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Continuing the study of generalized inductive limits of finite-
dimensional C*-algebras, we define a refined notion of quasidi-
agonality for C*-algebras, called inner quasidiagonality, and
show that a separable C*-algebra is a strong NF algebra if and
only if it is nuclear and inner quasidiagonal. Many natural
classes of NF algebras are strong NF, including all simple NF
algebras, all residually finite-dimensional nuclear C*-algebras,
and all approximately subhomogeneous C*-algebras. Exam-
ples are given of NF algebras which are not strong NF.

1. Introduction.

This paper is a sequel to Blackadar & Kirchberg [BKb], to which we will
frequently refer. In Blackadar & Kirchberg, we studied a generalized induc-
tive limit construction for C*-algebras and gave various characterizations of
C*-algebras which can be written as generalized inductive limits of finite-
dimensional C*-algebras. We recall the definitions for the convenience of
the reader:

Definition 1.1. A separable C*-algebra A is an M F' algebra if it can be
written as li_n)l(An,QSmm) for a generalized inductive system with the A,
finite-dimensional. If the connecting maps ¢, , can be chosen to be com-
pletely positive contractions, then A is an NF algebra, and A is a strong
NF algebra if the ¢, , can be chosen to be complete order embeddings.

There is a close relation between these notions and quasidiagonality and
nuclearity: a (separable) C*-algebra A is an MF algebra if and only if it has
an essential quasidiagonal extension by the compact operators K [BKb,
3.2.2], and A is an NF algebra if and only if it is nuclear and quasidiagonal
[BKb, 5.2.2]. A number of other characterizations of MF, NF, and strong
NF algebras are given in [BKb].

One major problem left unresolved in [BKb] is whether every NF algebra
is a strong NF algebra. The purpose of this paper is to answer this question.
We will characterize strong NF algebras in terms of a sharpened version of
quasidiagonality we call inner quasidiagonality. The exact definition of inner
quasidiagonality will be given in Section 2; roughly (and possibly not quite
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correctly), a C*-algebra is inner quasidiagonal if it has a separating family
of quasidiagonal irreducible representations.

As a consequence, we show that “most”, but not all, NF algebras are
strong NF. In particular, we show that the following C*-algebras are strong
NF:

All (separable) strongly quasidiagonal nuclear C*-algebras.

All (separable) residually finite-dimensional nuclear C*-algebras.
All (separable) approximately subhomogeneous C*-algebras.

All prime antiminimal NF algebras.

All simple NF algebras.

We actually show that a prime strong NF algebra has a strong NF system
(An, ¢m.n) in which each A, is a single matrix algebra.

On the other hand, there are NF algebras which are not strong NF: if
A is a (separable) prime nuclear C*-algebra containing an ideal isomorphic
to K, then A is strong NF if and only if its (unique) faithful irreducible
representation is quasidiagonal. Thus the examples of [Bn| and [BnD] are
not strong NF. We also show that if A is a separable nuclear C*-algebra
which is not strong NF, then C'A and SA (which are NF by [BKb, 5.3.3])
are not strong NF, answering [BKb, 6.2.3(c)].

2. Inner quasidiagonality.

We begin by noting the following characterization of quasidiagonality from
[Vo2, Theorem 1]:

Proposition 2.1. A C*-algebra A is quasidiagonal if and only if, for every
T1,..-,Tm € A and € > 0, there is a representation w of A on a Hilbert
space H and a finite-rank projection p € B(H) with ||pm(x;)pll > ||z;|| — e
and ||[p, 7(x;)]|| < e for all j.

Definition 2.2. A C*-algebra A is inner quasidiagonal if, for every xq, ... ,
Tm € A and € > 0, there is a representation m of A on a Hilbert space H
and a finite-rank projection p € 7(A)”" € B(H) with |pr(z;)p|l > |lz;]| — ¢
and ||[p, m(x;)]|| < e for all j.

It obviously suffices in this definition to assume that the x; have norm 1.

The term “inner quasidiagonal” should really be “weakly inner quasidi-
agonal,” but we have rejected this terminology on pedantic grounds.

An inner quasidiagonal C*-algebra is obviously quasidiagonal. The con-
verse is false (2.7).

Proposition 2.3. In the definition of inner quasidiagonality (2.2), the rep-
resentation m may be taken to be a direct sum of a finite number of mutually
mequivalent irreducible representations.
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Proof. Suppose A is inner quasidiagonal, and let z1,... 2, € A and € > 0.
Choose m and p as in 2.2. Let z be the central support projection for
p in 7(A)”; then 7(A)”z and hence also w(A)'z are type I von Neumann
algebras with finite-dimensional centers. If ¢ is an abelian projection in
7(A)" with central support z, then 7|4 and pq are the desired representation
and projection. O

This will be generalized later (3.7).
The following is an immediate consequence of the definition.

Proposition 2.4. If A has a separating family of quasidiagonal irreducible
representations, then A is inner quasidiagonal. In particular, every residu-
ally finite-dimensional C*-algebra is inner quasidiagonal.

We do not know whether the converse of 2.4 is true. (See note added
in proof.) But an important special case of the converse is true, even in
stronger form:

Proposition 2.5. If A is separable and prime, then A is inner quasidiag-
onal if and only if some (hence every) faithful irreducible representation of
A is quasidiagonal.

Proof. A C*-algebra with a quasidiagonal faithful irreducible representa-
tion is obviously inner quasidiagonal. For the converse, consider the cases
A antiliminal (NGCR) and A not antiliminal separately. If A is antilim-
inal, separable, prime, and inner quasidiagonal, then A is quasidiagonal,
so by Voiculescu’s Weyl-von Neumann Theorem [Vo1l] every faithful repre-
sentation not hitting the compacts (in particular, every faithful irreducible
representation) of A is quasidiagonal.

Now suppose A is separable, prime, inner quasidiagonal, and not antil-
iminal. Then A has an essential ideal isomorphic to K, and has a unique
faithful irreducible representation 7y on a Hilbert space Hy. Let {z;} be a
dense sequence in A, and let {e;;} be a set of matrix units in K C A. For
each n let m, and p,, be as in 2.3 for the set {z1,...,zp,€11,... ,€nn} and for
e = 1/n. Then mp must be one of the irreducible subrepresentations of m,, for
each n since ||, (e11)] > |le11]] —1/n > 0. Let g, be the component of p,, in
mo. Then, for any j, lim,, . ||gnmo(ejj)gn || = 1 and lim,, o0 [gn, mo(xj)] = 0,
so g, — 1u, strongly and 7y is quasidiagonal. O

2.5 will be generalized in 3.18.

Corollary 2.6. FEvery separable antiliminal quasidiagonal prime C*-algebra
is inner quasidiagonal. Every separable simple quasidiagonal C*-algebra is
mner quasidiagonal.

Example 2.7. (a) The examples of [Bn| and [BnD)] are quasidiagonal, but
not inner quasidiagonal by 2.5.
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We recall for the reader that the example of [Bn] is an essential exten-
sion of the continuous functions on the real projective plane RP? by the
compacts:

0—K—A—CRP?*) —0.

The examples of [BnD] are slight variations of this, and have the additional
feature that the extension has real rank zero.

