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‘We extend the resolution of the CR Yamabe conjecture for
one of the two cases left open by D. Jerison and J.M. Lee:
The CR locally conformally flat case.

The proof is based on techniques related to the theory of
critical points at infinity. These techniques were first intro-
duced by A. Bahri, A. Bahri and H. Brezis for the resolution
of the same conjecture for the Riemannian case.

Introduction.

Let (M,0) be an orientable compact real (2n + 1)-dimensional CR mani-
fold, with a given contact form 6. Denote by L = Ly = (2 + 2)A, + Ry the
CR conformal laplacian on M, where A, is the sublaplacian operator (see
Section 1) and Ry the Webster scalar curvature associated to 6.

The CR Yamabe Conjecture states that there exists a contact form 6 on
M, CR equivalent to 6, with constant Webster scalar curvature Rjz. This
conjecture is equivalent to the existence of a function u such that:

(1) {Lu = u1+%

u>0 on M

(1) is a particular case of more general equations of the type:

(2) Lu+ Qu = /"
u>0 on M, QeL>M)’

D. Jerison and J.M. Lee have extensively studied the CR Yamabe con-
jecture ([10], [11] and [12]). They showed that there was a deep analogy
between the CR Yamabe problem, and the Riemannian Yamabe conjecture
which was solved by T. Aubin [1] and R. Schoen [18].
T. Aubin [1] proved the conjecture in the two following cases:
1) (NV,g) is a not conformally flat compact Riemannian manifold of di-
mension n > 6.

2) (N, g) is a locally conformally flat compact Riemannian manifold, with
dimension n > 3 and finite Poincaré group, not conformal to (S™,¢),
where S™ is the n-dimensional sphere with its standard metric c.
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R. Schoen [18] solved the Yamabe problem in the remaining cases, using
the positive mass theorem.

In the CR case, D. Jerison and J.M. Lee, gave a necessary condition on
the CR invariant:

AM) = inf {Ay(u) | By(u) =1}
u€S? (M)

to solve Equation (1).

Here, S?(M) is a Folland and Stein space (see Section 4),

Ag(u) :/ <<2+ 2) |du3 +R9u2) 6 A do"
M n

the functional associated to the CR Yamabe equation, where |duly is the
norm of the cotangent vector du (see [10] or Section 1 for its precise formula)

and By(u) = / |u|2+% 0N do".
This condition is summarized by the following result:

Theorem ([10, 3.4.]). Let M be an orientable compact (2n+1)-dimensional
CR manifold, 6 any contact form on M.

(a) AM(M) depends only on the CR structure of M, not of the choice of 0.

(b) A(M) < \(S*F1), where S? 1 < C**L is the sphere with its standard
CR structure.

(c) If M(M) < M(S*"*1), then (1) has a solution.

Furthermore, D. Jerison and J.M. Lee proved the CR Yamabe conjecture
for CR manifolds which are not locally CR equivalent to the sphere of the
same dimension:

Theorem ([11, A]). Suppose M is a compact strictly pseudoconvex (2n+1)-
dimensional CR manifold. If n > 2 and M is not locally CR equivalent to
St then A(M) < M(S?"H1), and thus, the CR Yamabe problem can be
solved on M.

The results of D. Jerison and J.M. Lee can be formally compared to the
partial completion of the proof of the Riemannian Yamabe conjecture by
T. Aubin [1]. The remaining cases should, by analogy, be solved using some
CR positive mass theorem. Unfortunately, especially because the theory of
CR minimal surfaces does not exist at the present time, such a CR version
of the positive mass theorem is not available.

Besides the proof by T. Aubin and R. Schoen of the Riemannian Yamabe
conjecture, another proof by A. Bahri [2], A. Bahri-H. Brezis [4] of the same
conjecture is available by techniques related to the theory of critical points
at infinity. This proof is completely different in spirit as well as in techniques
and details, from T. Aubin and R. Schoen proof. It does not require the
use of any theory of minimal surfaces, neither does it require the use of the
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positive mass theorem. It turns out that this proof can be carried out to
the CR Yamabe conjecture as well as in [4].

We will not try here to give to this method its upmost generality in the CR
context. We will be satisfied with the proof of the CR Yamabe conjecture
in the cases left open by D. Jerison and J.M. Lee.

More precisely, we will focus in the present paper on the CR locally con-
formally flat case.

In [9], the case n=1, but without any hypothesis of CR conformal flatness
is studied.

We establish the following theorem:

Theorem 1. Let (M,0) be an orientable compact real (2n+ 1)-dimensional
CR manifold, locally CR. equivalent to S*"*1, then (1) has a solution.

The proof of Theorem 1 is based on a contradiction argument and involves
several steps which will be detailed over six sections:
Let H be the subspace of S?(M) defined by

H = {u € S?(M) such that / |du|20 A dO™ < oo
M

and / yu|2+ieAd9"<oo}
M

let
Z = {u € H, such that ||ullg =1}
where
1
2 2 2 n 2
|ul|lg = 2+ — ) |dulg + Rou” ) O A db
M n
and let

z;:{uez ‘ uZO}.

For uw € H, we define:

1+
(fM((2 + 2)|dulj + Rgu?) 6 A den)

oy [ul?56 A don

In the first section, we recall the general definition of CR manifolds, the
CR Yamabe equation and the Yamabe functional J.

In Section 2, we recall the standard solutions of the CR Yamabe equation
for the Heisenberg group H". These solutions are obtained by left transla-
tions and dilations (z,t) — (\z, A%t), (A € R), on the Heisenberg group, of
the function u(z,t) = K|w +i|~", where w = t + i|2|?, and K € C.

Since the injection S%(H") — L2+%(Hn) is continuous but not com-
pact, the functional J does not satisfy the Palais-Smale condition (denoted

J(u) =
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by (P.S)). More precisely, one can see that the standard solutions on H",
u(z,t) = K|lw+ | ", after superposition are the good candidate sequences
which violate the (P.S) condition. Therefore, the classical variational theory
based on compactness arguments, does not apply in our case.

In Section 3, we study the case of a general CR manifold, locally CR
equivalent to the sphere of the same dimension. We show the existence of

2
a conformal factor ug depending differentiably on a € M, such that if the
2

2
contact form 6 is replaced by ug 6 in a ball B(a, p), then (M, ug 0) is locally
(H™, 0y), where 6 is the standard contact form on H". Therefore, we locally
may use the usual multiplication of H", we also may use in B(a,p) the
standard solutions of the CR Yamabe problem, which we denote by (b, ),
where A € R. The function 6(b, A) satisfies the following equation:

Lgy8(b, A) = 6(b,\)'*% on B(a, p)
b e B(a,p).

~

We then define a family of “almost solutions” d(a,A), to be the unique
solutions of:

Lé(a,\) = (5'(a,/\)1+% on M
where

0 (a,\) = wagd(a,\) on B(a,p)
8 (a,\) =0 on °B(a,p)

wq is a cut-off function used to localize our function near the point a, when
A — 4+00. And we show that:

S i
15 M—O<M>

W—M@=O<;>
when A — +o00.

Because of these estimates, we can replace, in the analysis of the (P.S)
condition the functions ¢’ or § by the function 5.

In Section 4, we will characterize the sequences which violate the (P.S)
condition.

and
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Let V(p,€), for e > 0 and p € N*, be defined in analogy with the Riemannian
case ([3]) by:

u € ), such that there exists p concentration points
ai,...,ap, in M and p concentrations Ay,...,\, >0

i=p

- llﬂzé(a%)‘
p2S52 “
=1

and Vi # j, €5 = % + % + )\iAjglv(aiaaj)Q >

Vip,e) = such that

1
< €, with \; > -
€

|

o=

\ /

where d(z,y), if # and y are in a small ball of M of radius p, is || exp; " (¥/)||mn
(Il - llzzn is the norm in H"), with exp, the CR exponential map for the point

z, and d(z,y) is equal to g otherwise. S is the Sobolev constant introduced
n (5.1).

The set V(p,€) has a simple interpretation: It is a neighborhood of the
critical points at infinity of the functional J on ) .

Let (ug) be a sequence of H satisfying J'(u;) — 0, and J(ug) bounded.
Then (uy) is a bounded sequence in H, hence (uy) has a weak limit .

If @ is non-zero, we prove that @ is a critical point of J (Proposition 5).

Since we are going to prove Theorem 1 by contradiction, we assume that
the weak limit @, of any sequence (uy) of H satisfying J'(ug) — 0 and J(uy)
bounded, is zero.

Then, assuming that (uy) is non-negative, we prove that We can extract
from (ug) a subsequence denoted again by (ug), such that Taxla ” € V(p,er)
with € > 0 and limg_, - €, = 0 (Proposition 8).

While the final characterization of the sequences which violate the (P.S)
condition is basically identical to the Riemannian case, the proof of this fact
is different here because no use of H&—spaces can be made, with our current
knowledge in the CR framework. M. Struwe [19] used such spaces and the
projections on them in order to give a characterization of the sequences
violating the (P.S) condition in the Riemannian framework.

In Section 5, we expand the functional J, near the set of potential critical
points at mﬁnlty V(p, €). We prove that for p > pg (i.e., for p large enough)
the energy J (ZZ 1 b (a, )\)) is less than the critical level at infinity for p

masses concentrated at points aq,... ,ap, i.e. J(Z2 fo@&(ai, )\)) < p%S for

A > X > 0. The a;’s are positive and satisfy Zz:l a; = 1. We now are
ready for the final argument.
Considering for p € N the barycentric sets:

Bo(M) =10

i=p 1=p
=1

i=1
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with ., the Dirac mass at z;, and considering the level sets for the functional
J:
W, = {u € >, such that J(u) < (p+ 1)%5}

we define a map f,(A) from B,(M) to >, by the formula:

S id (i, \)
0(50) - [E e,

Then, Section 5 implies that the map f,()\) is homologically trivial for
p > po (Proposition 20).

On the other hand, assuming that problem (1) has no solution, we prove
in Section 6, by using topological arguments, that f,.«(A) # 0, for all p € N
(Proposition 22). This gives a contradiction to Proposition 20, and hence
completes the proof of Theorem 1.

The topological argument which we use has been first displayed in [5].
It is an intricate argument which we have somewhat made easier, for the
convenience of an interested reader, in a simple case, in Appendix C of this

paper.

1. CR manifolds and CR Yamabe equation.

Sections 1 and 2 are mainly extracted from the following references: D.
Jerison and J.M. Lee [10], G.B. Folland and E.M. Stein [8]. They have been
written for the sake of completeness of this paper.

Let M be an orientable, real, (2n+ 1)-dimensional manifold. A CR struc-
ture on M is given by a complex n-dimensional subbundle 77 o of the com-
plexified tangent bundle CT'M of M, satisfying T19 N Tp1 = {0}, where
To1 = T10. We assume that the Frobenius condition [T} ¢,T10] C Ti0 is
satisfied.

