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MouraD E.H. IsmMAIL AND PLAMEN C. SIMEONOV

We find the spectrum of the inverse operator of the g-
difference operator D, . f(x) = (f(z) — f(gx))/(x(1 — q)) on
a family of weighted L, spaces. We show that the spectrum
is discrete and the eigenvalues are the reciprocals of the ze-
ros of an entire function. We also derive an expansion of the
eigenfunctions of the g-difference operator and its inverse in
terms of big g-Jacobi polynomials. This provides a g-analogue
of the expansion of a plane wave in Jacobi polynomials. The
coefficients are related to little g-Jacobi polynomials, which
are described and proved to be orthogonal on the spectrum
of the inverse operator. Explicit representations for the little
g-Jacobi polynomials are given.

1. Introduction.

The g-difference operator D, is defined by

fx) — flgz
(1.1) Dyof(z) = M
We shall use the following notations for finite and infinite products:
n—1
(z;9)0:=1, (2:qQ)n:= H(l —¢’2), n>0 or n=oo,
j=0

S

(21,22, -+ y 253 Q) = H(zk;q)n, n>0 or n=oo.
k=1

The infinite product is defined for |¢| < 1.
A basic hypergeometric series is defined by

A1y ., Qp
7‘¢S
( bi,... b

_ Z al, RN C])n o ((_1)nqn(n71)/2> 1+s—r '

Qablv'-- Saq)n

4, Z) =r¢s(ar, ... ,arib1, ... bsiq, 2)

443


http://pjm.math.berkeley.edu/pjm
http://dx.doi.org/10.2140/pjm.2001.198-2

444 M.E.H. ISMAIL AND P.C. SIMEONOV

Let t = (t1,t2) € R?. The big g-Jacobi polynomials of Andrews and
Askey, [2], are defined by

(1.3)

1 atitaq™ !, ta
pn(aj,t) :pn(x, t17t2) = 3¢2 < q ’ 129 1

tla atq

q,q>, 0<g<1

and are orthogonal with respect to the measure u(x,t), [3, p. 594], [6],
defined by

) ()

1.4 r,t) = —7"—
4 wle ) (t17, 275 @)oo
where for a < 0, (@ is the discrete probability measure
- q" q"
15) pl) = [ Sqn + Saqn
(15) 2 (4,9/a:)n(a; 000 (4,005 @)n(1/a; )00

n=0

In (1.5), 0, denotes the unit measure supported on {z}. The orthogonality
relation is, [3], [6],

(1.6) /Rpm(a:,t)pn(a:,t) dp(z,t) = omnén(t),

where

(L7 &n(t) = (g t2, ata, atitaq" " @)n(atit2g®"; q)oo (—at2)ngn=1/2,
(t1, at1, ta, ate; @)oo (1, ati; @)n

Furthermore, (1.3), (1.6), (1.7), and the symmetry of x in ¢; and ¢y imply

the symmetry relation

_ t?(t% ata; Q)n

 ty(t, at1; @)n

We shall use the following g-analogue of the Chu-Vandermonde sum, [4,
(I1.6)],

(1‘8) pn(x§ t17t2) pn(x;tg,tl).

(1.9) 201(¢ ", b;¢¢,q) = mb",

and its special case (b = tox, ¢ = taq' ™" /t1)
(1.10) (1123 9)n = (t1/t2; Q261 (a7 " tas t2q" " /1154, 9).-
Letting t; — oo in (1.10) with t3 =t we obtain
n .
(1.11) g =" m (=1)7q®) 0D a3 9);,
q

j=o V7

5, Tt 0

where
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are the so called g-binomial coefficients.
We shall use Euler’s identities, [6],

(1.12) eql2) = — =Y T, <,

q
(1.13) Ey(2) = (i) = 3 )
and the terminating version of the g-binomial theorem, [6],
“n] ;
1.14 Q) = ) =2y
(114 G =2 [1] (@
j=0 q
We shall also use the following identity
(A;9)n
(A5 @Ok

The following theorem of H. Schwartz, [13], plays an important role in the
spectral analysis in Section 2.

(1.15) (¢ A: @), = (—1/A)kq(3)+r(-m)

Theorem 1.1. Let {py . (z)} be a family of monic polynomials generated by

(1.16) poy(z) =1, pi(z) =2+ By,
(117) pn-{—l,u(x) = (.%' + Bn—f—u)pn,y(fb) + Cn—i—l/pn—l,u(x), n > 1.
If both
(1.18) Z |Bptv — | <00 and Z |Crp| < 00
n=0 n=0

hold, then x"py,(—f + 1/x) converges uniformly on compact subsets of the
complex plane to an entire function of x.

The paper is organized in six sections. In Section 2, we study the eigen-
functions of the right inverse operator of D, , on the space La(u(-,qt)).
This right inverse operator will be denoted by 7¢. The operator 7¢ is de-
fined first on the big g-Jacobi polynomials and then extended by linearity
to La(p(+, qt)), in which the big ¢-Jacobi polynomials are complete. The
operator 7¢ is also a discrete integral operator. The rest of the paper is de-
voted to the study of the properties of 7¢ and its eigenfunctions. It turns out
that the matrix representation of 7¢ in the basis formed by the big ¢-Jacobi
polynomials is tridiagonal. This gives a three-term recurrence relation for
the coefficients in the expansion of the eigenfunctions of 7¢ in big ¢-Jacobi
polynomials.

In Section 3, we find the polynomial solution of the recurrence relation
for the coefficients in the expansion of the eigenfunctions of the operator 7y
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from Section 2. The recurrence relation is identified with that of the little
g-Jacobi polynomials.

In Section 4, we find the expansion of the formal eigenfunctions of the
operator Dy, on the space La(p(-,t)) in terms of {p,(x,t)}. The first co-
efficient of the expansion is used to determine the spectrum of the inverse
operator 7¢. This eigenfunction expansion gives a discrete g-analogue (on
a g-linear lattice) of the well-known expansion of a plane wave exp(iAz) in
Jacobi polynomials.

Section 5 contains asymptotic properties of the orthogonal polynomials
found in Section 3 and a formula for the Stieltjes transform of the measure of
orthogonality. We prove that the measure of orthogonality is purely discrete
and we identify the location of its masses with the discrete zero-set of an
entire function and show how it is related to the spectrum of the operator
;.

The paper concludes with Section 6, where we find the connection coeffi-
cients between families of big g-Jacobi polynomials corresponding to differ-
ent values of the parameter t.

2. The Spectral Analysis.

Let t = (t1,t2). By gt we shall denote the pair (gt1, gt2). The Hilbert space
Lo(u(-,t)) is defined through the standard dot-product

(f,g) = /f o(&) du(z, ¥),

1/2
La(pu(-,t)) = {f A LaGuce)) = (A\f(@?@(%ﬂ) < 00}-

Let 7¢ denote the right inverse operator of Dy, on Lo(u(x,t)), that is, 7
is a linear operator from La(u(z, gt)) to La(p(z,t)) such that D, .7 is the
identity operator on the range of Dy, acting on Lo(u(z,t)). From (1.3) and
(1.1) we find

and

1-n _n —a n—1
1) Dyl = M e

=: op(t)pn—1(z, qt).

Thus we require 7¢ to satisfy

oo

(2.2) Teg(z) ~ D (9n/on+1(t)) Puta (2, t)

n=0
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if
oo
(L‘) ~ Z gnpn(xa qt)'
n=0

The operator 7¢ can be expressed as an integral operator as well. From the
orthogonality relation (1.6) we get

én (1qt) /R g(u)pn(u7 qt) dﬂ(u, qt).

Substituting in (2.2) and formally interchanging the order of integration and
summation we get

gn qt UnJrl(

gn =

The sum in (2.3) is the kernel of the integral operator 7.
We now consider the eigenvalue problem for the operator 7¢, namely

(2:4) Teg = Ag,  g(x Zan t)pn(, t),

with g € La(p(-,t)) N La(u(+, qt)). The function g can be expanded in terms
of the polynomials {p,(z,t)} since they are dense in Lo(u(-,t)). Further-
more, (2.2) implies ag(\, t) = 0 since g is in the range of T¢.