(b) A similar example is the C*-algebra generated by the direct sum of
the unilateral shift s and its adjoint. The C*-algebra is not prime; we have
the extension

0—-KaeK—-C'(sds")— C(T) — 0.

C*(s @ s) is quasidiagonal, but has only two irreducible representations
nonzero on the K @ K, neither of which is quasidiagonal; hence it is easily
seen not to be inner quasidiagonal.

Proposition 2.8. Let A be a separable C*-algebra. The following are equiv-
alent:

(i) Every quotient of A is inner quasidiagonal.
(ii) Every primitive quotient of A is inner quasidiagonal.
(iii) Ewvery irreducible representation of A is quasidiagonal.
(iv) A is strongly quasidiagonal, i.e., every representation of A is quasidi-
agonal.

Proof. (iv) = (iii) = (i) = (ii) is trivial, and (ii) = (iii) is 2.5. To show (iii)
= (iv), let m be a representation, which we may assume is nondegenerate, of
A on a Hilbert space H, which we may assume is separable. Let J = 7~ !(K).
Then m = m @ 7, where 71| is nondegenerate and ma(J) = 0. Then m is
a direct sum of irreducible representations, hence quasidiagonal, and o is
quasidiagonal by Voiculescu’s Weyl-von Neumann Theorem since mo(A) is a
quasidiagonal C*-algebra by (i). O

Proposition 2.9. Let A be a C*-algebra, and Jy, Jo ideals of A. Set J =
JiNJa. If AJJy and A/ J2 are inner quasidiagonal, then A/J is inner qua-
stdiagonal.

Proof. We may clearly assume J = 0. Let z1,... ,2,, € A and ¢ > 0. Let
pr (k= 1,2) be the quotient map from A to A/Ji. Then, for each j, ||z;|| =
max (|| p1(z;)|l, ||p2(x;)]]). By reordering we may assume ||p1(z;)|| = ||z;| for
1< j <7 and |pa(oy)l = 5]l > lpa(ay)l for 7+ 1< j < m. We may also
assume ¢ is small enough that |[p1(x;)|| < ||zj|| —e forr+1 < j < m.

Let o (k = 1,2) be representations of A/Jy as in 2.3 for {pg(z1),...,
pr(xm)} and the given e, with projections pg. Let o be the subrepresen-
tation of o9 consisting of those irreducible subrepresentations o such that
lpo(p2(x;))pl| > ||| — € for at least one j, r+1 < j < m (where p denotes
the o-component of py), and py the component of ps in . Then all of the
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irreducible subrepresentations of gy, regarded as representations of A, are
disjoint from oy o p; since each such o satisfies ||o(p2(z;))|| > ||p1(z;)| for
at least one j. Thus m = 01 0 p1 @ gg 0 p2 and p = p; ® pp have the desired
properties from 2.2. O

Corollary 2.10. A C*-algebra A is inner quasidiagonal if A contains a
collection {J;} of ideals with A/J; inner quasidiagonal for alli and NJ; = 0.

Proof. A direct proof can be given along the lines of the proof of 2.9. Al-
ternatively, note that the result is immediate from the definition of in-
ner quasidiagonality if the J; are directed by inclusion. In general, let
Jirvoin = Jiy N ...N J;,, and use 2.9 to conclude that A/J;, ;. is inner
quasidiagonal. O
Remark 2.11. It is obvious from the definition that if {A;, ¢;;} is an (ordi-
nary) inductive system (indexed by any directed set) of inner quasidiagonal
C*-algebras with injective connecting maps ¢;;, then the inductive limit is
inner quasidiagonal. It is not true that the inductive limit of an inductive
system with noninjective connecting maps is necessarily inner quasidiago-
nal, as the the following example shows. (It is an inductive system with
surjective connecting maps.) The same question can be asked about qua-
sidiagonality, where it appears to have a positive answer; the closely related
classes of MF and NF algebras are closed under (ordinary) inductive limits

with noninjective connecting maps, as well as certain generalized inductive
limits [BKb, 3.4.4 and 5.3.5].

Example 2.12. Let B be a (separable) quasidiagonal C*-algebra which
is not inner quasidiagonal, e.g., the example of [Bn] (2.7). Let 7 be a
faithful representation of B of infinite multiplicity on a separable Hilbert
space Ho; then 7 is quasidiagonal. Let (H,,),>1 be a sequence of separable
infinite-dimensional Hilbert spaces, with distinguished unit vectors &,,, and
set HW = Qk>n(Hy, &) FH = Hy ® HW, define C*-subalgebras of
B(H) by C, = K(Ho) & g, @ -+ ® lar,_, © K(H®) [Cy = K(H)], J, =
Ci+ -+ Ch Ay = Jy + p(B), J = [UJn]77 A= J—i—p(B) = [UAn]ia
where p = 7 ® 1. Then (J,) is an increasing sequence of ideals of A.
Each A, is inner quasidiagonal by repeated applications of 2.5; thus A is
inner quasidiagonal by 2.11. A/.J,, is isomorphic to A for any n, hence inner
quasidiagonal; but A/J = B is not inner quasidiagonal.

3. Variations and technicalities.

A somewhat cleaner alternative definition of inner quasidiagonality can be
given using the socle of the bidual. See [BoD] for the general theory of
socles of Banach algebras.

Definition 3.1. If B is a C*-algebra, then a projection p € B is in the socle
of B if pBp is finite-dimensional.
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Proposition 3.2. A C*-algebra A is inner quasidiagonal if and only if, for
any xi,...,Tm € A and € > 0, there is a projection p in the socle of A**
with [pz;pll > ;| - = and |p. ;)| < < for all j.

Proposition 3.3. Let B be a C*-algebra, x € B, and p a projection in B.
Then
[z, pll| = max([|(1 = p)apl, [pz(1—p))

V2 || pza*p — prpz*p|H/?).

= max(||pz*zp — pa*pap||
Proof. Set a = (1 — p)ap, b = px(l — p). Then calculation shows that
[z,p]*[2,p] = a*a + %D, so ||[z,p]|]> = [[a*a + b*b|| = max(|la*all, [[b*b])
since a*a and b*b are orthogonal. Also, ||[z,p]||> = max(||a*al|, ||bb*|), and
a*a = pxr*xp — pr*prp and bb* = prx*p — pxpx*p. O
The following fact, which is a slight sharpening of the Kadison Transitivity
Theorem, follows immediately from [Pd, 2.7.5 and 3.11.9].
Proposition 3.4. Let A be a C*-algebra, and p a projection in the socle of
A Set Ny ={zx e A:[p,z] =0} ={p} NA. Then

(a) pNp = pNpp = pA™p (= pAp).

(b) The weak closure of N, in A** is pA**p+ (1 — p)A™*(1 —p).
Corollary 3.5. Let A,p, N, be as in 3.4, and let x € A. Then d(z, N)) =
[, ]I
Proof. d(x, Np) = d(x, N;*) by the Hahn-Banach Theorem. We have y =
prp+ (1 —p)x(l —p) € Ny* by 3.4, and

|z —yll = I(1 — p)zp + pz(1 — p)||
= max([|(1 = p)apl|, [pz(1 —p)) = |z, p]ll-
So d(z, Np) < ||[z,p]||. Conversely, if y € Np, then

Iz, Pl = [z =y, p]ll
= max([[(1 = p)(z —y)pl, lp(z —y)(1 =p)l) <z -yl
O

We now show that in many instances, the study of inner quasidiagonality
can be reduced to the separable case.

