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By using the Cauchy—Fantappié machinery, the nonhomo-
geneous Cauchy-Riemann equation on convex domain D for
(0,q) form f with 8f = 0, du = f, has a solution which is a
linear combination of integrals on bD of the following differ-
ential forms

1 _ .
W&r A (8c8cm)i A B:3
n n—q—3—j n qg—1
A (Z dé; A dg) A (Z dé; A dzi> A f,
=1 =1
j=1,-+- ,n—q—3, where A = (9;r(¢),{—=z), B = |z—¢|? and

7 is the defining function of D. In the case of finite strict type,
Bruna et al. estimated (9r(¢),{—z) by the pseudometric con-
structed by McNeal. We can estimate the above differential
forms and their derivatives. Then, by using a method of es-
timating integrals essentially due to McNeal and Stein, we
prove the following almost sharp Holder estimate

”u“C%—nf < Cl|f||[,gf>q(ﬁ)a 1<g<n-1

0,g—1 (D) -

for arbitary x > 0. The constant only depends on k, D and q.

1. Introduction.

Let D be a convex domain in C" with smooth boundary, D = {r < 0},
bD = {r =0} and dr # 0 on bD. Suppose the defining function r is convex
near the boundary bD. For ¢ € D, Téc denotes the complex-tangential space
to {r =7r(¢)} at ¢. By the results in [Mc3], we say p € bD of type m if the
contact order of complex lines L C Téc with bD at ( is not greater than m,
for all ¢ € bD.

We say D is of strict type if there exists C = C(D) such that for all
¢ € bD, all directions v € Téc(bD), |v| =1, and small ¢

(1.1) éT(C +tv) < (¢ + tvV/—1v) < Cr(¢ + tv).
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The condition implies that the order of contact with bD at ¢ of {{ +tv} and
{¢ + t/—1v} is the same. If D is both of finite type and of strict type, we
say that D has finite strict type.

Now consider the nonhomogeneous Cauchy-Riemann equation on D

(1.2) ou=f
with f € Lg?q(ﬁ), where L(‘fq(ﬁ) is the space of (0,q) forms on D with

coefficients in L°°(D). When D is of type m, i.e., each point p € bD is of
type less than or equal to m, it is natural to expect that the following Holder

estimate holds: For f € Lg% (D) and df = 0, Equation (1.2) has a solution
u satisfying

(1.3) ||UHC% © < CHfHLgfq(by l<g<n-—1,

0.g—1(D)
where C' is a constant depending on D, q.

One method to study this problem is to establish an integral represen-
tation formula using the Cauchy-Fantappi¢ machinery (see [R2]). The key
point of the Cauchy-Fantappie machinery is to find a barrier form

(1.4) w((,z) = Zwi(c, 2)d¢;
i=1

satisfing

n
(1.5) > wil¢,2) (G — =) =1

i=1
for ¢ € bD,z € D, where w;((,2),i = 1,--- ,n, are holomorphic in z. For
the strongly pseudoconvex domains, this barrier form, hence the integral
representation formula, is constructed and the sharp estimate is obtained
(see [R2], for example). For the weakly pseudoconvex domains, little is
known, but some important results have been obtained. Range [R1] proved
sharp Hélder estimate for some convex domains of finite type in C? and
generalized by Bruna and Castillo [BC]. Forness [Fo| constructed a barrier
form for a kind of pseudoconvex domains of finite type in C? and proved sup
norm estimate. Diederich et al. [DFW] and Chen et al. [CKM] obtained
the sharp estimate for ellipsoids. By using Skoda’s estimates, Range [R3]
constructed a barrier form for pseudoconvex domain of finite type in C2.
His method was generalized to pseudoconvex domains in C" by Michel [M].
We should also mention the work of Chaumat and Chollet for convex do-
main which needn’t be pseudoconvex. Chaumat and Chollet’s and Michel’s
results, which are far from sharp, are C* estimates. Bruna et al. [BCD]
proved L' estimate for (0, 1) forms on convex domains of finite strict type.
Holder estimates can also be obtained by studying the associated J; and
singular integral operators on the boundary (see [FK], [FKM], [Ch]).
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When the domain is convex, there is a natural barrier form

or(¢)

1.6 , —_—
0 B N TGN
where 7 is the defining function of the domain,
(1.7)

amo—zg?g QG and @02 = 30 O~ )

By using the barrier form, we can construct the integral representation for-
mula for (0,¢q) form by applying Cauchy-Fantappié machinery. Therefore,
to estimate the solution of 9, we need to estimate the quantity (9r(¢),( — z)
for ( € bD, z € D. Thanks to the work of McNeal [Mc4] and [BCD], there
exists a a pseudometric on D, and we can estimate (Or(¢),( — z) by this
pseudometric in the case of finite strict type. Then the integral kernel and
its derivatives are estimated. All these results allow us to prove the following
theorem.

