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We show that the critical problem

{ —Au+Adu=u¥"14aqu?l, u>0inQ,

g—L‘:O on 9%, 2< q<2*=2N/(N —2),

has no positive solutions concentrating, as A\ — oo, at interior
points of 2 if a = 0, but for a class of symmetric domains 2,
the problem with a > 0 has solutions concentrating at interior
points of Q.

1. Introduction.

In this paper we consider the semilinear Neumann problem

—Au+ Au = |ul?> “2u 4+ alu/?%u in Q,
% =0 on 01,

(1.1)

where  C RY(N > 3) is a bounded domain with smooth boundary having
certain symmetries (to be specified below), A > 0, a > 0, are constants, v is
the unit outer normal to Jf2, 2* = 2N/(N —2) and 2 < ¢ < 2N/(N — 2).

Certain physical as well as biological situations have been modeled by
such boundary value problems. We refer to [9], for such applications.

Much progress on the existence and qualitative behaviour of solutions for
(1.1) with @ = 0 has been made in the last few years. To state the results,
we define the energy functional associated with (1.1):

1 1 « a
(1.2) I,\(u):/z(]VuFJr)\uQ)Q*/ |u|2 / lu|9, uEHl(Q).
Q Q q.Jq

A solution of (1.1) is called a least energy solution if it minimizes the func-
tional Iy(u) in {u € HY(Q) : (I{(u),u) = 0,u # 0}. Of particular interest
has been the existence of solutions which exhibit a concentration phenome-
non when A\ — oo. This was first shown for the problem
{ —Au+du=uP"t, u>0in Q,

(1.3)

%:O on 0f),
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in the subcritical case 2 < p < 2N/(N — 2), by Lin and Ni in [10], Lin,
Ni and Takagi in [11], Ni and Takagi in [13, 14], where it is shown that
a nonconstant least energy solution exists for A sufficiently large, and that
such a solution must have only one maximum point on €2, which must be
on the boundary 0f2 and tends to the point of maximum mean curvature of
the boundary as A goes to oco.

Similar studies have also been carried out for (1.3) in the critical case
(p = 2N/(N — 2)). In particular, Adimurthi and Mancini [1], Adimurthi,
Mancini and Yavada [2], Adimurthi, Pacella and Yavada [4], and Wang
[24, 26] have established the existence and multiplicity of solutions. In
[3] as well as in [27], the concentration behavior of such solutions is also
established.

A solution of (1.1) is said to be a low-energy solution if its energy is

less than SQL]\/,Q, where S is the Sobolev constant. It has been shown in [4],
[15], that all such solutions share a common property, namely that they are
single-peaked on 92 in the sense that each solution attains its maximum
on , only at one point on 9. In [2] and [20], among other results, the
existence of solutions of (1.3) concentrating at a nondegenerate critical point
of the mean curvature of 0f) as A goes to infinity has been established when
N > 6. It has also been shown in [4], [27] for N > 5, that if Py is a strict
local maximum point of the mean curvature function of the boundary 052,
then for A sufficiently large, there exists a nonconstant low energy solution
of (1.3) with p = 2N/(N — 2), with its peaks Py € 92 converging to Py as
A — 00. See also [28] for a survey. The same result was proved in [21] for
N =3.

In addition to the study of low energy solutions of (1.2) with 2 < p <
2N/(N — 2), recently much effort has been made to study the existence
and qualitative behaviour of higher energy solutions, see for example [20],
[25], [26], [27], [29]. For the special case when the domain has certain
symmetries, Wang in [25], [29], Maier-Paape, K. Schmitt, Z.-Q. Wang in
[16], showed the existence of solutions of (1.3), (p = 2N/(N — 2)); with
multiple peaks (of related symmetry), located on 0€2.

Recently Z.-Q. Wang [25] showed that if Q = —Q, N = 3,4, then for
A sufficiently large, there is a solution of (1.3), p = 2N/(N — 2), which
concentrates at either two points on 9€2 or only at the origin. Wang’s result
does not specify which of the two cases occurs.

