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We show that the Vassiliev invariants of the knots contained
in an embedding of a graph G into R3 satisify certain equa-
tions that are independent of the choice of the embedding of
G. By a similar observation we define certain edge-homotopy
invariants and vertex-homotopy invariants of spatial graphs
based on the Vassiliev invariants of the knots contained in a
spatial graph. A graph G is called adaptable if, given a knot
type for each cycle of G, there is an embedding of G into R3

that realizes all of these knot types. As an application we
show that a certain planar graph is not adaptable.

1. Introduction.

Throughout this paper we work in the piecewise linear category. Let G be
a finite loopless graph. Let SE(G) be the set of all embeddings of G into
the three-dimensional Euclidean space R3. An element of SE(G) is called
a spatial embedding of G. The image of a spatial embedding of G is also
called a spatial embedding of G so long as no confusion occurs. A spatial
embedding of a graph is called a spatial graph. The study of spatial graphs
up to ambient isotopy is a branch of knot theory. The knots and links
contained in a spatial graph are primitive invariants of the spatial graph.
The following interesting theorem on knots and links in a spatial graph is
shown in [3]. Let Kn be the complete graph on n vertices.

Theorem 1.1 ([3]). (1) Every spatial embedding of K6 contains a non-
trivial link.

(2) Every spatial embedding of K7 contains a nontrivial knot.

In fact the following theorem is shown in [3].

Theorem 1.2 ([3]). (1) For any element f of SE(K6), the sum of the
linking numbers of all two-component links contained in f(K6) is odd.

(2) For any element f of SE(K7), the sum of the Arf invariants of all
knots in f(K7) containing all vertices of f(K7) is odd.

191

http://pjm.math.berkeley.edu/pjm
http://dx.doi.org/10.2140/pjm.2001.200-1


192 YOSHIYUKI OHYAMA AND KOUKI TANIYAMA

Since the linking number of a trivial two-component link is zero and the
Arf invariant of a trivial knot is zero, Theorem 1.1 is an immediate corollary
of Theorem 1.2. The above theorems imply that the knots and links in a
spatial graph are mutually dependent in general. We refer the reader to
[16], [7], [14] and [15] for related results and [21] for a higher dimensional
analogue.

The main purpose of this paper is to give a generalization of Theorem 1.2.
We show that the Vassiliev type invariants of order at most n of the knots
contained in a spatial embedding of G satisfy certain equations that are
independent of the choice of the embedding of G if the graph G is sufficiently
large in comparison with n. We remark here that the linking number and the
Arf invariant are the Vassiliev type invariants of order 1 and 2 respectively.

We refer the reader to [23], [2], [1], [4], [17], [8], [12], [13] etc. for
Vassiliev type invariants.

A graph is called planar if it is embeddable into a plane. A plane graph is
a spatial graph that is ambient isotopic to a spatial graph on a plane in R3.
As an application we show in Corollary 3.2 that the knot types in a spatial
embedding of the graph in Figure 1.1 satisfy a nontrivial condition. In fact
we have, for example, that there is no embedding of the graph in Figure 1.1
that contains just one trefoil knot containing all of the vertices of the graph,
and contains no other nontrivial knots. Note that the graph in Figure 1.1 is
the first planar graph which is known to have such a property.

Figure 1.1.
Then we define certain edge-homotopy invariants and vertex-homotopy

invariants of spatial graphs based on the Vassiliev type invariants of the
knots contained in a spatial graph. Here edge-homotopy allows crossing
changes of an edge with itself and vertex-homotopy allows crossing changes
of two adjacent edges. Then we show in Example 3.6 that none of the graphs
in Figure 1.2 is edge-homotopic to a plane graph.
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Figure 1.2.