Proposition 3.6. Let A be an inner quasidiagonal C*-algebra, and B a
separable C*-subalgebra of A. Then there is a separable inner quasidiagonal
C*-subalgebra E of A containing B.

Proof. We show that if z1,... ,z, € B and € > 0, then there is a separable
C*-subalgebra D of A containing B, and a projection ¢ in the socle of D**
with ||[g, z;]|| < € and ||qz;q|| > ||x;]| —¢ for 1 < j < m. Choose a projection
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p in the socle of A** with ||[p,z;]|| < €/2 and ||pz;p| > ||z;|| — /2 for all
j. Let C be a separable C*-subalgebra of N, with d(z;,C) = d(xj, Np)
for all j and pC = pN, = pAp, and let D be the C*-subalgebra of A
generated by B and C. Then D is separable. Regard the homomorphism
m:C — pC = pAp as a representation of C' on a finite-dimensional Hilbert
space H, and extend 7 to a representation p of D on a larger Hilbert space H
such that p is a direct sum of finitely many mutually inequivalent irreducible
representations (by extending each irreducible subrepresentation of 7 to an
irreducible representation of D and identifying together equivalent ones if
necessary). If @ is the projection from H onto H, then ) may be regarded
as a projection ¢ in the socle of D**, and C' C N,. We have by 3.5, for each
j?
g, z5]ll = d(zj, Ng) < d(z;,C) = ||[p, zj]l| <e.
Also, there is an isometry ¢ from ¢Dg to pAp induced by p, and ¥ (qaq) =
pap for a € C. Since d(z;,C) < €/2, we have, for each j,
laz;qll > [lpz;pll — /2 > ||z — €.

As a consequence, if B = Bj is a separable C*-subalgebra of A, then there
is a larger separable C*-subalgebra By of A such that, if z1,... ,2, € B
and € > 0, there is a projection ¢ in the socle of B3* with ||[g, z;]|| < € and

llgzjq|l > ||zj|| — e for 1 < j < m. Iterating this construction, obtain an
increasing sequence (B,), and set £ = [UB,]”. Then F is separable and
inner quasidiagonal. U

Separability is nice because of the following characterizations of inner
quasidiagonality. By a slight extension of usual terminology, we will say an
irreducible representation m of a C*-algebra A is a GCR representation if
m(A) contains the compact operators.

Proposition 3.7. Let A be a separable C*-algebra. The following are equiv-
alent:

(i) A is inner quasidiagonal.

(ii) Given xy,... ,xm € A and e > 0, there is an irreducible representation
m of A on a Hilbert space H and a finite-rank projection p € B(H) such
that |[p, m(z;)]l| < & for 1 < j <m and [pr(z0)pl| > lo1]| — .

(iii) There is a sequence of irreducible representations (my,) of A on Hilbert
spaces Hy,, and finite-rank projections p, € B(H,), such that
|[on, 7 (2)]|| = 0 and limsup ||ppm,(z)py|| = ||z|| for all z € A.

(iv) There is a sequence of irreducible representations (m,) of A on Hilbert
spaces H,,, and finite-rank projections p, € B(H,), such that
[Dr, Tn(2)]|| — O and limsup ||p,7n(z)pn|| = ||z|| for all x € A, such
that any representation occuring more than once (up to equivalence)
in the sequence is quasidiagonal and GCR.
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Proof. (i) = (ii) < (iii) are obvious. To prove (iv) = (i), let z1,... ,zy, € A
and £ > 0, and let ((m,, pn)) be as in (iv). Choose (Tn,,Pny);- -« » (Tnp,s Pr)
with ||pn, Tn, (€k)Dn, || > ||zk|| — € and ||[7n, (), pn,]|] < € for all j and k.
If there is a subset F' of {1,...,m} with |[F| > 1 such that m, = m for
n € F, then my is quasidiagonal, so there is a finite-rank projection ¢ in
mo(A)” with ||gmo(xr)q|| > |||l — € for all k € F. Replace &} (7n,, Py )
by (m0,q) ® ®rer(mn,,Pn, ). Repeating the process finitely many times if
necessary, we obtain a representation as in 2.3.

So we need only prove (ii) = (iv). Let (x;) be a dense sequence in A,
and choose a doubly indexed sequence (p;;) (1 < k < j) of irreducible

representations of A on Hjj, and finite-rank projections g;;, € B(Hjy), such

that ||[gjk, pjr(2:)]|| < 7" for 1 < < j and |gjrpin(z:)giell > ||zl — 57

(Note that this sequence satisfies the conditions of (iii).) The rest of the
proof will consist of two parts.

(1) We first show that if infinitely many p;; are equivalent to a single p,
then either p is quasidiagonal and GCR or the sequence can be modified
to a new sequence in which no pj; is equivalent to p. If p(A) N K = {0},
then there are infinitely (in fact, uncountably) many mutually inequivalent
irreducible representations of A with the same kernel as p (see Appendix),
and if 7 is any such representation, on a Hilbert space ﬁ, and € > 0, then
for any j, k with pj; ~ p, by [Vol, Lemma 1] there is a unitary v from Hj;

to H and a finite-rank projection p € B(H) such that

llug;rpin(xi)gjpu” — pr(x:)p|| < e

for 1 < i < j. For sufficiently small €, (pji,q;x) can be replaced by (m,p),
and a different 7 can be used for each p;; equivalent to p.

Now suppose that p is GCR. If J = ker p, then there is an ideal K of
A with K/J essential in A/J and isomorphic to K. By identifying Hj
with H (the Hilbert space on which p acts) for each pjj, equivalent to p, the
projections ¢;, become a sequence (ry) of finite-rank projections in B(H)
which asymptotically commute in norm with p(A), and in particular with
K; thus the only possible weak operator limit points of the sequence are
0 and 1 [any limit point must be a scalar by irreducibility, and if Al is a
limit point and p a finite-rank projection, then (pr,p) has a subsequence
converging in norm to Ap; but pr,p is approximately a projection for large
n, so any norm limit point must be a projection]. If 1 is a limit point, then
there is a subsequence of (r,,) converging weakly, hence strongly, to 1, so p
is quasidiagonal.

If 1 is not a limit point, then 7, — 0 weakly, hence strongly, and so
rpar, — 0 in norm for all a € K, ie., ||rpp(x)ry] — 0 for all z € K.
Fix 29 € K of norm 1. We can then find a subsequence (p,) of {p;i}, with
associated Hilbert spaces H,, and projections g¢,, such that ||[gn, pn(2)]|| — O
for all x € A, ||gnpn(0)gn|| — 1, and such that p, is not equivalent to p
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for any n. Define ¢ : A — [[¢.B(Hy)gn by ¢(x) = []gnpn(2)gn. ¢ then
drops to a *-homomorphism o from A to ([]¢.B(Hy)¢n)/(©¢.B(H,)qy).
Set I = kero. Then I N K C J since g ¢ I, so (I + J)/J is an ideal of
A/J orthogonal to K/J. But K/J is essential in A/J, so (I + J)/J = 0,
I C J,andso ||o(x)| > [|p(x)] for all z € A. Thus the subsequence of {p;1}
consisting of those which are not equivalent to p still satisfies the conditions
of (iii), and a smaller subsequence will have the same specific properties as
the full double sequence {p;;} if suitably reindexed.

