| = |d| > 1. If n ≥ 3, then we see from
Example 3.15 and Theorem 4.3 that f can be homotoped to a map g with
only one root at c, and it is easy to see directly that such a map g exists even
if n = 2. But N∩| (f ; c) = |d| > 1, and so the map g cannot be transverse
to c as any such map must have at least |d| roots at c. Theorem 4.2 and
Theorem 6.1 below show that there exists in fact a map that is homotopic
to f , is transverse to c and has |d| roots at c. Similarly, f : P 2 × S2 →
P 2 × S2 from Example 3.15 is a map of 4-manifolds with N(f ; c) = 1 and
N∩| (f ; c) = |d| > 1 so it has the property, by Theorem 4.3, that there is a
map g homotopic to f with just one root at c whereas any map homotopic
to f and transverse to c must have at least |d| roots at c. Theorem 4.2 tells
us that there is a map g homotopic to f and transverse to c with exactly |d|
roots at c.

Example 4.5. Let f = f ′ × f ′′ : M = K × S1 → K × S1 = N where
f ′ : K → K is the map of Example 3.18 and f ′′ : S1 → S1 is a map of degree
r 6= 0. Since K × S1 is a closed aspherical manifold and fπ : π1(M,x0) →
π1(N, c) is a monomorphism then, as in the proof of [BO, Prop. 6.4], the
Nielsen number N(f ; c) is the absolute value of the degree of a lift fo of f
to T × S1, the orientable covering of K × S1. In the notation of Example
3.18, that degree equals ber in this case, and so N(f ; c) = |ber|. Thus,
Theorem 3.11 implies that f is of Type I and, as in Example 3.18, we can
see that |deg(f̃)| = 1. Therefore Theorem 3.12 shows that N∩| (f ; c) = |ber|.
Theorem 4.3 tells us that there is a map g homotopic to f with exactly
|ber| roots at c and, by Theorem 4.2, the map g can be chosen so that it is
transverse to c.

Example 4.6. Let n ≥ 4 be an even integer. Let A be an n × n inte-
ger matrix with determinant d odd and let f ′ : Tn → Tn be the corre-
sponding map of the n-torus. We modify Example 2.4(b) to define a map
f ′′ : Tn#Pn → Tn, where Pn is n-dimensional real projective space. That
is, f ′′ is the identity on Tn − Bn, where Bn is an n-ball, and it maps
Pn − Bn to Bn. Since n is even, Pn is a non-orientable manifold and, as
in Example 2.4(b), we see that f ′′ is a Type III map, so f = f ′ ◦ f ′′ is also
Type III. We have deg(f, 2) = 1 (compare Example 3.19) and therefore
N(f ; c) = N∩| (f ; c) = |d| by Theorems 3.11 and 3.12. If c 6∈ Bn, it is evident
that f is transverse to c and has exactly |d| roots at c. Theorem 4.3 tells us
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that if c ∈ Bn, there is still a map g homotopic to f with exactly |d| roots
at c and, by Theorem 4.2, we may require that g be transverse to c as well.

Remark 4.7. A root class R of a map f was defined in [Bk1, p. 24] to be
essential if R cannot be removed by a homotopy of f (see [BB, p. 556] or
[Bn2]). It was shown in [BS2, Remark 3.2], that if f : M → N is a map
of closed orientable n-manifolds, then a root class R of f is essential in this
sense if and only if it has non-zero multiplicity. If follows from Theorem
4.3 that this is still true for boundary-preserving maps of not necessarily
orientable manifold of dimension 6= 2, and from Theorem 6.1 below that
is true for maps of closed surfaces. The reason is that Lemmas 3.6, 3.7,
3.9 and 3.10 establish the fact that the multiplicity |m(R)| of a root class
is a proper homotopy invariant and therefore a root class with a non-zero
multiplicity must be preserved by proper homotopies. Now Theorems 4.3
and 6.1 imply that, if their assumptions are satisfied, then there exists a
proper homotopy from f to a map g that has no root classes of multiplicity
zero and hence a root class with zero multiplicity cannot be preserved by all
proper homotopies.