Theorem 1.1. Let D CC C" be a bounded convexr domain of strict finite
type m, and let f € L§, (D) be 0-closed, 1 < ¢ <n—1. Then the nonhomo-
geneous Cauchy-Riemann Equation (1.2) has a solution u satisfying

. < « (T
(18) Il vy < O ez

for arbitary k > 0. The constant only depends on k, D and q.

Here is the plan of this paper. In Section 2, we state McNeal’s pseu-
dometric and some propositions for our purpose. In Section 3, we deduce
the integral representation formula and some estimates associated to it. In
Section 4, we estimate the derivatives of the integral kernel. Then we use a
method essentially due to McNeal and Stein [MS] to prove the main Theo-
rem.

In this paper, we will us the following notations. The expression X <
Y and X 2 Y means that there exists some constant C' > 0, which is
independent on the obvious parameters, so that X < CY and Y > CY,
respectively. X ~ Y means X <Y and Y < X simultaneously.

2. McNeal’s pseudometric on the convex domain of finite type.

Let S™ = {¢ € C";|¢| = 1}. Each element of S™, together with a point
q € C", determine a complex line in C". Without loss of generality, then,
we may assume that our defining function r has the property that all the
set {z;7(2) < n} are convex for —ng < 1 < n, for some ny > 0. If v € S™,
—np < n < no, we denote the distance from ¢ to the level set {z;7(z) = n}
along the complex line v by 6,(q,7).
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Now recall the definition of e-eztremal basis of McNeal. Let bDy. = {z €
U;r(z) =r(q)+e}. Let p € bD. If U is sufficiently small a neighbourhood of
p , the distance from ¢ € U to bD,, . is well defined. Let n be the real normal
line of {z,7(z) = r(¢)} at ¢ and p; be the intersection of n with bD, .. Set
71(q,¢) = |g—p1]. Choose a parametrization of the complex line from ¢ to p1,
by z1, with 21(0) = ¢ and p; lying on the positive Rez; axis. Now consider
the orthogonal complement of the span of the coordinate z1, OC4, which is
the complex subspace of the tangent space to {z;r(z) = r(q)} at ¢. For any
v € OC1NS™, compute d,(q)4-(q,7). Let 72(q, ) be the largest such distance
and pa € bD,. be any point achieving this distance. The coordinate z3 is
defined by parametrization the complex line from ¢ to ps on such a way that
29(0) = g and py lying on the positive Rezs axis. Continuing this process, we

obtain the n coordinate functions z1, - - - z,, n quantities 71(q, €),- -+, Tn(q, €)
and n points py,--- ,pn. Let 2; = x; + v/ —1x,4; for 1 < j < n. Following
[BCD], we call coordinates {z1,--- ,z,} e—extremal coordinates centered at
q

If we define the polydisc

(2.1%) P.(q) ={z € Us|z1] <71(q,€), -, 12l < 7alq,6)},

then there exist a constant C' > 0, independent on ¢ € U N D, such that
CP.(q) c{ze€eU;r(z) <r(q) +¢€}.

It is obvious that 71(q,e) ~ . Let

(2.1)
4 . ) ok
A = 6@ ah@) = 0. 0m0,0), 2<i<n
and set
1
(2.2) 0i(¢,€) = min ( < )k 2<k<m
1 J A%(q) Y Y

then
(23) Ui(qa 6) ~ Ti(Qa 5)
[Mc4]. It follows directly from (2.1)-(2.3) that for each 2 <1i < n,

o
(2.4) kr(q)‘ Sermilg,e)™ k=1,...,m.

Ox;

We have the following three propositions. See [Mc4] for their proofs.

