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We study parabolic iterated function systems with overlaps
on the real line. We show that if a d-parameter family of such
systems satisfies a transversality condition, then for almost
every parameter value the Hausdorff dimension of the limit
set is the minimum of 1 and the least zero of the pressure
function. Moreover, the local dimension of the exceptional
set of parameters is estimated. If the least zero is greater
than 1, then the limit set (typically) has positive Lebesgue
measure. These results are applied to some specific families
including those arising from a class of continued fractions.

1. Introduction.

Let ® = {¢1,..., ¢} be a collection of self-maps on a closed interval X C R.
We call ® an iterated function system (IFS). Under standard contrac-
tivity hypotheses, there is a unique non-empty compact set Jgp such that
Jo = U;?:l ¢j(Jo), called the limit set, or attractor, of the IFS.

If the sets ¢;(X) are mutually disjoint, then Jg is a Cantor set. If,
in addition, ¢; are monotone, the limit set is known as a “cookie-cutter”;
then it is more common to view Jgp as the repeller of an expanding map
f: U;?:l ¢j(X) — X defined by f(x) = qﬁj_l(x) for x € ¢;(X). Suppose that
all the maps ¢; are in C1*+?(X) for some 6 € (0, 1] and are hyperbolic, that
is, 0 < [¢(x)] <1 on X. Then the Hausdorff dimension dimy(Jg) is given
by Bowen’s formula [Bo2, R]:

dimy (Jo) = s(®)  where Pp(s(®)) = 0.
Here Pg(t) is the pressure function, which can be defined by
.1
Py(t) = lim —log » _ [|¢L '
wel™

where I = {1,... ,k}, ¢y = Py, 0 -0, , and || - is the supremum norm
on X.

The dimension formula was extended in [U] to the parabolic case, where
some of the maps have a neutral fixed point. A parabolic IFS is not uniformly
contracting, which makes the situation more subtle. It was proved in [U]
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that the Hausdorff dimension of the limit set is the least zero of the pressure
function. In contrast with the hyperbolic case (where the zero is unique),
in the parabolic case the pressure function is identically zero for all ¢ larger
than the least zero.

We study the case when the “pieces” of the limit set are allowed to overlap.
One-dimensional IFS with overlaps arise naturally in the study of higher-
dimensional dynamical systems [PrU, BU, Sil, Si2, SSo] (in this sentence
the “dimension” refers to the phase space rather than to the limit set).
Moreover, IFS with overlaps occur in some problems on random matrix
products, random continued fractions, and in prediction theory, see [Pi, Ly,
LL].

There are many open problems related to IFS with overlaps, which are
notoriously difficult even when the maps are linear, see [PS03]. The dimen-
sion of the limit set may be strictly less than the least zero of the pressure
function, for instance, if ¢, = ¢, for two distinct words w and 7. Since it
is often hard to analyze an individual system, one can try to investigate a
“typical” (in the sense of Lebesgue measure) IFS in a parameterized fam-
ily. This method was first used by Falconer [F1] who considered families of
linear contractions with a linear dependence on parameter. Further work in
this direction was done in [PoS, Sol, PSo2, So2, SSo|. An important role
in these papers was played by a certain “transversality condition”, which
controls the way the IFS depends on parameters.

In this paper this approach is extended to a class of non-linear IFS. Our
main result (Theorem 6.1) states that if a parameterized family {®t} of
parabolic IFS satisfies the transversality condition, then for Lebesgue-a.e.
parameter t the Hausdorff dimension of the limit set is given by

dimy (Jpt) = min{1,s(t)}  where s(t):=min{s: Pg:(s) = 0}.

Moreover, the limit set Jgt has positive Lebesgue measure for a.e. t such
that s(t) > 1. If a slightly stronger version of transversality is imposed,
then the local dimension of the exceptional set in the first statement can be
estimated above by s(t) + (d — 1), where d is the number of independent
parameters involved.

We illustrate our results by the following example (see Corollaries 7.4
and 7.5). Let ¢(z) = f7. This function is parabolic on [0,1]. Let A =
{ai,... ,ar}, with k > 3, and consider the family of IFS on [0, 1]

®a={p(z+a;)},
for AcU:={AcR": a4 =0, 0a;>0,j=1,... k—1}
Denote by J4 the limit set of the IFS ®4 and let s(A) = min{t > 0 :

Py, (t) = 0}. We will prove that s : U — R is a continuous function, so
Uci={AcU: s(A)<1}and Us; ={A € U: s(A)> 1} are open sets.
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Proposition 1.1. (i) For Lebesgue-a.e. A € U,
dimy (Ja) = min{s(4),1}.
(ii) For any subset G C U<y we have
dim{A € G : dimy(Ja) <s(A)} < SLGlp s(A) + (k- 2).