We will need a connection coefficient formula of the form

t) =D cny(t)ps(, qt).
j=0

Such formula we can get using a simple duality theorem, [15, Theorem
2.5]. Let p be a measure, w and p, weight functions, and {p,} and {g¢,},
polynomials orthogonal with respect to wu and pu, respectively. Let a,, =

[ |pn|?wdp and B, = [ |gn|?pdp. If

w(@)pa(@) ~ p(x) Y cngaj(x), then go(z) =D (Bn/ar)crnpr(z).
j=n k=0

n
Indeed, if ¢, = Y dpipr, then dpp = (/o) [ guprwdp = (Bn/ak)chn.
k=0
Moreover, if w/p is a polynomial of degree s, then ¢, ; = 0 for j > n + s.
In our case with w(x) = 1/(zqt1,xqte;q)eo, p(x) = 1/(xt1,xt2; )00, and

1= '@ we have w(zx)/p(x) = (1 — tyz)(1 — tox). Thus

(2'5) pn(xat) = Z Cm,n(t) (’Sn(t)/fm(qt))pm('xa qt)a n >0,

m=n—2
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where the coefficients {cp, ,(t)} satisfy the equation

n—+2

(2.6) (1= t12)(1 — tax)pn(z, qt) = Y cnp(t)pr(z,t), 1 >0.
k=n

The coefficients in (2.6) can be computed explicitly. Comparing the coeffi-

cients of "2 in (2.6) we get
2.7)

(g atiteq" T q)n (b1, att, ¢ q)nao qn(—qtﬂnq( )
Cnmt2(t) = t1te

(q"2, at1taq™ L Q)nss (qt1, aqty, ¢, Q)n g2 (— tl)n—l—Qq( %)

_ (-t —at))(1 — t1g"")(1 — atag"™"?) (ta/t1)q"
(1 — atitaq® 1)1 — at1taq®™+2) 2

From (1.3) and (1.8) we have p,,(1/t1;t1,t2) = 1 and

Pm(1/t2;t1,t2) = t1"(t2, ata; @)m /(5" (L1, at1; Q) m)-

Substituting in (2.6) = first by 1/¢; and then by 1/t we obtain

(2.8) Cn,n(t) + Cn,n+1(t) + Cn,n+2(t) =0,
29) Cn,n(t) + ancn,n+1(t) + anan+1cn,n+2(t) =0,
where

tl(l - tzqn)(l — atgq”)
tg(l — thn)(l — ath”) '
From (2.8) and (2.9) we obtain

Qy =

an(an+1_1)
2.1 nn(t) = ——MM8M=
@10) en(t) = 2

_ (L =t)(1 —atr)(1 — tag")(1 — atog")
(1 — at1t2¢®™)(1 — atytag®™ 1)

Cn,n+2 (t)

Applying D, . to both sides of (2.4) and using (2.1) and (2.5) we obtain

D(I,m()‘g(x)) =A Z an(>‘a t)an(t)pnfl(xa qt) = g(IL‘)

n=1

Z am(>‘v t)pm($, t)

3
I

[
(]2
S
s

t) Y (Em(t)/&(at) cjm(t)p;(z, qt).

-2

3
I

J
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The above identity implies that the coefficients {a, (), t)} are generated by

(2.11)
n+1

Aan (A, t)o,(t) = Z (Em(t)/En—1(qt)) cn—1m(t)am(A, t), n>1,

m=n—1

ap(A,t) = 0 and aj(A, t) # 0 is arbitrary. Formula (2.11) and the initial
conditions show that an(A,t)/ai(A, t) is a polynomial of degree n — 1. We
set

am-1(A, 1) 1= Em(t)am (A, )/ (E1(t)ar (A t)), m =1,
a—1(A,t) :=0 and ¢y m(t) := (1 —t1)(1 — at1)épm(t). Since

on(t)én—1(gt) _ (1 —t1)(1 — at1)

&n(t) - —ati(l-q)

formula (2.11) can be written in the form

n+2
(2.12) Ain (A1) = —ati(1 = q) Y énm(t)am-1(At), n>0.

In terms of the variable n and the functions by, (n,t) defined by

ni=-M(ati(1—q)) and bu(1,t) = am(—ati(l - q)n,t),
formula (2.12) can be written in the form

(2.13) M5a(1.8) = 3 Gum(O)Bma (1,), n >0

with the initial conditions

bfl(nat) =0, b0(777t) =1
From (2.10), (2.7) and (2.8) for the coefficients we obtain

_ _ (1 —t2q™)(1 — at2q™)
2.14 = t) = "
( ) Cn,n C”JL( ) (1 _ at1t2q2”)(1 _ at1t2q2n+1)q ’
(1—t1g") (1 — at1g™ )ty 7
1-— at1t2q2"+1)(1 - at1t2q2”+2)t1 ’

(2-16) 5n,n+1 = 6n,nJrl(t) = _(5n,n(t) + én,n+2 (t))

(215) én7n+2 — én7n+2(t) == (

It is convenient to have (2.13) written in monic form. Let

bm(77> t) = Gm(t)bm(na t)'



450 M.E.H. ISMAIL AND P.C. SIMEONOV

From (2.13) we have

Cn nan t ~
Mo 6) = A 0,0) 4 2t
En n+2Gn+1(t)
A B e B >
+ Gn(t) bn+1(77:t>a n - 07

which is a monic equation if the coefficient of b,41(n,t) is 1, that is, if
Gn41(t) = G (t)/énnto. In this case

n—1
Gn(t) = Go(t)/ [] &2 n =1, Golt) #0,
j=0

and (2.13) takes the form

(2.17)
nbn(n’ t) = bn+1 (773 t) + én,n—i—lbn(ny t) + én,nén—l,n+1bn—l(na t)a n > 0.

We set by(n,t) = Go(t) = 1 and b_1(n,t) = 0. When the coefficients in
(2.17) are written explicitly in terms of ¢, t2, and n, we obtain

(1 —t2¢™)(1 — ataq™)
2.18) b t) = "
( ) 7L+1(777 ) (77 + (1 _ at1t2q2n)(1 _ at1t2q2n+1)q

(1 — thn+1)(1 — ath”Jrl)tg nYp ( t)
(1 — at1t2q2”+1)(1 — at1t2q2”+2)t1 1 n ATl
(1 —t1¢™) (1 — at1g™)(1 — t2q™)(1 — ataq™)ts

2n—1
- bu-1(1,).
(1- at1t2q2n71)(1 — at1t2q2”)2(1 — at1t2q2n+l)t1 q n-1(n,t)

We now apply Schwartz’s theorem (Theorem 1.1). With B,(t) =

—t1Enni1(t), Cu(t) = =130 (t)En_1n11(t), and bu(n,t) = t7b,(n/t1,t),
(2.18) takes the form

bus1(n,8) = (0 + Ba(t))bu(n, ) + Cu(t)by—1 (1. t), 1 20.

Furthermore, by (2.14)-(2.16) we have B,(¢"t) = Bpt,(t), Cp(¢"t) =
CTL+1/(t)7

D IBu(t)] < oo, and > [Cu(t)] < oo
n=0 n=0

Then by Theorem 1.1, 1b,(1/n,t) = (t17)"bn(1/(t1n),t), or equivalently,
n"b,(1/n,t) converges locally uniformly in the complex plane to an entire
function of 7.
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3. The Polynomial Solution of the Recurrence Equation for the
Coefficients.

In this section we solve recurrence equation (2.18):

(31 bai(n,t) = 0+ Bna")bn (0 t) = g™ ba(n,t), 0 >0,
with b_1(n,t) =0, by(n,t) =1, and

(3.2)
On =
(3.3)

(1= t26")(1 — ataq") (1= tag™ (1L — atsg" )ty
(1 — atitag®")(1 — atitaq®+1) (1 — atiteg®™+1)(1 — atitag®*+2)t,’

(1 —t1g™) (1 — at1¢™)(1 — taq™)(1 — atag™)ta
(1 — at1t2q2”—1)(1 — at1t2q2”)2(1 — at1t2q2”+1)t1 '

The coefficients 3, can be simplified. We have

t1(at1t2q™"; q)3B = t1(1 — taq™)(1 — ataq™) (1 — atrtag®*?)