Proposition 2.1. For ¢ € U N D, let v1,...,v, be the orthogonal unit
vector determined by e-extremal coordinate centered at q. Suppose A € S™
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can be written as X =Y ;" aivi, a; > 0,> "y a; = 1. For small € > 0, set
n=r(q) + ¢, then

" . -1
(25) <Z e 5)> ~ 0(a:).

=1

Proposition 2.2. There is a constant C independent of q,q*,¢*> € D N
U,e >0, so that if P.(¢") N P.(¢?) #0, then

(2.6) Ps(ql) - CPE(QQ) and Ps(qg) - CPs(ql)
and
(2.7) Pre(q) € CP:A(q), 0<r<2.
When r = 2, (2.7) is Proposition 2.5 in [Mc4]. His proof works in the

case of 0 < r < 2 (because 7;(q,re) =~ 0i(q,re) ~ min{ (- )%,2 <k <

Ak (@)
m} < 0i(g,€)). Note re-extremal coordinates centered at ¢ may be different
from e-coordinates centered at ¢ (r < 1). P.(¢) C P:(q) may not hold for
0<r<1.

Suppose ¢*, ¢> € U N D, define
(2.8) d(q', ¢®) = inf{e; ¢* € P.(¢")},
where P.(q') defined by (2.1).

Proposition 2.3. d(-,-) defines a local pseudometric on U N D, i.e., for
¢',¢*¢*€UND,

(1) d(¢*,q*) =0 iff ¢' = ¢*;

(2) d(¢*,q*) = d(¢®,q");

(3) d(¢",¢%) S dla',q%) +d(¢* ¢°).-

Corollary 2.4. Let ¢ > 0,9, € UND, ¢ < d(q,q") < 2¢, then, in the

e-extremal coordinates centered in q, ¢ = (¢}, ,q,),
(2.9) d(g,4") ~ |qi +ZZA’ ail'
1=2 [=2

Proof. Since ¢’ lies in the boundary of polydisc Py 4 (q), and %Pg(q) C
Pyq,¢(q) C CP:(q) for some constant C' > 0, by Proposition 2.2, we find

(210) |q;| SCTl(Q7€)7 L= 17 y T,
and there exists 49 such that |gj | > %TZ‘O (¢,€). Thus
(2.11) Al (9)ld|' Z

for some [ by (2.1)-(2.3), the right side of (2.9) = . The right side of (2.9)
< e by (2.10) and (2.1)-(2.3).
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Note (2.9) may not hold for each ¢' € U N D because e-extremal coordi-
nates centered at ¢ may change abruptly as e. We can also prove:

Lemma 2.5. If d(z,() < e, then, in the e-extremal coordinates {w, ...,
wp} centered at z, ¢ = {1, ,Cn}

(2.12) DPrOIS

for all multiindices 3 = (31,81, -- ,B,), where

+B1++8,
DPr = onh .

—————, P50 ="z Az,

G Cy" -+ 0C,"
Proof. Note (2.12) is obvious by |7(z,e)?| S e if |8] = Y0, Bi + B; > m.
When ¢ = z,

g
(2.13) |DPr(z)| < ppTc

is proved for 3 with 8; + 3; # 0 only for two i in [BCD, p. 398-399], their
proof works in the general case. Since Py, ¢)(2) C CP.(z) for constant C
by Proposition 2.2, |Q[ STi(z,e),i=1,... ,n. Then

o S 3 D) ol ),
' |8=1

where |7(2,¢)| = maxi<p<mTr(z,€). It

©) -

(2.14) ‘

8wZ

Z eT” )7 (2 8)T7(2,6) +o(|m(z,9)™) S T‘(j €)
1B1=1 ;
by (2.13) and |7(z,¢)| S e Thus
or €
a <c>\ S

For general 3, (2.12) can be proved similarly. This completes the proof of
Lemma 2.5.

3. The integral representation formula and some estimates.

It is well known that for convex domains with smooth boundaries, we have
the following explicit integral representation for 9 problem.