2. General results.

Let R be a commutative ring with unit 1. Let v : SE(G) → R be an
ambient isotopy invariant. Namely, v is a map from SE(G) to R such that
v(f) = v(g) for any ambient isotopic embeddings f and g. Let SEi(G) be the
set of all i-singular embeddings of G into R3 where an i-singular embedding
is a continuous map whose multiple points are exactly i double points of
edges spanning small flat planes. Such a double point is called a crossing
vertex. Then, under a given edge orientation of G, v is uniquely extended
to an ambient isotopy invariant vi : SEi(G) → R by the recursive formula

vi(f0) = vi−1(f+)− vi−1(f−)

where f0, f+ and f− are related as illustrated in Figure 2.1.

Figure 2.1.
Here we only consider ambient isotopies that preserve a small flat plane at
each crossing vertex. We say that f+ (resp. f−) is a positive (resp. negative)



194 YOSHIYUKI OHYAMA AND KOUKI TANIYAMA

resolution of f0 at the crossing vertex illustrated in Figure 2.1. Let n be a
natural number. We say that v is a Vassiliev type invariant of order at most
n if vn+1 : SEn+1(G) → R is a zero map. (Then we have that vm is a zero
map for m ≥ n + 1.) It is easy to check that the definition of Vassiliev
type invariant of order at most n is independent of the choice of the edge
orientations.

Now we fix a ring R and a natural number n. Let Ω(G) be the set of
all subgraphs of G. Let Γ be a subset of Ω(G). Suppose that for each
γ ∈ Γ, a Vassiliev type invariant of order at most n vγ : SE(γ) → R is given.
(Possibly vγ is a zero map.) Let ω : Γ → R be a map. Then we define an
ambient isotopy invariant v = v({vγ}, ω) : SE(G) → R by

v(f) =
∑
γ∈Γ

ω(γ)vγ(f |γ).

Note that when Γ = {G} and ω(G) = 1 v is just a Vassiliev type invariant
of G of order at most n. We include this case in the following. In general
we have the following proposition.

Proposition 2.1. v is a Vassiliev type invariant of order at most n.

Proof. Let f be an element of SEn+1(G) and c1, · · · , cn+1 the crossing ver-
tices of f . Let P be a subset of {1, · · · , n+1}. By fP we denote an element
of SE(G) that is obtained from f by resolving ci positively if i is contained
in P and negatively if i is not contained in P . Then we have

vn+1(f) =
∑

P⊂{1,··· ,n+1}

(−1)n+1−|P |v(fP )

=
∑

P⊂{1,··· ,n+1}

(−1)n+1−|P |

∑
γ∈Γ

ω(γ)vγ(fP |γ)


=

∑
γ∈Γ

ω(γ)

 ∑
P⊂{1,··· ,n+1}

(−1)n+1−|P |vγ(fP |γ)

 .

Therefore it is sufficient to show that∑
P⊂{1,··· ,n+1}

(−1)n+1−|P |vγ(fP |γ) = 0

for each γ ∈ Γ ⊂ Ω(G).
First suppose that some ci is not a crossing vertex of f |γ . Then for each

P ⊂ {1, · · · , n + 1} with i ∈ P , fP |γ and fP−{i} |γ are ambient isotopic.
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Therefore∑
P⊂{1,··· ,n+1}

(−1)n+1−|P |vγ(fP |γ)

=
∑

P⊂{1,··· ,n+1},P3i

(
(−1)n+1−|P |v(fP |γ) + (−1)n+1−(|P |−1)v(fP−{i} |γ)

)
= 0.

Next suppose that every ci is a crossing vertex of f |γ . Then we have that
f |γ∈ SEn+1(γ) and∑

P⊂{1,··· ,n+1}

(−1)n+1−|P |vγ(fP |γ) = (vγ)n+1(f |γ) = 0.

�

An i-configuration on G is a pairing of 2i points on the edges of G. A real-
ization of an i-configuration is an element of SEi(G) whose crossing vertices
correspond to the pairing. Let e1 and e2 be edges of G (possibly e1 = e2).
We say that f and g in SE(G) are (e1, e2)-homotopic if g is obtained from
f by a series of crossing changes between e1 and e2 and ambient isotopy.
Here a crossing change between e1 and e2 is a change of a crossing whose
over-path belongs to an image of e1 and under-path belongs to an image of
e2.