(2) We now construct a doubly indexed sequence ((mjx,pjx)) satisfying
the conditions of (iv). Suppose {(7ji,p;r)} have been chosen from among
the (ppr, gnr) for 1 < k < j < m, satisfying the following properties:

() Npjw, mjw(za)]ll < j~ for 1< < j.
(b) Ilpsermsn(zi)pjell > Izl — 57"

(c) No irreducible representation occurs more than once among the 7

chosen so far unless it is quasidiagonal and GCR.

If m = 1, choose (711, p11) to satisfy (a) and (b). If m > 1, the 7j;, already
chosen come from the py,, for n < ng for some ng. The tail {p,, : n > ng} can
be modified as in (1), and further truncated by increasing ng if necessary,
so that none of the {ﬂ'jk : 1 < k < j < m} occurs in the tail unless it
is quasidiagonal and GCR. Then a suitable element of the modified tail
satisfies (a) and (b) and can be chosen as 7,,1. After again modifying and
truncating the tail to eliminate subsequent appearances of m,,; if necessary,
Tme can be chosen. The process can be continued inductively to get the
desired representations and projections.

This completes the proof. O

Lemma 3.8. Let A be a C*-algebra. Then, for any k, A is inner quasidiag-
onal if and only if Mp(A) = A® My, is inner quasidiagonal. The projections
for AQ My, may be chosen of the form p® 1y, where p is in the socle of A**.

Proof. Suppose A is inner quasidiagonal. It follows from 3.6 that we may
assume A is separable (or the following argument may be easily modified to
apply to the nonseparable case). Let ((m,,pn)) be a sequence as in 3.7(iii).

The map ¢ : A — [[ pnB(H,,)py given by ¢(z) = [[ pnmn(z)py drops to an
injective *-homomorphism o from A to (][ p.B(H,)prn)/ ©pnB(Hy)pn, and
hence o ® 1j is an injective *-homomorphism from A ® M}, to

[(HpnB(Hn)pn) / @pnB(Hn)pn] ® M;,

~ (H(pn © 1) [B(H,) @ My (pn @ 1k)> /@ (o ® 1)
- [B(Hy) @ Mi](pn ® 1g).

The converse is trivial. O
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Proposition 3.9. Let A and B be C*-algebras, with A inner quasidiagonal
and B residually finite-dimensional (e.g., commutative). Then A ® B =
A Q@min B is inner quasidiagonal.

Proof. Let {J} be a collection of ideals of B with intersection 0, with B/.J;
finite-dimensional for all 7. Then {A ® J;} is a collection of ideals of A® B,
with intersection 0, and (A ® B)/(A® J;) = A® (B/J;) is a finite direct
sum of matrix algebras over A, hence inner quasidiagonal. (]

We will prove a partial converse to 3.9 in 3.10 below. We believe that
a tensor product of any two inner quasidiagonal C*-algebras is inner qua-
sidiagonal, at least if one of the factors is nuclear. This would follow if
the converse to 2.4 is true. (See note added in proof.) Note that a tensor
product of strong NF algebras is strong NF (5.17).

Proposition 3.10. Let A and C be C*-algebras, with C' commutative. If
A ® C is inner quasidiagonal, then A is also inner quasidiagonal.

Proof. We reduce to the case where A is separable. If A ® C' is inner qua-
sidiagonal, and S is a countable subset of A, then by 3.6 and an obvious
additional construction we may construct an increasing sequence (B,,) of
separable C*-subalgebras of A ® C such that B, is inner quasidiagonal for
n odd and B,, = D, ® E, for n even, for separable C*-subalgebras D,, of A
containing S and E,, of C. Then B = [UB,]~ is separable, inner quasidi-
agonal, and equal to D ® F for D = [UD,]~ C A, which contains S, and
E=[UE,]” CC.

Now suppose A is separable. Write C' = Cy(X) for a locally compact
Hausdorff space X; then A®C = Cy(X, A). Suppose A® C'is inner quasidi-
agonal; let z1,... 2, € A, all of norm 1, and 0 < £ < 1. Choose § > 0 such
that 155 < e. Let U be an open set in X with compact closure, g € Cp(X)
of norm 1 supported in U, and f € Cyp(X) of norm 1 and identically 1 on
U, with f and ¢ taking values in [0,1]. Let V = {z : g(z) > 1 -4} C U.
Let m be an irreducible representation of A ® C' = Cy(X, A) and p a finite-
rank projection such that |[pr(z1 ® g)p|| > 1 — 0 and [p,7(z; ® g)] < 6
for all j. Then 7 is supported on a point xg of V, so m may be regarded
as a representation p of A by p(z) = n(z ® f). For each j, m(z; ® f)
is a scalar multiple of 7(z; ® g), with a scalar A\ = g(x)~! satisfying
1< A< (1-8)Y thus |lgm(z; @ NI < (1= 8) g, n(z; @ gl < e,
and ||pm(z1 @ f)p|| > ||pr(z; ® g)p|| > 1 —6 > 1 —e. Thus p and p satisfy
condition (ii) of 3.7, so A is inner quasidiagonal. O

Corollary 3.11. SA is inner quasidiagonal if and only if A is inner qua-
sidiagonal, and similarly for CA.

Proof. Combine 3.10 with 3.9. O
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Remark 3.12. 3.11 shows that unlike quasidiagonality [Vo2]|, inner qua-
sidiagonality is not a homotopy invariant for C*-algebras.

We have the following refinement of the notion of inner quasidiagonality:

Definition 3.13. Let A be a C*-algebra, and z a central projection in A**.
Then A is z-inner quasidiagonal if, for any x1,... ,x,,, € A and € > 0, there
is a projection p in the socle of zA** with ||pz;p|| > ||z;||—¢ and ||[p, z;]|| < €
for all j. If II is a subset of A\, A is Il-inner quasidiagonal if A is z-inner
quasidiagonal, where z is the support projection of II in the center of A**.

A is inner quasidiagonal if and only if A is 1 4+«-inner quasidiagonal. A is
z-inner quasidiagonal if and only if A is Il -inner quasidiagonal, where II,
is the set of irreducible representations of A with central support < z.

Example 3.14. Let A be a C*-algebra with a quasidiagonal faithful irre-
ducible representation 7, and let z be the support projection of 7 in A**.
Then A is z-inner quasidiagonal, and zA** is a type I factor. More generally,
if {m;} is a separating family of quasidiagonal irreducible representations of
A, and z is the support projection of ©7;, then A is z-inner quasidiagonal.

There are versions of 3.6-3.8 for z-inner or Il-inner quasidiagonality, al-
though 3.7(iv) must be weakened (but see 3.18). If A is a C*-algebra, B a
C*-algebra, and II a subset of X, let IT| 5 be the subset of B consisting of all
irreducible representations (actually, not just weakly) contained in 7|p for
some 7 € II.