+ta(1 — t1g" ™) (1 — at1g™) (1 — atitaq®™)

=1 (1 — (1 + a)taq™ + at3g®™ — attag®™ 2
va(l+ a)tltqu”H . a2t1t§q4n+2)
+ta (1= (1+a)t1g"™ + atig® " — atitag™
+a(l 4 a)t?tog® 1 — azt?t2q4n+2)

= (t; + t2)(1 — a®t32¢"2) — (1 + a)tit2¢"(1 + q)
+a(1 + a)B3t3¢°" (1 4 ¢)

= (1 — at1tg® ) ((tl +t2) (1 + atitag® 1)
—(1+a)(1+ q)trtzq") .

Therefore,

(t1 + t2) (1 + at1t2¢® ) — (1 + a)(1 + q)t1taq™

3.4 =
( ) Bn (1 — at1t2q2”)(1 — at1t2q2”+2)t1

Recurrence relation (3.1) can be identified with the recurrence relation of
the associated little g-Jacobi polynomials, [5]. The latter work gets the
little g-Jacobi polynomials as limiting cases of the associated big g-Jacobi
polynomials and does not give an explicit representation for the polynomials.
Theorem 4.1 below provides an explicit representation for the little g-Jacobi
polynomials.

We shall use (3.1)—(3.4) to find the coefficient 3,1 of "~ in by,(n,t)
and to guess the structure of the polynomials b,(n,t). From (3.1) we get
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n—1 .
Brn+1,n = Pnq" + Bn,n—1 which implies 38, ,—1 = > £;¢’. From (3.4) we have
§=0

1-— at1t2q2j - 1-— at1t2q2j+2
1 1
1-— atltngj 1-— at1t2q2j+2

a(l — q)hﬁjqj =a(t; + tz)qj ( ! g )

~a+a( ) = Rla') - Rl
where
_alti+ta)z— (1+ a).

R
(Z) 1— at1t2z2

Then (3, ,—1 becomes a telescoping sum and we find

a(l = q)t1Bpn—1
= (R(1)+1) = (R(¢") + 1)
a(l —tl)(l —tg) a(l —thn)(l —tgq”)
(1 — atltg) (1 — atltqu")
_a(l—t1g")(1 — t2q") < (U =t) (1 = ) (1 — atitag®™) )
(1 — atit2g®") (1 —atitz)(1 —t1q")(1 —taq") )

The coefficient 3,,,-1 can be written in a form that resembles similar for-
mulas for the Wimp polynomials from [16] and their g-analogue from [8]:

(=g )= "/t) (o
1 —q)(1—q 2 /(atits)) "

o < (g1, 1, to, atrtag®; Q)1Q>
(atito, t1q™, t2q", q; q)1

(35) Bn,nfl - -

The analogue of these polynomials that solves (3.1) is defined below.

Theorem 3.1. The polynomials b, (n,t) defined by

n

(3.6)  ba(n,t) = JZO EZ_:/;/C(];;ZZ;Z;Z (—aty) Iy

I tq, to, atqt
X4¢3<q 1, U2 1l29q

2n+1—j

t1q" I tag" T atyty

q,q>, n=>0

are the solutions of the recurrence relation (3.1)-(3.4).

Proof. The proof is similar to the proof of Theorem 4.1 in [9]. Let b, (7, t)
denote the polynomial on the right-hand side of (3.6). We shall demonstrate
that b,(n,t) satisfies (3.1).
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The polynomials by, (n,t) can be written in the form

6 Bt =Y ”]ﬁé Dtk
' U 2077 — (at1)) (g, atita; q)
(g7 "/t1,q " /tasq);  (atitag® 195 q)k (a7 @)rd”
(t1g" 177 gt 05 q) (g7 (atit2); ) (459);
! I (t1,t2; @)k g a)

n—j (_1)
e kz (at1)? (g, atite; Qr (g,q47%"/(atata); @)k

<.

I
NE

<
- 1
o

J
=: AkB§71)k( 1/t ak=Ingn=i,
§=0 k=0

3

where we applied formula (1.15) with A = 1/(t1¢"), 1/(t2q"), 1/(at1t2¢*"),

and ¢, and we defined

_ (it

(g, atita; @)k’
g . ("t a7" b a)s
s —2n . :
(Q7q /(at1t2)aQ)s

We separate the leading term 5"t and write by, 1(7,t) in the form

n J
(3.8)  bupa(n.t) =7 | bl S ARBY G I (<1 /)
7j=1k=0
n+l J
+ 3N 4B b (<1t )y
7j=1 k=0

= (n+ Bnq") En(n’ t) — (), t),
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where
n J
(3.9) : ZZA (=1/t;)Ignti=d
7j=1k=0
n+l j
> B aF I (1 )
j=1 k=0
+6nqn ZA 1/t )
=0 k=0
n—13j

+1
=3 ST B, (1 )y
0 k=0

j+1

R o

=S ABU I (1 )y
=0 k=

Jj=

0

n
+ 6nq"

0

J
3" ARBY I (<1 /)T
7=0 k=0

The coefficient of n™ in 7, (1, t) equals
1
> A (B = BV ) T = 1/0) + Bug”
=0

=~ {B{" = BI""} J(at) + Bua”

since Ag = 1 and B(()") = 1. Furthermore,

g _ g+l _ a (1 —t1¢™)(1 — taq") B (1 —t1g"tH) (1 — tag™)
! ! 1—¢q 1 — atytaq® 1 — atytaqg®nt2
and then

— (atitaq®; ¢P)a((1 - g)/a) { B — B}
= (1= t1¢")(1 — t2¢™)(1 — atitaqg” )
— (1 = t1¢" (A = taq™ (1 — atiteq®)
=—¢"((t1+t2)1—q)(1+ atitag® ™) — (1 +a)(1 — q2)t1t2q") .
Hence in view of (3.4) we get
(3.10) —{B" = B{"V} /(at)) = —Bug",

which shows that the coefficient of n™ in 7, (n,t) is zero. Then in (3.9) we
can replace the lower bound of the range of j by 1 and then replace j by
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7+ 1. We obtain
n—1j+1 ' . ‘
(B11)  Falpt) = Bag" > > ARBY, b I (<1t
§=0 k=0
n—2j+2 ‘ . .
30T ARBYY, a1 )
j=0 k=0
n—1j+2
+1) k—j— j —j—
SR IR i G VOV AT
7=0 k=0
Note that in (3.11) we can first separate the two constant terms, and then
in the last two double sums we can replace the upper bound j + 2 of the
range of k by j + 1 using that B(Jr)2 A B](:Sl)k =0if k = j + 2. Then we
can write

n—2 j+1

12 ) = Fot 3 A
7=0 k=0

where

(3.13) Ag") = Bg") — B§”+1) — atlﬁnq”Bi )1, s=1,...,n,

and K, is the constant term of 7, (n,t).
From (3.10) we get Agn) =0
For s € {2,...,n} we have
(3.14)
A _ @ ia)s (@ g )
(g0 (atta)iq)s (g0 22/ (atita); q)s
g " (4 t2) (1 + ¢ (atitz)) = (1 + a) (1 +q)g "' /a)
tits (1 =g 2/(at1t2))(1 — ¢~2"~2/(at1t2))
(q‘"/tbq‘”/tz;q)m
(¢, 472" /(at1t2); q)s—1
(@ "/t1,q7 " [to;q)s—1
(450)s(q72"2 /(at1t2); q)s+2(1 — g~/ (at1ts))
X {[ TS ) (1= ¢ Jt) (7R  (atate); q)e
(1—-q¢ " 1/t1)(1 — ¢ " t2) (7P (atata); q)z]
(1- 2”/(at1t2)) (¢ /(t1t2))(1 — ¢°)
X ((t1+t2)(1+ ¢ " /(atrtz)) — (1 +a)(1 +q)g "' /a)
(1— g7 /(atita)) (1 — 2" /(at1ta)) } .