Theorem S. The following conditions are mutually equivalent.
(1) v(f) = v(g) for any (e1, e2)-homotopic embeddings f and g in SE(G),
(2) vi(f) = 0 for any f in SEi(G) with 1 ≤ i ≤ n that has at least one

crossing vertex of e1 and e2,
(3) for any i-configuration C on G with 1 ≤ i ≤ n that has at least one pair

of points one on e1 and the other on e2, there is a realization fC ∈ SEi(G)
of C such that vi(fC) = 0.

Proof. (1) → (2) It is sufficient to show that v1(f) = 0 for any 1-singular
embedding f ∈ SE1(G) that has just one crossing vertex of e1 and e2. The
two resolusions f+ and f− of f are (e1, e2)-homotopic embeddings. Therefore
v(f+) = v(f−). Thus v1(f) = v(f+)− v(f−) = 0.

(2) → (1) It is sufficient to show the case that g is obtained from f by a
crossing change of e1 and e2. Let h ∈ SE1(G) be the 1-singular embedding
that corresponds to the crossing change between f and g. Then we have
v(f)− v(g) = v1(h) = 0.

(2) → (3) It is clear.
(3) → (2) First we show that vn(f) = 0 for any f in SEn(G) that has

at least one crossing vertex of e1 and e2. Let C be the n-configuration on
G that corresponds to f . Let fC be the realization of C with vn(fC) = 0.
We note that f and fC are transformed into each other by a sequence of
crossing changes and ambient isotopy. Since vn+1 : SEn+1(G) → R is the
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zero map (Proposition 2.1) crossing changes do not change the value of vn.
Therefore we have vn(f) = vn(fC) = 0.

Next suppose inductively on i that vi(f) = 0 for any f in SEi(G) that
has at least one crossing vertex of e1 and e2. Then similarly we have that
vi−1(f) = 0 for any f in SEi−1(G) that has at least one crossing vertex of
e1 and e2. This completes the proof. �

As follows we can actually check whether or not these conditions hold.
For each i-configuration C on G with 1 ≤ i ≤ n that has at least one pair of
points one on e1 and the other on e2, choose any realization fC ∈ SEi(G) of
C. If vi(fC) 6= 0 for some configuration C then we have that the condition
(2) does not hold. If vi(fC) = 0 for each configuration C then we have that
the condition (3) holds.

We say that f and g in SE(G) are
(1) edge-homotopic if g is obtained from f by a series of “self-crossing

changes” and ambient isotopy. Here a self-crossing change is a change of a
crossing whose over-path and under-path belong to an edge of G. Namely,
edge-homotopy is the equivalence relation generated by (e, e)-homotopies for
all edges e,

(2) vertex-homotopic if g is obtained from f by a series of “crossing
changes between adjacent edges” and ambient isotopy. Here a crossing
change between adjacent edges is a change of a crossing whose over-path
and under-path belong to two edges that have a common vertex. Namely,
vertex-homotopy is the equivalence relation generated by (e1, e2)-homotopies
for all pair of adjecent edges e1, e2.

We note that edge-homotopy and vertex-homotopy are equivalence rela-
tions on spatial graphs introduced in [18] as generalizations of Milnor’s link
homotopy [9]. We remark that edge-homotopy implies vertex-homotopy
since G is loopless [18].

The following three parallel theorems are immediate consequences of The-
orem S.

Theorem A. The following conditions are mutually equivalent.
(1) v(f) = v(g) for any f and g in SE(G),
(2) vi(f) = 0 for any f in SEi(G) with 1 ≤ i ≤ n,
(3) for any i-configuration C on G with 1 ≤ i ≤ n, there is a realization

fC ∈ SEi(G) of C such that vi(fC) = 0.