(iii) For Lebesgue-a.e. A € Usq the set Ja has positive Lebesque measure.
(iv) Similar results hold for the one-parameter family ® 4 where A={a,2,0}
and a € (0,2).

Remarks. 1. We assumed that & > 3 since for k = 2 either the limit
set is an interval, or the IFS has no overlaps, so the result is true for all
parameters by [U].

2. Proposition 1.1(iii) concerning the positive measure of the limit set
reflects a phenomenon which cannot occur in the non-overlapping case. It
is an open problem whether such limit sets can be “fat” Cantor sets or they
necessarily contain intervals.

3. The limit set J4 can be described as the set of continued fractions of

the form
1

1

Yy = [I,H,l,YQ,l,Yg,...]:
1+

1
Y1 +

14+...

where Y; € A. The dimension of sets arising by some restriction in their
expansions (continued fractions, A-expansions, etc.) was studied by many
authors. IFS with overlaps arise when the expansion for some numbers is
non-unique. The family of linear IFS {\z, Az + 1, Az + 3}, with \ € (%, %),
investigated in [KSS, PoS, Sol], was an important “testing ground” in the
study of IFS with overlaps. The family {¢(x),d(x + ), ¢p(x + 2)}, with
a € (0,2), that we consider in Proposition 1.1(iv) is a non-linear parabolic
analog.

4. A related problem is to analyze invariant (stationary) measures on
the limit set of an IFS. The fundamental question is whether this measure
is singular or absolutely continuous. This is interesting already for k = 2,
when the limit set is an interval. R. Lyons [Ly] investigated a family of
such measures for the IFS &4 with A = {«,0}. He showed singularity
for a certain interval of parameters and asked if the measure is absolutely
continuous for small a. In [SSU2]|, using some of the techniques developed
in this paper, we establish that the invariant measure is indeed absolutely
continuous for a.e. o in some interval.

Here is a brief outline of the contents of the paper.
Section 2 contains preliminaries concerning infinite hyperbolic IFS, in-
cluding properties of the pressure function.
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Section 3 deals with families of infinite hyperbolic IFS depending on pa-
rameters. [ts main result, which is of independent interest, is Theorem 3.1,
which computes the Hausdorff dimension and Lebesgue measure of the limit
set of a.e. infinite hyperbolic IFS with overlaps from a family satisfying a
transversality condition.

The exceptional set of parameters, associated with Theorem 3.1, is ana-
lyzed in Section 4 where we estimate its local dimension from above.

In Section 5 we consider a single parabolic IFS. Following the approach
of [MU2, MU3], we reduce the parabolic IFS to an infinite hyperbolic IF'S.
The limit sets of the parabolic and infinite hyperbolic systems differ in a
countable set, so they have the same dimension. We prove that the unique
zero of the pressure for the infinite hyperbolic IFS coincides with the least
zero of the pressure for the parabolic IF'S, even though the pressure functions
for these systems differ (see Proposition 5.10(ii)).

In Section 6 we study families of parabolic IFS. Our main result, The-
orem 6.1, computes the Hausdorff dimension and Lebesgue measure of the
limit set of a.e. parabolic IFS with overlaps in a family satisfying a transver-
sality condition. Moreover, applying the results of Section 4 we estimate the
local dimension of the exceptional set, in the spirit of Proposition 1.1(ii).

Section 7 is devoted to examples. We consider two general classes of
examples. The most difficult part in applying Theorem 6.1 is checking the
transversality condition. In Propositions 7.1 and 7.2 we obtain effective
sufficient conditions for transversality. We conclude with specific examples
arising from continued fractions.

Notation. We write Bj(tg) for the open ball of radius § centered at to and
L4 for the Lebesgue measure in R%. If y is a measure we often write pA
without parentheses. The symbol =< means that the inequality holds up to
an absolute multiplicative constant, and =< means that both < and > are
true. Int(X) denotes the interior of a set X.