We set G = Re(T1,0+ Tp,1) so that G is a real 2n-dimensional subbundle
of TM. G carries a natural complex structure map 7 : G — G, given by
](V + ‘7) = ’L(V — V) for V e T170.

Let E C T*M denote the real line bundle G*. Because we assume M
orientable, and, GG is oriented by its complex structure, £ has a global non-
vanishing section #, which is called a contact form. To such a section is
associated a real symmetric bilinear form ¢y on G, called the Levy form of

0, and defined by:
Lo(V,W) = 2(dO, V N gW) V,Wed@q.

We assume that M is strictly pseudoconvex, which means that £y is positive
definite for a suitable choice of 0. ¢y extends by complex linearity to CG,
and induces a hermitian form on 77 o, which we write:

lo(V,W) = (=2id0,V ANW) V,W € Typ.
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A pseudo-hermitian structure on M is a CR structure together with a given
contact form 6. With this choice, M is equipped with a natural volume
form 6 A d0™. The inner product determines an isomorphism G ~ G* which
in turn determines a dual form £; on G*, which extends naturally to 7™ M.
This defines a norm |w|g on real 1-forms w, which satisfies:

j=n
wlf = Li(w,w) =2 |w(Z))I?
j=1
whenever {Z1,...,Z,} form an orthonormal basis for T3 o with respect to

the Levy form.
The sublaplacian operator A, is defined on real functions u € C*°(M) by:

(1.1) / (Apu)v @ A dO™ = / ly(du,dv) O ANdO™, Yv € C°(M).
M M

Since |flg = 0 (even 0 € Tfo)» ¢} is degenerate on 7% M, and so the operator
A, is subelliptic rather than elliptic. It is shown in [14] that A, = Re O,
where 0, is the Kohn-Spencer Laplacian acting on functions [13].

Let (M,0) be a CR compact manifold with a contact form . We may
assume that the scalar curvature of 0, Ry is strictly positive (one can assume
that, with a conformal change of contact form, Ry > 0 or Ry = 0 or Ry < 0).
The Yamabe problem is easily solved for the cases Rg = 0 and Ry < 0.

If we replace 6 by 0 = U%H, then the operator L = qA, + Rg on M, where
q=2+ %, satisfies the transformation law:

(1.2) L(®) = (g2, + Ry)v = w0+ L(v)
where 7 = u " tw.

If we substitute u = v in (1.2), we obtain the transformation law for the
scalar curvature

(1.3) Eg = u_(H%)(qAb + Rg)u.

Thus, if 6 is a given contact form and u a positive function on M, a necessary

and sufficient condition for the contact form 0 = u%H to have a constant
scalar curvature Rg = )\ is that u satisfies:

(1.4) qAyu + Rou = Ault

This is the CR Yamabe equation. We will assume in the sequel that fig = 1.

G.B. Folland and E.M. Stein have introduced functional spaces for CR
manifolds analogous to Sobolev spaces for Riemannian manifolds, S (M)
called Folland and Stein spaces [8], (see also Section 4).
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Let

H = {u € S#(M) such that / |du|30 A d™ < oo
M
and / ]u\2+%9 AdO" < oo}
M

Z ={u € H, such that ||u||g =1}

where

n

2 2
lullz = (/M (qldulg + Ryu®)6 A d@”) . (q —24 )

and

Z:{uez ‘ uZO}.

Jr
For v € H, we define the following functional:

1+1

(Sur(alauf? + Rou2yo nag™)

(1.5) J(u) = ' .
Sag [ul*T 6 A dom

If w is a critical point of J on )., then J(u)Zu is a solution of the CR
Yamabe Equation (1.4).
D. Jerison and J.M. Lee in [10] used another functional:

Ag(u) = [, (qldul? + Rou?)0 A o™
(1.6) and
By(u) = [ [u[>*56 A do™.

Note that if (uy) € Y-, then J'(uz) — 0 if and only if Aj(uy) — 0.

2. The Heisenberg group and normal coordinates.

The Heisenberg group H™ is the Lie group whose underlying manifold is
C" x R, with coordinates (z,t) = (2!,...,2",t) and whose group law is
given by:

(z,)(Z,t) = (2 + 2, t +t +2Im.22")

where
j=n ,
F= I
j=1
We define a norm in H" by

1
lylle = ()l = (J2* +¢%)1
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and we define dilations by
y = (2,t) — 0y = (0z,6%t), 6 > 0.

The vector fields 5

0
Zj:@quizfa ,i=1...,n
are invariant with respect to the group multiplication on the left, and
homogeneous of degree —1 with respect to the dilations. Then 179 =
span{Zi, ..., Z,} gives a left invariant CR structure on H".
The real 1-form
j=n
(2.1) Op = dt + > (iz/dz — iz d2)
j=1
annihilates 77 o, we take it to be the contact form for the CR structure.
Let ‘
1=, = =
Lo = —5 Z(Zij + Zij).
j=1
Then the operator A, associated to 0y is Lo, and the CR invariant A(H")
= M%) (see [10]).
Whenever the scalar curvature of (H", 6) is identically zero, the CR Yam-
abe equation in H" is:
2

(2.2) Lou = %UH%.

D. Jerison and J.M. Lee showed in [12] that all the solutions of (2.2) are
obtained from wu(z,t) = m, (where C > 0, p € C with Zmu >
0, (2,t) € H") by left translations and dilations on H".

G.B. Folland and E.M. Stein constructed normal coordinates which show
how closely the Heisenberg group approximates a general CR manifold
(M,0): The exponential map, exp, for a € M, is a diffeomorphism of a
neighborhood U, of the origin in H", onto a neighborhood V, of a in M,
and exp, ! defines a system of local coordinates on V,, called normal coor-
dinates (see [8] Theorem 14.10).

3. The case of a CR manifold locally CR equivalent to S?"+1.

We will prove the following result:

Theorem 1. Let (M,0) be a compact (2n + 1)-dimensional CR manifold,
locally CR equivalent to the sphere S*™*1 then Equation (1) has a solution.

In this section we will establish some technical results.
We first introduce the following notations and constructions: Since M
is compact and locally CR equivalent to S?"*!, any point a of M has a



130 N. GAMARA AND R. YACOUB

neighborhood of normal coordinates U, O B(a, p), where p is independent
of a, such that the contact form of M is conformal to the contact form 6
of H", defined by (2.1). Thus, there exists a positive function u, on B(a, p)
such that

2
(3.1) Oy = ugf.

The proof is similar of that the Riemannian case. In the Riemannian
case, it is completed, for example, in [2], Appendix C. Such a result can be
easily derived from D. Jerison and J.M. Lee extensive study of the existence
of CR normal coordinates [11].

Let u, be the following function:

Ug (1) = wa(x)Ug(x) on B(a,p)
ug(z) =0 on ¢B(a,p)

where w,(z) = x(||z]|) : R4 — [0,1] is a cut off function such that:

x(t)=1 if 0<t <8
x(t)=0 if t>p
and ||z|| = || exp, * (z)|/gn, where || - ||z is the norm of the Heisenberg group
H" defined in Section 2.

Let A be a positive, large parameter.

We introduce on B(a, p) the following function:

)\TL

g p

1+ A%(|z2 —it)|

d(a,\) =

where
(2,1) = exp, ' ()
and, the constant ¢ is such that the following equation is satisfied

(3.2) Lyp,6(a,\) = d(a, )\)H% on B(a,p).

We define a family of “almost solutions” §(a, ) to be the unique solutions
on M of:

(3-3) Lo(a,\) = &' (a, )=
with

&' (a, \)(z) = ua(z)é(a,\)(z) on B(a,p)
(3.4) { 5(a, \)(x) = 0 on €B(a.p)’

We then have:
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Lemma 2 ([10]). Let ¢ be a function in C*(B(a,5),R), we have the fol-

lowing relation between the conformal laplacians of M and H™:

2
n

L(ug) = u(11+ (Lg,yp) on B (a, B) .

2

For a proof one can see [10].

We prove in this section, the two following technical lemmas which are
needed later, for the estimates of Section 5.

Lemma 3. There are two positive constants C and B, such that for all a
m M and A > B, we have:

16(a,\) — & (a, \)] < on B(a, p).

xla

Lemma 4. Let 7 > 0 be given. There are positive constants C, C', Cy and
B such that if A > B, we have for all a, b in M :

c
i S(a,\) > —
(i) (@) = 1
(i)
5 ) 2 ! 0o A dO} :
L n_
’Mé(a A).6(a, NI AdI" — o Hnd(11+(\z|2 Zt)’n) 0 AdBE| < 5
(iif)
/8( A2 0 A do” 2+2/ ! 0o A dOD :
A T Jun T (P — e 0 0] = R
(iv) ‘/ Lé(a,\).8(b,\) O AdO™| < (1+7) / 3(a, N 8(b, \) O A do”
M
125 n o C
(v) /5a>\ wo(b,\) O A dO ZATL'

Proof of Lemma 3. We have Ld(a,\) = L&'(a,\) on B(a, %) and, using

Lemma 2 we obtain:
C p
/ ~ C P
|Lo"(a, N)] < e on B(a,Q).

Let ¥(x) = L(g(a,)\) — 0'(a,A)). Then |[¥(z)| < %, (¥ is zero on
CB(a,p)). By the positivity of the CR invariant laplacian L, (Rs > 0),
we derive the existence of a Green function Fj, associated to L on M. Thus,
we have for all x in M:

(3(a, ) — 0= [ Fune) dy= [ o Fa ) dy
a,p
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and, since Fr,(z,y) is integrable in B(a, p) (for a proof we refer to [16], [17]
and [15]), we obtain on B(a, p):

. C
[0(a, A) = &'(a, M| < ||‘1’||oo/ [Fi(e,y)ldy < -
B(a,p)
Lemma 3 follows.
Proof of Lemma 4. Proof of (i): For & < £, we have ¢'(a,\) = d(a, A) on
B(a, &), hence, using Lemma 3, there exists a positive constant C' such that:

5(a,\)(z) > % vz € B(a,£).