5. Relations between Nielsen root numbers and the degree of a
map.

The purpose of this section is to interpret some of the concepts and re-
sults of the previous sections in the language of Hopf’s degree theory. If
f : (M,∂M) → (N, ∂N) is a proper map between n-manifolds, then the
classical integer-valued cohomological degree deg(f) only exists if both M
and N are orientable (that is if their interiors are orientable). But if one or
both of M and N are non-orientable, then one can only define the cohomo-
logical mod 2 degree deg(f ; 2) by using coefficients in Z/2, and this degree
generally provides little information about the geometric properties of the
map f . In particular, it does not relate to the intuitive geometric concept
of the degree, namely, the number of times the image f(M) of f covers the
range N . This lack of an algebraic invariant which can characterise the geo-
metric concept of the degree in all cases was drawn to the attention of Hopf
by P. Alexandroff. That is the reason Hopf developed Nielsen root theory;
he wanted to obtain algebraic, homotopy invariant information about the
least number of “nice” (i.e., transverse) counter-images of points, and thus
about the numbers of times f(M) covers N , and relate his algebraic invari-
ant to the geometric degree (see Definition 5.2 below). Thus he proposed in
[H2] a very different kind of degree that he called the “Absolutgrad”, which
provides geometric information even if one or both of the manifolds M , N
are not orientable. If M and N are both orientable and n 6= 2, then the
Absolutgrad agrees with |deg(f)|, the absolute value of the cohomological
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degree (see Theorems 5.4 and 5.5 below). Here is the original definition of
Hopf’s degree.

Definition 5.1 ([H2, Definition VIIc, p. 582]). Let f : (M,∂M) → (N,
∂N) be a proper map between two n-manifolds and let c ∈ intN . Then the
Absolutgrad or absolute degree A(f) of f is the sum of the multiplicities, in
the sense of Definition 2.7, of its root classes.

The reason for Hopf’s introduction of the absolute degree is that it pro-
vides an algebraic homotopy invariant that is closely linked to the very con-
crete concept of the geometric degree. This geometric interpretation of the
absolute degree is based on the equality of the “algebraic” and “geometric”
degrees which, as Hopf explained in the introduction to [H2] (see page 563),
was the goal of that paper. (For maps of euclidean spaces, the equality had
already been established in [H1, Satz IX, p. 590].) The following definition
of the geometric degree is taken from [E, p. 372] and [Sk, p. 416]. It is a
restatement of what Hopf understood by a geometric degree.

Definition 5.2. Let f : (M,∂M) → (N, ∂N) be a proper map between two
n-manifolds. Then the geometric degree G(f) of f is the least non-negative
integer for which there exists a closed n-ball Bn ⊂ intN and a proper map
g : (M,∂M) → (N, ∂N), which is homotopic to f under a proper homotopy,
such that g−1(Bn) has G(f) components, and each component is mapped
by g homeomorphically onto Bn.

Note that for proper maps such an integer always exists, as G(f) is
bounded above by the number of roots of any transverse map homotopic
to it.

The absolute and the geometric degree of a map are in essence concepts
from Nielsen root theory. This fact follows immediately from the definition of
these degrees in 5.1 and 5.2 and from the definition of the minimum number
of transverse roots and the transverse Nielsen root number in (3.2) and
(3.3), but we state it explicitly in the next theorem in order to emphasize
and clarify the connection between Nielsen root theory and Hopf degree
theory.

Theorem 5.3. Let f : (M,∂M) → (N, ∂N) be a proper map between two
n-manifold and let c be any point in intN . Then A(f) = N∩| (f ; c) and
G(f) = MR∩| (f ; c), that is, the absolute degree equals the transverse root
Nielsen number and the geometric degree equals the least number of roots
which are transverse at c for all maps in the proper homotopy class of f .