2. Preliminaries.

Let X C R be a closed interval. We consider a collection ¥ = {4;}ier of
continuous self-maps of X, where the set I may be finite or countable. We set
I* :=J,;>; I" and denote by I*° the set of all infinite sequences of elements
of I. If w € I*, then by |w| we denote the length of w. If w € I* U I®
and |w| > n then w|, = wiwa---wy, is the word consisting of the first n
letters of w and o"w = wpi1wnya - wy. The shift map o : I* — I
sends an element {w;}?°, to the element {wy41}32,. If w € I", then by
Yy, + X — X we denote the composition 1), © 9y, © -+ 0, . Notice that
given w € I°°, the sequence of compact sets {1, (X)};Z; is descending

n=1

and therefore (5 ¥y, (X) # 0. If for every w € I this intersection is a
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singleton, the collection ¥ is said to be a topological IFS. We can then
define the map 7y : I*° — X by setting

{mu (@)} = () Y (X).
n>1
We call this map the natural projection induced by the topological TFS
U, and its range, the set Jy = my(I°°), is called the limit set of ¥. Thus,
limy, oo diam (1, (X)) = 0 and therefore,
my(w) = lim ww‘n(x)

n—oo
for every x € X. We also have the following useful identity:
(2.1) Ty (w) = Yy, (Te(c"w)) forany n>1.

The limit set satisfies Jy = (J;c;%i(Jw) but it need not be compact when
I is infinite [MU1]. We call ¥ a smooth IFS if the following condition is
satisfied.

Smoothness: There exists 6 € (0,1] such that
(2.2)
Y € CHY(X — Int(X)), and ¢i(x)#0 forall € X and i€l

Given t > 0 we define the pressure function Py(t) by the formula

1
(2.3) Py(t) = lim —log Z,(V,1)
n—oo n
where Z,(¥,t) = >3, —, [¥]" and || - || denotes the supremum norm on

X. Observe that the limit in (2.3) really exists since the sequence n —
log Z,(V,t) is subadditive. Comparing this with the usual definition of
topological pressure (see e.g., [Bol]) we see that Py(t) equals the pressure
of the shift map o on I*° with the potential

w > tlog 9, (x(0w))].
We call a smooth IFS hyperbolic if the following conditions are satisfied:
Hyperbolicity: For some v € (0, 1),
(2.4) Vil <v<1, forall i€l
(any map satisfying this property will be called hyperbolic), and

Bounded Distortion Property: There exists K > 1 such that for all
n€Nandw e I”,

[$w(y)|
Such U is a one-dimensional example of conformal IFS, introduced (for
infinite ) and explored in [MU1], where also the open set condition was

<K forall z,ye X.
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assumed. It is well-known that (2.5) follows from (2.2) and (2.4) when [ is
finite, see e.g., [B1] (see [MU1] for more general sufficient conditions).

From now on throughout the Sections 2-4, unless otherwise stated, we
assume that the smooth IFS W is hyperbolic. Let

(2.6) O(V) =inf{t > 0: Py(t) < oo}.
The behavior of the pressure function is described in the following lemma.

Lemma 2.1. The function t — Pg(t), fort € (0(¥), ), is finite, strictly
decreasing and continuous, and lim;_,~, Py (t) = —o0.

Proof. The first statement is immediate from the definition of the number
© = O(¥). Now, given t > O and s > 0, we have by (2.4) for all n > 1:

Zn(Uyt+s)= Y @)1 < D 1),

|wl=n |wl=n

and therefore, Py(t + s) < slogy + Py(t) < Pg(t). Thus, the function
t — Pg(t) is strictly decreasing on ¢ € (0,00). Now, an application of
Holder’s inequality shows that each function ¢ — Z,(¥,t) is log convex.
Therefore the function t — Py(t), t € (0, 00), is convex and, consequently,
continuous. By the definition of ©® we have Py (0 + 1) < co. Hence, for
every t > 0 and every n > 1,

Zn(U,0+1+1) = Y L@ < > LI el

|w|=n |w|=n

<9 3D L.

|w|=n

Therefore, Py(© +1+1t) < tlogy+ Py(1+ 0) and hence lim;_. 4 Py(s) =
—o0. The proof is complete. O

Definition 2.2. Following [MU1] we call a hyperbolic system ¥ regular
if
(2.7) Js(¥) >O(V): Py(s(¥)) =0.
We denote by Ex (K, ~,0) the class of regular hyperbolic IFS on X.

In view of Lemma 2.1, if the number s(¥) exists, then it is unique. Also,
if #I < oo then ¥ is regular since then ©(¥) = 0 and Py (0) = log(#I) > 0.
The following lemma shows that s(¥) is always an upper bound for the
Hausdorff dimension of the limit set. The argument is well-known but we

include it for completeness. We write H%(A4) = lims_o H§(A) for the a-
dimensional Hausdorfl measure of a set A.