Thus we have:
Lé(a,\)(z) >0  Va e B(a,§)
{s(a, N(x) > & Ve dB(a,f)’
(i) follows using the maximum principle.
Proof of (ii): Denote by B(0,p') = exp, (B(a, p)), where 0 = (0,0) €

H™. Using Lemma 3, we obtain:

/ L(a, \).d(a, \)0 A do" = (/ (Walia)2T 7 8(a, \)2T 20 A do”
M B(a,p)

+0< ! >/ 5'(a,A)1+ieAde">.
A" ) JB(ap)

C
/ §'(a, )0 Ao = 22,
B(a,p) A

where (Y is a positive constant. Thus

We have

/ Lé(a, \).6(a, \)0 A dO™
M

n 2+*
= o2th 2 A > 0o A dOp ( ! )
_ 242 2 _ +0
7 /B@,p/)‘” <11+A2<rz\2—zt>|n 0 her

A7 2 1
=2 d< > 0o A dO? +O< )
7 /B(O,p’) [T+ A2(|2|* —dt)| ‘ 0 A2

and (ii) follows since
0o N dOy

Lo [ st
cpop) | N1+ A2([2[2 =)™ ) |,

1 2 1
- d : Oy A dOT = O () .
AB(O,A/}’) (’1 + (|2* - Zt)’”) ot AZn

0o

0o

2
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Proof of (iii):

/ S(a, )20 A dom

1
/ &' (a, /\2+n9/\d0”+0<)\2n>

2 942 1
:/ w2t a2t 6 (a, A)2+neAd9”+o< 2n>
B(a,p) A
2n+2
ot [ A , ( 1 )
— g%t we : B N g + O ( 5
b TR P =P T o

— o2ta L B0 A db L
g /IHI" |1+(]z|2—it)|2"+20/\ o +0 \2n

since we have:

1 1
bo Ador =0 [ —2_).
lB(O A0 ‘1 (|Z|2 _it)‘2n+2 0 0 <)\2n+2>

Proof of (v): We use (i) and we obtain:

/ S(a, \) TR 8(b, N0 A do™ > (i/ S(a, \) RO A dom,
A B(a,p)

we then have, using Lemma 3 and (i), that:

/ 3(a, \) I R5(b, \)O A do™ > / 3(a, \) R0 A don
M
C

> = §'(a, \)1 R0 A do”
A" JB(a,2)

1
> C/ §(a, N0 A dom,
A" JB(a,8)

where C” is a suitable constant.

Since
/ 5(a, \) R0 A don
B(a,p)
c 1
= . 0o A dO"
A Sy 11+ (22 —it)n2 70 7 0
c 1
= — I 1
L T A + 0 |
we have:

123 n. C1
/6a)\ 156,00 A do" =

(v) follows.



134 N. GAMARA AND R. YACOUB

Proof of (iv): We have

/ Lé(a, \).6(b, \)0 A dO™

M

:/ 8 (a, \) T8 (b, \)O A do™
B(a,p)

_ / & (a, \) TR (b, \)O A dO™ + / 8 (a, \) T8 (b, \)O A do™
B(a,2) (a,p)\B(a,%)

2

L2 . 1 . .
g/ (@A) RS, )0 A df +0(An+g>/ 5(b, \)0 A do"™.
B(a,%) Bl(a.p)

Using Lemma 3 and Appendix A, we obtain:

/ Lé(a, N)6(b, \)0 A dO™

M

< (/ 3(a, ) R5(b, \)O A do™
B(a,p)

1o <A1n> /( R N5, 0 +0 (N}H) (/B(a,p) 5, A)Hi)"i?)

(/5@)\ 0 5(b, N8 A ™

11
' 5(a, \) = 8(b, \)O A o™ .
+0 <)\n>/(ap) (CL7 ) ( ) N +O<>\n+2 /\n ))

We prove in Appendix A that:

171/ 5(a, \)=5(b, \)O A dO™ = o<
A" JB(a,p)

l\.’)

§(a, \)HRS(b, Ao A dag> .
Hn

Thus, we have after using Lemma 3 and (v):
/ L5(a, \)3(b, \)0 A do™ < </ 3(a, \) T R5(b, \)O A do™
M

—|—0</(5a)\ 24 bA)G/\dH"))

sincen+2—|—n”—+22 > 2n.
That is:

/ L3(a, N)3(b, N0 A do™ < (1+ o(1)) / §(a, \)26(b, \)0 A 6",
M M

(iv) follows.
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4. Characterization of the sequences which violate the
Palais-Smale condition. Neighborhoods of critical points at
infinity.

In order to characterize the sequences which violate the Palais-Smale condi-
tion in the Riemannian case (see for example Struwe [19]), extensive use is
made of the H}-spaces and of the orthogonal projections onto such spaces.

In the CR framework, the Palais-Smale condition bears some different
features due to the fact that the boundary-value problems are not completely
understood, as of now and up to our current knowledge, for the CR laplacian.

Therefore, we cannot operate as in the Yamabe Riemannian case. There
are some differences and each time which H&—spaees or projections are used
in the Riemannian case, we will have here to use a direct argument. The
final result is the same. In the conformal case, we will have a quite simple
representation of the sequences failing to satisfy the Palais-Smale condition.

In the conformally flat case, there is some simpliﬁcat2ions. Locally, if

we change the contact form 6 by a conformal factor @4 which depends
differentiably on a, we obtain (H",6j). Therefore we may use locally the
usual multiplication of H"™ and also the standard solutions.

We recall the following:

Folland and Stein spaces ([10], [8]). For £ € M let U be a relatively
compact open subset of a normal coordinates neighborhood Q¢ C M, with
contact form 6 and pseudo-hermitian frame {Z1,...,2,}. Let X; = ReZ;
and X;i, = ImZ;, for j = 1,... ,n. Denote X* = X,, ---X,, where
a = (ai,...,qp) each o is an integer 1 < o < 2n, and denote (o) = k.
Define the norms

[fllssary = sup [|X*fllLr@
£(a)<p

where for a function g defined on M:

1
gl = ( / |g|reAde“) .
U

The Folland-Stein space S (U) is defined as the completion of Cg°(U) with
respect to the norm H-HS;(U)'

For a compact strictly pseudoconvex pseudo-hermitian manifold M,
choose a finite open covering Ui, ... ,U,, for which each U;, 1 < j < m,
has the properties of U as above.

Choose a C* partition of unity ¢; subordinate to this covering and define
the Folland-Stein space such that:

Sp(M) ={feL"(M):¢;f € S,(U),Vj}.
We then have:
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Proposition 5.5 of [10]. With the notations above, S (M) C L*(M) for

1 1 p
52;—2n+2and1<r<s<oo.

In this section we will use the more convenient functional of D. Jerison
and J.M. Lee given in (1.6). We will return later with our functional J. It
is simple to see that the analysis of the (P.S) sequences carried out in one
framework extends to the other one.

Let H' be the subspace of H (see Section 1) defined by:

(4.1) H"={ueH|u>0}.

Let (ux) be a sequence in Ht which satisfies:

— T 00

Al (uy) ——
(42) p(uk)
Ap(ur) < C and By(ug) =1, where C is a positive constant.

Then (uy) admits a limit in the distributional sense.

By Propositon 5.5 ([10]), S?(M) < L*(M) is a compact inclusion for
1<s<qg=2+2, and the sequence (uy) converges to & € H in L*(M).
We know that up — @ in H, and we derive, taking s < 2 + %, that w > 0.
We then have:

Proposition 5. Let (uy) be a sequence of HY satisfying (4.2) and u >
0, w# 0. Then u is C*° and satisfies Equation (1).

Proof. We will prove that @ satisfies Equation (1) in the distributional sense
and conclude by a theorem of Brezis and Kato.
The sequence (uy) satisfies:

2

Aj(ur) = qApuy + Rouy, — u,ljn —0in H1 (the dual of H)
Soy ldug)30 A d6™ < oo, and [, lup2H 20 A do™ = 1.

Let ¢ € C§°. Then:

2
/ u,lj "ph A dO"  converges to / EH%@H A di™.
M M

Indeed, there exists a constant ¢ such that:

142 2 _ 2 2
™7 — a5 | < e~ al (jual + a7

By Holder, we have:

1+2 i 2
/‘uk no_ gl
M

where 3 and 3 are such that: 8 < 2+ % and % + % =1.
We need

2 2
Telo a0 < el — | (jus -+ 117 |

2

n

2
=g <2+
n
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hence
1 2
1+—<pB<24—.
n n
Choosing such a 3, we derive that:

1+2 _q,2
/’Uk no_ gl
M

On the other hand we have:

/ Abuktp—/ Ug- Ay —>/ uAbtp—/ Ay,
M M M M

142

0 A dg™ —— 0.
k—o0

hence 9
qAyuy + Rouy, — u}:rg ——qAyu+ Rou — @
in the space H~! in the distributional sense. Thus
(4.3) qAyu + Rot — gt =0 in the distributional sense.
Proposition 5 follows then from the following result of D. Jerison and J.M.
Lee:

Theorem 5.16 of [10]. Let U be a relatively compact open set in a
normal coordinates neighborhood. Suppose that f,g € C*(U), v > 0 on
U uell g=2+ %, and Ayu + gu = fu*"! in the distributional sense on
U for some 2 < s < ¢. Then u > 0 on U and u € C*(U).

We now turn to define the neighborhoods of critical points at infinity.

Definition 6 ([3]). For € > 0 and an integer p > 1, let:

(4.4)
u € ). such that there exists p concentration points )
ai,...,ap in M and p concentrations Ay dp >0
_ 1
Vip,€e) = such that — 1 Z i, A < €, with \; > —
p2§% —1 €
and Vi # j, €; = T; + AT- + )\zx\jd(ai,aj)2 > 1

where d(z,y), if # and y are in a small ball of radius p, is || exp; ! (y)]|gn
(Il |z is the norm in H™), with exp, the CR exponential map for the point

x, and d(x,y) is equal to § otherwise.

Ifuisa function in V(p, €), we can find an optimal approximation of u
by the functlons To3 L_SV=P §(ai, \i). Indeed, we have:

Lemma 7 ([4]). For every p > 1 there exists € > 0 which depends on p
such that for every w € ) satisfying:

i=p

§ ) 1
u——— ) 0(a;, Ni)|| <e  with E €ij > -,
P8 H i#j ¢
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the minimization problem

T Z it )
has a unique solution, up to permutation on the set of indices {1,... ,p}.

The proof of Lemma 7 is essentially similar to A. Bahri and H. Brezis in
[4] (Section 6, Proposition 9).

Let us now assume that (1) has no solution. Then we have the following
characterization of the sequences failing the (P.S) condition:

Proposition 8 ([4], [3]). Let (ug) be a sequence of H' satisfying (4.2).
Then there ezists an integer p > 1 and a sequence (ex), with € > 0 and
limkﬂoo e = 0 such that, for a subsequence of (uy), denoted again by (uy),

€ Vi(p,e).

This proposition follows from iterated blow up around the concentration
points.

”ukHH

Proof of Proposition 8. (1) has no solution, thus uxy — @ = 0 in H, and
(uy) satisfies, after renormalization:

(%)  qAyuk + Roug — |uk|%uk — 0 in the distributional sense
uy ~0in H and wugy A0 in H
/ |dug |30 A d6™ < C, and / lug2tRo A do™ < O, C > 0.
M M
We first prove:

Lemma 9. There exists x € M such that for every real p > 0, 3 6(p) > 0
satisfying:

ok, / (qldunl? + Rou)0 A d6™ > 6(p).
B(w,p)

Proof. Let us assume that for all = in M, there is p(x) > 0 such that on
B(z, p(x)), ug o7 0. Since M is compact this is a contradiction with our

hypothesis ux /4 0 in H.
We then have:

Lemma 10. The constant 6(p) of Lemma 9 can be taken equal to apS™,
where ag is any real strictly less than 1, and S is the critical Sobolev constant
of the Heisenberg group H" introduced in (5.1).