To the best of the authors knowledge there does not seem to be any result
on the existence of solutions of (1.3), p = 2N/(N — 2), with interior peaks.
In the sub-critical case there are some results on the existence and location
of interior peaks. See for example [8], [30], [31]. The purpose of this paper
is to study the existence of positive solutions of (1.1) which concentrate at
interior points of 2.
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One of our main results in this paper, Theorem 1.2 shows that if @ = 0 in
(1.1), then there are no positive solutions with interior peaks. On the other
hand, if @ > 0, we show, Theorem 1.1, that, under some symmetry conditions
on , (1.1) has, for large A, a positive solution u) and u) concentrates at
an interior point of {2 as A goes to infinity.

To state our main results, let us first introduce some notations.

For the existence of an interior-peaked solution we shall make the follow-
ing symmetric assumption on €.

(S) There is a subgroup G' C O(N), the orthogonal group in RY, such that
Q is G invariant, that is, x € Q if and only if Gx € 2, 0 € Q, and for any
x € Q\{0}, #Gx > 3. Here #Gx denotes the cardinal number of Gz, the
G-orbit of z.

We approach the existence problem using variational methods. Let Hé
be the subspace of H!(f2), defined by

(1.4) HY = {uec HY(Q) | gu(z) £ u(g(x)) = u(z) forall g G}.

Let I)(u) be defined by (1.2) for u € H}. It is not difficult to check that
there exists 0 Z ug € Hé,(Q) such that ug > 0 and I (ug) < 0.
Define

(15) I'o= {yeC(0.1), HE)|(0) = 0.7(1) = uo}
(1.6) cx = inf sup I)(v(t))
7€l ¢e(0,1]
(1.7) S = inf{m ueﬂl(ﬂ)\{()}}.
Q u

It is known [17] that critical points of I, in H(, are also critical points of
I in H'(Q), and hence classical solutions of (1.1) by standard regularity
arguments. The main difficulty in applying variational methods in this case
is the fact that I fails to satisfy the Palais-Smale condition. Our arguments
for the existence proof are based on establishing that the value ¢ of Iy
in HY lies in (—o0, SM2/N). In such an interval I, satisfies the Palais-
Smale condition. This will establish the existence of a solution w), which
is a “global” minimizer of Iy in {u € H}|(I}(u),u) = 0,u # 0}. Using
concentration-compactness arguments and the symmetry condition (S), we
GN/2

show that I)(uy) — 25—, as A — oo, and that u) concentrates at exactly
one interior point of Q. More precisely, define for x € RY

(1 +1aP)




22 D. CAO, E.S. NOUSSAIR, AND S. YAN

and for p > 0, y € RN u € H'(RV) set
N-—2

(1.8) upny (@) = p 7 u(p(r — y)).

Our first main result is:

Theorem 1.1. Suppose a > 0,9 satisfies condition (S) and q € (2,2*) for
N >4, q € (4,6) for N = 3. Then (1.1) has a positive solution uy for A
sufficiently large. Furthermore,

N—-2

(1.9) lim |lux(z) 1, ® Ul(juaz)

A—00

where 1y — 00, as A — 0.
Our second main result is:

Theorem 1.2. Suppose N > 5. Then (1.1) with a = 0 has no positive
solution uy such that for some integer k > 1

k
Ux — Z Uuu,yi
i=1

with p; x — 00, yg\ € Q, y§\—>yZ €Q, as A\ — oo and y* # y fori,j =
17"'7k7 /L#]

This paper is organized as follows. In Section 2, by exploiting the symme-
try of €2, we establish the existence of an interior-peaked positive solution of
(1.1) with @ > 0, and prove Theorem 1.1. In Section 3 we prove Theorem 1.2
by a reduction procedure.

= ()7
HY(Q)

1.10 li
(1.10) i

2. Existence of interior-peaked positive solutions.

In this section we give the proof of Theorem 1.1. This is accomplished by
the following Lemmas.

Lemma 2.1. Let ug,cy be as in (1.5), (1.6). Then

(i) ¢ does not depend on the choice of uy.

(ii) 0 < ¢y = inf{I\(u) |u € HL\{0}, (I} (u),u) = 0}.

Lemma 2.1 follows by the same argument as in W.M. Ni and I. Takagi
[13].
Lemma 2.2. Suppose a > 0.Let ug, cy be as in (1.5), (1.6). Then

SN/2
N

for g€ (2,2%) if N >4 and for q € (4,6) if N = 3.