Lemma 2.3. If ¥ € Zx(K,~,0), then dimy (Jy) < s(¥).
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Proof. Fix €,6 > 0 and take ni so large that v < §. By the definition
of s(¥) and Lemma 2.1 there exists ny > ny and n > 0 such that for all
n > n2,

1
—log [ Y UL < .

|w|=n
Hence, for all n > no,
,Hs(‘ll +6 Z dlam ) s(W)+e
|wl=n
< diam (X)s(\I/)—i-e Z Hdéjns(@)—i—e
|wl=n

< diam (X )3(W+ee—m,

and, consequently, H;NHE(J\I,) = 0. Thus, H*W*¢(Jy) = 0, and letting
€ \. 0 we conclude that dim (Jy) < s(V). O

Given an IFS ¥ = {¢; : i € I} and FF C I let ¥p = {¢; : i € F}.
Denote Fin(I) = {F C I : #F < oco}. We are going to show that s(¥) is the
supremum of s(¥g) over F' € Fin(I). Along the way we obtain an estimate
on the speed of convergence in (2.3), which will be useful later.

Lemma 2.4. Let V € Ex(K,~,0). Then
(i) for every t >0 and every n > 1,

(2.8) Py(t) < %log Z0(0,1) < Py(t) + thSK.
(i) s(¥) =sup{s(¥p): F € Fin(I)}.

Proof. (i) The left-hand side inequality is immediate from the subadditivity
of the sequence n +— log Z,(¥,t). In order to prove the right-hand side
inequality, fix n > 1 and consider an arbitrary integer ¢ > 1. Then

1
— log Zyu (¥, 1) = flog P AR
an welm
1
> —log | K~ !
> —-log > I
we(I™)1:1=1
q
—tlogK 1
=———+ flog <Z [iea Ht>
Telm

—tlog K 1
= TR Dog Z, (W, 8),
n n
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where in the second displayed line we used (2.5) and w = 71...74, with
7; € I". Letting ¢ — oo we obtain the right-hand side inequality of (2.8).

(ii) Since for every ¢t > 0 and every F' C I we have Py, (t) < Pg(t),
the inequality s(¥) > sup{s(¥r) : F € Fin(I)} is obvious. The opposite
inequality will be deduced from (i). Fix an arbitrary ©(V¥) < ¢t < s(V).
Then 0 < Pg(t) < co and there exists n € N so large that Pg(t) > W.
Fix such an n. Clearly, Z,(V,t) = sup{Z,(¥r) : F € Fin(I)}, hence we
can find F € Fin(I) satisfying

log Z,,(Vp,t) > log Z,, (W, t) _ tlog K > Pylt) — tlog K - tlogK'
n n n n n

But now, applying (2.8) to UVp € Ex(K,~,6) we obtain
log Z,,(¥p,t) tlog K -

Py, .(t) >

‘lfF( ) > n n 0

which implies that ¢t < s(¥p). Thus, s(V) < sup{s(V¢): G € Fin(I)}, and
the proof is complete. O

3. Families of hyperbolic IFS.

Let X C R be a compact interval and U C R?% an open set. Here we consider
families of hyperbolic IFS ¥t € Zx (K, §) depending on a parameter t € U.
By J; we denote the limit set of ¥* and by 7y = 7yt : I — J; we denote
the natural projection introduced in Section 2. We need two conditions
concerned with the dependence of the IFS on t.

Distortion Continuity: For any 1 > 0 there exists § > 0 such that
(3.1)

(w5
tLtoe U, |t —tof| <0 = Vwel, e W< DRTwll o ol

(&)

Transversality Condition: For any w and 7 in I*® with w; # 71, there
exists a constant C; = C1 (w1, 71) such that

(3.2) Lot €U : |m(w) —me(7)] <7} < Cir forall r>0.

We emphasize that C7 depends only on wy and 71. Thus, C; can be assumed
independent of w and 7 if [ is finite.

Now we can state the main result of this section. We write s(t) = s(¥*).

Theorem 3.1. Suppose that {U}iey is a family of IFS in Zx(K,v,0)
satisfying (3.1) and (3.2). Then the function t — s(t) is continuous on U
and

(i) dimy(Jt) = min{s(t), 1} for Lebesgue-a.e. t € U;

(i1) L£1(J¢) > 0 for Lebesque-a.e. t € U such that s(t) > 1.
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The rest of the section is devoted to the proof of this theorem. We begin
with two lemmas which are easy consequences of (3.1) and (3.2).