Proof. Let ¢y : Ry — [0, 1] such that

Yr(s) =1 for 0<s<pg
Yr(s) =0 for s > pr + O
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where p < pr < 2p, and 0 < §; < p.
The function 1, is continuous and C' piecewise.
Let ¢y be the function defined on M by ¢ (z) = ¢ (||x]|). We then have:

[déklo < [di|eC(p) < 5( ),
We have, after multiplication of Equation (%) by ux¢x:
/ (Lug)ugdr —/ uf o = (e, UkDR) -1 /1
M M

with ap — 0. Thus
H-1

(4.5) / dldusBon + / qunl(dur, o) + / Rouo
M M M

< / a9 + Nl bz
M
with

|urdnll g = </M (Q|d(uk¢k)\g + Re(uk¢k)2>9 A d9”>

Let us remark that:

(/, Jcs08) ) = ( (/, i)+ (/MUiidaskr%);.
Thus

(4.6) / aldurl2én + / quply(dug, dgy) + / Roulds
M M M

< /M |kl Pr + [lokl| -1 { (/M Reuzﬁ);
w ([ dauber)’ + ([ atians)’}

We are assuming that:

)
/ (J!duk|3¢k+/ Ryuidy > (2'0)7
M M

1
ol ([ aldufiet)” — o
M
and

1
o || g2 / Re“k¢k 2 0;
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this allows us to incorporate these two last terms in the first side of the
inequality (4.6) and we derive:

(4.7) (/M <Q\duk|g¢k + Rauzqﬁk)) (140(1)) + /M quily(duy, doy,)

1
< [ tunltn+ lowls ([ autlaon)”.
M M

We apply a Hélder inequality to

/ uply (duy, doy)
M

and we derive

s ([ i) o)
C(/ uif’d(ﬁk\g); < C’(SC]; (/Muzf

Let us denote by wy, the term = (fM uk) , and impose on (wy) to converge

=

1
to zero, that is we choose J; such that (fM uz) * = 0(03). This is possible

since f Mu,% tends to zero. We then obtain

(4.9 "< ([ (ahdualion+ Roton) ) (1-+o0)

< [ fnltn+ alanl + )
M

Since wy, tends to zero as well as ||ag|| -1, (4.8) can be rewritten as:

(49 (1+ 0(1))/M (aldus Box + Roudor) < /M|uk|q¢>k +o(1).
Since
[ (aldusion + Rouon) = 8(o),
M
(4.9) yields:
@) (o) [ (alduly+ Roi)on < [ .

We introduce 75 > 0 very small which will be chosen there after. (4.10)
yields

(L+0(1)) /M(qduuz + Ry} ) oy < /M Jur|*(6r + ).
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On the other hand we have:

(411)  AM) = XS = ueiSIflfM) /M (q’d< ||5|yq) ‘Z " Ra(Huullq)j

which implies:

ASH) [[ulf2 < / <q|duy,3 + R9u2>9 Adom.
M
Applying (4.11) to the function u = u (o + %)é, we obtain:

/ el (65 + 1)
M

[SIS)

< A(SPH)E (/M ((J’d<uk(¢k + 7’“)%> ’Z + Rouj(¢r + ')’k)g)>

Hence
(4.12)

</M (qldUk|§<Z>k + ReUifﬁk)) (1+0(1))
< A(SZ"“)_g{/MQ\dUklg(% )T+ /M quz‘d«‘?’“ + 7’“)%> ‘Z

9
1 o 1 2|2
+ 2/ qui(dr + k) 745 (duk, d((on + ’Yk)q)> + / Roui(dr + k)@ } :
M M
We choose 7 such that:
2_
| o+t = o)
This will follow if:
29 2
(4.13) / upy? "|dérls = o(1), since . 2 <0.
M

Since, fM u%\dm@ < wz which tends to zero, we can find 74 tending to
zero such that

/M Uz(Qbk + 'Yk:)%_2|d(;5k|§ tends also to zero.

I

2{/Mq|duk|z<¢k+m5/Mqui\d(wﬁmi)ﬁ}%

can be incorporated in the o(1) which lies in the left hand side of (4.12).

The terms

Q=

/M quz’d<(¢k + k)

and
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We derive, after some obvious simplifications:

@iy (o) [ (aldufon+ Rouion)

9
2

2 2
gM@Mr%/ﬂmMﬁ+/wa@-
M M

1
1
The condition on <y in order to satisfy (4.13) can be rewritten as: wyy, =

o(1).

vr = wyi satisfies our purpose if wy tends to zero. Therefore it suffises
1

to choose d; = (fM u%)z. We derive from (4.14) (¢ is zero outside of
B(z, px + 6x) and is 1 on B(x, pg)):

(1+0(1)) /

(qyduk\g + Rguz)e A don
B(vak)

q

2
< )\(52”“)—% ({/ (q\duk@ + Rgui)qﬁl‘; } ’
B(‘I7pk)

2y 3
+ {/ (Q|duk|3+39u%)¢fé}
B(z,pr+0k)—B(z,p1)

thus

(qyduk|§ + Rgui)e A dg"

(1+0(1)) /B(xpk)

2
< )\(SQnJrl)*% ({/ (q|duk]§ + Rguz)}
B(z,px)

q
2 2y [ ?
s nienn))
B(z,p+0)—B(x,pox)

= A(SZH =2 ((1) + (1D)).
We know that (I) > 8(p)%, and we have two possible cases for the integral
(II).

First case.
Let us assume that (II) = o((I)). Then:

(1+ 0(1))/ (q,duk@ + Re”i)
B(xvpk)

q

q 2
< A(SQ"“M{ / (qldug|g + Reui)}
B(z,pi)



CR YAMABE CONJECTURE 143

that is

2

/B(W (cﬂdu;clg + Rezﬁ) > (14 0(1)) ()\(SQTH»l)%)qTQ

n+1
> a(A(SQ"H)) =a.S"
where a is any fixed constant less than 1.

Second case. .
Let us assume that (IT) > c.d(p)2, with a fixed positive ¢, for all choices of

Pk in [p, 2p] with § = (fM ui)

1
1

. Hence, if we take p}'c =p+idg, €N,
2 2 2
(4.15) / - (qlduglg + Roui) > cid(p), Vi, Vk.
B(z,p;

z,py )= B(z,p},)

Extracting subsequences we may assume that (uy) satisfies (4.15) for 0 <
1 < ig, where iy is any fixed integer less than i.
Thus

_ qlduy|? + Rous
/B( ’°+1>—B<w,p>( unl + B

z,p
1=10
=y [ (aldus3 + Rou?)
; B(z,p}t)—B(x,p},)
2
> (ig + 1)ci3(p)-
On the other hand:

dup|3 < C  and, u? —— 0.
6 k

Thus, we must have:

(4.16) (ig + 1)c1d(p) < 24C.

Hence, if we take i¢ violating (4.16), this case cannot occur. Since J; tends
to zero, such an 7y can be found. The second case, therefore cannot occur for
all k’s and the first case always takes place for some k. Lemma 10 follows.

We derive, from Lemma 10, that for all given 0 <ag<1,forall z € M
satisfying Lemma 9, there is a positive sequence (px(x)) such that:

Vk, / (q|duk|§ + Reuz)a AdO™ > apS™.
B(z,px(x))

For k given in N, let us denote

(0) Pro = $1g/[ pr(x).
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M is compact, hence this minimum is attained. Let then z; 0 € M be such
that pi o0 = pr(xk,0). We now prove that:

Lemma 11. The sequence (pio) converges to zero.

Proof. Let x in M be such that it has no neighborhood on which wuy — 0.

We choose pp > 0 and take B(x,p) such that pg < p < 2py. By the
construction of Lemma 10, we have:

Vk, / (qlduk% + Reui)e A dO™ > agS™.
B(z,p)

We derive that

pr(z) < p < 2po.
Since po can be chosen as small as we wish, we derive that pg(x) — 0 and
thus, that p o — 0. Lemma 11 follows.

Since M is a compact manifold which is locally CR equivalent to S?"+!,
every = in M has a neighborhood U(z) D B(x, p), where normal coordinates
can be defined, and where the contact form of M is conformal to the contact
form 6y of H" (see Section 3) (p is independent of x). For all k in N, we
consider the function uy on B(xy 0, g) Let us denote by @, the function

-1

U = ukuxk’o

2
(uﬁk’o is the conformal factor on B(zy, %)) We then have from Lemma 2:

~ 1+2 ~ : p
Lo (umkouk) = (U:ck,o >L90 (uy) inB (37k,07 5) .
Since M is compact and since

1+2
qAyug + Roup, —uy, 7 0

on M in the distributional sense, we derive that
1+2 ~ 142
(1) (o @) = "") 0

in B(xyp,5) or, using the exponential map, on the ball B(0, p') in H", for
a suitable p'.
Let (vg) be the sequence defined by

k(X)) = way o (Pr,0X) Pf gk (Pr0X)  on B(Uap;;(l)/)')

VekeN=<¢_ ”
{vk(X )=0 on °B(0, py. ')

where wy, , is the function defined in Section 3. The sequence (vy) is ob-
tained by dilation of the sequence (). The dilation takes place in H",
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according to the rules of Section 2. It is easy to see that (vy) satisfies the
same properties than (ug), that is

~ 142 . .
(4.17) {L9°Uk—vk 10 i HOYB)

~ 942 -
an |vk|2+n <oo and an |dvk\30 < 00
where B is any given fixed ball of H" and k& is large enough.

Lemma 12. (a) The sequence (vy) converges weakly to v in H.
(b) v — v in H(B) for each ball of H™ and v # 0, positive.

Proof. (a) is straightforward.
In order to prove (b), we first establish:

Lemma 13. The sequence (v — U) satisfies
Loy (@ —7) — (0 — )T =0 in HX(B)
for every B of H" and
[ (1@ -9, + G- D) < .
Proof. First, as in the Riemannian case, it is easy to see that v satisfies
Lg,o=70""n
(4.18) {an (m%% + \d5\30> < +o0

v is also clearly non-negative.