X

X
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We set # = ¢ " 1/t1, y = ¢ " Lte, a = ¢, B = 1/a, S = = +y, and
P = zy. Let E; and E» denote the expressions inside { } and [ ] in (3.14),
respectively. Then

Ey = Ex(1 — ¢*BP)
—(1—a)(S(1+4¢BP)— (14 6)(1+q)P) (1 —gBP)(1 — qafP)

and

By = (1 - az)(1 — ay)(1 — BP)(1 — qBP)
— (1= 2)(1 - y)(1 — aBP)(1 — qaBP).

We now simplify Fy. We have

3.15
(E2 :) 1 —aS+a?P — (14 ¢)BP(1 —aS + o?P) + ¢6°P3(1 — aS + o*P)
— 148 —-P+(1+qapP(1—S+P)—q?3P*(1-5+P)
=(1-a)[S—(1+a)P—(1+q)BP
+(1 4+ q)aBP? + q(1 + a)*P? — qaB*P*S]
= (1-a) [S(1 - gaf?P?)=(1+ a)(1 — ¢8°P)P—(1 + q)3(1 — aP)P] .

From (3.15) and the definition of E; and Fy we obtain

(3.16)

Ei/(1-a)=8[(1-qaf*P?)(1—¢°BP) — (1 - ¢*6°P*)(1 ~ qafP)]
— P[((1+a)(1 - qBP) + (1+q)8(1 — aP)) (1 - ¢*4P)
—(1+¢)(1+B)(1 = ¢BP)(1 — qafP)]

= BlS - BQP,

where By and By denote the expressions inside the brackets. We factor B
and Bs:

(3.17)
B =1-qaf*P? — ¢*BP + ¢*aB*P? — 1 + ¢*8°P? + qaBP — ¢*a3°P?
= qBP(a+ qBP — q—afP) = qB(a — q)(1 — BP)P,
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(3.18)
By =(1+a+ (14498 -8(gB(1+a)+ (1 +q)a) P) (1 - ¢°BP)
(1491 +8) (1—g¢B(1+a)P+ ¢*ap’P?)
=a—q+8(1+a)ql+q)(1+p) —a8—¢*) — (1 +q)(a+*8) P
+@°8% (a1 + )8+ (14 g)a — (1 + g)a(1 + f)) P?
=a—q+B(1+a)g+ 8¢ — 1+ (a+8¢) P+¢*(q—a)3’P?
= —(¢g—a)+B(¢—a)1 - B¢*)P+¢* (¢ — )3’ P?
—(q—a)(1 - BP)(1+¢B*P).
From (3.16)-(3.18) we obtain

(1-a)(q iE:Jz)(l —BP) (—aBS + (1 +¢*6*P)) P

= (—gB(z +y) + 1+ ¢*B°zy) zy = (1 — qBz)(1 — qBy)zy
We recall that a = ¢°, 8 = 1/a, x = ¢ " '/t1, y = ¢ " /ta, and s €

(3.19)

{2,...,n}.

From (3.14)-(3.19) we get
(3.20)
A

_ (¢"/t1,q7 " /t2;q)s1q
(1—a)(g— a)(g;q)s—2(g72"2/(at1t2); q)s+2(1 — ¢=2"/(at1t2))
x (1 =a)(q—a)(1 = Bry)(1 - qBz)(1 — qBy)zy
(gt s q)s—0
(g, a7/ (at1ta); @) s—2
A= /t)(A —q7"/t2)(L — ¢7"/(at))(L — q~"/(atg))g "/ (t1t)
(g2 /(at1t2); q)3(1 — g~/ (at1t2))
B

= GQt%’an

At the end we used formula (3.3) for .
From (3.12) and (3.20) we obtain

n—2 Jj

(321)  Fu(n,t) = g™ 1> > B, (=1/t) "7 + Koy,
7=0 k=0

where by (3.8), K, is the constant term of
(3.22) Pa(,8) = (14 Bnd™)bn (1, t) = bus1 (1, t).

We recall that Bn(n,t) denotes the polynomial on the right-hand side of
(3.6).
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To complete the proof it remains to show that K, equals ’yan"il times
the constant term of b,_1(n,t). Let f,, denotes the constant term of by, (7, t).
From (3.22) we have K,, = 6,¢" fn, — fn+1. Therefore, it is enough to verify
that

(3.23) fn1 = Bnq" fr — ’an2n71fn—1-
From (3.6) and (1.15) we have

(@t g "/t a)(Z1)"  _ (h1, ta; 0)ng?)

3.24)  f,— .
(3:24) " (g, g7/ (atite); @)na™t} (g, atitag™ 1 q)nth "
with

_ q ", atitag™ Lt to

We shall use a recurrence formula for the Askey-Wilson polynomials (see [8]
or [12]). The Askey-Wilson polynomials p,(z; A, B,C, D | q) are defined by

(3.26)

] L ¢ ", ABCDq" 1, Ae? Ae"
pn(l‘,A,B,C,D‘Q) = 4¢3< AB, AC, AD q, 4|,
where & = cos = (¢¢ 4+ e ) /2. They satisfy the recurrence equation
A
(3.27) xpn(z; A, B,C, D|q) = 7”]7”_’_]_([1:;A,B,C,D|q)

B C
+7npn($,A,B,C,D’q)+7npn_1<$7A,B,C,D IQ)u 71207

with p_1(z; A, B,C,D | q) =0, po(x; A, B,C,D | q) = 1, and coefficients
1 - ABq¢")(1 — ACq™)(1 — ADg")(1 — ABCDg" 1)
A(l — ABCDg?*1)(1 — ABCD¢*") ’
A(l—¢")(1 = BCq" (1 — BDg"™H)(1 — CDg" 1)
(1— ABCDg?*»=2)(1 — ABCDg?*1) ’
(330) Bp=A+1/A— A, —Ch.

(3.28) A, = (

(329) C, =

As in Section 2 recurrence equation (3.27) can be written in monic form in
terms of the polynomials

m—1
dm = am(2;A,B,C,D | q) = pm(z; A, B,C,D | )27 [ [ 4;.
=0
The monic equation is
(3.31) Tqn = n+1 + (Bn/2)qn + (CnAn-1/4)qn-1, n >0,

qg-1=0,q0=1.
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We select A = /tita, B = g \/t1/t2, C = q\/t2/t1, D = a\/tit2 and
e = \/t1/ty. Then x = cos = (t; + t2)/(2v/1t2), and from (3.24)-(3.31)

we obtain

(1 — thn+1)(1 — tgq”“)(l — atltgq”)(l — atltgq”H)

. 2 An - 9
(3 3 ) M(l — atltqu”“)(l — at1t2q2”+2)
sy oy VAL a0 =)~ atg") (1~ atag)

‘ " (1 — at1teq®)(1 — atytag?ntl) ’
(3.34) B, = Vtity + 1/\/t1t - A, -C

and

n—1
(3.35) gn=2"[]] A
=0
%o ({01 + t2)/VEE); Virks, 0/t o, /B2, av/EiEa | )

_ (tig tag, ataty, atrtag; @)n , (t1q,t2q, atita; q)n
2n(tite)2(atitaq; q)an  27(t1te)™/2(atitag" L q)y
(g, atyta; q)p(ty /t2)"?
- n n:
2"q(2)

Furthermore, from (3.31) and (3.34) we have

Pn

ti+t2 tito+1 A, Oy CnAn1
3.36 il = — g, - =
( ) nt1 <2\/t1t2 2/t1to + 2 + 2 g

= (Rn/(2\/ t1t2>)qn - (CnAn—1/4)Qn—1-

From (3.35), (3.36), (3.32), (3.33), and (3.3) we get

an 4q2n—1
3.37)  fap1 =
B3 fora (1 =g 1) (1 — atitaq™ )tl (g7, atitaqn=L; q)aty [to
» 1(1-¢")(A = ¢ = atig™)(1 — ataq™)

4 (1 — at1t2q2n (1 — at1t2q2”+1)

)
y (1 —t1q" )(1 — toq" )(1 — at1toq"™™ )(1 — at1t2q”)
(1 — atthqQ”—l)(l — atthqQ”)

_ ann f Zn—lf
— (1 — qn+1)(1 — atltgq”)tl n Tnq n—1-

fn—l

To complete the proof of (3.23) and the theorem we have to show that the
coefficient of f,, in (3.37) equals 5,¢". From (3.36), (3.32), and (3.33) we
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get

(at1t2q”";q)sRn = —(1 — t1)(1 — t2) (at1t2¢*"; q)3
+(1 = t1¢" ) (1 = t2g™ ™) (1 — at1tag™) (1 — at1tag™ ™) (1 — atytag®™)
—i—(l — qn)(l n+1)(1 — ath )(1 — at2q”)(1 — at1t2q2”+2)t1t2.