Lemma 3.2. Given ¢,a > 0 define n = :;ig“r and take 6 = §(n) coming

from (3.1) ascribed to . Then for all w € I*,

lbo =t <6 = (&) 15 <II(ws)]*
Proof. By (3.1) we have
(o) |5 < elmeti) gl o+s
< el D) el gty
= ellller+Elos) 1l )1 = [|(%)'|1“
The proof is complete. O

Lemma 3.3. Suppose that the family Wt satisfies (3.2). Then for every 0 <
a < 1 and for allw, T € I°° with w1 # 71, there exists Cy = Co(a,wi,7m1) >0

such that
dt
< (5.
/U e (w) — me(7)]

Proof. In view of (3.2), we can estimate as follows:

L e - /ooo Ed{t U T ”f}d"’“

= /OOO Lo{teU: |m(w)—m(r) <r} rmo=1lg,

X
= Lo{t €U |mp(w) —me(7)] < r}r o tdr +
0

+ La{t eU: |m(w) —me(7)] <71} r=ldr
IX|

< Cl(wl,ﬁ)(l — Oé)_l‘X‘l_a + Ed(U)Oé_llX‘_a R

and the lemma is proved. O

The next lemma is proved following the scheme of [SSo, Lemma 4.1(ii)];
it implies the continuity statement in Theorem 3.1.

Lemma 3.4. If the family ¥* € Zx(K,v,0), with t € U, satisfies (3.1),
then the function t +— s(t) is continuous on U.
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Proof. Fix an arbitrary ® € Zx(K,v,0). Then for every ¢ > O(®P) and
u > 0 we have

Py(t +u) — Po(t)
~ i+ (Z e | —tog [ 3 L
|w|=n |w|=n
: 1 un
< lim —{log (7 DALt —log | > NIl
|w|=n |w|=n
= ulog~.
Therefore, for all ¢ > O(®) and u > O(P) — ¢,
(3.3) |Po(t +u) — Po(t)] = |u] - [log].

Recall that Py, (s(t;)) = 0 by the definition of s(t;) = s(¥*). Fix ¢ > 0,
consider § > 0 produced by (3.1) with n = ¢, and suppose that |[ta —t1]| < d.
Then by (2.3) and (3.1),

[Pytr (s(t2))| = [Py (s(t2)) — Pyea (s(t2))]

1 ‘ZM o 5L [°02)
S CaTEC

Therefore, s(ty) > O(¥*) and in view of (3.3) we have

[s(t2) — s(t1)] < “1g [ Pyer (s(t2)) = Pyea (s(1))]

0g 7|

1 S(tg)e
Pyt (s(t2))

llog’y\‘ v < | log |’

and the desired statement follows. O

S S(tg)e.

Following [SSo], we now prove the main ingredient needed for the proof
of Theorem 3.1.

Lemma 3.5. Suppose that the family {U*}icy satisfies (3.1) and (3.2).
Then

(i) for any ty € U and any € > 0 there exists § > 0 such that
dimy (Jy) > min{s(to),1} —€  for Lg-a.e. t € Bs(to).

(ii) Suppose that s(to) > 1+¢€ for some 0 < € < 1. Then there exists 6 > 0
such that

Li1(Jg) >0  for Lg-a.e. t € Bs(to).



PARABOLIC IFS WITH OVERLAPS 451

Proof. Let s = min{s(tp), 1}. By Lemma 2.4(ii), there exists a finite subset
F of I such that s(¥%) > s(tg) — & > s — §. To simplify notation we set

U= {¢;}ier = V.

Consider the function f: F° — R defined by f(w) =log |[¢], (mg(ow))]. Tt
follows from (2.2) that f is Holder continuous, and (2.1) implies

Zf(aiw) = log |¢;|n(7rq;(0"w))| for all we F.

Since Py(s(¥)) = 0, the theory of Gibbs states (see [Bol], cf. [MU1] for a
more general setting) produces a Borel probability shift-invariant measure
w on F*° such that for some constant C3 > 1, all w € F*, and all n > 1,

plwla] € (C31,C) [, (mu (0"w)) ™).

Here [w|,] is the cylinder set of all sequences starting with w;...w,. The
measure y is called the Gibbs state for the potential w — s(¥) f(w). Bounded
distortion (2.5) implies that there exists a constant C4 > 1 such that for all
we F*®andalln > 1,

(3-4) ulwla] € (G5, Ca) Il 1P

Denote the product measure p x p by pe. First we prove part (i) of the
lemma. By the potential-theoretic characterization of the Hausdorff dimen-
sion (see [F2, p. 79]) it is enough to show that

(3.5) // cox oo [T ( allui(j;tz-))fs_6 =

for a.e. t € B;s(top), where m = myt. Indeed, (3.5) means that the (s — ¢)-
energy of the “push-down” measure p o m L supported on the limit set
Jyt C Ji, s finite.