Proposition 3.15. Let A be a C*-algebra and 11 a subset of A. If A is
Il-inner quasidiagonal and B is separable C*-subalgebra of A, then there is
a separable C*-subalgebra E of A, containing B, which is Il|g-inner qua-
stdiagonal.

Proposition 3.16. Let A be a separable C*-algebra, and II a subset of A.

The following are equivalent:

(i) A is II-inner quasidiagonal.

(ii) Given x1,... ,xm € A and e > 0, there is an irreducible representation
m € II on a Hilbert space H and a finite-rank projection p € B(H) such
that |[p, m(z;)]l| < € for 1< j <m and |[pr(z;)pll| > llo1l] — .

(iii) There is a sequence of irreducible representations (mwy,) in II on Hilbert
spaces H,,, and finite-rank projections p, € B(H,), such that
s 7 ()] — 0 and limsup [puma(@)pa | = 2l| for all z € A.

(iv) There is a sequence of irreducible representations (my,) in II on Hilbert
spaces Hy,,, and finite-rank projections p, € B(H,), such that
1P 7 ()] — O and limsup [puma(@)pal| = |lz]| for all x € A, such
that any GCR representation occuring more than once (up to equiva-
lence) in the sequence is quasidiagonal.
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Proposition 3.17. Let A be a C*-algebra, z a central projection in A**.
Then, for any k, A is z-inner quasidiagonal if and only if My(A) = AQ My,
is (z ® 1)-inner quasidiagonal. The projections for A ® My may be chosen
of the form p ® 1, where p is in the socle of zA**.

Actually, z-inner or Il-inner quasidiagonality is not really a stronger con-
dition than inner quasidiagonality for separable C*-algebras, as the next
result shows. This is a generalization of 2.5, and is closely related to 3.7.

Theorem 3.18. Let A be a separable inner quasidiagonal C*-algebra, and
II a separating set of mutually inequivalent irreducible representations of A.
Then A is Il-inner quasidiagonal.

Lemma 3.19. Let A be a C*-algebra, 11 a faithful family of irreducible rep-
resentations of A, w1, ... ,m, € II, px a finite-rank projection in m(A)" for
1 <k <n, X a finite subset of A, and n > 0. If p is an representation of
A not equivalent to any m € 11, and q a finite-rank projection on H,, then
there is a w € Il and finite-rank projection p on H,, with p L pi if m ~ mp,
and an isometry z from ¢H, onto pHy, such that ||qp(x)q— z*pr(x)pz|| < n
forallx € X.

Proof. First suppose my € Il is GCR, with kernel J, and let K = 7r0_1(K). If
I'=n{kerm:mell, w4 m}, we have INJ =0, so if L € Prim (A), L # J,
then either I/ C L or K C L. Thus if p is any finite-rank projection on H,,
and p is an irreducible representation of A not equivalent to mg, then for any
r € A we have

()] < max{[|(1 — p)mo(a) (L - p)ll, max{|x(a)] : 7 € IL, 7 o 70} }.

This formula also holds if 7y is not GCR, for any p and p, since then the
right-hand side is equal to [|z]|.

Now let p and ¢ be as in the statement of the lemma, with » = rank g. By
replacing A by M, (A) and using the standard identifications of [Pa, §5] (cf.
[BKb, 4.3]), we may assume r = 1. If py,... ,p, are given, let S be the set
of vector states coming from representations in II, where only vector states
from 7 coming from vectors orthogonal to pg are included. Then by the
first part of the proof, for any = * in A we have ||p(7)|| < supseg |f(7)].
So by the bipolar theorem, the weak-* closure of S contains all pure states
of p(A), proving the lemma. O

Proof of Theorem 3.18. Let x1,... 2, € A, of norm 1, and 0 < € < 1.
Choose mutually inequivalent irreducible representations p1, . .. , p, of A and
finite-rank projections gqi, ..., ¢, such that ||[qx, pr(z;)]|| < €/2m for all j
and k and such that, for each j, there is at least one k with ||gxpr(z;)qx| >
|lz;|| —e/2 (2.3). Define new pairs (m,pi) for 1 < k < n inductively as
follows, with each 7 in II. Suppose (m1,p1),...,(Tk—1,pr—1) have been
defined. If py is in II, set (mk,px) = (pk,qx). Otherwise, choose m,p, 2z as
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in 3.19 for n = (¢/2m)?, X = {zj, @jzj,zjoy + 1 < j < m}, and p = py,
q = q, such that p L p; for all i < k for which 7 = m;. Then ||pr(z;)p|| >
llgkpr(z;)ar|| —€/2m for all j. Also, for each j,

[pm () 7 (2)p — pr(a;) pr(a;)pl|
< |[g"pr(xjz))pz — qp(afz;)q||
+ llgp(xFa)q — qp(x;) qp(z;)ql|
+ llap(x;) qp(x;)q — 2" pr(x;) pzap(z;)q|
+ [|2"pr () p2ap(xj)q — 2" pr () pr(z;)pz||

£ \2 € \2 € \2 £ \2 £\2
<(=— — — —) =(=
<2m) + (2m) + <2m) + (2m> (m)
(see 3.3 for the second term). Similarly, |[pr(z;z})p — pr(x;)pm(z;)*pll <
(g/m)?, so ||[p, m(z)]|| < e/m by 3.3. Set (mg, px) = (7, p).

We have now obtained a set {(m,px) : 1 < k < n} of representations in
IT and finite-rank projections such that ||[px, mx(x;)]|| < e/m for all j and k
and such that, for each j, there is at least one k for which ||[pg, 74 (z;)ps]| >
||z||—€. The 7, are, however, not necessarily distinct. Suppose, for some set
F, each 7, for k € F is equal to a representation 7y in II. Then {py : k € F'}
are mutually orthogonal, and if pg = >, Pk, then

e|F|
0. oMl < 3 e el < ) < &
keF

llpoo (z5)poll = max [[prme(z;)pw

for all j, so @(m, px) may be replaced by (mg,po) ® Srep(mr, pr). After
finitely many such procedures, a direct sum of mutually inequivalent irre-
ducible representations in II is obtained, satisfying the definition of Il-inner
quasidiagonality for x1,... ,Zmy,E. O

4. The Main Theorem.

We first show that strong NF algebras are inner quasidiagonal. We begin by
recalling one of the characterizations of strong NF algebras from [BKb]; we
state a slightly refined form for later use. The proof is essentially identical
to the proof of [BKb, 6.1.1] (note that that proof works throughout if the
finite-dimensional algebras are restricted to be in a given class B).

Proposition 4.1. Let B be a set of finite-dimensional C*-algebras, and A
a separable C*-algebra. Then the following are equivalent:
(i) A can be written as lim(A,, pmn) for a generalized inductive system

(An, ¢m.n) with each A, isomorphic to an algebra in B and each ¢pm p
a complete order embedding (completely positive complete isometry).
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(ii) For every xi,...,xm € A and € > 0, there is a B € B, elements
bi,... by € B, and a complete order embedding ¢ : B — A with
25 — ¢ (by)l| < e for all j.

The strong NF algebras are exactly the A for which these conditions hold
for B the set of all finite-dimensional C*-algebras. We may take condition
(ii) (with B the set of all finite-dimensional C*-algebras) to be the definition
of a strong NF algebra even in the nonseparable case.