One can see from the introduction of his paper [H2] that Hopf was very
well aware of the fact brought out by Theorem 5.3, that the problem of
finding the geometric degree is of a similar nature to the problem of finding
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the least number of fixed points in the homotopy class of a map. Hopf clearly
explains that his definition of the absolute degree uses an extension to root
theory of concepts that had been used quite recently by J. Nielsen to study
minimal sets of fixed points [N1, N2]. However, this motivation for Hopf’s
introduction of the absolute degree A(f) is not mentioned in later studies
and applications of A(f). As we mentioned in the introduction, Epstein in
[E] interpreted calculations of Olum [O] in terms of degrees of maps of lifts
of f to covering spaces, the covering spaces we described in Section 3. Olum
obtained the values for N∩| (f ; c) computed here in Theorem 3.12, but in a
very different way. Epstein made use of a classification of maps into types
that is equivalent to Definition 2.1 and then defined the “absolute degree”
A(f) separately for each type [E, (1.8), p. 371]. Epstein acknowledged
that A(f) has a “complicated definition” [E, p. 372] but pointed out that
it is justified by its geometric significance from the equality between the
geometric and absolute degrees proved by Hopf. Epstein’s paper is the one
usually cited, so the connection with Nielsen root theory, that unified Hopf’s
treatment of the Absolutgrad, has not been preserved in Hopf degree theory.

The equality of the Absolutgrad and the geometric degree for maps of
n-manifolds, n 6= 2, was first proved in [H2, Satz IV, p. 607]. A new proof
of this equality was the aim of the paper of Epstein [E, Theorem 4.1, p.
376]. Because of the identifications described in Theorem 5.3, we see that
Theorem 4.2 can be restated as the same result:

Theorem 5.4. Let f : (M,∂M) → (N, ∂N) be a proper map between two
n-manifolds. If n 6= 2, then the absolute degree A(f) equals the geometric
degree G(f).

If M and N are both orientable, then Hopf degree theory can be related
to the integer-valued cohomological degree that is defined in this case. From
Theorems 3.13, 5.3 and 5.4 we have:

Theorem 5.5. Let f : (M,∂M) → (N, ∂N) be a proper map between two
n-manifolds. If M and N are orientable, then A(f) = |deg(f)|. If, further,
n 6= 2, then G(f) = |deg(f)| also.

6. Nielsen root numbers and degree of maps of surfaces.

Theorems 4.2, 4.3, 5.4 and 5.5, that are concerned with the sharpness of the
two Nielsen root numbers for maps of n-manifolds, exclude the case n = 2.
We will now discuss sharpness results for maps of surfaces. It was not known
at the time of Hopf’s work, but is now well known, that the Nielsen number
for fixed points N(f) can be realized as the minimal set of fixed points for all
maps in the homotopy class of f if f is a selfmap of a manifold of dimension
6= 2, but that this is often not possible for selfmaps of surfaces. So it is
not surprising that the two Nielsen root numbers N∩| (f ; c) and N(f ; c) are
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not sharp for surface maps in general. But it is quite surprising that, as we
shall see, N∩| (f ; c) may well be sharp when N(f ; c) is not. In this section
we describe what is known about sharpness for maps of surfaces, interpret
it in the light of the results of this paper and add some consequences which
follow from the results of prior sections.

Various authors have found conditions for the equality A(f) = G(f) to
hold, and Theorem 5.3 shows that this equality is equivalent to the sharp-
ness of N∩| (f ; c). The basic result of this kind, which is stated as the next
theorem, concerns closed surfaces.

Theorem 6.1 (Kneser, Hopf, Skora). Let f : M → N be a map between
two closed surfaces. Then N∩| (f ; c) is sharp and hence the geometric degree
equals the absolute degree.

Theorem 6.1 tells us, for instance, that there is a selfmap of the Klein
bottle homotopic to the map of Example 3.18 that is transverse to c and
has |be| roots. In other words, both the absolute and the geometric degree
of the map f in Example 3.18 are equal to |be|. It further tells us that the
map from the Klein bottle to the projective plane constructed in Example
3.16 has both absolute and geometric degree equal to 2.

Theorem 6.1 was first proved by H. Kneser [Kn1], [Kn2]. Hopf [H2, Satz
XIVc, p. 605] showed that its assumptions can be weakened, as it is not
necessary to assume that N is closed. Both Kneser and Hopf proved more
general results concerning the fact that the map g which realizes A(f) =
N∩| (f ; c) can be constructed in such a way that it realizes the absolute degree
as the geometric degree not only at c, but at all points in an open subset of
N which is everywhere dense [H2, Satz XIVb, p. 605]. A modern proof of
Theorem 6.1 was given by Skora in [Sk, Corollary 2.2].