Theorem B. The following conditions are mutually equivalent.
(1) v(f) = v(g) for any edge-homotopic embeddings f and g in SE(G),
(2) vi(f) = 0 for any f in SEi(G) with 1 ≤ i ≤ n that has at least one

“self-crossing vertex”,
(3) for any i-configuration C on G with 1 ≤ i ≤ n that has at least one

pair of points on an edge, there is a realization fC ∈ SEi(G) of C such that
vi(fC) = 0.
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Theorem C. The following conditions are mutually equivalent.
(1) v(f) = v(g) for any vertex-homotopic embeddings f and g in SE(G),
(2) vi(f) = 0 for any f in SEi(G) with 1 ≤ i ≤ n that has at least one

“crossing vertex of adjacent edges”,
(3) for any i-configuration C on G with 1 ≤ i ≤ n that has at least one

pair of points on two edges that have a common vertex, there is a realization
fC ∈ SEi(G) of C such that vi(fC) = 0.

Here a self-crossing vertex is a crossing vertex of a single edge and a
crossing vertex of adjacent edges is a crossing vertex of two edges that have
a common vertex. We note that we can actually check whether or not the
conditions in each of Theorem A, Theorem B and Theorem C hold as before.
The proofs of Theorem A, Theorem B and Theorem C easilly come from
Theorem S and we omit them.

Suppose that for each γ ∈ Γ ⊂ Ω(G), φγ ∈ SE(γ) is given. Then we say
that a set of spatial embeddings {φγ ∈ SE(γ) | γ ∈ Γ} is realizable up to
ambient isotopy if there is an element f of SE(G) such that the restriction
map f |γ is ambient isotopic to φγ for all γ ∈ Γ. As an immediate corollary
of Theorem A we have the following theorem.

Theorem 2.2. Suppose that the conditions of Theorem A hold. Let f be
an element of SE(G). Then a set of spatial embeddings {φγ ∈ SE(γ) | γ ∈
Γ} is realizable up to ambient isotopy only if

∑
γ∈Γ ω(γ)vγ(φγ) = v(f) =∑

γ∈Γ ω(γ)vγ(f |γ).

Remark. (1) Since the mod 2 linking number and the Arf invariant are
order 1 and 2 Vassiliev type invariants respectively, Theorem 1.2 serves
examples of Theorem 2.2 where the ring R = Z/2Z. In fact it is not hard to
check that the condition (3) of Theorem A holds for v the sum of the linking
numbers of the links in a spatial embedding of K6, and for v the sum of
the Arf invariants of the knots in a spatial embedding of K7 each of which
contains all of the vertices of K7. The spatial embedding of K6 illustrated in
Figure 2.2 contains just one nontrivial link as in Figure 2.2 and the spatial
embedding of K7 illustrated in Figure 2.3 contains just one nontrivial knot
as in Figure 2.3, cf. [14]. Thus we have Theorem 1.2.

(2) Since the second coefficient of the Conway polynomial of a knot is an
order 2 Vassiliev type invariant, the edge-homotopy (resp. vertex-homotopy)
invariants defined in [19] are examples of Theorem B (resp. Theorem C).
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Figure 2.2.

Figure 2.3.
We sometimes restrict our attension to certain class of embeddings of

a graph G and find some relations among the spatial embeddings of the
subgraphs of G that may not hold in an arbitrary embedding of G.

Theorem D. Let Ti(G) be a subset of SEi(G) for each i with 1 ≤ i ≤ n
and Tn+1(G) = SEn+1(G). Suppose that for any f ∈ Ti(G) with 1 ≤ i ≤ n
there is an element g ∈ Ti(G) with vi(g) = 0 and a sequence of crossing
changes from f to g such that the corresponding (i+1)-singular embeddings
of G are contained in Ti+1(G). Then vi(h) = 0 for any h ∈ Ti(G) with
1 ≤ i ≤ n.