Setting S = t1 + to, P = t1t2, and a = ¢" we obtain

3.38
( (atl)tngn; Q)R = —(1 = S+ P)(1 — aa®P)(1 — aga®P)(1 — ag*a?P)
+ (1 — qaS + ¢**P)(1 — aaP)(1 — agaP)(1 — aa?P)
+ (1 —a)(1 - ga)(1 — aaS + a*a*P)(1 — ag*a*P)P
=: 1S+ E3P + EsP.

The expressions {F} };’:1 are defined and factored below:

(3.39) E; = (1 —aad®P)(1 — aqa®P)(1 — ag’a’P)
— ga(1 — aaP)(1 — agaP)(1 — ac’P)
—aa(l —a)(1 — qa)(1 — ag*a®P)P
= (1 - aa?P) [1 — aqa®P — ag’a®P + d*¢Pa’ P?
—qa + aqa®P + ag?a®P — d%q a3P2]
—aa(l — a)(1 - qa)(1 — ag*a®P)P
=(1-qa)((1- ac?P)(1 — a*¢?a’P?)
—aa(l —a)(1— aq2a2P)P)
= (1 —qa)(1+a¢?a®P3 — aaP — a*¢*a*P?)
= (1 —qa)(1 — aaP)(1 — a*¢*a* P?),

(3.40)
By = (—(1 - aa?P)(1 — aqga®P)(1 — ag’a*P)
+ (1 — aaP)(1 — agaP)(1 — aa®P)) /P
= (1 —aa’P)ac(aq + ag® — ag®a®P — 1 — q 4 agaP)
= aa(l - ga)(1 — ad®P) (—=(1 + ¢) + (1 + ga)agaP)
= —aa(1—qa) [1+g—aa((1 4 g)a + q(1 + ga)) P + a’qa*(1 4 ga) P?]
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and
(3.41)

E3:= —(1—aa’P)(1 — aqa®P)(1 — ag’a*P)
+ ¢*a?(1 — aaP)(1 — agaP)(1 — ac’P)
+ (1 —a)(1 = qa)(1 + a*a*P)(1 — ag’a*P)
= (1—aa’P) (-1 +aq(l + q)a’P + ¢*a® — ag*(1 + q)a*P)
+ (1 —a)(1 - qa)(1 +a(a — ¢*)a?P — a®¢*a* P?)
= (1 —qa)(1 —aa®P)(—1 — qa + aq(1 + ¢)a*P)
+(1—ga)(1 —a) (1 +a(a—¢*)a?P — a’g*a’P?)
=(1—ga) [-(1+qa+ad’®(ql+q) +1+qa+(1—a)(a—q*))P
—a*qa*(1+ g+ aq(l — a))P?].
Combining (3.40) and (3.41) we obtain

(3.42)
(By + E3)/(1 — qa) = —(1 4+ q)(1 + a)a
+ aa? (aa—}—aqa+ aq+aq2a—|— q
+1+qa+a—aa+q2a)P
(a(1+ga)+1+q+aq(l — a))P?
)1+ a)a+ aa?(1+ q)(aga +a+ 1+ qa)P
—a’qa’*(1+ q)(1 + a)P?
)1+ a)a (1 —aa(l + ga)P + a’qa®P?)
1+ a)a(l — aaP)(1 — aga®P).
Then from (3.38), (3.39), and (3.42) we get

(3.43) (at1t2¢®™; q)3Rn = (1 — ga)(1 — aaP)(1 — aqa®P)
% ((1+aga®P)S — (1 + g)(1 + a)aP).

In terms of a = ¢", S = t1 + t9, and P = tito, (at1t2¢*";q)s = (aa®P;q)s,
hence (3.43) implies

R, - R,
(3.44) (1= — atrtag)t (1= ga)(1 — aaP)is
(1 +aga®P)S — (1 + g)(1 + )P

(1 —aa2P)(1 — ag?a?P)t; = Fn

in view of (3.4). The proof of Theorem 3.1 is complete. O
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4. The Spectrum of the Inverse Operator.

To find the spectrum of the operator 7¢, that is, to solve eigenvalue problem
(2.4) we consider the eigenfunctions of the ¢-difference operator Dg . It is
easy to see that for every A the equation Dy, f(z) = Af(z) has solution
@) = 1/(AM1 — q@)2;9)o0 = eq(A(1 — @)x). The eigenfunctions of 7y are
also eigenfunctions for D, ., in fact if g, is such that 7ygy = Agy, then
g = DyuTigs = ADqegy and therefore, g () = fu () = eq((1 — q)/A).
Hence, the eigenvalues of 7; are the reciprocals of the numbers A such that

o0

(4.1) = 2 calh Upant) € LaluC. ) 1 Lalulat)

From equations Tggx = Aga, gx = fi/x, (2.2), and (4.1) we get co(1/A,t) = 0.
It turns out that the condition cy(1/\,t) = 0 completely characterizes the
spectrum of the operator 7.

We proceed with computing the coefficients {c, (A, t)} in (4.1). Let X be
small enough so that |A(1 — ¢)| < 1. Using the orthogonality relation (1.6)
and applying Euler’s identity (1.12) to fi(x) = e4(A(1 — g)z) we obtain

N

(4.2) cpn(A\ t)&E(t / i@)pp(z, t) du(z,t) = : n,s(A, t),
= (49)s
where we have defined
(4.3) dn,s(A, t) ::/ xpp(z,t) dp(z, t).
R

By (1.6), dy, s = 0 if s < n, hence we may assume that s > n.
From (1.11) and (1.3) we have

1 g
o5 % Zas,j(t2$; Q)ja Qsj i= (*1)9(](2) j(s—1) |::| )

(g™, atitag" Y Q)qu
(t1,at1,q;q)k

pn(z,t) = > by r(tiz; @), by =
k=0

Then for d,, s(\,t) we get

dp ()
4.4 dn.s(\ t) s.ibn :
(44) ZZ“ 7 kts/ (¢"t17, ¢tam; @)oo

jOkO

ZZ“ (at1t2q"17; q) oo
- 5,7%n, kts ;

s q*t1, ¢7ta, aghty, agits; q)oo
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where (6.4) was used to evaluate the integrals. From the formulas for a, ;
and by, , and (4.4) we obtain

(4.5)
g — (a2 d)eo(gia)s
"7t aty b, ata; q)oots
S " (_1Vig(3)—i(s=1)+k( —n n—1. S
XZZ( 1)7q\2 (g7, at1taq™ ™" q)k(t2, at2; q);
s (4:9);(a: @)s—j (@ Q)r(atite; Qrj

1

AT
_ zs: (—1)‘7(1(2) 157D ¢y, ata; q); e ( q ", atitag"”
= (69)j(a:9)s—j(atit2; q); atitaq’

).

where ¢1) denotes the coefficient of the double sum. By (1.9) the 3¢ sum
is equal to