Proposition 3.1 ([R2, p. 176]). Let D CcC C™ be convex with smooth
boundary and let r € C? be a defining function for D. Let

or(0
oy VD= G =
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where (0r(¢),( —z) = >, gc: ()(G — zi) and
(3.2) C(C2) = ACD(C 2) + (L= VB 2),

where 0 < A < 1,

(3.3) B¢.o)=Y

IB Y
Define the Cauchy-Fantappie kernel associated to c by

B=lz—¢

q(g—1)

B4) 0,00 = S (MO A @Ayt A @00

(2me)" q
for0<g<n-1, 5@9\ = 5< + dy, and the Bochner-Martinelli- Koppelman
kernel

(3.5) K—ﬂn_lBA@B)"ql A (9.B)".
‘ T (2m)n q ¢
Then the operator Tq(r) : Coq(D) — ng 1(D) defined by
(3.6) T f = FAQ( /f/\Kq L, I=10,1]
bDx1
satisfies

on D if f € Coq(D) and 0f = 0.
We decompose
(3.7) Q(C) = Q) Adr+ Q0
where ng), le) is of degree 0 in A. By simple calculation, we can prove the
following:

Lemma 3.2 ([R2, p. 206]). For 0 < ¢ < n—2 and f € Cyq4+1(bD), one
has

(3.8) | rae = [ aactin)
bDx 1 bD
where
n—q—2 q
(3.9) A,(CTBy= > > aptArR(C™);B)

7=0 k=0
with universal constants aq’k and
i,k r).
(3.10) AZ*(C");B)
= C ABA(@:0MY A (@B)"172 A (9,0 A (9,B)TF
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A straightforward computation gives
(3.11)
AZF(C™; B)
_ 847‘(() A 5'(,8 A (548@)1 A (5<6<ﬂ)n7q727j A (gzagr)k A (5,2846)4*’“
<67=(C)’ C _ Z>j+k+1ﬁnf(j+k+1)
(see [R2, p. 206] for a general formula) and
AR =0, if k>1

by 52«6(7“(() = 0.

Because the Bochner-Martinelli-Koppelman kernel K, is a kind of
Caldéron-Zygmund kernel, we have the following regularity result. See [R2,
p. 156], for example.

Proposition 3.3. For 0 < a < 1, we have
(3.12) H/ fAKg
D

In the kernels in (3.11), there is a factor (0r(¢),{ — z)(¢ € bD) in the
dominators. We should estimate this quantity.

Proposition 3.4 ([BCD, Lemma 4.2]). If D is of finite strict type, then
(3.13) d(¢, z) =~ [(0r(¢), ¢ — 2)|
for ( €bD,z € D.

In order to prove the Holder estimate in the main Theorem 1.1, we will
use the following elementary real variable fact.

Lemma 3.5 ([R2, p. 204]). Let D CC R™ be a bounded domain with C*
boundary. Suppose g differentiable on D and that for some 0 < a < 1, there
is a constant C' such that

(3.14) ldg(x)| < Cop(x)* !, z €D,

where Sp(x) is the distance from x to the boundary bD. Then g € C*(D)
and there exists a compact subset K of D such that

(3.15) gl ey S C + lgllzoe(r0)-

Therefore, if we can prove the following proposition, the Hélder estimate
of J-problem is proved by Lemma 3.5.

S fllege o)
C&q—l(D)

Proposition 3.6. Using the above notation, we have
(3.16) ' | a0 A g S 8nle I
bD ’

for0<rk<1l-— %, where the constant depends only on D, j,q, k.
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Theorem 1.1 for k > 1 — % obviously follows from x < 1 — % We will
prove (3.16) in Section 4.
We will need the following estimates.

Lemma 3.7. Ifa,b,d’,a,a’ >0,k > 1, then
1
br 1 11
: = AV(C) S ——
. et @rae W OR age
where dV (¢) is the volume element of C.

(3.17)

Proof. Denote ( = x + iy, then the integral
1
bk d
S T
R (a4 b|z|F)*T® r (@' + [y])

_/ dx / dy
R (a+ [zF)*te Jr (@ + ]y

< 1 -
~ aa'®
Lemma 3.8. Ifa,b,a >0,k > 1, then
2
bi 1
(3.18) / S — P
C (a+b|¢|F)*tE a

where dV(¢) is the volume element of C.
Proof. Define

(3.19) Dy = {¢;bl¢|F > a}
and
(3.20) Dy = {¢;b[¢F < a}.

It follows that on the region D, we have

bi br
" wO < ——av
/Dl @bt /D aichyE
< Oobfa k 7%701 do < 7047
N/L (P") pdp < a

where L = (%)% On the region Dy, we obtain the same upper bound

2

bk br
[ v 5
s (a-+ blcllyE afre

This completes the proof of Lemma 3.8.