Following the scheme of Kaufman [K] we prove that

/ R()dt < 00
Bs(to)

where 6 = §(n) comes from (3.1) and n = ﬁ. For p € F™ denote
2

Ay ={(w,7) € F* X F*: wAT=p}

where wAT is the largest common initial segment of w and 7. For (w,7) € 4,
we have by (2.1), (2.5), and the Mean Value Theorem:

(3.6) [me(w) = me(7)] = |(v5) (c)] - |me(0"w) — me (0" 7)]

> K7 [(wp) || - Ime(0"w) — me(o" 7).
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By Lemma 3.2,
(3.7) @RI~ = Ip) 1772 = (e 175 for ¢ € Bs(to)
where 1, = 9. Now we can estimate using (3.6) and (3.7):
dt
dt = // / du? w77_)
/Ba(to) ,;)p;n < Bs(to) |76(w) —Wt(T)\H> (
S ] i | e
S0 pcFn Bs(to) |Tt(0"w) — me(0™7)|
DIy // gl =5 dps(w, 7) -
n>0 pe F™

In the last inequality we applied Lemma 3.3 which is possible because
(c"w)1 # (o™7)1. The multiplicative constant depends on (o"w); and
(o0™7)1, but since the set F' is finite this does not cause a problem. Next,
applying (3.4) and (2.4) and denoting by [p] the cylinder set of p € F™ we

obtain:
[ r dHZZ// \|wp||4 o, 7)
Bs(to)

n>0 peFm

Z ZMQ

n>0 peEF™ ’0

2
SZ’Y‘*ZM[{)]]):Z’V4<OO.

n>0 peEF™ Hip n>0

This concludes the proof of part (i).

(ii) Let n = 721;%7 and determine § = §(n) from (3.1). In view of
Lemma 2.4, there exists a finite set F' C I such that s(¥%) > 1+ 5. We
use the same set-up as in the proof of part (i) and let ¥ = \IJJ;E’ Recall that
p is the Gibbs state for the potential w — s(¥)log ¢/, (7y(ow))| satisfying
(3.4). For every t € Bs(tg) consider

_ -1
_MOT((—, ’

the push-down measure on the limit set J‘I,tF C Ji. It is enough to show that

1t is absolutely continuous with respect to the Lebesgue measure £1 for a.e.
t € Bs(to). We prove that

I:/ /D(Vt,x)dutdt<oo
Bs(to) /R
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where

D(v,x) = liminf —Vt[x —nztr]
™\0 2r

is the lower density of the measure 4 at the point . This will be sufficient
since then for a.e. t € Bs(tp) we will have D(vg, ) < oo for m-a.e. x and
[M, Lemma 2.12] will imply that v is absolutely continuous. The argument
below follows the scheme of [PSol]. First we apply Fatou’s Lemma to get

(3.8) < hmlnf/ / vl =, ‘T”] duy dt.
7’\0 B§ tO

Next we use the definition of 14 to change the variable, write v[z —r, x + 7]
as an integral of the indicator function, and change the variable once again
to obtain

/ vl —ryx+r]dn = // 1{w€Foo: |7t (W) —mre ()| <r} dpg(w, T).
R F>o x>

Substituting this into (3.8) and exchanging the order of integration yields

I< ligl\iélf(Qr)_l //FOOXFOO La{t € Bs(to) :
[me(w) — e (7)] < v} dpo(w,7)

= liminf(2r) 122// Lalt € Byto)

n>0 peF™
|7t (w) = me(7)| < 7} dpg(w, 7).
By (3.6), Lemma 3.2, and (3.2), we have for all (w,7) € A,:
Lq{t € Bs(tg) : |mt(w) — me(7)] < r}

p

K c
< Ly {t € Bs(to) ¢ |me(0"w) — me(o"7)| < nww} < |71
P

Here we used again that the constant in (3.2) can be made independent of
w and 7, due to the fact that F' is finite. Now we can estimate the integral

7 as follows:
DD | A}

n>0 pe ™
By (3.4) and (2.4),

[0~ = (ulp]) ™=@ < (ulp]) U2 =412 (pfp]) T,
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since s(¥) > 1+ § and (1+5)/(1+5) <1— 5 for e < 1. Thus,

Ijz,y" Z’u? <ny Z Z’y%<oo.

n>0 pEF™ n>0 peEF™ n>0

The proof is complete. O

Proof of Theorem 3.1. By Lemma 2.3, the function s(t) = min{s(¥?%),1} is
an upper bound for the Hausdorff dimension of the limit set J¢. So we just
have to show that

dimy (J5) > s(t)

for a.e. t € U. Suppose that this is not the case. Then we can find € > 0
and tg, a density point of those t for which

dimy (Jy) < s(t) —e.
Then there exists dp > 0 such that for each § < dy,
(3.9) Lq{t € Bs(to) : dimy(Jy) < min{s(t),1} — €} > 0.