(@1 @n(atitag" )"
(at1t2g?; q)n
which is 0 for j < n. Then for s > n we obtain
(—1)7¢B) TN 15, aty; g),
= (4:0)j-n(q: 0)s—j(at1t2; @)t

)

S

(4.6) dys = c?

where ¢@ = (at1ta¢"1)"c™ and we used the identity (¢t ¢)n = (¢; q);
j

(¢;¢)j—n- Replacing j by n +1 we get

o s—n (_Ulq(";l)*(nﬂ)(rl) (t2q™, ataq™; q);

4.7 dns=c
o ’ (GG D) (s—n)—1(at1t26*"; q);

s>n,

with ¢® = (=1)"(tg, aty; q)n/(at1ts; q)2nc®. Next with p = s — n we have
P

L8Dp T (1= gy = (1)) g,

(@Dt o

and

(1)t 03)-( ) (e

Substituting these identities in (4.7) we obtain

=(5=1) toa™ atog”
(4.8) dys = 309 ( a atl’h;gn’g 207 1 g, Q) , s>,
where
(4.9)

L) ) (at1t2g"; q)oo (t2, ata; q)n (at1t2)" (g; q)sq () T~ (— 1)
s (tlv atl? t2> at?; Q)oo(q, Q)s—ntg
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From formula (1.7) for &,(t) and (4.9) we get
(1t1,OLtuq)n(q;q)sq"(”’s)tél_sg ®
(atit2g" 1, 4;Q)n(q; @)s—nt? ™"
Then from (4.2), (4.8), ( ) and (4 10) we get

(at1tag™ 1, q; @)nth

(4.10) W) =

n,

S=n
» i Q- Q)/(t2qn)) My q ", taq, atag" 4. q
pard OO atit2g*", 0 )

with & = s — n. Applying the transformation, [6],

—k —k
(7 00) - 50 )

to the 3¢9 expression in (4.11) we get

—k n n
t at
302 < ¢ qu q, Q)

atltgq
(ataq"; )k (t2q")" < Kt 1-n >
= 201 q la | .
(at1t2®™; @)k ¢ R/ (aty) /
Then the second sum in (4.11) can be written in the form

(at2q™; @)k \F i(tg" @);(a" " /t2)
4.13 .
(413) ; (at1tzq HOP Z 1 ’“ "/(at2); 0);(¢; );
Using (1.15) we obtain
—k. . . n. .
O O G T (atag™ Y.

(a' 7= /(at2);@); (a3 @)n—j(at2q"; Q)
Hence the double sum in (4.13) equals
k

00 . k '
(4.14) L—a)%) Zm (14" ) (atod"™ @)y

— (at1t2q™™, ¢; @)k =

The above formulas hold when |(1—¢)A| < 1 since in this range (1.12) can
be applied. To extend the formulas to arbitrary A we need a meromorphic
continuation of the function in (4.14). We set

1 i :
(4.15) ag(a,ty, ty) = Z[ ] (t15q)j(ata; q)p—ja’,

(atita, ¢; q)k =

(4.16) A(z;a,ty,t2) Zak a,ty,te)z k. |z| < 1.
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Note that the sum in (4.14) equals A((1—q)A; a, ¢"t). For |z| < 1 we consider
the product of the functions (z,az;q)s and A(z;a,t1,t2). Using (1.13) we
get

—k

("2")
(4.17)  (2;9)ecA(z;a,t1,t2) = Zz (Zak a,ty,to) 2 q)q ) .

The coefficient of 2™ in (4.17) equals

(4.18)
- N (t1; 9);(ata; )0’ (—1)”*%("?)
k:z=0 yz—:o Mq (atit2, q; @)k (& Dk
B Tt A € Ty I e W e et
_j (atqta, q; Q) (@5 @)n— (VX::O[ v L (atitaq?; q), >

with v = k — j. The sum over v in (4.18) has the form
- m (a;Q)V _1\m—v (m_")
> [7] eyl

(N,
(1 ;} B.a:a)

= (~1)"q(2) 5y ( q_n;’ “ ‘ 7 q)

_ (_ymg(m) Bl Dm
(=1 Bi@)m

where we first used the identity
m+1\_ (m—v+1 _
(4.19) (¢ D/ (@ Dmv = (=1 ")~ (g7 g),,
and then (1.9). Then the coefficient of 2™ in (4.17) given with (4.18) equals

(4.20) Zn:( (t1 9)j07 ‘(_1)n—jq(";j)(thj§Q)nfj(at2)n_]

o (at1t2, 4;9);(4 @n—; (at1taq?; q)n—;

 (t@ea” [ n " . (t1,t25q)na
~ g 2o o] A = G2

ni= =il (atits, ¢;@)n’

where we applied (1.14). From (4.17) and (4.20) we get

th t
(4.21) (2 0)ooA(21 0,11, 1) = 2601 ( atats

q, az) , az| < 1.
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From (1.13) and (4.21) for z such that max{|z|, |az|} < 1 we have
(4.22) (2,025 9) 00 A(z; a,t1, t2)

S (S (bt (—1>m-’fq<'"2"'>>amzm
> (3 et o)

— (atite, @)k (¢ Dm—

2 (~1)mq(?) Moyt

- Z N 302 ( qatlt; 0 2
) (ta; ¢)rm o at

= Z_ 2 ¢1 ( lfm;lt;

atltz,q q)

q q> a™zm

o,

where we applied (4.19) and (4.12). Next, from (1.15) we have
(™™ a);  _ (G Dmt2@)m—
(@' =" /t20); (4 @m—j (25 @
which combined with (4.22) yields
(4.23)

2 (—ty)mg(%)
(Z,CLZ; Q)OOA(Z;a,tl,tQ) = Z %

y (atito; @)m

L(ta/q),

m=

m

atl q t27 )m 7 ™M
Z q)(qq)mj(t/t) '

Jj=

Clearly (z,az;q)so is an entire function of z. Furthermore, the right-hand
side of (4.23) is an entire function of z, and in an open neighborhood of z = 0
it coincides with the function (z, az; ¢)sA(2; a, t1,t2). Hence a meromorphic
extension of A(z;a,t1,ts) to the complex plane can be found by dividing the
right-hand side of (4.23) by (z,a%;q)sc

The main results of this section can be described with the following two
theorems.

Theorem 4.1. The coefficients in the expansion formula for the eigenfunc-
tion fa(x) = eq(A(1 — q)x) in terms of big q-Jacobi polynomials {p,(z,t)}
are given by
(4.24)

1 (t1, at1; ¢)n(1 — )"
(L= a(l = q)X; q)oo (atrtaq™ ", q; @Int]

> (—t1g") ’”> " (atrq; )i (taq™ Qmg (t2)’
— (1 — q)™ ™,
. Z (atitaq®™ Z j 131 a1 =aq)

e = (©9i(@Dm-

cn(At) =
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Furthermore, the coefficients {c, (A, t)} satisfy the recurrence equation

(4.25)
n+1
on(t)en(A t) = A Z (Em(t)/En—1(qt)) cn—1m(t)em(A,t), n =1,

m=n—1

where {cpm(t)}E2 are the coefficients defined with (2.7)-(2.10).

m=n
The spectrum of the inverse operator 7¢ is described in Theorem 4.2.

Theorem 4.2. The function fx(x) belongs to the space La(pu(-,t)) for every
A that is not a zero of ((1 — q)A, a(l — ¢)A; ¢)co-

The spectrum of T, the inverse operator of the q-difference operator Dy ;,
acting on the space La(u(-,t)) N La(u(-, qt)) is the set of the reciprocals of
the zeros of the meromorphic function co(\,t).