O<ey<
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Proof. We only need to construct a suitable test function. Let

1
We(T) = ———x—, €>0.
2

(e +]z[?)
Then, as in H. Brezis and L. Nirenberg [7], we have
N/2
sup Iy (twe) <
tzg A(fwe) N
provided e is sufficiently small. The same argument in [7] then implies that

N,
C)\>0andc,\<%

®. This completes the proof of Lemma 2.2.

The following result can be established using arguments based on the
concentration compactness principle of P.L. Lions [12], see also Struwe [22].
Similar results were given by Z-Q. Wang [25] and D. Pierotti and S. Terracini
[18].

Lemma 2.3. Let A\ > 0 be fized. Let (u,), C H'(), be a Palais-Smale
sequence for I at level ¢ ((P.S). sequence), i.e., I\(un) — ¢ and I} (u,) — 0,
as n — o0o. Then there exi§t integers k1 > 0, ko > 0, a solution u, of (1.1),
ri € Q, and sequences (,uﬁl)n, pi — 00, asm — o0, i = 1,2, -+ kg + ko,
such that, up to a subsequence,

(2.1) Uy — uy weakly in HY(Q), as n — oo,
k1+k2 '
(2.2) Uy — Usg — Z V’%x% — 0, as n — oo,
=1 HL(Q)

k1

1 . 1 o
(23) czmumz(/ e | W)

N 2 RN 2* RN

=1 + +

k1+k2 1 1

- vV - — Vi) .
+Z<2/RN\ N r)

i=k1+1
Furthermore, we have

(2.4) phd(zt,00) < C < oo, i=1,-- ki,
and pld(zt 0Q) — oo, as n— 00, i=Fki+1, -,k + ko.
Fori=1, -+ ki, |VVi € L*(RY), and V' is a nonzero solution of
AV =|V|¥2V zeRY,
(2.5) { v o_ g _B
DN rN = L.

Fori=1ki+1, ..., ki+ko, |VVi| € L2(RN), and V' is a nonzero solution of
(2.6) ~AV=|VI*2V zeRY.
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Proof. By the assumptions on the sequence u,, it is easy to show that {u, }
is bounded in H'(2). Thus there exist u, € Hg such that by choosing a
subsequence we have

U, — u, weakly in H'(Q).

Thus wu, is a weak solution of (1.1). Let v, = wu, — us, then v, is a (P.S)
sequence of I°° defined by

. 1 1
) =g [Vl =g [ o

Furthermore, I°°(vy,) — ¢ — Ix(ux). We can finish our proof by exactly
the same argument used in the proof of Lemma 3.3 in [18] (taking § = 0 in
[18]). For readers’ convenience we give here a sketch in the following.

Let B,(z) denote the ball in RY centered at 2 with radius 7 > 0. We will
extend function v € H*(Q) to H'(RY) by the extension operation E such
that

2%

EW)la=v, [[EO)|gm@y) < CEOQ)v]m10)-
We will denote by the same symbol v and its extension E(v).
Let DY2(RY) be the closure of the set of all the functions in C§°(RY)
with the norm [[ull = [|Vu|| z2@n).
By applying the concentration compactness principle there exist p, >
0,2, € Q,7 > 0 such that

— 2N T
Un:/an Un("i_xn)a
Hn

sup / VP | & e e 0 :/ Vo = 7.
Bi(z) Hn B1(0)

Let Q, = {z ¢ RY ‘ fn + x, € Q}. We then show that v,, converges to
V weakly in DV2(RY) and in HL (RY). As in [22] and [18] we can prove
that the convergence actually holds in the strong H (RY) sense. Thus, V
is not identically zero. From the fact that v,, converge weakly to zero we get
un — 00. Hence,we have the following two cases:

(1) ppdist(zy,02) goes to oo,

(2) ppdist(zy,0Q) is bounded.

In the first case, €, tends to RY and V solves (2.6). In case (2), Q,
converges to a half space in the following sense: Up to a subsequence we
can assume that the x,’s converge to xog € 0€2; moreover if y, realizes the
minimal distance of z,, from 02, we can assume that p,(y, —z,) — 20. Let
W be a neighborhood of 2y and ® : U € RY — W be a diffeomorphism
such that (U NRY) = WNQ and (U NRY"H) = W N oQ, and let

€0 = O (yn) — &0 = D7 (20). Define (&) = pn[®(: + €,) — 2] The

satisfies
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®,,’s are charts for ﬁ; and converges C'! on compact subsets 9£ RN to linear
differmorohism zg + d®(§p). In this sense the boundaries 02, converge to
the hyperplane (z — zp) - v(z9) = 0. Of course we can change our coordinate

system over RV in such a way that zp = 0 and v(zg) = —ey. With this
convention we conclude that V solves (2.5). We can finish our proof by
iterating the above procedure. O
Remark 2.4. Notice that,

1 , 1 o 1

/ yvv1|2—/ V2 > ——sN/2 fori=1, -,k

2 Rf 2* Rﬁ 2N

1 . 1 . 1

/ VVi? — / Vi > =8N2 fori=ki+1, - ki + ko.