We derive then from (4.17) and (4.18)

142

Ly, (v, —v) — (vk = 51+%> — 0 in H '(loc)
and we claim that
ot _FE (@ - ) — 0 in B (loc)
Indeed, using the following inequality:

2 2 2 2_
(419) la+8l% — Jal | < e(b] + sup{lal,[b]}7 " ]b])

we have:
2 U U
P = (U =0+ 0)n (U — V) + 0]V
a2
= (O = 0)" (vp — V)
2 o 2.1 ~2 Q9 i~~~ 2
+O(vn]vk—v|+sup{|vk—v\n ,Un }|vk—v\v)+v,§v
~ 241 2 2 e 2
= (Vp —0)n —|—v,§v+0<vn|vk—v\+]vk—vlnv>

= (@ — )+ @ — T+ 0)5 0+ O (7 [ — 0] + | — 177,
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Applying (4.19) again, we derive:

~241
o = (0 —U)n At 4 o
+O@mfﬁﬁ+ﬁm“%—ﬂ% 5 ) o - ol
2~ 2
+ O<vn\vk — 0|+ [o, — fu]n@)
thus
st _ @ —0)r 4y oty 0 -~ B
r p—U)n + vn]vk v + |vg v\nv
i.e.,
v,;H—'ﬁ%“ (T — V)= (vnlvk—v|+\vk—v\nv)

which, using the fact that v is L> N L2+ (derived from the regularity the-
ory), converges to 0 in L2%(H”).

Lemma 13 follows.

We resume the proof of (b). Arguing by contradiction, since vy, — v /4 0
and since v, — v satisfies all the conditions of Lemma 10, there exists a
sequence (T, pi) such that =y, € B(xy0, pro), Pk tends to zero and:

~ ~ 1 + ag
/1~~qWW—MiZ g

Thus,

~ 12
/ L qldvgly, > apS™.

Hence, there exists fik € B(xg,0, pr0) such that

/ B (q|duk\g + Rgui) > qoS™.
B(

ZyPkPE,0)

This implies that pk(%k) < PrPro < pro (pr tends to zero) and contradicts
the optimality of pj o expressed in Equation (O). Hence, v, — v in H(B),
for each ball of H" as stable and v has to be non-zero since

~ 12 ao mn
qldvg|s. > —S™.
/B(o ) A0kl =

)

v is non-negative and, by application of the maximum principle is therefore
strictly positive. Lemma 12 follows.

From the uniqueness of the positive solutions on H" ([10]), we derive the
existence of by € H" and «; > 0 such that v = §(b1,71), where d(a, A) is the
usual solution in H". By optimality of (x0, pr,0) we see that by = 0 and
=1
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We recall now that, given (a,\) € M x Ry, we have introduced in (3.3)
the unique solution § of:

Lé(a,\) = ' (a, \)Hn
with §'(a, \) = ugd(a,\) in B(a,p)

We now extract from (ug) the “first mass” v, that is, we consider the new
sequence of functions:

) =unle) = 5 (exz2 (onab). 2 ) 0

)

_ (uk 5 (m pj;)) (@).

Lemma 11 implies readely that uk when rescaled around zj ¢ via the expo-
nential map with the scale pj o, will tend to zero in H ~1 of the compact
subsets of H".

We then have:

Lemma 14. The sequence (uy) satisfies:
Lu} — |u]1€]%u,1C —0 in H!
Jur (aldui 3 + Ro(u})?) < €

Up to minor technical points, the proof of Lemma 14 is similar to that of
Lemma 13. We derive that (u}g) satisfies the same properties than (ug), up
to the fact that (uf) is not positive any more.

Reiterating our procedure, either (uj) converges strongly to zero and
Proposition 8 holds or we can find a new sequence (xy 1, pg,1) around which
we can rescale (u}).

We then have:

Lemma 15. With a good choice of the constants ag, a1, we have

1

> — .
Pk,1 = 2Pk,o

Proof. Let us choose ay for u,lc, in lieu of aq for uy such that 0 < qg < a1 < 1.
Arguing by contradiction, let us assume that

1
Pr1 < ipk,o-

Thus , there is a point z € M such that

/ (q[du,lc\2 + R@(u,lc)Q) > a;5".
B(Z:%Pk,o)
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Let us discard immediately [ B(21pk O)Rg(u/,lg)2 since this quantity tends to
12 s

zero. Thus, we may assume using the fact that a; > ag, that

[ =
B(Zéﬂk,o)

Now, u/,lC is uy deprived of ) (xkp, pTlo) which is, up to local diffeomorphisms

ag + ai gn

and rescaling, essentially vy, —v in B(xy 0, Npgo), with N as large as we will
and, since § decreases rapidly outside of such a ball (N large), is essentially
ug in CB(xkp, Npro)-

Clearly, vy — v tends to zero in H(B(xk,o,Npk,o)) and wu; satisfies, on

every ball B of radius 22,

/ qldug|3 < apS™.
B

Therefore, after some minor technical details, we derive that, for every y of
M,
3ap+a ag+a
/ gldup|z < 2 gn « 20 T gn
By, ki) 4 2

A contradiction and Lemma 15 follows.

We now establish the last step in the proof of Proposition 8.

We recall that, if a and b are points of M, d(a,b) is either larger than a

fixed constant © or, if~d(a, b) < ©, then a and b are in the same conformal

local chart of M and d(a,b) can be thought of, via the exponential map of
a or b, as ||a=1b||gn at first order.

Lemma 16.
Pk,1
Pk,0
Furthermore, the weak limit of the rescaled functions of (ui) around (xy 1,
Pk,1) 15 non-negative.

+ e 0Pk 1 Uk 0, 25,1)? — +o00.

Proof. If c?(a:k,o, xy,1) does not tend to zero, then the mass & which we sub-
stracted to uy, is concentrated around xj, o which remains away from the new
point of concentration xy, 1. Hence, since p,;(l) tends to infinity, this first mass
5 tends to zero in H! of fixed balls around Zj1, hence a fortiori in H -1
of tiny balls of radius of order pj ;. Thus, in this case, § can be forgotten
in the weak limit of (u},), which is derived by taking the weak limit of the

rescaled functions from (uy) around (xy 1, pg,1). The positivity of this weak
limit follows as well as the fact that

PE1
Pk,0

+ P 0P k0, 2x,1)? — +o0.
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If d(zk,0,2k,1) tends to zero, we may consider that we are in one chart of
M, hence in fact on H". We then subdivide our discussion into two cases:
(1) First case. Let us assume that

pr1

Pk,0
Then, the following function

n
() i) v

converges to zero, since it is equal to v translated and dilated with a con-
centration tending to infinity. Thus the weak limit of (u}) is > 0 which is
an essential point in the argument; we know also that the weak limit is a
strong limit (pg,1 is optimal) and is not zero.

(2) Second case. Let us assume that
1
1_
27 pro
where c is a positive constant. Then

<c

— )

1,1
— .
Hpk,oxk,okaHHn o

Indeed, assuming that for all £k € N, p,;%)x,;(l]xm is upperbounded, we
rescale (u}.) around (zy1, pr,1). This is equivalent to rescaling (u}.) around
(%0, Pk,0) and we obtain i?,}; = v — v. Since Uy — v — 0 we have a contra-
diction (v}, /4 0). Thus
-1, -1
Hpk,oxk,oxk,luw —
and since py 1 ~ c.pgo we have

“1.-1
—
“pk,1$k,1xk70“Hn S

and
2
—1 —1|l,.—1,. o
Pr,1Pr,0||Tk,1Tk,0 Hn .
Thus
PN~ (PE1 1
) v YPe 1Tk %ko ) — 0
Pk,0 Pk,0 B

Lemma 16 follows.

We then can state lemmas analogous to Lemmas 12, 13 and (4.18) for the
sequence (v,}:) and its limit ©'. It is easy, using the optimality of (k.15 PE1)s
to prove that the new “mass” 5 is centered at Tj,1, with concentration —.

Pk,1
This argument can be iterated as long as the new sequence obtained does

not converge strongly to zero. The iteration has to stop for energy reasons:
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After each extraction of a “mass”, [, q\duﬁ]% (at the ¢*P-step) decreases of
S™.

Then, there exists p € N, p > 1 and sequences (20), (Zr1),--- , (Trp—1)
in M and (ﬁ) =\, (pk;)—l) = (A';fl) tending to +o0o such that
p—1

and, for i # j

. ; I~
Pk,i 4 Pk.j + d(xk,z733k,j)2 — Foo.
Pkj  Pki  PkiPkj

€ij =

Proposition 8 follows, since we have

p—1

~ 2
il — | dCenaoih)|| = ps™ + o1)
=0

1
where o(1) = O —) —0.
here o) = O(3_ ) =0

5. Expansion of the functional near the sets of potential critical
points at infinity.

We consider the functional J introduced in (1.5) for w in H, and the Sobolev
constant of H” defined by:

1 2 141
g — (/Hn d(ll + (|22 - Zt)’n) ‘9090 /\d90>

1
By A d6?
/Hn 1+ (|22 — i) :

We refer to the introduction for the aim of this section.
We have the following lemma:

(5.1)

Lemma 17. (i) Vp € N*, Ve > 0, 3\, = A(p,€) such that for any
(ai1,...,0p) satisfying o > 0, 8 oy =1, for any (z1,...,23,) €
MP, for any X > X\, the following inequality holds:

P
J <Zai5(a:i,)\)> <pnS if Z/M S(xi,)\)H%S(arj,/\) O NdO™ > e.
i=1

17
(ii) There exist 0 < 3 <1, C >0 and € > 0 such that for all p € N*, for
any (ai,...,qp) satisfying: o; > 0, >0 a; =1, g—; > B Vi, j , for
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any (z1,...,xp) € MP, for any X > 1 we have the following
P ( P a2)1+% C 1
S Azl T L _pTt
J (2 0415(:62,)\)> < ; 2+7 S<1+ an C)\2")
= i=1 ¢
provided

Z/&xl, 28z, N) OAdO" < €.

i#]
(iii) If in (ii) we drop the condition g—; > 3, then we have the following
mequality:
p ( P 2)1—0—; 1
< i=1 "1 -
’ (20"5(%”) < (o)
= i=1 %%
1 A 2 4 n
+5 Z ; S(xi, N nd(z5,N) O A dE }
i#£]
Proof.