Proof. From (1.6), (1.7), (4.1), and (4.24) it immediately follows that
AN a0y = D en(A1)%6n(t) < o0
n=0

for all A such that 1/((1—¢)\) ¢ supp (u(a)) and all parameters t for which
the function co(A, t) is well-defined. This is due to the presence of the factor
q(g) in §,(t). Furthermore, 7Tggy = Agy implies gy = f1/) and co(1/A,t) = 0.
Hence ¢o(1/A,t) = 0 is a necessary and sufficient condition for A to be in
the spectrum of the operator 7. O

5. Asymptotic Properties of the Polynomials {b,(n,t)}.

In Section 2 we applied Schwartz’s theorem to prove that the sequence
{n"b,(1/n,t)} converges locally uniformly in the complex plane to an en-
tire function. The recurrence relation (2.17) has bounded coefficients, hence
the polynomials {b,(n,t)} are orthogonal with respect to a unique measure
(-, t) with compact support, [1], [14]. From Markov’s theorem, [15], the
Stieltjes transform of ¢(-,t) is given by

de(u,t) .. b(z,t)
1 SaaSe R,
(5.1) A u A b (1) z ¢ R,

where {b}(n,t)} is the solution of (2.17) or equivalently, (3.1) satisfying the
initial conditions

by(n,t) =0, bi(n,t)=1.
We observe that 3,,(t) and ~,(t) defined with (3.4) and (3.3) have the prop-
erty

(5'2) ﬁnfl(qt) = ﬁn(t) and 'Ynfl(qt) = 7n(t)'
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From (3.1) with n, t and 7 replaced by n — 1, ¢t and 7n/q, respectively, we

get

(5.3) bn(n/q,qt) = (n/q+ Bn-1(qt)q" ") bu1(n/q, qt)
—Yn-1(g6)q*" b 2(n/q, qt).

Multiplying (5.3) by ¢" and using (5.2) we see that

(54) b:(na t) = qnilbn—l(n/Q7 qt)a n > 0.

We now study the limiting behavior of "b,(1/n,t) as n — oco. For each
fixed j the 4¢3 expression in (3.6) is bounded by M (t)1¢0(¢~7; —; ¢, —¢q) and
the coefficient of the 4¢3 is bounded by My (t)[n/t117¢?=1/2/(¢;q);. Here
both M;(t) and M (t) are positive and depend only on t. The following
estimate

>

7=0

n
ty

. i/t <~ (2 (—1; @)oo
201(q7’ Z 74 Z( o = Tnftil:

4 9)j—

7

holds for n with |n| < |¢;|. In the last inequality we used Euler’s identities
(1.12) and (1.13). Hence for |n| < |t1], Tannery’s theorem (the discrete
version of the Lebesgue dominated convergence theorem) can be applied.
Using formula (3.6) we get

q, Q>

(t1,t2; q)rq" i q7; Q)kq( )(77/151)

(atita, q;q (q q)

o .
] _ q T]/tl q7]7t11 t2
(5.5) Jggon (1/n,t) = Z o, 392 ( atite, 0

]:

M I T

t17t27 77/t1 Z q 77/151 J k
a/tth:q q jzk q q ] k

q, _77/t1> ’

ET‘

=0

(. ) t1, t2
_( n/t17Q>oo2¢1 ( atity

where we also used (1.13).
From (5.1), (5.5), and (5.4) for z ¢ R we get

t —n n—lb B t
(5.6) /dw(u,): lim 24" bn-1(2/d,qt)
R Z—U  noo 27"y (2,t)
_ 201(qt1, qtas atitag®; g, —1/(t12)) 12| > 1/]t]
22¢1(t1,t2;at1t2;Qa_1/(t1’z)) ’
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An analytic continuation of (5.6) can be found using the Heine transforma-
tion [4, (II1.1)],

(5.7)

201(A, B; Ciq, 2) = D AT (0B, 7, 42:0.B), 120,1B] < 1.
(C,Z;q)

From (5.6) and (5.7) we obtain
(5.8)

/ dp(u,t) (1 —atita)(1 — atitaq) 2¢1(aqty, —1/(t12); —q/2; q, qt2)

R Z—Uu (1—1t2)(2+1) 901(aty, —1/(t12);—1/2;q,t2)

The Heine transformation also provides an analytic continuation of formula
(5.5).

Formulas (4.11)-(4.16), (4.22), and (5.5) imply
(5.9) co(rt) = A((1 f (J))\ a,t) = (1 = @A a(l - g)A; q)x

. q 1—(1))\) —j
x> (@:9); 302(q7 t1, 2 atita, 05¢, q)

=0
1 l1, t2
RGN ( atyty
From (5.6) and (5.9) we obtain

(5.10) /R do(u,t)  co(—1/(a(l — q)t12), qt)

ol = gn).

i—u zeo(—1/(a(l — q)t12),t)
The co-functions in (5.10) have no common zeros. This can be seen as
follows: Assume that co(Ag,t) = co(Ag, gt) = 0 for some Ag. Formula (4.11)
implies

(1 - atltgq”)(l - qn+1)t1
Aqt) = At).

Cn( 7q ) (1—t1)(1—at1)(1—q))\cn+1( Y )
Then our assumption implies ¢1(A\g,t) = 0 and from the three term re-

currence equation (4.25) we get ¢,(Ag,t) = 0 for all n > 0. But then by
Theorem 4.1,

eq(Mo(1 = g)z) = (Mo(1 — @)z 9) ch X0, t)pn(z,t) =0,
n=0

which is impossible.
The Perron-Stieltjes inversion formula is

(5.11) F(z)= /Rdll() if and only if

Z_

() — ~ fim / F(t — ie) (t—{—ze) Qb

e—>0+
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This inversion formula shows that ¢ is a purely discrete measure. It is clear
that an isolated point mass m of ¢ located at x = ¢ contributes m/(z —x¢)
to the left-hand side of (5.8). Thus the isolated point masses of ¢ coincide
with the isolated poles of the right-hand side of (5.8) and the masses are
the corresponding residues. Below we will show that x = 0, which is the
only essential singularity of the right-hand side of (5.8) does not support
a discrete mass, so let us assume this for the time being. Formula (5.10),
Theorem 4.2, and the above discussion describe the relationship between the
support of the measure ¢(-,t) and the spectrum of the operator 7.

Theorem 5.1. The support of the measure of orthogonality (-, t) is the set
of the elements of the spectrum of the operator Ty multiplied by —1/(a(1 —

q)t1).

It remains to show that = = 0 is not a mass point for ¢. From the theory

of the moment problem [1], [14], it is known that when the measure ¢ is
o0

unique then x = g is a mass point for the measure if and only if > p,(x0)?

n=0
converges, {p,(x)} being the orthonormal polynomials. From Theorem 3.1

" atitag" ™ 1, to
t1q, taq, atits

(@™ /t1,q " /t2; q)n _ ( q
b (0,t)= —at;)™"
(0.%) (q,q*Q"/(atltz);q)n( 1) "3
Applying (1.15) to (5.12) we get

(5.13)

bn(0,t) =

we find
(5.12)
q, Q>~
(qt1, gtz @)n %) ( q ", atitag"t, by, to >
(¢, atrtaq i) 7 7 t1gq, t2q, atits ©a)-
Ismail and Wilson, [10], determined the asymptotic behavior of the Askey-
Wilson polynomials. They proved that
. " ABCDq" ', Az, A/z

a1ty (T A0 o)

_ (A2,Bz,Cz,Dz;q) oo

~ (22,AB,AC, AD; q)oo’
for |z| < 1, and that the left-hand side of (5.14) is bounded if |z| = 1 but
z # £1. If z = £1 then the left-hand side of (5.14) is O(n). The 4¢3
quantity in (5.13) corresponds to the 4¢3 function in (5.14) with A = /t1¢,
B = qx/tl/tg, C= q tg/tl, D= CL\/@, and z = \/tl/tg if |t1‘ < |t2| and
z = \/ta/t; otherwise. The orthonormal polynomials associated with the
by’s are

(. t) = b (0, )€, 2 (8) T un /%

n=1
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where —u,, denotes the coefficient of b,,_1(n,t) in (2.18). From (2.18) we get

rn[ qtlu aqtla th, ath, ) (t2/t1)nq2(";l)—n
o at1t2q7 atthq ) Q)Qn

Combining the above formulas we obtain

(5.15)