Skora also found extensions of Theorem 6.1 to boundary-preserving maps.
But additional assumptions are needed if the boundaries of the surfaces are
not empty. One of these requires that f |∂M be allowable, which means that
f |∂M is a (G(f))-fold covering. It is a somewhat awkward assumption as
G(f) may not be known. In [Sk, Theorem 2.1 and 2.5], Skora proved the
following extension of Theorem 6.1.

Theorem 6.2 (Skora). Let f : M → N be a map between two surfaces with
f−1(∂N) = ∂M . Then N∩| (f ; c) is sharp, and hence A(f) = G(f), given that
either f |∂M is allowable and M and N are compact, or that f is orientation-
true and proper.

In addition, Skora showed that Theorem 6.2 is not true for n = 2 with-
out additional assumptions. In [Sk, §3], he constructed, for every d ≥ 2, a
boundary-preserving and proper but neither orientation-true nor allowable
map from the twice punctured projective plane to the annulus such that
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G(f) = d but A(f) = 0 if d is even and A(f) = 1 if d is odd. The computa-
tion of the geometric degree for all surface maps is an open problem.

The sharpness of the Nielsen root number N(f ; c) is a more delicate prop-
erty as the conclusions of Theorems 6.1 and 6.2 do not hold with N(f ; c)
in place of N∩| (f ; c). This was already known to Hopf who constructed ex-
amples, for every j > 4 as well as for j = 1, of a map f from the double
torus to the torus such that N(f ; c) = j but f cannot be homotoped to a
map with only N(f ; c) roots (see [H2, Satz XVa, p. 610 and Satz XVb,
p. 623]). Using results of Hopf, Lin [L, §4] constructed a map from the
double torus to the torus with N(f ; c) = 3 and MR[f ; c] = 4. For maps
between orientable closed surfaces, necessary and sufficient conditions for
the sharpness of the root Nielsen number been recently been found by D.L.
Gonçalves and H. Zieschang [GZ1] and [GZ2]. They proved:

Theorem 6.3 (Gonçalves and Zieschang). Let M and N be closed orient-
able surfaces of genus h and k respectively. Let f : M → N be a map such
that j is finite, then N(f ; c) is sharp if and only if

|deg(f)| ≤ 2h− 2 + j

2k − 1
.

Some new results concerning the sharpness of N(f ; c) for maps of surfaces
can easily be obtained from our calculations of the two Nielsen root numbers
in §3. We can use the fact that if N(f ; c) = N∩| (f ; c) and N∩| (f ; c) is sharp
then N(f ; c) must also be sharp. So an inspection of Theorems 3.11, 3.12
and 6.1 immediately yields:

Theorem 6.4. If f is a map between two closed surfaces which is not
orientation-true, then N(f ; c) is sharp.

The map f : T 2#P 2 → T 2 of Example 3.19 has exactly |d| roots at c if
c 6∈ D. Theorem 6.4 implies that if c ∈ D, then there is a map homotopic
to f that has |d| roots at c (compare Example 4.6).

Theorems 6.3 and 6.4 give necessary and sufficient conditions for the
sharpness of N(f ; c) for all maps between closed surfaces, with the excep-
tion of the case of orientation-true maps between non-orientable surfaces.
The Nielsen root number may be sharp in this case also. For instance, for
any c ∈ P 2, the map f : K → P 2 of Example 3.16 is homotopic to a map
g with one root at c because f is one-to-one at two points and P 2 is ho-
mogeneous. However, it is likely that, for orientation-true maps between
non-orientable manifolds, N(f ; c) will only be sharp for some maps, as is
true in the orientable case. We contribute a partial solution to this problem
in the following theorem, which again follows immediately from Theorems
3.11, 3.12 and 6.1.
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Theorem 6.5. Let f be an orientation-true map between two non-orient-
able closed surfaces. Then N(f ; c) is sharp if either j is infinite or if
|deg(f̃)| ≤ 1. �

Finally, Theorems 3.11, 3.12 and 6.2 yield some results concerning the
sharpness of N(f ; c) in the case where the boundaries of the surfaces M,N
are non-empty. We omit the details.
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