2 JpN 2* JrN N

Remark 2.5. Notice that, by (2.2), u, — u. concentrates, as n — oo, at
the points z, i = 1, --- k1 + ko. By (2.4) the points «%, i = 1, -+, kq,

approach 9. It then follows from u, — u, € H}, and condition (S), that
either k1 =0 or k1 > 3.

Lemma 2.6. I, satisfies the (P.S). condition in H5(Q) for ¢ € (—oo,
SNI2/N).
SN/2

Proof. Suppose {u,} C H}(Q), up, > 0, is a (P.S). sequence, with ¢ < N
It follows from Lemma 2.3 that there are integers ki, ko > 0, a solution wu,
of (1.1), and sequences z!, € Q and u!, — oo, such that (2.2)-(2.4) hold.
We first notice that ko = 0 since, otherwise, ¢ > %/2, contradicting our
hypothesis on ¢. Notice also (see Remark 2.4) that k1 = 0 since, otherwise

k1 > 3, which implies that ¢ > 3*;%/2 contradicting our hypothesis on c. It
then follows from (2.2) that u, — u. strongly in H'(), as n — oo. This
completes the proof of Lemma 2.6. O

Lemma 2.7. Assume Q satisfies condition (S) and q € (2,2%) for N > 4,

q € (4,6) for N =3. ThencAH%ﬂ, as A — 00.

Proof. To prove Lemma 2.7, we only need to show, by Lemma 2.2, that
SN/2

(2.7) lim ¢y >

A—00

We argue by contradiction. Suppose that we have a sequence A\, — o0, as
n — oo, such that
SN/Q

N
It follows from Lemma 2.2 and Lemma 2.6 that for each A, (n large enough)
we have a sequence {u,} C H}(Q) satisfying
SN/2

N

Cy, > <

(2.8) I, (up) =cy, —c<
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On the other hand, we have I (Jun|) = Iy, (uyn), which means that |u,|
achieves inf{Iy, (u) : u € H5\{0}, (I} (u),u) = 0}. By Langrange principle
we have I'(u,) = 0. Thus, without loss of generality we can assume that
Up > 0,uy # 0 and satisfies

*® —1 .
{—Aun + Aty = u2 1+ aud; in Q,

2.9
(2:9) %Llf =0 on 0f).

By the standard regularity procedure and maximum principle we have u,, >
0 in Q. It follows from (2.8), (2.9), and the Hélder’s inequality, that

(2.10) 0</t < / (Vg |? 4+ A < Lo,
Q

uniformly for n, where ¢; and {5 are some positive constants, independent
of n. Hence by passing to a subsequence if necessary, we may assume that
up, — 0 weakly in H'(Q2), and by the compact embedding of H!()) —
L2(Q), [qu2 — 0as A, — oo. Set

_(N=-2)

vp(x) = Ay ° un<\/%>, erné{x‘\/%eQ}.

Then v, (x) satisfies

—Avp +o, =02 4 )\%vqfl in Q,,
(2.11) vy >0 in Oy,

%L: =0 on 08y,
where

2* —¢q
o= (N —-2)>0.
We also have
1 1 * a

2.12 =_ Yo, |? 2 - A q
1) e =g [ wulado g [ - [

Set
Yn(z) = Xan, |Un|2*7

where x, is the characteristic function of Q,. Then [y ¥n(z)dz =
an |v,]|?". Without loss of generality, we may assume that an [v,|?" —
¢ >0, as n — oo, by (2.10). We now apply the concentration-compactness
principle of P.L. Lions [12] to ¢, (x). We then have that one of the following
three cases must occur:

(i) vanishing

(ii) compactness

(iii) dichotomy.
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If (i) occurs, then, by a result of Z.-Q. Wang, Lemma 4.6 in [26], we
have [q, [vn|* — 0, as n — oo, which leads to [, [Von|* +vi — 0, as
n — oo, contradicting (2.10). Thus (i) is excluded. As in Z.-Q. Wang [27]
(iii) implies ¢y, > 352];\],/2 +0(1), since vy, € HE(,). This contradicts (2.8).