Vol(Dy) < a™®.

Lemmas 3.7 and 3.8 were used in [MS] implicitly to estimate the Bergman
projection operator in the convex domain of finite type.
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4. The estimate of the integral.

The purpose of this section is to prove Proposition 3.6.
Let 3 be a multiindex, 8 = (81,01, .. ,8,). Define

9% b 9P Hbn i _
4.1 DP = — - =, Bl=) Bi+5
oy 02" oz 023" gzin 7 ;
and
(4.2) (w, ) = O P1(w, ) - 7P ()

forwe DNU,e >0. If 0 < B, 5; <1, define
(4.3) d¢? = d¢ft NdCy A AdC

where d(; or d(; absents if 3; = 0 or 3; = 0, respectively.

Suppose bD is covered by Uj,...,Uy, where U; are balls centered at
z; € bD with radius r;. Furthermore, all results of Proposition 2.1-2.5 hold
for U=Ul,i=1,...,N, where U/ = B(z;,2r;). Let V = UN,U! and set

(4.4) AL = Z Az’

where Af'] are (n,n—q—1) forms in ¢ and ¢, and J takes over all multiindices
with |J| = ¢ — 1,1 < J;,J; < 1. The estimate for dZA?} is as follows. We
will use the following notation. For (p,p’) differential form A(¢), [|A(¢)|lbn
denote the norm of A(¢) acting on () T (bD))P*7'.

Proposition 4.1.
(1) If z € U; for some i, then

(4.5) - 4% (2, Ollon Z !

78(z2,€)|z — (223

for ¢ € bD NU!, where ¢ = d(z,(), and (3 takes over all multiindices
satisfying the following condition C':
(Cl) YL Bi+08;=2j+2;
(C2) There exists at most one ig > 1 such that (;, —&-B,-O =3 and B+06, <
2 for all 1 # ig. If such iy exists, we must have 31 + B = 1.
(2) If ¢ ¢ U/, then

(4.6) ld-A% lp S 1.
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Note

(4.7) &AL (2, O N f

s/ a4, (2,0) A FllopdV(Q)
bDﬂU

bDNU!
SWlog, [ A OlndV (©),
bDNU!
where dV (¢) is the volume element of bD, and
(148) [ a1
bD\U!
by (4.6) for z € U;, and |r(z)| = 0p(z), the proof of Proposition 3.6 is

reduced to the following estimate.

Lemma 4.2. For ( satisfying condition C and z € U; for some i, we have
(4.9)

Iy = / !
’ mwfwzaV—a%ﬁfs

for 0 < Kk <1— =, where dV(C) is the volume element of bD.

m)

dV(Q) S Ir(2)| " m, e =d(z,Q)

Before we begin to prove Proposition 4.1, we give a lemma. Since

(4.10) 0B =" d¢; AdG,

0.0c8 ==Y _ dz AdG,

=1

9. = Z — Gi)dzi,

we get
0 1 _ ,
n n—q—3—j n q—1
A (Z d¢; N dCi) A (Z dg; N Cﬁz) ;

=1 =1
where A = (0¢7(¢),{ — z). Set
(4.12) C = (9(7“ N (ggagr)j.
Lemma 4.3. For z € U;,¢ € bD N U/ for some i, we have

citl

(4.13) ICllep < —_ d,C =0, e =d(z(),

— THz,€)’
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where the sum takes over all multiindices satisfiying
J— n J—
0<L;,L; <1, > Li+Li=2+1, L = 0.
i=1

Proof of Lemma 4.3. d.C = 0 is obvious since C' does not depend on z.
Now fix z € U;. Note formula (3.11) for Aé’o is stated in the standard coor-

dinates (1, - ,(, in C™. Denote the d(z, ()-extremal coordinates centered
at z by wy, -+ ,wn. Then there exists an unitary matrix U,, which is only
depending on z, and the translation 7, from the origin to z, such that U,oT,
transforms coordinates (y, - - - , (, to coordinates wi, - - - , wy,. It follows from
the invariance of differential forms under a linear transform that we can
write O¢r, d¢cO¢r in coordinates wy, - -+, wy, as

(4.14) Or = 0yr, 00T = DOy

Thus

(4.15)