Proposition 4.2. FEvery strong NF algebra is inner quasidiagonal.

Proof. Let A be a strong NF algebra, x1,... ,z,, € A, and € > 0. Choose a
finite-dimensional C*-algebra B, elements by,... ,b, € B, and a complete
order embedding ¢ : B — A such that if y; = ¢(b;), then ||z; — y;| < &/2
for all j. Let D be the C*-subalgebra of A generated by ¢(B). By [CE1,
4.1] (cf. [BKb, 4.2.2]), there is a *-homomorphism 7 from D onto B with
m(y;) = bj for all j. If B = By & --- & B,, with each B; a full matrix
algebra, and m = 7 @ - - - @ m,, then m; can be regarded as an irreducible
representation of D on a finite-dimensional Hilbert space H;. Extend 7; to
an irreducible representation m; of A on a larger Hilbert space fIZ-, and let p;
be the projection of H; onto H;. The 7; are not in general inequivalent; we
may assume that 7, ... ,%r are a set of representatives for the equivalence
classes. Set H=H; @ --- @ H, and # =m & - @ 7. Fori>r, choose
k < r with 7; = 7 and 1dent1fy H with Hk, and p; with the corresponding
projection on Hk Let p € B(H) be the sum of the p; (note that for a fixed
k the p; on H,, are orthogonal since the m; are disjoint). Then p € 7(A)";
and for each j, [p,7(y;)] = 0. so ||[p,7(z;)]|| < 2|lz; — y;|| < e. For each j
we have [[p7(y;)pl = [l (since [l7(y;)l| = lly; ); so

o7 (zi)pll = lysll = llzg = yill > llyill — /2 > Nl — e
U

The next proposition gives an important technical characterization of in-
ner quasidiagonality.

Proposition 4.3. Let A be a C*-algebra, and z a central projection in A**.
Then A is z-inner quasidiagonal if and only if, for any x1,... , 2, € A,
completely positive contraction ¢ : A — M, and € > 0, there is a projection
p in the socle of zA™ with ||[p, z;]|| < € for all j, and a completely positive
contraction ¢ : pA**p — M, with ||¢p(z;) — Y (px;p)|| < € for all j.

Proof. The “if” part is obvious (consider the case n = 1). Conversely, sup-
pose A is z-inner quasidiagonal; we may assume A is unital. Fix x1,... ,x, €
A and € > 0. By 3.15 we may assume A is separable. Then we may assume
there is a set IT of irreducible representations as in 3.16(iv) such that z is the
support projection of II. Because of 3.17 and the identifications described
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in [Pa, §5] (cf. [BKb, 4.3]), we may assume n = 1. For each § > 0 let S5 be
the weak-* closure of the set of all states w of A of the form w(x) = ¥ (pzp),
where p is in the socle of zA**, ||[p, z;]|| < d for all j, and ® is a state on
pA**p. We want to show that S, is the entire state space of A. For any 9, S5
is norming for A, i.e., for v = 2* € A, sup{|¢(z)| : ¢ € S5} = ||z|| by II-inner
quasidiagonality. Therefore, if ||z|| < 1 and ¢(z) > 0 for all ¢ € S5, then
p(1—z) <1forall p € Ss5,s0||1—z| <1, x> 0. Thus S5 contains all pure
states of A by [Dx, 3.4.1], so it suffices to show that a convex combination
of two elements of S5 is in S5. So let p1, p2 be projections in the socle of
2A* ||pis 4|l < 0/2 for i = 1,2, 1 < j < n, and w; states on A of the
form w;(x) = 1;(p;xp;) for states ¥; on p; A**p;. As in 2.3, there are repre-
sentations m; of A, each of which is a direct sum of mutually inequivalent
irreducible representations in II, such that m;(p;)m; (A)m;i(pi) = piAp;, and w;
is a linear combination of vector states from vectors in the range of 7(p;). If
0 < A < 1is fixed, we must show that w = Awj + (1 — A)ws is approximately
of the same form.

The difficulty comes when one or more of the irreducible subrepresen-
tations of 7 is equivalent to a subrepresentation of ms. By the choice of
II, any such representation p is either quasidiagonal or not GCR. We will
separately work within each such p, so fix p, on a Hilbert space H.

If p is quasidiagonal, identify the components of 7(p;) (i = 1,2) in p with
¢i € B(H). Then, for any n > 0, there is a finite-rank projection r such that
g —rqill <n (i =1,2) and ||[r, p(z;)]|| < e for 1 < j < m; the component
of w corresponding to p can thus be approximated within 7 in norm by a
convex combination of vector states in the range of r, and such states are in
Se.

Now suppose p is not GCR, i.e., p(4) N K = {0}. Identify the subrep-
resentation p; of m equivalent to p with p, giving a projection ¢;; then
the component of w; corresponding to p is a convex combination of vec-
tor states in the range of ¢q;. Let po on Hs be the subrepresentation of mo
equivalent to p, and ry the corresponding projection. By [Vol, Lemma 1],
for any y1,...,y, € A and n > 0, there is a unitary u from Hs to H and
a finite-rank projection go € B(H) orthogonal to ¢; with g2 = wreu™ and
lg2p(25)q2 — urapa(zj)rau*|| < n, llg2p(yr)ge — urapa(yr)rau™|| < n for all
Jj, k. Thus every weak-* neighborhood of the component of ws in po contains
a state wo which is a convex combination of vector states in the range of
some such ga, and ws is in S;/ for sufficiently small . Then the component
of w corresponding to p is approximated by a convex combination of vector
states in the range of g + g2, and ||lgr + 2, ;11| < lllgr, 23]l + gz, 3] < 6
for all j, so w € Sy. O

Theorem 4.4. Let A be a nuclear C*-algebra, and z a central projection in
A**. If A is z-inner quasidiagonal, then A satisfies condition (ii) of 4.1 with
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B = {pAp : p is in the socle of zA**}. So if A is separable, then A can be
written as lii>n(An, Gm.n) for a generalized inductive system (Ay,, ¢m n) where
each A, is isomorphic to p, A**p, for some p, in the socle of zA**, and each
Omn 15 a complete order embedding.

Putting together 4.4 with 4.2 we obtain:

Theorem 4.5. Let A be a separable C*-algebra. Then A is a strong NF
algebra if and only if A is nuclear and inner quasidiagonal.

Proof of Theorem 4.4. Suppose A is nuclear and z-inner quasidiagonal. Let
T1,...,Tm € A and € > 0. Choose a matrix algebra M, and completely
positive contractive maps o« : A — M,, and 8 : M,, — A such that
|8 oa(xj) —zj|| <e/T7for 1 <j < m. Then by 4.3 choose p in the so-
cle of zA™ with ||[p,z;]|| < /7 and o : pAp — M,, a completely positive
contraction such that ||o(pz;p) — a(z;)|| < /7 for 1 < j < m. Set B = pAp
and w = fFoo: B — A. Then |w(pz;p) — x;| <e/7 for all j.