We show next that (ii) cannot occur. Suppose (ii) occurs, that is, there is
a sequence {yn}, yn € Oy, such that for all € > 0, there is R, > 0, satisfying

(2.13) / o> >0 — €
BRr(yn)Nn

for all R > R..
We claim that {y,} is bounded. In fact, since v, € H}(Qy), if |yn| — oo,
as n — 0o, we get a contradiction to (2.13). Hence suppose y, — 4o.

Set
4/(N=2)
Hn = <maxvn(m)> :
e

We claim that

(2.14) lim g, = oo.

n—oo
To prove (2.14), suppose, to the contrary, that {u,} is bounded. Since
Ja. [Von >+ |vn|* = [ [Vun|? + Anu2, is bounded by (2.10), we may assume
that

(2.15) v, — vo  weakly in H'(RY).
Hence
2 1 2
(2.16) / v, = 2*/ Un
BR(yn)an N’EL 4 )(2 72) BR(yn)an
1 . 1
= — v > —(l—¢)
Hn J B, (yn)NQ2 Hn,

On the other hand,

(2.17) / vg > lim v2>a >0
Bar(vo) 70 Br(yn)NQ2

by (2.16), for some a > 0, which implies that vy > 0, vg Z 0. But vg solves

—Avg + v = US*_I in RN
vo > 0 in RV,
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by (2.11), which is impossible, since the above equation has no solution.
This proves (2.14). Set

_Wv=2) x
wn(x) = Mn * Un < ,—'u > ’ T € V ,U'nQny
Qn vV MnQn =\ MnAnQ

Then w,, satisfies

lI>

* —1 . ~
—Awy, + ;%nwn = w?z + ,\oa 5 Wi in €y,
’I’LI’I‘TL ~
(2.18) wy, >0 in Q,,
Own __ 0
g =0, on 09,

and

/vanﬁ _ / Vo2
N On
/ ’wn2* = / ’Un|2*'

By standard elliptic regularity arguments, we have
w, € C*(D),

w, — W in CfOC(]RN),

for any compact subset D C RY. Hence wy satisfies
—Awg = wg*fl in RV,
|Vw0’ S L2(]RN)7
wo € L¥ (RY),
max, gy wo(z) = 1.
By the uniqueness of solutions of the above problem, we conclude that
N-—2

wo(z) = ,uOT_U(,/,uo(m —y)) for some pp > 0, y € RY, such that wy(y) =
max wo(x). Furthermore, we have

z€RN
[ vuP = s
RN

/ wd = SN2,
RN

Therefore, from [py |Vwo|? < lim,,_,. Ja, |Vw,|?, we obtain

hrnn—>oo/: ‘vwn|2 2 SN/27
Qn
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and
(2.19)

1 1 1 . a SN/2
1. - v 2 _ 2 . 2 _ / q > ,

since
1 1 1 1 .
g /g DY <2un /Q g /g o >

by the Holder’s inequality.
But (2.19) contradicts (2.8), and we conclude that compactness cannot
occur. Therefore (2.7) follows. This completes proof of Lemma 2.7. O

Proof of Theorem 1.1.

Using Lemmas 2.2 and 2.6 we can obtain the existence of positive solution
uy € HL. To establish (1.9), we follow the argument in Lemma 2.7 to show
that only compactness can occur. By arguments very similar to that in the
proof of Lemma 2.7 we show that there exists a sequence {fi)}, fiyx — o0,
such that

__N-2 T _
fy *oun <\//K) —wo = p) PU(Vio(z —y)), as A — oo,

in CI%C(RN), for some constant pg > 0, y € R™, and
= (N-2) T N-2
By toun <\/,L~T,\> — o U(\/HO@‘?J))H — 0,
HY(Qy)
— 1
as A — 0o, where Q) = \/KQ'
By the symmetry assumption, we have y = 0, and
. (N—2 -
ux(@) = (pofin) * U(\/ pofir @) — 0,
HY(9)
as A — 0o. This completes the proof of Theorem 1.1. (]

3. Nonexistence results.

In this section we show that (1.1) with a = 0 does not have solutions con-
centrating, as A — oo, at interior points of §2.
Consider the problem

{ —Au+du=u>"1, u>0inQ,

gu—0 in O

Let k=1,2, ---, be fixed.