Proof. First suppose that h ∈ Tn(G). Then by the assumption there is
u ∈ Tn(G) with vn(u) = 0 and a sequence of crossing changes from h to u
such that the corresponding (n + 1)-singular embeddings are contained in
Tn+1(G) = SEn+1(G). By Proposition 2.1 we have that vn+1 is the zero
map. Therefore we have vn(h) − vn(u) = 0 and vn(h) = 0. Next suppose
inductively that vi+1(h) = 0 for any h ∈ Ti+1(G). Let h ∈ Ti(G). Then
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there is u ∈ Ti(G) with v(u) = 0 and a sequence of crossing changes from
h to u whose corresponding (i + 1)-singular embeddings are contained in
Ti+1(G). Then we have v(h)− v(u) = 0 and v(h) = 0. �

3. Graphs with multiple edges.

Let e1, · · · , em be some edges of G. Let G(e1, · · · , em) be a graph obtained
by adding edges d1, · · · , dm to G so that ei and di form a pair of multiple
edges for each i. Let Λ be a subset of {1, · · · ,m}. Let GΛ be a subgraph
of G(e1, · · · , em) obtained from G by replacing ei to di for each i ∈ Λ.
Then GΛ is canonically isomorphic to G. Let ϕΛ : G → GΛ be a canonical
homeomorphism. Let Γ = Γ(e1, · · · , em) = {GΛ | Λ ⊂ {1, · · · ,m}}. We
remark here that G = G∅ and the number of elements | Γ |= 2m. Let
vG : SE(G) → R be a Vassiliev type invariant of order at most n. Let
vGΛ

: SE(GΛ) → R be the Vassiliev type invariant of order at most n
defined by vGΛ

(f) = vG(f ◦ ϕΛ). Let ω : Γ → R be a map defined by
ω(GΛ) = (−1)|Λ|. Then we have the following theorem from Theorem A,
Theorem B and Theorem C.

Theorem 3.1. Let v = v({vGΛ
}, ω) : SE(G(e1, · · · , em)) → R be a map

defined as above.

(1) If n is less than m/2 then v is the zero map.
(2) If n is less than (m + 2)/2 then v is an edge-homotopy invariant.
(3) If n is less than (m + 1)/2 then v is a vertex-homotopy invariant.

Let e and d be a pair of multiple edges of G and f ∈ SEi(G). We say
that e and d are parallel in f if f(e ∪ d) contains no crossing vertices of f
and bounds a disk in R3 whose interior is disjoint from f(G).

Proof of Theorem 3.1 (1). Suppose that some edges el and dl are parallel in
f ∈ SEi(G(e1, · · · , em)). Let g ∈ SE(G(e1, · · · , em)) be any one of 2i total
resolutions of f . Then we have that el and dl are parallel in g. Then

vi(g)

=
∑

Λ⊂{1,··· ,m}

(−1)|Λ|vGΛ
(g |GΛ

)

=
∑

Λ⊂{1,··· ,m}

(−1)|Λ|vG(g |GΛ
◦ϕΛ)

=
∑

Λ⊂{1,··· ,m},Λ3l

(
(−1)|Λ|vG(g |GΛ

◦ϕΛ) + (−1)|Λ−{l}|vG(g |GΛ−{l} ◦ϕΛ−{l})
)

.

Since (−1)|Λ| + (−1)|Λ−{l}| = 0 and g |GΛ
◦ϕΛ and g |GΛ−{l} ◦ϕΛ−{l} are

ambient isotopic we have vi(g) = 0. Therefore we have vi(f) = 0.
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Now suppose that C is an i-configuration on G(e1, · · · , em) with i ≤ n.
Since 2i ≤ 2n < m there is a pair of multiple edges el and dl that have no
points of C. Let fC ∈ SEi(G(e1, · · · , em)) be a realization of C such that el

and dl are parallel in fC . Then we have vi(fC) = 0. Thus the condition (3)
of Theorem A holds. Since there is an embedding f ∈ SE(G(e1, · · · , em))
with v(f) = 0 we have the conclusion. �

A j-cycle graph is a graph on j vertices that is homeomorphic to a circle.
A j-cycle of G is a subgraph of G that is a j-cycle graph. Let Cj(G) ⊂ Ω(G)
be the set of all j-cycles of G and C(G) = ∪∞j=2Cj(G).