C = Byr A (éwawr)j

J
Z awt n 810[ 8’Ujk ~dwy N\ dwy, N dwg, AN dwlj A dwkj,

117 7
tkl: 7k

where [y --- ,l; are different, and ¢, k1,--- ,k; are different. Notice dr = 0
when restricted to the space tangential to bD, we find that

or or or
or or or
= Gy~ gy A2 = = o dn

holds on tangential space T'(bD), dw; disappeared in the differential forms
in the right side of (4.15) if we substitute (4.16) into (4.15) (see [CKM,
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p. 133] for the same fact). Note if ks = 1, and substitute (4.16) into (4.15),
(4.17)

! H Or dw; A dwy, A dwg, A--- A dwy. Adw
o, 0wy, W A GOk bR

37" J 621' Or
= — Z 5 11878 .8(911;.wat/\d@ll/\dwkl/\...Ad@ls

vt ey O =1 TWLEOWh g

P

A dw A dwy, — . 0wy

: & Z awt H owy, 0wy, or

’U#llv 7 1= 8w1

d’wt/\dwll/\dwk1 "'/\dwls/\dwv "'/\dwkj-

Without loss of generality,

6(2:1 (w)| ~ 1 for w € U]. Since

9%r €
8@[ ({')@k li(z,&“)Tki(Z, 8)’
B -
|dw1( Q) S T1(z,e)m,(2,€) m(z,e)  T(z,6)7,(2,€)

by Lemma 2.5, where ¢ = d(z,(), we see that the absolute value of the
coefficient of dwy A dwy, A dwg, A -+ Adwy, A dwy A -+ A dwg; in the right
side of (4.17)

€ € €
418 < : :
(4.18) ~ 1z, ¢€) g Tk (2,6)71,(2,6)  To(z,6)T,(2,€)
the coefficient of dwi A dwy, A dwg, A~ -+ Adw, Adwy A - - - Adwg; in the right
side of (4.17) has the same bound (4.18). If ¢ = 1 in the right side of (4.15),
after substituting (4.16) into (4.15), we have the similar results. Now, we
find that, as differential form acting on (& T'(bD))%*1,

i+l
4.1 = dw” < _ =
(4.19) C ZL:CLL w, lar| < (s 2)

where multiindices L satisfy 0 < L;, L; < 1,Ly = 0and Y 1 ; Li+L; = 2j+1.
By using the inverse of transformation U, o T,, we can write dw’ as a
linear combination of differential forms d¢?,

=Y aidc’, el S1
I

by each entry of the matrix U ! has absolute value < 1, where multiindices
I satisty 0 < I,1 < 1,|I| = 25+ 1. Thus, ||Cllsp < >y lar|, where the
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summation takej over all multiindices L satisfying 0 < Li,L; <1,L1 =0
and » ;" | L; + L; = 2j + 1. This completes the proof of Lemma 4.3.

Now we can prove Proposition 4.1.

Proof of Proposition 4.1. (1) Note g—g =0,i=1,...,n,

0 cd¢’
(4.20) a@( ]HBi — 1AZ —-C) dg)
(j+ 1)CdCJ &
- (@er(©).¢ = 2771z - (e

(n—j - VCA' T, — %)
AZ ~ Ot ). R P %AZ -G

by 2 (0r(0).C — 2) = —25(0). Note |2(0)] £ Y0y [ 2] S S0y w6
by each entry of matrix U, having absolute value not blgger than 1 and
d(z,¢) = d(¢, z) =~ |(0r(¢),¢ — 2z)| for ¢ € bD NU/ by Proposition 2.3 and
Proposition 3.4. It follows that

9 cdc’
872«1. (A]+an j—1 A Z C’ d<Z>

(4.21)

bD

<Z 1 €J+1 e
S 2 A O — (P T (e) 2 (e e)
1 g+l

> d(z, Q)+ |z = (P22 71(z,¢)

1

by Lemma 4.3 and € = d(z, (), where I takes over all multiindices satisfying
0<1I,I; <1,I1 =0and > 1" ;I + I; = 2j + 1. For such I,1 < i < n,
71(2,€)7:(2,€) = (2, ) for some multiindex 3 satisfying condition C, i.e.,
C1) Y%, Bi+ B; = 2j + 2; C2) There exists at most one ig > 1 such that
Biy + BZ»O =3 and B + (3, < 2 for all [ # ig. If such ig exists, we must have
B1 + B; = 1. Notice

(4.22) T(z,¢) me=d(z() S|z —(
we get
(4.23)
9 cdc¢’ " 1
0% (AJ“B‘J‘l I @d@‘) S Zﬁ) (2, )]z — (P
i= bD
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similarly, we can prove

) ong

1
< _
S 2 e - P

bD

where [ takes over all multiindices satisfying condition C'. This completes
the proof of (1).