Sar 325 o (i, ) = M
where )
;—1 if 0'(z;,A\) =0
This inequality is an equivalent of Lemma B.2 in [5].
Let
fM aZ(S’ L2
fM i 1 Li, )‘)2+% .
We have
Ao fM >t (2, A — > xz,)\)2+% + fM > ai<§(:vi,)\)2+%
[y x“ )\)2—&-%
fM azd’ (i, A 2+— fM JEZ,)\)%%
> 5(zs, )\)2+;

Since [y, & (i, AR A don = O(M) we obtain that [A| <1+ O(5).
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We also have fM & :Bi,)\)%%@ AdO™ = S™ + O(/\Qn)

Let B = fM< b ;5’(a:i,)\)2+%)9Ad9”, we have

/ / 2+%
B:/ O‘lé(f,“)‘s E"”M) oA do"
M ijl ajé (:Uja A)
P N NV (5. \)2F 2
+/ i=2 010 (xZ’Af‘S @ )77 g 3 g,
M ijl aj5 (.lej, A)

Since aj > 0 and ¢'(z;,A) > 0 Vj, we derive

a15’(:r1, )\) < 0415/(1‘1, )\)
Z?zl Oéj(sl(l'j, )\) - 0415’(:31, )\) + Oégél(l‘g, )\)

and thus
1 a18' (z1, )8 (21, )\)2Jr
B<(p—-1)S"+0, N
( ) + <)\2n) =+ /M a15/($1,>\) + 042(5/(562,/\)
Reordering the functions 8(z;, A), 1 < i < p, we may assume that:

1) /M<5(x1,>\) %5(@,)\)+3(x1,)\)5(x2,)\)1+%)0/\d0”

/ (8 2885, 2) + 8, Moy ) 0 4 do”
M

= Sup
1<ij<p
i#]

We find under these hypotheses

J (Z: aié(a:i,x)> < (1 +0 (;)) {(p _1)sn

1 8 (1, \)o' (21, \) 2=
+O ( Qn) +/ /(l’l, ) (xllv )
A B(z1,2) 8 (z1,X) + 0" (22, A)

Suppose first that the distance between x; and x5 is less than g, then wy,, =1

on B(x1, ), we derive:
Uz
ﬁilé(xlv )‘)

(@1, M) ) = 2 x x 2. P
<5’($1,)\)+(5l($2,)\)>( ) (gi;é(ml,)\)—i-é(lg,)\))( ) Y eB( 172)

and there exists a constant 7 > £ > 0 such that

1
3 <" < 90on B(x1,n).

Ugq
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We consider two cases.

First case. If (I(:L‘l, x9) < n, then we have:

J(iz_p;ai(?(mi,x)> < (1+o<;n>> {( ~1)8" + 0, (A§n>

/ 2+% n
+/ 26 (1, )0 (21, ) 0/\d9”}
B(z1.m)

.

2(5(1‘1, )\) + 5(1‘2, )\)

< (1+0<A1n>> {( —1)S"+ 0y (Q)

1

242 n
+/ 28(21, \)& (1, \) )HOAdGO} |
H

n 25(:131, )\) + 5(3}2,

For a given ¢y > 0, let:

Ay = {x € H" such that §(z1,\)(x) > €o(20(z1, \) + (2, )\))(m)},

we have

5(1’2, )\) 242
“0 A don
/Hn 20(x1, \) + 5(1‘2,)\)5(x1’ AT b A by

> € 5(33‘2,)\)5(.7}1,)\)1—"_%90 A dby
Ag

and, on ¢4, we have d(z1,N) <

§(x2, \), then
26

5('%'2’ A) 242
nfy N dOy
/Hn 2(5(%1 )\) + 5(.@2, /\)5(.7;17 )\) 0 0

/Hn B, 1) 82, A) [AO O(as, )T m,m)

<
<
<

/ (5(x1,A)1+r2L5(x2,A)+5($2,)\)1+7215(:1;1,)\))}
H

1_6026());;{/n(&xl,»l*ié(w)+5<x2’”1+35<x1’”)}>
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we obtain

(5(.%2, )\) 042 .

5 (2 Lot

+ 8(x9, \) TR 6 (21, N)) B0 A .

1
Thus, if € is small enough, we have (1 — <1 260) "> > %7 and

0(x2, A) oy 2 i
/Hn 26(x1, A) + 6 (22, )\)5(361’ A"l A dby

( / 51, )2 6(, Ao A dOD

+/ 821, \)o (22, \) 0o Ad@{}).
expz, B(72,5)

>

~|

Hence,

.1‘2, ) 2+% n
e 25(21,0) +5($2’>\)5(l’1,)\) 0o N db

260</ (21, N6 (22, \)O A dO™
4 Bml72
1
+ .%‘1, (xg,A) n9Ad0"+O< 5 >>
B(x2,2) A
€
ZO ( (21, \) 28 (0, \)IADO™
. 1
(a1, NS (2, M) )mwuo(A ))

we have assumed that
/ (3(9:1, A28 (@, A) + 8(x1, ) (s, A)H%)e A don
M

— Sup /(3(mi,)\) %S(J;j,)\)—i—S(a:i,)\)S(xj,/\)H%)Q/\dH"
1<ij<p JM
i#j
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then
Z/ (BCai VM E85.3) + Bl N3y, 1) )0 1 o
- . JM
i#]
< p? (/ (5 (e, N2 8(2g, X) + 6, N3, A)1HR) O A d9">
M
and
u 1 . 1
T Dbz N) | < (1+0( 7)) 1pS"+ 0y (33
=1
1
- [ S b i
p M i
7]
That is

and (i) follows in this case.

Second case. If d(z1,z2) > 1, then
. L2 . . . 1
/M (5(301,)\) 7 6(w2, A) + 821, N6 (wa, AT )emw is O (vn)
then

Z/ 3%, 36 (:xj,)\)+<§(xi,/\)<§(a:j,)\)1+%>0/\d9"
()

oo (1 1
=p 0 ()\271 O/ )\Qn :

Then, we need only to choose A large enough to have O;) ( X

%n) < € and the

proof of (i) reduces to the case d(z1, z2) < 1.
For the proof of (ii) and (iii), we will use the following result:

Lemma 18 ([4, Lemma A.2, Appendix 2|). Let s > 2 be given. There is a
constant y(s) > 1 such that, for any a1,...,a, >0, we have:

P § p 7
-1
<Zai> > > af+s§Zaf aj.
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Proof of (iii). By using Lemma 18, we have for the functional J:

=1

~ ~ ~ ~ 1+
{ le oz? fML5($i7)\)5($i’)‘)+2Zi<j Q0 fM L(S(a:i,A)é(xj,)\)}

— 242 4 2+ 1+2 Q +27 '
Jur2oier o IR 1 Btk D it O g [og (i N RO (25, )

We derive from Lemmas 3 and 4 that

J (Zp: ;b (x4, A))
=1

< { ? 10‘2(Sn+0(>\%n))+(1 + %) Zi;ﬁj O‘io‘ij 5(3%)\) 8(3%)\)}

_— 1 2 ~ 7/\ .
4 104 (S”+O(/\2n))+(1+%)72#j ai+”aij (s \) T8 (25,0)
Thus

J (zp: Oéig(l‘i,)\))

1+1 . ” 1+3
(Crie?) s {1+0(A%n>+<’ff1“)yZmaz—aij&xi,A)Hna(m)}

1
n

L2 T4
n

1231 3+ {1—|—O( ) A+52)v >, ;ﬁjy i 2+f1u>sn 11)\)}

<Zp 1 &
Let us assume that

Z/ 5561, % Oz, \)ONdO™ < €,

if €1 is chosen small enough; then, for A large enough, we have:

J (Zp: aiS(xi,)\)>
=1

1++
< —( : 1a2) S<14+0 L
- p 2+2 + \2n

-1 Q.
(L+ D+ DY aiay fo 8(@id)F oz, A)
+ P 2
< L a2)sn
BRI fM xz,wl*ifﬁ(xm}

GRS
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and finally it follows that:

( f:1%2>1 ! y24
SPMS{HO(A%) 02/5% na(:cj,A)}.

Hence (iii).
Proof of (ii). Let us now assume that there exists 0 < 5 < 1 such that,
%> B for any (i, )

@j
Our aim is to find an upperbound of:

2
s (1+3) 14 L) WEANCTEL"
2 n v 1a2 v n P 2+%

=1 az
Then . .
L+ A+ )y 1+3) 1+ 5)
1 0%2 B pB?
and ,
14+= 2
L+ )y "oy _ B> 1
2 Z 1 + = -
p o a2+; D n

Assume now that we choose 0 < B < 1 so that

1+ (a+2 2 1
252 ) <ﬁ2+” <1_|_n>,.y

= (3 (14 1) - DA oo

we then derive

J (Zp: aig(xi,)\)>
=1

1++
) Tt (L)

let

Doy "
Z/ 5(zi, A 28(30]-,)\)}
2#]

and (ii) follows by using (v) of Lemma 4.
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Lemma 17 implies the following proposition:
Proposition 19. There exist an integer pg > 0, and a positive real number

Ao, such that for any (ou,... ,qp) satisfying a; > 0, Zai =1, p>po,
i=1
for any (x1,... ,xp) € MP and for any A > \g we have:

P
J (Zaﬁ(mi,)\)) Sp%S
i=1

Proof. This proposition is a consequence of the inequalities (i), (ii) and (iii)
of Lemma 17.

Let us assume first that there is a couple of indexes (ig,jo) such that
o < 8, we consider then A > \g = A(p, €) and we have from (i) of Lemma 17:

ajo
P N 1
J (Zaid(:vi,)\)) < pnS
i=1
if
Z/ 3z, N RS (a, N A dO™ > €.
i#]
Otherwise, if
Z/ S, N8 (25, N A dO™ < e,
i#£]

we apply the inequality (iii) of the lemma by choosing € = ¢(p, 5) such that

1+
( p10‘2) ' 140 1 € 1
sv i U ) e ) T
i=1%

and Proposition 19 is established with py = p.

Let us now assume that for all indices i, j (i # j), o > 3.
J
Then, the inequalities (i) and (ii) of Lemma 17 still hold with g in (ii)
independent of p. In (ii), we choose pg such that pOCng > 1. Tt follows that

for all p > pg we have:

L ( (g%
J Zaié(xh)‘) < ﬁs <p»S.
=1

n
19

[\
N——
—
+
3=
=

=
Proposition 19 follows.

We introduce the following notations:
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For any p > 1 and A > 0 let

By = By(M) = {zp:aitsxi, a; >0, zp:ozi =1, z; € M}
- - and By = Bo(M)=10
(where 6, is the Dirac mass in z;)
W, = {u € > ., suchthat J(u) < (p+ 1)%S }
and f,(A) the map of B,(M) in ), defined by

p . | = Sob @b (i, \) '
fp(X) <; 15:@) Hzg’zlaiS(xi,)\)HH

Clearly we have
Bp1(M) C By(M)
and
Wp,1 C Wp.
With these notations we have the following proposition:

Proposition 20. (i) For any integer p > 1, there exists a real Ay, > 0,
such that
fp(A) 2 Bp(M) — W,

for any X > \,.
(ii) There exists an integer po > 1, such that for any integer p > py and
for any X > Xy, the map of pairs:

fp(A) + (Bp, Bp—1) — (Wp, Wp—1)
satisfies fp=(X) = 0 where
fpr(X) : Hu(Bp, Bp—1) — Hy(Wp, Wp—1).
H,(e) is the homology group with Z/2 coefficients of e.