(3.1)
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Define for p = (u1, -+, k) eR’i,y:(yl, ayk)GQk:

(3.2) Er, = {w e H(Q) | <Uui,yi,w> =0,
A

where (u,v)) = / VuVv + Auv. For § > 0, define
Q

(3.3)

M = {(a,u,y,w) ta=(an, o) €RE, = (- ) €RE.
y:(yla ayk) Gka weEllj,ya

1 .
lo; — 1] < 0, p; > 5 dist(y*, 09) >

fori=1, -k, [|w]| < 5}.
In this section we will denote

(3-4) [

/|Vu2+u2 for we HY(Q),
Q

lly = [l o gz1we i@,
Q

Let for (o, p,y,w) € ME, Ly be defined by

k
(3.5) Ly(a, pyy,w) = Iy (Z a; Uy, i + w) )

i=1
It is now well-known (see Bahri [5]) that if 6 > 0 is small enough, then for
k
(o, p,y,w) € Mf, u = ZaiUm’yi + w is a critical point of I(u) in H'(Q)
i=1

if and only if (o, p,y,w) is a critical point of Ly(a, i, y,w) in Mé“, which
is equivalent to the existence of a* € R, b € R, c@ eRfori=1, -k,
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£=1,--- N, such that the following equations hold:
oI U, i +
(3.6) H(Ei iU 9 0 i1k
80@
(3.7)
O(EE @il +w)(d) & { < > <8U
= = a{U, iy —}—bz Ty ,90>
Ow ZZ; Hiy A Op; A
N
oU,, i
+ cz< “Zi’y,cp> } Ve H(Q)
; Iy A
ol iU, i + ) %U, i N /9%
(3.8) Ay Uy ) —b’< F ,w> +Zc;<“zﬂg ,w> :
y; Opwidy; [ =\ Oydy; /[y
(3.9)
OL(XE  aiU,, i +w) :bj<52UM,yj > +§: <32 o >
O O3 = "\ owoy, /a
i=1,2, ...k

Before giving the proof of Theorem 1.2, we give the few inequalities that
will be needed for our proofs.

By a result of Z.-Q. Wang [27, Lemma 2.3], we have for N > 5 m > 1,
we Ry, and o € (0,1) close to 1, a constant C(¢) > 0 which is bounded if

is bounded, such that

l1-0
e
o m2-o & o 9
3100 | [ O] < (1= §) OO el + 5 el
2(1 —
for any w € H'(Q2), where 6 = M.
-0
Direct computation shows that for any w € Ejj  and p € Ry
3.11 Uzlw‘:/ ”’yw—)\/U w
( ) a Yy 50 D) Q Yy
U, |\ 4 2(N —1)
< 1) =2\ 7
< (ol 00 ) vt [ (o= 2570)
1
=0 (i ) Il 2| [ G-
From
=0 () o
—=|=0(—= ULy, |5=|=0uU0,y),
' a,u M 122Y%} 8y1 ( My)
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(3.10) and (3.11) , we then have

] = o)t o (5 1
— O i w *+O w
. on pE lwll$ . lwlla

U,y ‘ B (
o 0y
where ¢ is as in (3.10).

(3.14) /UQ* ZaU’“/

(3.12)

(3.13)

)lelz*+0( Yl

=~

@)

IN

oU,
wl + A Yy,
)IH o

« 50U, 1 ov,
(3.15) /U2 _2RY < 0( N2)||w\|+A — B,
Q

oy ay B 2 Q 33/1

t

for any w € Eﬁyy. (3.14) and (3.15) can be established as (3.11).