) ) 2n+l) 2n
q"80(t)2""pn(0,t)

__(gt1,qt2;@)n(atrtaq; q)3 (1 — atitag 2
(agti,aqte;@)n  (¢:9)7(1 — atitaq) (tita)"
N atitag™t, 1y, t 2
x4¢’3< U ants | q)
(qt1, qt2; @)oo (atitag; @)%
(aqt1, aqta; @)oo (1 — atitaq)
z\/th,qz\/tl/tz,qz\/tz/tl,az\/%,q)
(22, qt1, qt2, atita, q; q)%

if |2 < 1 and z # £1. If z = 1 the right-hand side of (5.15) becomes
o0
unbounded. Since |z| < 1and |q| < 1, (5.15) clearly implies that > p,(0,t)?

n=0
diverges.
Equations (3.1)—(3.3) show that the polynomials {b,(n,t)} are constant
multiples of birth and death process polynomials associated with a process

with birth and death rates

(1— thn+1)(1 — athn+1)t2qn 1 (1 — taq")(1 — atag™)t1g"
an
(1 — at1t2g® 1) (1 — at1taq® +2) (1 — atitaq®)(1 — at teq2n 1)’

respectively. An exposition of the theory of birth and death processes and
orthogonal polynomials can be found in [7].

6. Connection Coefficients for the Big ¢g-Jacobi Polynomials.

In this section we will compute the connection coefficients in the formula

(6.1) Zam S)ni(,s),



472 M.E.H. ISMAIL AND P.C. SIMEONOV

where t = (t1,t2) and s = (s1, s2). From (6.1), (1.6), and (1.10) we get

(6.2) an,(t,s)&(s)
:/pn(x,t)pl(x,s)dy(x,s)

n k k —k v
", at1taq" s q) kg (q7%, 52259)0q
= g (t1/s2;9)k E
/R — (s2¢" % /t1,¢59)w
(¢~

tla atla q; q)k‘ =0

Lasisag ™1 q)¢7

X
(s1,a81,4;9);

(s12;q); du(z, s).
§=0

Changing the order of summation in (6.2) we obtain

aa(6.9)6(5) = 3 ( " (", atitag™ Y 0 <t1/52;q>k<q—'f;q>y> v
k

(t1,at1,q;q)k (s2¢ /115 q) 4 q)y
l _ _ .
o Z (g7 as152¢ 7% q) dp'® (z)
R (T51¢

= (s1,081,4:9); 25167, 25205 q)oo

The last integral is evaluated using the g-beta integral evaluation from [6]

(6.4) /(du“)(w) _ (ahiy9)ss

R fCtlal'tQQQ)oo (tluatl)t27at2;q)oo

To evaluate the last sum in (6.3) we use (1.9). We get

l
(6.5) (a51524"; @)oo Z ! asisaq’ 1§Q)jqj
(s1,as1,52¢",as52¢";q)s0 = (as152¢Y,4;q);
(a5152q i @)oo ("t q)

1-1:\1
= as182q .
(51,051, 52q",a52q"; Q) oo (a5152G"; Q)1 ( )

v+1—1.

Since (g ;q); vanishes for v < [, the first sum in (6.3) is over v €

{l,... ,n}.
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Let Sy, (t,s) denote the sum over k in equation (6.3). Applying (1.15)
to (¢7%;¢), and (s2¢'~*/t1;q), we obtain

(6.6)
St s)::(q_",ah¢2q”‘1;q)uq”
e (t1,at1;q),
in: (=) atitag™ ™ k0@ V(1) 52, ks
Py (t19”, at1¢”; Q) k—v (52/t)" (@ Dr—s
_ (q_",atlhqn_l;Q)u(tl/Sz)V3¢2 gV atitaq" VL b /sy 0
(t1,at1;q)y t1q”, at1q” )

From (6.3), (6.5), and (6.6) using the identities (¢**'7:¢)i/(q;q)y =
1/(¢; @)y and

(a51524"; Q) oo
(as182¢”;q);

+1.

2.
= (as152¢" ;@)oo = ((a3132q )oc

as152q%; q)y—1
we obtain the following result.

Theorem 6.1. The connection coefficients in the expansion of the polyno-
mial pp(x,t) in terms of the polynomials {p;(x,s)} are given by the formula

(6.7)

_1§Q)l

1 (as152¢”;q)oo(at151¢)! (g7, atitaq™
& (s) (817a81,82ql as52q'; q)oo (t1,ati;9)
n (n—1) n+l—1 l l. v—l1
t1t _(t
" Z ,atitaq ,82q",as2q";q)—1(t1q/s2)

(t1¢!, at1¢!, as152¢2, ¢; @) v—i

an(t,s) =

X 32 ¢ ) atitag™ L 1y /5o
t1q”, at1q”

q, q), [=0,...,n.

The connection coefficient formula (6.7) can be used to find the connec-
tion coefficients in certain special cases. In Section 2, we computed these
coefficients for the case s = ¢t.

We will now use (6.7) to give another proof of the fact that a, (t,qt) =
0 for I < n—2. In view of (1.8) it is enough to consider the case s =
(qt2, qt1) since for every | € N, pi(x;t1,t2) and pj(z;te,t1), and therefore
the coefficients ay, (t, gt) and a, ;(t, gt*) are linearly dependent, where t* =
(ta,t1). Solet s = gt*. In view of (6.7) it is enough to show that S, ;(t) = 0
for | < n — 2, where S,,;(t) denotes the sum in (6.7) with s = gt*. For this
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sum by (6.7) we have

" (D atitag" i q),
(ati1t2g®+2,q;q) v

(6.8) (1 —t1g")(1 — at1g")Su(t) =

v=lI

(1 _ qf(nfu))(l _ atthqnﬂ/fl)
(1 —t1¢")(1 — at1g¥)

x (1 —t14")(1 — at1¢") (1 —

”_l (n—1) n+l—1.

), atytaq 1 Q)i

—  (at1t2¢®"?,q;q);

X |(1 =t (1 — at1g"™t) — (1 — ¢~ O+ (1 = atthqn-i-l-&-i—l)}

d d+21—1
! - -1 q~ ", atitaq
=q'(—t1 —at1 + ¢ " + at1t2q" " )2 ( at1t2q2l+2 q, Q>
—d d+2l—1
2 9] 201 q~ %, atitaq 2
+ (at1q™ — atitaq™ " )21 ( at1tyq2+? q, q ) ;

with d = n — . We now show that the 2¢; expressions in (6.8) vanish.
For integer numbers d > 0, d; > 0, and d2 > 0 we consider

g, qd2> :

We claim that Ag g, 4,(o,q) = 0if dy + dy < d. Indeed we have

—d dy

(69) A aslna) =20 (75

(% aq™;9); 4,5
———q
(o, 4;9);

M-

<
Il
o

(6.10) Agay a, (0, q) =

I
M~

52 ey

Jl, (a59);

W,
o

I

I
M=~

[d] (2’5 9)a, (_q—<d—dz>)j ¢

Jlg (q)a,

<.
Il
o

where we used the identity

(2q”; Q)a, (5 9); = (5 Q)ar+5 = (2q™;9);(c; @)ay
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l

By the g-binomial theorem (1.14) we have (2;¢); = ) a;5(¢q)2° with coeffi-
s=0
cients a; 5(¢q) = (—1)sq(;) [é] . Then (6.10) can be continued as follows
q
(6.11)
dy d .
1 s d| [ s—(d-d2))’ (2)
Ad,dl,dz(av Q) o (Q;Q)ch SZ:(:)adl,S(Q)a JZ:% |:]:|q ( q ) qr?
d1
= (1/(059)a,) Y aay s(@)a’ (¢ ") q)g =0, d—dy>dy,
s=0

where at the end we used (1.14). From (6.8) and (6.11) we get S, ;(t) = 0
for d = n—1> 2, since in this case it is a linear combination of A44-31(c,q)
and Agg-32(a,q) with a = at1tag® 2. Then a,(t,qt) =0 for | <n — 2.
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