However, by the continuity of the function s(t) (see Lemma 3.4), if 0 is small
enough then s(t) < s(tg) + § for all t € Bj(to). Thus, for all § sufficiently
small we obtain from (3.9) that

La {t € Bs(to) : dimy,(J;) < min{s(to), 1} — %} > 0.

This contradicts Lemma 3.5(i) and completes the proof of the first part of
Theorem 3.1. The second part follows immediately from Lemma 3.5(ii). O

4. Exceptional parameters.

In this section, following the scheme of Kaufman [K], we obtain an estimate
from above for the local Hausdorff dimension of the set of exceptional pa-
rameters in Theorem 3.1(i). As in Section 3, we assume that {¥t}¢cp is a
family of IFS in Zx (K7, 0) satisfying (3.1), but we will need the following
stronger transversality condition which will be checked for all the examples
that we consider. Denote by N, (F') the minimal number of balls of radius r
needed to cover the set F' C RY.

Strong Transversality Condition: For all w and 7 in I*® with w; # 71,
there exists a constant C1 = C(w1, 1) such that for all » > 0,

(4.1) N, ({t €U : |m(w) — me(7)| < r}) < Cprt™d

Of course, the strong transversality condition implies the transversality
condition (3.2). In the same way as Lemma 3.3 we can prove the following.
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Lemma 4.1. Suppose that the family Wt satisfies the strong transversal-
ity condition (4.1). Let m be a Borel probability measure in R? such that
m(B,(x)) < Cr* for some C, u > 0 and all z € R? r > 0. Then for
every a« < u —d + 1 and for all w,7 € A® with wy # 71, there exists
Cy = Cy(a,wy, 1) > 0 such that

dm(t)
/ re(@) — m(e =

In the sequel any measure with the properties required in Lemma 4.1 will
be called a Frostman measure with exponent u. Next we prove the analog
of Lemma 3.5(i).

Lemma 4.2. Suppose that the family {V*}icy satisfies (3.1) and (4.1).
Then for any to € U and any € > 0 there exists § = d(tg,e) > 0 such
that if m is a Frostman measure on Bs(to) with exponent u, then
dimy (Jy) > min{s(to),u —d + 1} —¢

for m-a.e. t € Bs(to).

Proof. We let s = min{s(tgp),u — d + 1} and then repeat the proof of
Lemma 3.5(i) almost word by word. The only change is that now we prove
that fBg(to) R(t)dm(t) < oo using Lemma 4.1 in the place where Lemma 3.3
was used. O

Now we can prove the main result of this section.

Theorem 4.3. Suppose that the d-parameter family of TFS {¥t}icy satis-
fies (3.1) and (4.1). If G is an arbitrary subset of U, then for every & > 0
we have

dim ({t € G : dimy(J;) < min{¢, s(t)}}) < min{f,sgp s(t)}+d—1.

Proof. Denote k := min{¢, supg s(t)} + d — 1. By the countable stability of
the Hausdorff dimension, it is enough to prove that for all n € N,

dim,, ({t €G: dimy(J;) < min{€, s(t)} - ;}) <k

Fix n and observe that it suffices to show that for all tg in G there exists
d = 0(tp) such that

dim,, <{t € By(to) : dimy,(J;) < minf€, s(t)} - ;}) <k

(just use that any cover of G contains a countable subcover and again the
countable stability of the Hausdorff dimension). To establish our claim,
suppose that it is false. Then there exists ty such that for all § > 0

dim,, <{t € Bs(to) : dimy(J;) < min{€, s(t)} — i}) > k.
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Choose § > 0 so small that the statement of Lemma 4.2 holds with € = %
and
|s(t) — s(to)| < 5 for all t € Bs(to) (by the continuity of s(t)). Then

{t € By(to)  dimy,(J;) < minf€, s(t)} - :L}

c{t e Byto) : dimy (7)) < minf&, s(t0)} - %} . E,

hence dimy (E) > x. By Frostman’s Lemma (see [M, Th.8.8]), there is a
Frostman measure m on the set ' with exponent u = k. By Lemma 4.2,
for m-a.e. t we have

1

dim, () > min{s(to), H—d+1}—% _ min{s(to), min{g, sgps(t)}}—%.

This is a contradiction since for all t € E we have dimy; (J¢) < min{¢, s(to)}—

1
T and

min{¢, s(to)} < min {s(to), min {g, sup s() }} .
O

Since the function t — s(t), t € U, is continuous, as an immediate conse-
quence of Theorem 4.3 we get the following estimate for the local dimension
of the exceptional set.