Proof of Theorem 1.2.
We argue by contradiction. Suppose (3.1) has a solution uy
(1.10) holds. It follows from Bahri [5], Rey [19], that for A large

k
(3.16) uy =Y iUy, g +wa,

with a; x > 0, p;x > 0, y’)\ € Qand wy € Eﬁ»yw for px = (i, -~

Yx = (y}n ,y’j), satisfying

(3.17) aiy—1 as A—oo, i=1,--,k,
(3.18) lwrl]l =0 as A — oo,

(3.19) y§—>yi as A—> oo for i=1,- - k.

such that

Huk,)\)a

To simplify our notations, we write o y, yg\ and wy simply as «ay, s, y
and w, respectively, for i = 1,..., k. By taking ¢ = w in (3.7), we have

=1 =1

k =2 g
ZaiUWyi +w ZaiU%yi +w | w,
Q1i=1 i=1

k k
/ \V4 (Z a;U,; yi —l—w) Vw+ A (Z a;U,; yi —l—w) w
Q : :
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which gives

(3.20) \Vw]z + w?

k
2 -1 [ 21 % 2%_2 252 2
Z / it @ T (2" =1) Z & /QUm,y" w
O(wll3+),

S

for some ¢ € (0, min{2* —2,1}). From (3.10), (3.11), and (3.20), we obtain

k

(3.21) /Q\Vw|2+)\w2—z%);;aai/gw2
k
_ 71 Z 2% 2/ 3;1!2&)2
k A - k 1
=0 <Z 12> lw]l3- + O <Z N/2> [[wl]-

i=1 M

And from a result of Bahri [5], we have, for A large,

(3.22)
1 k
Vwl? 4+ =\ 2_(2* -1 ?*—2/ > /v
Jrvat+ 3 [ ot el U [Vl
where pg > 0 is a constant, independent of X, u;, v%, i =1, ..., k.

Taking m suitably large, we obtain from (3.21) and (3.22) that
L\ 5 LI
(3.23) /Q IVw|? + Aw? =0 (Z M2> w5 + O (Z m) wl],
i=1 i i=1 My
which gives

k % k
(3.24) /Q IVw|? + \? =0 (Z <:2> ) +0 (Z :N> .
i 2 =1

=1



34 D. CAO, E.S. NOUSSAIR, AND S. YAN

On the other hand we obtain from (3.6), for each j =1, ... , k,
k k
(3.25) /QV (Z iUy, i + w) VU0 A (Z U, g + w) Uiy o
i=1

i=1
/ k
Q =1

Ui’i—f-u)

2*-2 ,
(Z iUy, yi + w) U i
i=1
L | 2% 2 2% -1
= q; /Qng,yJ + (2 l)aj /Qng,y

k
* 2% —2 2%—1 )
Y U,
. w

i=1
i#£]

2% —1—6 1+9 2% —1-0), |1+6
. w
+0 Z/ Uu; yI uzy +/QUMj,yJ ’
%#J

for some 6 € (0,2* —2).
Using estimates in Bahri [5] and (3.10), (3.11), we obtain

(3.26) a2 _1/ 2*7y] aj/\V Mmyj\Q

_)‘ZO"/

1 b 1
+O | 5z | Il +0| Y ==
i ;;uﬁ I

k k 2
A 2—6
= )‘E :O‘i/QUm,yi JTERY +0 <§ : (Iu2> >
i=1 ; i

. 1 =1
¢ (2 uf“) '

Notice that, from the definition of U, ,, there exist two positive constants
Dy, Do, depending on N only, such that

D / 9 D2
3.27 < u:., <
(3.27 U<
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1 .
(3.28) / U U2 =0 | 5= === | i v' #v",
Q
My ™ Mo

and from (3.26) we then have

1
(3.29) aj—1= (Z 2>forj—1,---,k,

“J i—1 '“

~ ~ A
where D; € R! satisfies %Dl < Dj < 2D,. Therefore — — 0 as A — oo,
Hj
since o — 1, p; — 00 as A — 00.
Next we establish a contradiction. Let us consider the left-hand side of

(3.9), which we denote by L;, for j =1, --- ,k. We have

oU,
(330)L; = / (Za Mz+w>v a‘”’y]
Hj
k
ou, .
+A U, i +w | —22%
(Zzl iy ) a'u]
k
_/Q =1
u 7 oy
— al/v “ylv J —|—)\Za,/ iy
_a2 L UQ*—18UM,1/7'
J Q gy 8,LL]

. . 2—2 2*—2 ug,yﬂ _
1 Z ,u],y . Um,y’

l#y

—(2* - 1)a2~*2/ pr-2uy,
Q H’]vy au‘]