2) For z € U;, ¢ € bD and ¢ ¢ U/, (9;r(¢),¢ —2) # 0 and |z — (| # 0.
Note Uy, - -+ ,Un covering bD. It follows

or
aC

21

~ Y

(4.24) \< ©:¢ — 2) eoqlz

by compactness. It follows that the coefficients of differential forms dZAZ’O
are bounded. The Proposition 4.1 is proved.

Now we are ready to prove Lemma 4.2.

Proof of Lemma 4.2. Define

(4.25) So = {i; Bi + B; = 0}

Si={i;8+p;, =1}

Sy = {i; 8 + B; = 2}

Sy ={i; 8 + 3, = 3}
for the multiindex [ satisfying condition C'. Denote the cardinal of S; by
ng,t =0,1,2,3. We know that ng < 1 from condition C. We consider three
cases: Case A, ng = 0 and 1 € Sy; Case B, ng = 0 and 1 ¢ Sy; Case C,

ng = 1.
Note

(4.26)

S

If we replace 7; by 71 in (4.9) for some [ € Sy, 41 + 3, will increase 1. Case
B is reduced to Case A. In Case C, #1 + 3; = 1. If we replace 7; by 7 for
I € S3, f1 + B, will increase to 2. Case C is reduced to Case A. Thus we
only need to consider Case A.
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For such 3: 3; +B; < 2,i=1,... ,n and B + 31 = 2, we will calculate
I3 as in [MS]. Recall the definition of o; and 7; = 0y, we get

- B +B Ba+B
(4.27) 155/ eh=5 <Z[A2( )| e 2)
bDNU!

n 5n+§n 7’8”_’—5" dV C
’(Z[Ain(z)] nog >,Z_<|2(n)2j3
B2+B2 n+Bn
S DIV NE) R By

/ E—ﬂl—ﬁ1 ———— LL;;B" —K dV(C)
bDNU! |z — ([2n—2i=3+n

by (4.5) and e™* 2 1, |z —(|™" 2 1, where the summation takes over all
(G2, ,ip) with 2 <ig, -+ i, <m, e =d(z(). Let

Do = {¢ € bDld(z,¢) < |r(2)]},
Dy ={¢€bD21 7 r(2)] < d(2,¢) <27r(2)[},  ¢=1,2,---.

Note for ¢ € D, on the 297!r(z)|-extremal coordinates centered at z, ( =

(Cl?"' 7Cn)

(4.28) d(z,¢) ~ 29r(2)| + |G+ ) ) Aj)IGl

1=2 [=2
by Corollary 2.4. Note |z — (| 2 d(z,{) > 29|r(z)|. (4.27) is less than
(4.29)

52+52 Bn+Bn
S @ [ ()l
q=0 (ig-+in) bDNU/NDy
+ Z A C’“’l> 2731k
=1 =2 (24r(2)[ + [¢])*m—*
_ q
—Z D Wi
a=0 (31 -+in)

We will prove

(4.30) G i, S ’T(Z)‘fuiwzq(fui,ﬁ)
for0<k<1-— %,2 < ig,i3, - ,in < m, [ satisfying condition C'. Hence,

>ae01fy..i, < oo. This gives Lemma 4.2.
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For [ € S, in the 2971|r(2)|-extremal coordinates centered at z,

(4.31)

Iq

Byigin
—(2n—2j—3+k)

. Bj+B; . 2
S Tl Al (2)] / AL 20+ 31
R2n73 C k;ﬁl

- (2q|r )+ |G|+ ZZA’“ )ICx|!

kAL t=2
7%7. 5n+5n —k

in

_9_
. ’Ll
+A§l<z)|Q”> dxo - - - dxay,

by the volume element dV(¢) on bD = dxg - --dx,. Now apply Lemma 3.8
o (4.31) with