We have d(xzj, N,) = ||[p,z;]| for each j by 3.5; let y; € N, with
|lzj—y;ll < e/7. Then ||w(py;)—y;|| < 4¢/7 for all j. The map  — pxr = pIp
is a *-homomorphism from N, onto B; let J be the kernel, ¢ : B — N, a
completely positive contractive cross section for the quotient map, and {e; } a
quasicentral approximate identity for J in IV,,. For each ¢, define ¢; : B — A
by

9i(b) = (1= ) o (B)(1 = )/ + ¢ " (b)e; ™.
For each i, ¢; is a complete order embedding since pg;(b)p = b for all b € B.
For i sufficiently large, |y; — (1 — e;)"/2y;(1 — €)'/ + 61/2 1/2)H <e/7
for all j since {e;} is quasicentral. We also have

11— e0) 2 (s — w(py)) (1 = en)* Il < /7

for each j, for i large, since y; — ¥ (py;) € J. Thus, for i sufficiently large,
we have, for all 1 < j <m,

5 = ¢ (py;) |
<l = will + Hy] - < (1—e) %y, (1 — e)'/? + 611/23/],621/2) H

+ H(l - ei)1/2(yj — o)1 — e 1/2’ 20, opu))e /2H
<5 - - +Z -+ 4775 e,

so A satisfies condition (ii) of 4.1. If A is separable, the last statement of
4.4 follows from 4.1.
The following diagram summarizes the maps used in the proof.
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5. Corollaries.

Corollary 5.1. A separable nuclear C*-algebra with a separating family of
quasidiagonal irreducible representations is a strong NF algebra. In partic-
ular, every separable nuclear residually finite-dimensional C*-algebra is a
strong NF algebra, and every separable nuclear strongly quasidiagonal C*-
algebra is a strong NF algebra.

Corollary 5.2. Let A be a separable subhomogeneous C*-algebra, and sup-
pose each irreducible representation of A is of dimension < k. Then A is a
strong NF' algebra, and has a strong NF system (Ap, ¢m.n) where each Ay,
is a (finite) direct sum of matriz algebras of size not more than k x k.

Since the class of strong NF algebras is closed under inductive limits
[BKb, 6.1.3], we obtain:

Corollary 5.3. FEvery (separable) approzimately subhomogeneous C*-alge-
bra is a strong NF algebra.

Corollary 5.4. If A is separable, nuclear, and prime, then A is a strong NF
algebra if and only if some (hence every) faithful irreducible representation
of A is quasidiagonal.

Corollary 5.5. Fvery antiliminal prime NF algebra is a strong NF algebra.
Every simple NF algebra is a strong NF algebra.

Example 5.6. The examples of 2.7 are NF but not strong NF.

Corollary 5.7. Let A be a separable nuclear C*-algebra. The following are
equivalent:

(i) Every quotient of A is a strong NF' algebra.

(ii) Every primitive quotient of A is a strong NF' algebra.
(iii) Ewvery irreducible representation of A is quasidiagonal.
(iv) A is strongly quasidiagonal.

Corollary 5.8. Let A be any NF algebra, and let B be a split essential
extension of A by K. Then B is a strong NF algebra. So A can be embedded
as a C*-subalgebra of a strong NF algebra B with a retraction (homomorphic
conditional expectation) from B onto A. In particular, A is a quotient of a
strong NF algebra. So every separable nuclear C*-algebra is a quotient of a
strong NF algebra [BKb, 6.1.8].
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We can obtain a refinement of 5.4-5.5.

Definition 5.9. A strong NF algebra is of monomial type if it can be writ-
ten as liig(An, ®m.n), with each A,, a single matrix algebra and each ¢, ,, a
complete order embedding.

We have used the terminology “monomial type” instead of “UHF type”
or “matroid type” since the class of AF algebras which are strong NF of
monomial type is considerably larger than the class of UHF or matroid C*-
algebras. (In fact, an AF algebra is strong NF of monomial type if and only
if it is prime.)

Proposition 5.10 (cf. [Dx, 1.9.13]). A C*-algebra B is prime if and only
if, for every nonzero x,y € B, there is an irreducible representation w of B
with w(x) and 7(y) both nonzero.

Proof. If I and J are nonzero ideals of B with I N J = 0, then every irre-
ducible representation of A must annihilate either I or J, so if x € I and
y € J are nonzero, then no irreducible representation of B can be nonzero
on both z and y. Conversely, if B is prime, and x, y are nonzero elements of
B, then there is a z € B with zzy # 0 (otherwise the two-sided ideals gener-
ated by x and y annihilate each other); if 7 is an irreducible representation
of B with w(xzy) # 0, then w(z) and 7(y) are both nonzero. O

Remark 5.11. The second half of the proof can be simplified if B is primi-
tive (e.g., if B is separable). It is still an open question whether every prime
C*-algebra is primitive.

Proposition 5.12. A strong NF algebra of monomial type is prime.

Proof. If A is strong NF of monomial type and x1, 22 are nonzero elements
of A, then by 4.1 there is a complete order embedding ¢ of a full matrix
algebra B into A such that ||z; — ¢(b;)]| < ||z;||/2 for j = 1,2, for some
b; € B. ¢! extends to an irreducible representation 7 of A as in proof of
4.2, and 7(xj) # 0 for j =1,2. O

Theorem 5.13. Let A be a prime separable nuclear C*-algebra. Then the
following are equivalent:

(i) A is a strong NF algebra.
(ii) A is a strong NF algebra of monomial type.
(iii) For some faithful irreducible representation w, w(A) is a quasidiagonal
C*-algebra of operators.
(iv) For every faithful irreducible representation m, w(A) is a quasidiagonal
C*-algebra of operators.

In particular, every antiliminal prime NF algebra and every simple NF al-
gebra is a strong NF algebra of monomial type.
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Proof. (ii) = (i) and (iv) = (iii) are trivial; (i) = (iv) by 2.5 and 4.2, and
(iii) = (ii) by 4.4, letting z be the support of m in A** (cf. 3.14). O

We have the following versions of 2.9-2.10:

Proposition 5.14. Let A be a (separable) C*-algebra, and Ji,Jy ideals of
A. Set J=JNJy. If A/Jy and A/Jy are strong NF algebras, then A/J is
strong NF.

Proof. In light of 2.9 it suffices to note that if A/J; and A/Jy are nuclear,
then A/J is nuclear. This can be seen in several ways. Perhaps the easiest
is to use the fact that a separable C*-algebra B is nuclear if and only if
every factor representation of B generates an injective factor, and note that
every factor representation of A/J factors though either A/J; or A/Js.
Alternatively, A/J is an extension of A/Jy by Ji1/J, and J1/J = (J1+J2)/ 2,
which is nuclear since it is an ideal in A/Js. O

Corollary 5.15. A separable nuclear C*-algebra A is a strong NF algebra
if (and only if) A contains a sequence (Jy,) of ideals with A/J, strong NF
for alln and NJ, = 0.

Note that neither of the assumptions that A be separable and nuclear
follow from the other hypotheses of 5.15 (e.g., A = [[,, M, J,, the sequences
vanishing in the n’th coordinate).

The situation with an increasing sequence of ideals, and hence with in-
ductive limits with noninjective connecting maps, is quite different. Recall
that an (ordinary) inductive limit, with injective connecting maps, of strong
NF algebras is strong NF ([BKDb, 6.1.3]; this is an immediate corollary of
4.1, or of 2.1 and 4.5).