Ui’i+w

2% —2
oU, . .;
ZO‘Z Lyt TW e

k
. 1
1+0 2—1 0 1+9 =
#J

for some 6 € (0,2* — 2).
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Using (3.12), (3.14), the estimate in (3.24) for w, and the estimates in
Bahri [5], we obtain

k 2-5
A A 1 A 1
H; ,U«‘? =1 2 M 127
oA
1 1 )
+0 | g | ol 40 () Il
,UJjZ J
LI
+O | Y 5=z
2
i 1

J /,,L Z::l, luz 2 /"L /‘I’]
k (2% —1) 2=
1 A 2-5
+O| 5 | +0( -3 (2) :
j Hi iz \ M
where D3 is a positive constant.
k
To estimate the right-hand side of (3.9) for uy = Z a;U,, i +w, we need
i=1
first to obtain estimates of b, c@ fori=1,---,k, =1, ---,N. To this end,
U, i U, i
we take ¢ = U, s, 1y Y dﬂforj:1,---,k,s:1,-~,N,
7 Oy Oy

respectively, in (3.7). We obtain a system of linear equations satisfied by a’,
b, cpi=1,--- k, £=1,--- N, as follows:

k k
; o [ SOU,
(332) > a /Q VU, i VU, i +Zb /Q V#VUMM
i=1 =1
+che/v MY T,

=1 (=1

k
Ay (Z iUy, i + "") (Upsj9)
i—1 .

= = =1,...,k
aw 07 j M M M
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(3.33)
k J i J
Z}f vmyv Vs v }:H/v W”v Uns v
- Ja O
k N ;
+ Q/v “yv Uiy
; —1 a@/g Nj
- U, i
ol Z;aiUM’yi +w < B ) .
— i= T for j=1,--- .k
Bw OZJ 7 or J ’ s vy
(3.34)

i i aUﬂjvyj a i aUm,yi 8U#j:y-7
E:a/V%wN 8j+§:b/v SV
=1 79 Ys -1 /9 Hi ys

k N
, ou. . 00U, .
+ Cl/ \V4 Mz;y \V4 /‘ij
ZZ Yo oy oyl
k
ou, i
al)\ (Z OéiUM7yi er) < ;ngy >
- i=1
N ow ’

k k
ou, i U, .
= [V U, i +w | V—E22 4 ) U, i 4w | —22
/ﬂ (2 " ) Oy (2 " ) oy
2% -2 k
U, .
=1

Iy
aqu fyj
Y3

k

_/Q;

2 :aiUMnyi tw
=1

k

3 /VU v +A§k: /U
= (673 iV (67} .t
— Q MiY ayg — Q MiY

. . 0U,
2 —1/ 2 -1 m
Q

J iyl J
MY ays
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*_ *_ ,yJ
_ _1 2 22 : 2 2 NJ U
ugyy oyl J HisY
1#]

. oU,,. .
_ (2* _ 1)06? —2/ U,u- i NJ?yJ w
o "7 Oyl

146 2 —1-07 7140 ‘
Ouy) ]+ + 0 Z/qu,yj e
#J

(for some 0 € (0,2" — 2))

1 TR
+O< )+O(N])Z<2> ) j:]-uaka 5217
Hj H

i=1 \"J
From (3.32)-(3.34), and the estimates in Bahri [5], we deduce
k
A 1 A
(3.35) v O<M>+O Y = | =
J i=1 fh; M 2




INTERIOR-PEAKED SOLUTION 39

Substituting (3.35), (3.36) into (3.9), and using (3.31), we obtain

2

k 2-5
A A 1 A 1 1
(337) -5Ds=0(-%|> —=+0|5 —+0|—
H; /~Lj2 i1, p) M K M5
k (2*_1)233
1 A
14 ; I
k
A 1 A
= -~ Z N—2 + o0 3| ] = 17 7k7
,ujz =1y M5

where D3 is a positive constant.

A
For N > 6 (3.37) is clearly impossible. For N = 5, notice that — — 0

i

as A — oo. Applying the Holder inequality to the term ~5/3 320 We then
] (2
obtain
A /A
(3.38) —3D3_Zo<3>, j=1,---,k
H; i=1 Hi
A contradiction. This completes the proof of Theorem 1.2. O

Acknowledgments. After this work was completed, C. Gui told us that
he, cooperated with others, has obtained a nonexistence result for k = 1 (one
peaked solutions) when N = 3 similar to Theorem 1.2 by using a different
method.
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