A graph G is called adaptable if any set of embeddings {φγ ∈ SE(γ) | γ ∈
C(G)} is realizable up to ambient isotopy. In [5] Kinoshita showed that a
graph on two vertices and some edges joining them is adaptable. Then in
[24] Yamamoto showed that K4 is adaptable. Then in [25] Yasuhara found
a nice construction method of knots in a spatial graph using the fact that
any knot is transformed into a trivial knot by delta unknotting operation
introduced in [11]. For example the graph obtained from K5 by deleting an
edge is shown to be adaptable. On the other hand it is shown in [10] that
no nonplanar graph is adaptable.

Let Cm be an m-cycle graph and e1, · · · , em the edges of Cm. Let Dm =
Cm(e1, . . . , em).

The following is a corollary of Theorem 3.1 (1).

Corollary 3.2. The graph D5 is not adaptable.

We note that the graph D5 is the first planar graph which is shown to be
non-adaptable. A graph H is called a minor of a graph G if H is obtained
from G by a sequence of edge-contraction, edge-deletion and vertex-deletion.
If H is a minor of G then there is a natural injection from C(H) into C(G).
Therefore it follows that a minor of an adaptable graph is adaptable. In
[22] the second author and Yasuhara showed that any proper minor of D5

is adaptable. We also note that after our work some other planar graphs
are shown to be non-adaptable in [22].

Proof. Let vC5 : SE(C5) → Z be an invariant defined by vC5(f) = a2(f(C5))
for each element f ∈ SE(C5) where a2(f(C5)) denotes the second coefficient
of the Conway polynomial of the knot f(C5). Then vC5 is a Vassiliev type
invariant of order at most 2. Since 2 < 5

2 we have that v = v({vγ}, ω) :
SE(D5) → Z is the zero map. On the other hand a2(trefoil knot) = 1.
Therefore a collection of knots, one trefoil knot by a 5-cycle and the others
trivial, cannot be realized. This completes the proof. �

Let f ∈ SEi(G) and c a self-crossing vertex of f on an edge e of G. Let e′

be a subarc of e whose end points are f−1(c). We say that c is immediate if
f(e′) contains no crossing vertices of f except c. We say that c is nugatory
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if c is immediate and f(e′) bounds a disk in R3 whose interior is disjoint
from f(G).

Let f ∈ SEi(G) and c a crossing vertex of f of two adjacent edges e and
d of G. Let p be a common vertex of e and d. Let e′ and d′ be subarcs of
e and d respectively whose end points are f−1(c) and p. We say that c is
immediate if f(e′ ∪ d′) contains no crossing vertices of f except c. We say
that c is nugatory if c is immediate and f(e′∪d′) bounds a disk in R3 whose
interior is disjoint from f(G).

We note that if c is a nugatory self-crossing vertex or a nugatory cross-
ing vertex of adjacent edges then the positive resolution and the negative
resolution of f at c are mutually ambient isotopic. Therefore if f ∈ SEi(G)
has a nugatory self-crossing vertex or a nugatory crossing vertex of adjacent
edges then vi(f) = 0.

Proof of Theorem 3.1 (2). Let C be an i-configuration on G(e1, · · · , em) with
i ≤ n. Suppose that C has a pair of points p1, p2 on an edge e of G(e1, · · · ,
em). If there are no other points of C on e between p1 and p2, then there is
a realization fC ∈ SEi(G(e1, · · · , em)) of C that has a nugatory self-crossing
vertex. Therefore we have vi(fc) = 0. If there are some other points of C on
e then we have by the condition i ≤ n < (m+2)/2 that there is a pair of mul-
tiple edges el and dl that have no points of C. Let fC ∈ SEi(G(e1, · · · , em))
be a realization of C such that el and dl are parallel in fC . Then we have
vi(fC) = 0. Thus we have established the condition (3) of Theorem B. �

Now the proof of Theorem 3.1 (3) is quite similar and we omit it.

Let Λ be a subset of {1, . . . , m}. Then we say that an i-singular embed-
ding f of G(e1, . . . , em) is locally parallel with respect to Λ if f(∪l∈Λ(el∪dl))
contains no crossing vertices of f and for each l ∈ Λ el and dl are parallel in
the restriction map f |∪l∈Λ(el∪dl).