Proposition 5.16. An (ordinary) inductive limit of an inductive system
of strong NF algebras with noninjective connecting maps is not necessarily
strong NF.

Proof. Example 2.12 is a counterexample. ]

For completeness, we note the following fact, which should have been

included in [BKDb]:

Proposition 5.17. The class of strong NF algebras is closed under tensor
products.

Proof. By 4.1 it suffices to show that, if Ay, Ao, By, By are C*-algebras, with
By, Bs finite-dimensional, and ¢; : B; — A; are complete order embeddings,
then the finite-dimensional subspace ¢1(B1)®@¢2(Ba) of A1®As is completely
order isomorphic to a C*-algebra. This follows immediately from [CE2,
3.1] (cf. [BKb, 4.2.1]), since if w; is an idempotent completely positive
contraction from A; onto ¢;(B;), then w; ® we is an idempotent completely
positive contraction from Ay ® Ay onto ¢1(B1) @ ¢2(B2). O
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Finally, the next proposition is an immediate consequence of 3.11 and
[BKDb, 5.3.3].

Proposition 5.18. Let A be a separable C*-algebra. Then A is a strong
NF algebra if and only if SA is strong NF, and similarly for CA. Thus, if
A is a separable nuclear C*-algebra which is not strong NF (e.g., if A is not
NF), then SA and CA are NF but not strong NF.

Using 5.18, we get examples of NF algebras which are not strong NF
which are very different from those of 5.6:

Example 5.19. SOs is an antiliminal NF algebra which is not strong NF.

Appendix A.

This appendix contains a “folklore” result that we have been unable to find
in the literature. The arguments are slight variations of those of Glimm
[G]], as presented in [Dx]|. The word “ideal” will mean “closed two-sided
ideal”.

If J is a primitive ideal in a C*-algebra A, we will call J a GCR ideal if J
is the kernel of a GCR irreducible representation (one whose image contains
the compact operators). The next proposition is well known and easy to
prove (cf. [Dx, 4.1.10]).

Proposition A.1. Let J be a primitive ideal in a separable C*-algebra A.
Then the following are equivalent:

(i) J is a GCR ideal.
(ii) There is an ideal K of A, containing J, such that K/J is an essential
ideal of A/J isomorphic to K.
(iii) A/J is not antiliminal.

Theorem A.2. Let J be a primitive ideal in a separable C*-algebra A.
Then the following are equivalent:

(i) J is not GCR ideal.

(i1) A/J is antiliminal.

(iii) J is the kernel of a non-type I factor representation of A.

(iv) There are two inequivalent irreducible representations of A with kernel
J.

(v) There are uncountably many mutually inequivalent irreducible repre-
sentations of A with kernel J.

Proof. (i) & (ii) is A.1, (v) = (iv) is trivial, and (iv) = (i) follows from
[Dx, 4.1.10].

By replacing A by A/J, we may and will assume that J = 0 in the rest
of the proof, to simplify notation.

(ili) = (v) by a slight modification of the argument in [Dx, 9.1]: if =
is a faithful non-type-I factor representation of A on a separable Hilbert
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space and C' is a masa in w(A)’, the direct integral decomposition of 7 as
i @ medp(z) with respect to C' has almost all 7, faithful and irreducible by
the argument of [Dx, 9.1]. If, for a set E of nonzero measure, each 7,
for z € E is equivalent to a fixed representation mg, then by [Dx, 8.1.7]
I ? medp(z) is a subrepresentation of 7 equivalent to a multiple of 7, a
contradiction. Thus, for each z, the set E, = {y : my ~ 7} has measure 0,
so there must be uncountably many such sets.

It remains to prove (ii) = (iii). This follows from the results of Glimm if
A has a minimal nonzero ideal, but not directly otherwise. However, using
the next three lemmas, Glimm’s argument essentially works in our case.

Lemma A.3. Let A be a separable primitive C*-algebra. Then A contains
a decreasing sequence (J,) of nonzero (not necessarily proper) ideals, such
that every nonzero ideal of A contains J, for some n.

Proof. This is an immediate consequence of the fact that Prim (A) is a sec-
ond countable T space and 0 is a dense point. O

Lemma A.4 (cf. [Dx, 9.3.5]). Let B be an antiliminal C*-algebra and I an
essential ideal in B. If d € By of norm 1 and 0 < 7 < 1, then there exist
w,w',d" in I satisfying the conclusions of [Dx, 9.3.5].

Proof. The proof is identical to the proof of [Dx, 9.3.5] except that 7 is
chosen to be an irreducible representation of B which is nonzero on I (this
is possible since I is essential and is itself an antiliminal C*-algebra), so 7|r
is irreducible, and ¢ is chosen in I. Then dy and hence v are in I, so d’, w,
and w’ are also in 1. O

Lemma A.5 (cf. [Dx, 9.3.7]). Let B be a unital antiliminal C*-algebra,
(Jn) a decreasing sequence of essential ideals of B, and let (so,s1,...)
be a sequence of self-adjoint elements of B. Then there exist elements
v(ai,... a;) (k=1,2,...) of B satisfying all the conditions of [Dx, 9.3.7],
and in addition v(ay,... ,ax) € Ji for all k and all (ay,... ,ax).

Proof. The proof is identical to the proof of [Dx, 9.3.7], with A.4 used (with
I = Jp+1) in place of [Dx, 9.3.5]. O

Proof of A.2 (ii) = (iii). Let (J,) be a sequence of ideals of A as in A.3.
Choose elements v(ai,...,a;) as in A.5 (if A is nonunital, work in A).
Choose the states f and g as in [Dx, 9.4]; then the representation 7, is
a type II factor representation of A. If I = kerm, is nonzero, then 7, is

zero on J, for some n; but this is impossible since v(ay,... ,ax) € J, and
mg(v(a1,... ,a;)) #0. Thus I =0 and 7y is faithful. O

The same technique can be used to give the following version of Maréchal’s
refinement [Ma, §2] of Glimm’s result:



328 BRUCE BLACKADAR AND EBERHARD KIRCHBERG

Lemma A.6. Let A be a separable unital primitive antiliminal C*-algebra.
Then there is a unital sub-C*-algebra B of A and ideal J of B, such that:

(a) B/J is isomorphic to the CAR algebra D (write ¢ : B — D for the
quotient map).

(b) For any cyclic representation w of D, there is a faithful cyclic represen-
tation p of A, and a projection F € p(B)" N p(B)', of central support
1 in p(A)”, such that the subrepresentation p1 of p|p defined by F is
equivalent to o ¢ and p1(B)" = Fp(A)"F.

Corollary A.7. Let A be a separable C*-algebra and J a non-GCR primi-
tive ideal of A. If M is any properly infinite injective von Neumann algebra
(in particular, any infinite injective factor) with separable predual, then there
is a representation m of A with kernel J, such that w(A)" = M.

Note added in proof. The authors have recently shown that the converse
of 2.4 is true: an inner quasidiagonal C*-algebra has a separating family
of quasidiagonal irreducible representations. As a consequence, if A and B
are inner quasidiagonal and one of them is nuclear, then A ® B is inner
quasidiagonal (see the comment after 3.9). Some of the other arguments in
this paper can be simplified using this result.
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