Proof. (i) is a direct consequence of inequalities (i), (ii) and (iii) of Lemma 17,
since we have:

J (fp()\) (i ai5%>> =J S0 cid(wi, \)
i=1

HZle aid(x;, /\)HH

=J <§p: 0413(1‘2,)\)> .
i=1

(ii) follows from Proposition 19.
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6. Topological arguments.

Proof of Theorem 1.

Arguing by contradiction, we will assume that @ = 0 (see Section 4), that
is the weak limit of the (P.S) sequences are zero; otherwise, our problem
would be solved, since we would have found a solution.

We now turn to deformation and topological arguments. We start with:

Lemma 21 ([3, Proposition 5.11]). For any e > 0, the pair (W, Wp_1) re-
tracts by deformation on the pair (Wy—1 U Ap, Wp_1), where A, C V(p,e).

Throughout this section we shall denote by H,.(M), respectively H*(M),
the homology, respectively the cohomology group, with Z/2 coefficients, and
wp the orientation class (modulo 2), of the pair (B, (M), Bp—1(M)).

We are going to prove by induction on p, that:

Proposition 22. For every p € N*, fp-(\)(wp) # 0.

This proposition is in contradiction with Proposition 20. Therefore (1)
has a solution and hence Theorem 1 is established.

In order to prove Proposition 22, we introduce the following notations
and constructions, which are extracted from [4] and [3], and written for the
sake of completeness.

We provide By,(M) with the weak topology of measures. By(M) with its

topology can also be viewed as the quotient space M? ;; A,_1, where

p
Ap—l = {(051,... ,Oép) ‘ Q; € [0,1] Ve, ZO@‘ = 1}
=1

and o, the group of permutations of {1,...,p}.
Let

Ey,={(21,...,zp) € MP | 3(3,§) € {1,...,p}* with z; =z, and i # j}

and let T}, be a tubular neighborhood of F}, in M? which is invariant by o,
and such that M} = MP\T, is a manifold with boundary OM{ (the existence
of T, is derived in the book by G. Bredon [6]). In order to construct such a
T, one can proceed as in Appendix C of [4].

M x Ap_q can be viewed as the quotient space M  x  A,_; by the
op o1 ><O'pfl

action of the group G = o, / (o1 %0 where o1 x 0,—1 is the subgroup of o,
1 p—1

)

consisting of all p elements permutations which map 1 to 1, that is

M x Ay = (M x A,/ G

01X0p—1



CR YAMABE CONJECTURE 161

We have the following diagram:

MY x A, —2— M

01 X0p—1

ql
Mg X Ap_l.
9p

The projection q defines a covering with associated group G. We then have
(see [3]) a well-defined homological transfer maps, which are the transformed
functions of ¢* and ¢, via the Poincaré duality:

try : H* (Mg X Ap_l) — H* (Mg X Ap_1>
9p

01X0p—1

try : H, <M§ X Ap_1> — H, (Mg X Ap_1> .
Op 01 X0p—1
Definition 23. Let O}, be the 2n + 1 cohomological class of M§ x A,y
Op

defined by O}, = tr* o pi([M]*) where [M]* is the cohomological orientation
class of M.

For a fixed real 0 < n < 1, let V(B,_1) denote the neighborhood of
By—1(M) in B,(M) defined by

61 VB = B0 U (B0n e (3 x a7,

where h~1 is the natural map from M} x A} into By(M) and

P
A) = {(al,... ,ap) € [0,1]7, such that Zai =1and o > n}.
i=1

We have the following result:

Lemma 24 ([4], [3]).

(i) Bp—1(M) is a retract by deformation of V(Bp—1).

() £ (V(By1)) © Wy,
(iit) fo(\)(Bp \ V(Bp_1)) C Ap, where A, is a subset of V(p,€).

Using Lemma 24, Proposition 22 reduces to:
fpe(AN)(wp) # 0 for every p € N*, where fj,(\) is now the map:

fp(A) (Bp \ V(Bp-1), 8V(Bp,1)) — (Wp—1 U Ap, Wy1).

We have the following commutative diagram:
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fo(N)

(Bp \V(Bp-1), 6V(Bp—1)) (Wp-1U Ay, W)
7l s

(Mg; < AT <Mg . AZ_1>>
Op Op

p
fp(X) associates to Z a;05, the function
i=1

~

ZIZ'D:I aics(x% )‘)
1> 05—1 cio (i, Al

P
o bod : p 7
~ associates to E a0y, the point (x1,...,2p,0,... ,ap) of My x Ay
; p

=1
r1 is defined through Lemma 7 and associates to

Zf:l aié(xiv )‘)
13271 cid (@i N[

the corresponding point of Mg x AJ_.
Op

The pair (Bp, Bp—1) retracts by deformation on the pair (B, V(Bpy-1)).
Thus
H*(Bzh Bpfl) = H*(pr V(Bpfl))
and
H*(Bpa Bpfl) = H*(Bm V(Bpfl))
By excision we have:
H*(pr V(Bpfl)) = H*(Bp \ V(Bpfl)v OV(Bpfl))
(6.2)
H*(Bpa V(Bp—l)) = H*(Bp \ V(Bp—l)a 8V(Bp—1))‘
We then have:

frN)

H*(By \ V(Bp-1), OV(Bp-1)) H*(Wp1 U Ay, Wp1)
71 /'
i <Mg; < AT 0 (Mg < Agl>) |
9p 9p

Since
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we have
(6.3) (fy (N or7)(Oh) = 7" (ORy)-
By naturality of the cap product N (see [7, 12.6, p. 239]) we have:
(64) 7103 0 (Fp V) () = (£ ) (N (1 (O31) Ny ).
Indeed,
wp € H(2n+1)p+p—1(Bpa Bpfl)a

thus
SoeMN)(wp) € Hiopi1yprp-1(Wp-1 U Ay, Wyp1)
and
Ohy € H*" (M7 /o)
thus

ri(O%) € H H(W,_1 U A, W,_1).
By excision, we have:
H*" YW, 1 U A, W)~ H (A, AynW, ).
We then derive:
r1(Oa) N fpe(MN)(wp) € Hiani1)p-1)1p-1(Ap, Ap N Wpo1)
and using (6.4), we obtain
ForN) (77 (Ohr) Nwp) = fpue(N) (f5 (M) (11 (O1)) N )
= 71(0a) N fpe(A) (wp)-

On the other hand we have the following commutative diagram

Fox(A
H*(Bpa Bpfl) o) H*(Wpfl UAp7 Wpfl)
0l 101
F—1)«(N)
Ho 1(Bp-1) —"""— H,_1(Wp_1)

f(p—l)*(A)
_

H, 1(Bp-1, Bp—2) H, 1(Wp_1, Wp_2)

where the vertical maps are the exact sequences of the appropriate pairs.
Using these notations, we have the following lemma:

Lemma 25 ([4, Section 8, Lemma 16]). We have
(6.5) - 0 807" (O3) Nwy) = wpr.
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Using (6.4) and what follows as well as (6.5), we obtain:

(6.6) J1x 0 01(r(O3) N fpu(wp)) = J1x © 01 (fpe (V" (Ohs) Nwp))
= flp—1)x ©Jx © 5(’}’*(07\/1) N Wp)
= f(p—l)*(wpfl)-

In Appendix B, we prove the following result:

Lemma 26. If there is no solution of (1), then for e > 0 small enough we
have:

Jsre={ued /| J(u)<S+e}

s a retract of M.

Proof of Proposition 22. Since Jgi. , for € > 0 small enough, satisfies
Jsye C V(1,9), where 6 — 0 if ¢ — 0. We derive, using Lemma 7,
that fi.(A\)(w1) #0. Suppose now, that at the order (p — 1) we have

(f(p_l)*()\)> (wp—1) # 0. Then , we derive from (6.6) that

1 (O03n) N (fpe (M) (wp)) # 0,
that is
Spr(M)(wp) # 0,
which ends the proof of Proposition 22.

Proof of Lemma 25. Let w, be the homological orientation class of the
pair (Bp \ V(Bp-1), 0V (Bp—1)) which is identified, via h, with the pair

(Mg; NI <Mg>< y Ag_1>>
Op Op

Since we have a covering

(Mg ‘ A21,8<M§ . Agl>)
01 X0p—1 01X0p—1

— <Mg; < AT 0 (Mg < Agl>)
Op
we can apply the following formula (see [7], p. 314):
(6.7) g (u* Ntry(w)) = tr*(u) Nw
where

we H. (Mg < AT D (Mg; x AZ_1>>
9p 9p
and
W e (Mg; N <Mg < Agl>) |
01 X0p—1 01X0p—1
The formula (6.7) can be understood in an abstract way if we can understand
the cap product: To do this we must introduce elaborated notions, such as



CR YAMABE CONJECTURE 165

for example the applications of Eilenberg-Zilber. However there is a context
where this formula can be understood easily: We will consider an example
in Appendix C, the case where M = S*, k> 2 and p = 2.

We replace in (6.7) w by v« (wp) and u* by pi[M]*, we have tr*(u*) = O},
and we derive that

O N Y(wp) = qu (PIIM]" N e ((wp))).
Since we have a covering:
(6.8) tr. (7 (wp) = By

where w), is the homological orientation class of

My s ko ay)).
< U 0 ;ixopy P71

Let us denote by

p1: M x AZ—l — M,

01 X0p—1

the projection on the first factor, and M; = pl_l(f) the fiber over £ € M:

M£ = {(f,ajg(z), coe s Ta(p)y Q1 () - e ,ag(p)) € Méj X Azfl

01 X0p—1

such that:

p
I+ g =1,
=2
a; >nforie{l,... p}

d(éaxa(i)) >m for i € {27 s 7p}a

and J(xa(i),xg(j)) >m fori,j €4{2,...,p} with i # j}

(m depends on the tubular neighborhood T),).

The projection p; is a fibration of

<Mg x AZ_1,8<M{]’ < Ag_1>)

01 X0p—1 01X0p—1

over M with fiber (Mg, 0M¢), and M is a manifold with boundary, of di-
mension

2n+1)(p—-1)+p—1.
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Would the fibration be trivial we would then have for any s:

(6.9) H8<Mg; . AZ_1,8<M(§’ . Ag_1>>

01 X0p—1 01X0p—1

=P H (M) ® H* (M, 0M).
=0

The fibration is not trivial. Therefore this result, does not hold. However
for the top dimension s = (2n + 1)p + p — 1, this result will hold using a
triangulation of the manifold

<Mg; y Ag_l,é?(Mé’ y AZ_1>>

oC1X0p_1 O1X0p-1
adapted to the fibration. Thus,

(6.10) @p = [M]s @ w4

where w;)_l is the homological orientation class of (Mg, 0M¢). We have:
(6.11) (M) = (M ® 1,

since py is a fibration, where 1 € HO(M;) ~ Z.
We derive from (6.8), (6.10) and (6.11) that

(6.12) PI(M]") N tra (s (wp)) = w1

Thus, we obtain

O3 N Yulwp) = ¢u (PIIM]" Nt (e (wp))) = gu(wp 1)
hence,
¥ (On) Nwp =72 042 (w), 1)
For a fixed & € M, let now:

Cg(Bp_l) = {(1 — t)(Sg + 041(5;“ +---+ ap—léxp,p

p—1
with Z a; =t
=1

and for i € {1,... ,p—1}, z; € M, aiZO}
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‘/g(Bp—l) = {(1 - t)5§ +Oél(5x1 +---+ ap—lfs:(:p_u

p—1
with Zai:t and Fie{l,...,p—1}
i=1

such that d(&,x;) <m or Tig, jo

such that cj(xio,xjo) <morl—t<nort< 77}.