Similarly we say that an i-singular embedding f of G(e1, . . . , em) is locally
parallel up to edge-homotopy (resp. vertex-homotopy) with respect to Λ if
f(∪l∈Λ(el ∪ dl)) contains no crossing vertices of f and the restriction map
f |∪l∈Λ(el∪dl) is edge-homotopic (resp. vertex-homotopic) to an element h of
SE(∪l∈Λ(el ∪ dl)) such that for each l ∈ Λ el and dl are parallel in h.

The following three theorems are applications of Theorem D.

Theorem 3.3. Let Λ be a subset of {1, · · · ,m} with | Λ |= k. If n ≤ k − 1
and f ∈ SE(G(e1, · · · , em)) is locally parallel with respect to Λ then v(f) =
v({vγ}, ω)(f) = 0.

Theorem 3.4. Let k be a natural number with k ≤ m− 1. Let f and g be
elements of SE(G(e1, · · · , em)) each of which is locally parallel up to edge-
homotopy with respect to any Λ ⊂ {1, · · · ,m} with | Λ |= k. Suppose that
n ≤ k and f and g are edge-homotopic. Then v(f) = v({vγ}, ω)(f) = v(g) =
v({vγ}, ω)(g).



202 YOSHIYUKI OHYAMA AND KOUKI TANIYAMA

Theorem 3.5. Let k be a natural number with k ≤ m − 2. Let f and
g be elements of SE(G(e1, · · · , em)) each of which is locally parallel up to
vertex-homotopy with respect to any Λ ⊂ {1, · · · ,m} with | Λ |= k. Sup-
pose that n < 2

3(k + 2) and f and g are vertex-homotopic. Then v(f) =
v({vγ}, ω)(f) = v(g) = v({vγ}, ω)(g).

Note that in many situations these theorems actually present sharper
results on the order n of v than that in Theorem 3.1. We also note that an
edge-homotopy invariant for D3 defined in [18] is an example of Theorem 3.4
where k = n = 2, R = Z/2Z and vγ is the Arf invariant of knots. In general
it follows from Theorem 3.4 that the spatial graphs in Figure 1.2 are not
edge-homotopic to plane graphs. See Example 3.6.

Proof of Theorem 3.3. For 1 ≤ i ≤ k let Ti(G(e1, · · · , em)) be the i-singular
embeddings of G(e1, · · · , em) that is locally parallel with respect to some
∆ ⊂ Λ with | ∆ |= k − i. Let g ∈ Ti(G(e1, · · · , em)). Suppose that g
is locally parallel with respect to ∆ and l ∈ ∆. Let D be a disk that
bounds g(el ∪ dl). If the interior of D is disjoint from g(G(e1, · · · , em))
then we have vi(g) = 0 as in the proof of Theorem 3.1 (1). If not then
we remove the intersection by a sequence of crossing changes. Let h ∈
Ti(G(e1, · · · , em)) be the result of the crossing changes. Then we have
that el and dl are parallel in h and vi(h) = 0. Moreover it is clear that
the (i + 1)-singular embeddings corresponding to the crossing changes are
contained in Ti+1(G(e1, · · · , em)). Therefore we have by Theorem D that
v1(T1(G(e1, · · · , em))) = 0. Suppose that f ∈ SE(G(e1, · · · , em)) is locally
parallel with respect to Λ. Then similarly there is a sequence of cross-
ing changes from f to some u ∈ T(G(e1, · · · , em)) with v(u) = 0 whose
corresponding 1-singular embeddings are contained in T1(G(e1, · · · , em)).
Therefore we have v(f)− v(u) = 0 and v(f) = 0. �

Proof of Theorem 3.4. It is sufficient to show that the values of v1 of the
1-singular embeddings corresponding to the edge-homotopy from f to g are
zero. For 1 ≤ i ≤ k let Ti(G(e1, · · · , em)) be the i-singular embeddings of
G(e1, · · · , em) each of which is locally parallel up to edge-homotopy with
respect to some ∆ with | ∆ |= k − i + 1. Let h ∈ Ti(G(e1, · · · , em)).
Suppose that h is locally parallel up to edge-homotopy with respect to ∆
and l ∈ ∆. Then we choose a sequence of self-crossing changes from h to
an element u ∈ Ti(G(e1, · · · , em)) that is locally parallel with respect to ∆
and then choose a sequence of crossing changes from u to an element w ∈
Ti(G(e1, · · · , em)) in which el and dl are parallel. Then we have that vi(w) =
0 and all the corresponding (i + 1)-singular embeddings are contained in
Ti+1(G(e1, · · · , em)). Then we have the result by Theorem D. �

Proof of Theorem 3.5. It is sufficient to show that the values of v1 of the 1-
singular embeddings corresponding to the vertex-homotopy from f to g are
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zero. For 1 ≤ i ≤ n let Ti(G(e1, · · · , em)) be the i-singular embeddings of
G(e1, · · · , em) each of which is locally parallel up to vertex-homotopy with
respect to some ∆ with | ∆ |= s ≥ 0 and has at least t ≥ 0 immediate
crossing vertices of adjacent edges for some s and t with 2

3s + 1
3 t > n − i.

Let h ∈ Ti(G(e1, · · · , em)).

Case 1. h is locally parallel up to vertex-homotopy with respect to some
∆ 6= ∅.

Let | ∆ |= s. Then h has at least t immediate crossing vertices of adjacent
edges and 2

3s + 1
3 t > n − i. We choose a sequence of crossing changes of

adjacent edges from h to an element u in Ti(G(e1, · · · , em)) that is locally
parallel with respect to ∆. We note that each of the corresponding (i + 1)-
singular embeddings is locally parallel with respect to some (possibly empty)
subset ∆′ of ∆ with | ∆′ |≥ s− 2 and has at least t + 1 immediate crossing
vertices of adjacent edges. Therefore it is contained in Ti+1(G(e1, · · · , em)).
Next we choose a sequence of crossing changes from u to an element w in
Ti(G(e1, · · · , em)) such that el and dl are parallel in w for some l ∈ ∆. Then
we have vi(w) = 0. We note that each of the (i + 1)-singular embeddings
corresponding to the crossing changes from h to w is locally parallel with
respect to ∆ − {l} and has at least t − 1 immediate crossing vertices of
adjacent edges. Therefore they are contained in Ti+1(G(e1, · · · , em)).

Case 2. h is not locally parallel up to vertex-homotopy with respect to any
∆ 6= ∅.

Then we have that h has at least 3(n− i) + 1 immediate crossing vertices
of adjacent edges. Then we choose a sequence of crossing changes from h
to u that has a nugatory crossing vertex of adjacent edges. Then vi(u) = 0
and each of the corresponding (i + 1)-singular embeddings still has at least
3(n− i) + 1− 2 > 3(n− (i + 1)) + 1 immediate crossing vertices of adjacent
edges. Therefore they are contained in Ti+1(G(e1, · · · , em)).

Thus by Theorem D we have the result. �

Example 3.6. Let Jm be the knot illustrated in Figure 3.1.
By a calculation we have that the Jones polynomial of Jm

VJm(t) = 1 + (1 + t−2)m−3(t2 + t + 1)(1− t−1)m−1.

Then by a calculation we have that the (m − 1)-th derivative of VJm(t)
evaluated at 1 V

(m−1)
Jm

(1) = 3 · (m − 1)! · 2m−3 6= 0. It is well known that

V
(m−1)
J (1) is an order m − 1 Vassiliev type invariant of a knot J . We note

that each of the spatial graphs in Figure 1.2 contains only one nontrivial
knot Jm. Therefore by Theorem 3.4 we have that the spatial graphs in
Figure 1.2 are not edge-homotopic to plane graphs. We remark that they
are vertex-homotopic to plane graphs.
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Figure 3.1.
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