C1 3.
b:Aél(z), k=1, a=2+ Z u—f—n

= i)
J#LG>2

a=2"r(z)|+ |G|+ ZZA’“ (2)|Ck|"

k£l t=2
to get
(4.32)
_ —(2n—2j—3+k)
. Bith;
Biprs STl 5 [ 20+ X1
Ren= k£l
=232 % ;;ﬁj —K
27|r(2) \+!C1|+ZZA’“ )Gl v (¢)

kAl t=2
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where dV (¢) denote the volume element of R?"~3. Repeating this procedure,
we can integrate all variables (; with i € Sy \ {1}. Then

(4.33)
N Bl
I iy S Wigso\uyl AL (2)] 5
—(2n—2j—3+k)
S CLCTRY SR DIt
k¢ Sy
m _(2+Zj€32 Bj:—jﬁj +K)
20)r(2)| + Gl + D0 D AF(2)IG v (¢).

k¢So t=2

Now integrate all variables (; with ¢ € Sy by

d¢de 1
(4:34) lAua+mk50F2

for k > 2, we get

(4.35)

B +Bj

19 i S e, [AL ()]

—(2n—2j—2n9—3+k)

. 24
/]R?n2n02n2+1 ’T(Z)‘ + Z |<k’ + |C1|

kesS

. - (2+Zjesl Bj:fj +n)
2007 (2)| + Gl + Y Y ARG v (Q).

keSy t=2
By condition C, S3 = () and 1 € Sy, we see that

(4.36) 2ng + 2n1 + 2n2 = 2n,
2n9 +nyp = 25 + 2.

Therefore

(4.37) 2n—25—3 —2ng =n1 — 1,
2n —2n9 — 2ng + 1 = 2n1 + 1.
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Now if n; > 2,1 € 51, then

(4.38)
S
15 iy S Wjesi\ A7, (2)]9

—ni1+1—k
'/MJA%(Z””(2q!r<z>!+ 3 rckr+r<1|+\<lr>

keS1\{l}

-<2qIT(Z)I+IC1|+ > ZA'“ )Gl

kesi\{1} t=2

+ AL |G

~2-Yjes a5 i
) dv (¢).

Now apply Lemma 3.7 to (4.38) with

(4.39) a=2"r(z)| + Q]+ > ZAk )ICk!"

keSi\{l} t=2

d =2Ur(2)| + > |Gl+1G]

keS1,k#l
k=i,a=2+ Z f+/<aoa—n1—2+/£>0
65105‘65]

to get

(4.40)

1

I§ iyt S Wiesiqy A7 (2]

—ni1+2—kK
S <2Qr<z> Y lal 41)

keSi\{l}

*272j651,j7&l %7,‘-@
-(2‘1r(z)+<1+ > ZA’“ cﬁ) av Q).

keSI\{1} t=2
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Repeating this procedure, we can integrate out (n; — 1) variables ¢; with
1 € 51. Let (s be the remaining variable. We get

@) I S [ AL )

m —2—%—5
- (QqIT(Z)! + 1G] +ZA5(Z)ICslt) av(¢),

t=2

where dV () = dxodzsdx,+s. Now integrate out variable xa to get

@42 I, S [ AL @IE)

m —l—i—n
: <2q|r(z)| + ZAz*(z)\csP) v (Cs)

t=2
S [ L@ @D @) + AL (]G )
R2

-1 (2)| + A, ()IGI*) T2 dasdan s

where kg satisfies
1

24]r(2)] | "
4.43 os(z,24r(2)]) = )
(443 (= 2Ir(2)) ( i )

Then

Tipesn S [ QDAL ()] + A7 ) f) 5
[+ Ay o) R

L1 1 @)

S @rEDTE 4 h @)

. Us(zv2q|r(z)|) < L _1-2kq(L-1-2k)q
= @l ~ M

by os(z,29r(2)|) < (2q|r(z)\)%. This completes the proof of (4.30) (take x
to be §), therefore Lemma 4.2.

z|-

0
K
3

)

Note added: This paper is the revised form of a paper titled Hélder es-
timate for O on the convexr domains of finite type written in 1995, where
Lemma 4.2 in [BCD] was incorrectly stated for all convex domains of fi-
nite type. The referee informed the author that Diederich and Fornsess
announced similar results at the Hayama symposium in December, 1998.
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