The space Bp_1 is a retract by deformation of V¢(Bp—_1) in B,.
We have the following commutative diagram:

H, (g2 (M), q.(0Me)) - H.(Ce(By1), Ve(Bp))
5/l l(;//
H, 1 (q.(0M)) : H.—1(Ve(Bp-1))
1 (retraction)
H,—1(Bp-1)

where T' is the excision isomorphism, 4’ and §” the connecting homomor-
phisms, [ is uniquely defined by

lo§ =¢§"oT.
By the arguments above, we have:
(6.13) o 0 8(v"(O3) Nwy) = Lo & (g, [Me, OM]),
Since I' is an excision isomorphism, we have:
Loy (g (Me), q.(0Me)]) = [Ce(By-1), Ve(By-1)]

where ;! (¢ (Me), ¢.(0Mg)) is (Ce(Bp-1), Ve(Bp-1)) excised of Ve(Bp_1).
But C¢(Bp—1) is contractible in B, that is

H,(C¢(Bp-1)) = 0.



168 N. GAMARA AND R. YACOUB

Thus, we have the following exact sequence:

Heon )1 491 (Ce(Bp-1)) —— Hizn11)(p-1) 491 (Ce(Bp-1), Ve(Bp-1))
|| Lo
0 H(2ﬂ+1)(P*1)+p72 (Vg(Bp—l))
|«
H(2n+1)(p71)+p*2 (C£(Bp—1))

|
0

that is: Kerd” = Zm® = 0. Thus, §” is one to one.
On the other hand, Zmd” = Kera = H*_l(Vg(Bp_l)). Thus, ¢” is onto.

Hence,
8" ([Ce(Bp-1), Ve(Bp-1)]) = [Bp-1, Bp-2]
(6" is an isomorphism), and

Lod' (v (Ohr) Nwp) = wp—1.

Appendix A.

Lemma A.1.

1
5((1, )\)24—%90 A deg =0 <n> .
/B(a,m—B(aﬂ) A2

’2

1
Proof. Outside of the ball B (a,5), (a,\) is O (M)’ Lemma A.1 follows.

Lemma A.2.

/ 8(a, \) 200 A dOn = / §(a, 1) 0y A dop.
B(0,p) B(0,Ap)

Proof. We consider the dilation on the Heisenberg group H"™:
Mz, t) = (A2, \%t).
We have

An 2+2
0o N dby
/B(o,p)<|1+M2(t+iIZ!2)!”> B

)\2n+2
N /B(O,p) |1+ iN2(t + i[2[2) [ +2
We consider the following change of variables (Z,T) = A(z,t).

Oo N d@g
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We obtain:
\2n+2
0o A dOY
/B(o,m 1+ iN2(t + dfzP)rr2 7070

A\2n+2 oni2)
- A~ “EnT)g dom
/B(o,p> 1+ i(T + i Z[2) |20 +2 o A dby
1
- 6o A 6.
/B(o,Ap) LT +izp)pee 0N o

We now have:

Lemma A.3.
1

V 5(%0,)\>%5(~T1>)‘)00/\d08 :O<

8(x0, N2 8 (21, Ny A deg).
B(zo,p)

Proof. Let € > 0 be given, and

Hn

1
A, = {x € B(xo, p), such that 6(xg, A) > )\n}
€

We have
— / xo, 5(%1, A6y A doy
Z'(),p

/ d(xo, ) +2 nd(x1, N)bo A dOy

/ 5(z0, \)nd (21, \)
)\n

0 A dOF

/ (zo, A (.1:1, A)by A dgg

/ 2 e A dBy.
xOvp n

Hence
/ SC(), (5(1‘1,)\)90/\d08
)\ "EOap

< e/ 8 (20, N0 (21, )b A dOT

),
+ 5(371,)\)90 A dOY
N2+1en S B(wo,p) ’

and

2
)\ n+2

/ 5(z1, )0 A Ol < Cff’).
(z0,0)
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Thus
/ :Eo, 5(£1, )\)00 VAN dag
>\ 107p

<e | 5(mo, N TRE(21, Ao A dOT
Hn
Cl
+ 7(’22 .
A2+n ) \nt2en

By using the inequality (v) of Lemma 4, we derive:

1

= 8(20, \) =6 (x1, \)bo A dO

A B(zo,p)

<(ete ) | S(zmo, )T RS(z1, N)bo A dOE.

]H[’ﬂ
Given n > 0, we choose € > 0 such that ¢ 4 o= n and we derive for A

large enough:

/ SC(), (5(1‘1,)\)90/\d08
)\ mOvp

gn/ 820, \) T8 (1, A)bo A dOT

Appendix B.

We will prove the following result:

Lemma 27. If there is no solution of (1), then for e > 0 small enough, M
s a retract of Jgqe.

First we note that if € — 0, the functions u of Jgy, are in V(1,0), where
0 — 0 and € — 0. We will give a short proof of this:
Let us suppose that there exists u € Jg such that |J'(u)]
there is a ball of radius p independent of € such that |.J'(w)]
The flow of the gradient of J is defined by:

% ——J'(w)

© > 0. Then,
Q
2

>
> 5 on B(u, p).

w(0) =u
The solution w(s,u) exists on the ball B(u, p), and we have:
0 6?2

557 (w(s,u)) = [ (w)]? < I
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J is a decreasing function on the ball B(u, p). Thus, the flow line must leave

the ball, otherwise we will be below the level S. Let us suppose that the
flow line leaves the ball at sg. Then, we have:

S0 6 S0
pg/ v ds:/ | (w)| < esp.
0 0
2

J(w(s0,u)) = J(u) — /0 T (w)[2ds < S + ¢ — %so

0s
Thus, so > £ and

2
<S+e— @—B < S
4 ¢
for € small enough, which is a contradiction. Thus, ® — 0 if € — 0.
Proof of Lemma 26. Since Jgi. C V(1,9) for € small enough (then § — 0)
we can write for u € Jgie, u = ag(a, A) 4+ v uniquely (see Lemma 7); then,
we have the following correspondence:

M —Jsye — M

a— 0(a,\) — a

with
Jsre — M
(u="6(a,\) +v) — a
and
M — Jsie
a— b(a, )

(with A — +00).
This establishes our claim.
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Appendix C.

In this appendix, we give an example in the case M = S* and p = 2, where
formula (6.7) is understood in an easier way.

The pair (B2(S%), Bi(S*)) can be viewed after excision (homologically)
as:

(((s52\7) x A a(((8H°\ 1) x AD))

where T is a tubular go-equivariant neighborhood of the diagonal in (S¥)2.
We have a natural covering of pairs with two sheets:

a: (((SH2\T) x A7, 9(((SH2\T) x A7) —
(552 \7) x A a(((8Y°\ 1) x AD))

and there is a commutative diagram adapted to this covering:

(8" \7) x AT o(((8M2\ 7) x AD)) "
ql lq
(557 \7) x AT 9((($H°\ T) x A])) PR
where ¢ associates to (z,y,a1,a2)€ (((Sk) \T)x A7, d(((SF)2\T) x AY))

the point [z,y, a1, as] € ((( FE\T) x AT, 9(((SF)2\T) x A?)), and q

which is the natural projection map of S* in the projective space PR¥, as-
sociates to | ‘ € S* its class [ﬁé} in PR,

yl
Let ws, respectively wo denote the orientation class of

H*<((Sk)2\T) x A7, 0(((SF)*\ T) x A?))
respectively of

H, (((S%2\T) x A7, 9((($9)*\T) x A])).
We have:
try (wa) = We.

The orientation class wo, respectively wy can be viewed as the tensor product
of the orientation class of S¥, respectively of PR¥, with the orientation class

of the fiber (s‘l(f), 6(3‘1(5))>, respectively <§_1(§), 8(5_1(5))>, where £ €
Sk that is
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We have by g:
tr* ([S*]) = [PR].
Since we have S0 g = g o s, then by naturality of the transfer (see [6], p.
121):
tros* =5 " otr”.
Then
tr* o s* ([S*]) = 3 ([PRY))

and if we take u* = s*([S¥]), and w = wy then the formula (6.7) becomes:
(+) 0. (s (18"]) Nt (w2) ) = 0 (5 (15") ) N
that is:

0. (s ("D N (1% @ [s71(©).0(71(©)]))

=5 ([PR¥)  ([PRY ® [3(18)), 0 ([€D)] )

In this way, the computation of the cap product is easy: We evaluate
§*([PR*]) on [PR*] and then, multiply by [s71([¢]), 9(571([¢]))] on the
right hand side of (). We evaluate s*([S*]) on S* and then multiply by
[s71(), A(s71(€))] on the left hand side of (x).

The evaluation gives 1 on both sides, thus (*) is equivalent to:

g:[s71(€), (s~ ()] = [s7([€D), 2(5~"(Ieh)]-

Clearly by the commutativity of the diagram, we know that:

0 (s71©), o7 ©) — (318, G (D))

is a diffeomorphism, and s is s after taking the quotient by the action of os.
We then have an isomorphism between s~1(¢) and $71([¢]). Thus:

ge: Ho(s7H(6), A(s7H(E))) — H(37H([E)), oG ([E)))
is an isomorphism and this gives the result.

Rigorously speaking, the homological class used in the proof of Lemma 25,
which we denote u*, is not obtained through the covering defined by s but
rather by p; where:

pr: ((SF)2\T) x A] — SF
(z,y,01,q9) — x.

p1 cannot be inserted in a commutative diagram such as the one used for s,
but the following statement shows that p; and s can be related homotopi-
cally, and then all what we did for s holds for the map p;:
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We consider the function

re[0,1] x (((sk)Q\T) X Al) gk

T —ty
tv s I ) I
( z,y, 1 O[Q) I |l‘ - ty|

We have 7(0,.) = p; and r(1,.) = s. Thus, p1. = s. and pj = s*.
Thus:

ut = 5" ([$") = pi([S*])

and the formula

tr* (p“{([Sk])) Nw2 = ¢ (pT([SkD Ntrows)

is identical to

tr* (s*([S*))) Nwa = . (s*([S*]) N tri(w2))

which we have established. O
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