Corollary 4.4. For every tg € U we have
}ii% dim ({t € Br(to) : dimy (Jy) < min{¢, s(t)}}) < min{¢, s(to)} +d — 1.

5. Parabolic IFS.

Let X C R be a compact interval. We say that a C'*% map ¢ : X — X is
parabolic if the following requirements are fulfilled:

e there is only one point v € X such that ¢(v) = v;

o |[¢/(v)]=1and 0 < |¢'(x)] <1 forall z € X \ {v}.

e There exists L1 > 1 and § = B(¢) < §/(1 —0) (= o0 if § = 1) such
that

/ -1 / -1
1 < it @I )] 1]

< L.
z—=v |z —w|B oy |z =0 T !

At the beginning of this section we state some useful properties of a single
parabolic map. They are very similar to [U, Lemmas 2.1-2.3]. First, inte-
grating the partial sums of the series > 2 | |(¢™)'(x)| we get the following.
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Lemma 5.1. For all z € ¢(X) \ {v} we have

ot Sy < 20U
5 1w) — 2] = 2 <z — (@)

Sending a sufficiently small neighborhood of v to infinity via the mapping
x +— 1/(x —v), one can easily prove the following two local results.

Lemma 5.2. For every neighborhood V' of v there exists La(V) > 1 such
that for allz € X \'V and alln > 1,
1 1/p
—— < |p™(x) — v - < Lo(V).
Lemma 5.3. For every neighborhood V' of v there exists L3(V) > 1 such
that for allz € X \'V and alln > 1

1 iy Bt1
B <@ @l < L)

Since # < 0/(1 — 0), the following is immediate from Lemma 5.3.

Corollary 5.4. For every neighborhood V' of v there exists Ly(V') < 0o such

that
oo
D@5, < La(V)
n=1

where || - ||\, denotes the sup-norm on X \'V.

Turning now our attention to iterated function systems we recall that a
C'*% map ¢ is hyperbolic if 0 < |¢/(z)| < 1 for all z € X.

Definition 5.5. Let ® = {¢1,..., ¢} be a collection of C!*? functions on
a closed interval X C R such that ¢y, is parabolic with the fixed point v and
the other functions are hyperbolic. We write ® € I"x () if, in addition,

(5.1) ¢i(X) CInt(X)\ {v} forall i <k—1.
Remark. We consider IFS with just one parabolic element. The case of

more than one parabolic function can also be handled, but at the cost of
additional technical complications.

Let A={1,... k}, A" :=J,>, A", and suppose that
(5.2) max{|l¢;]|: i <k—1} <y <1.

Lemma 5.6. An IFS ® € I'x(0) is a topological IFS.
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Proof. All we need to show is that the intersections (), ¢y, (X) are sin-
gletons for all w € A*. By (5.2),
(5.3) lim diam (¢, (X)) — 0

n—oo

if the sequence w has infinitely many symbols other than k. The remaining
possibility is w = wk> for some w € A* but then (5.3) is still true since

mnzl P (X) = {v}. g

Now, following [MU2, MU3], given a parabolic IFS ® € I"x (), consider
an associated infinite IF'S

O, ={pppi: n>0,i<k—1}.
We also write @, = {¢} }per where ¢} = ¢]l¢; and
I={b=(n,i): n>0, i<k—1}.
The following properties of @, are immediate from the definitions.

Corollary 5.7. Let ® € I'x(0). Then ®, = {¢; }rer satisfies

(i) ¢; € CYH(X — Int(X)) for all b € I;
(i) 0<|(¢p)'| <v <1 forallbel;
(iii) Jo = Jo, U{pw(v)}wear so dimy(Jo) = dimy(Js,).

Thus there is an infinite hyperbolic IFS @, associated with a finite par-
abolic IFS ®. This idea essentially goes back to Schweiger’s “jump trans-
formation” [Sc]. Our next goal is to show that ® € I'x(6) implies ®, €
Ex(K,~,0) for some K, see Definition 2.2. To achieve this, two more prop-
erties have to be verified: The bounded distortion property (2.5) and regular-
ity (2.7). Bounded distortion properties for parabolic IFS (without overlaps)
were investigated in [U]. Here a different version is needed but the approach
is similar.

In the next section we study families of parabolic IF'S, and it will be very
important to know exactly what the various constants depend on. Therefore,
we introduce the following notation. Let ® € I'x(6). We write

(5.4) O eTx(0,V,vy,u, M)

if V' is a connected open neighborhood of the parabolic point v such that
k—1

(5.5) vl e(x) =4,
i=1

(5.6) max{||(¢:)'|l, i <k —1} <y €(0,1),

(5.7) min{|¢}(@)], @ € X, i <k} > u e (0,1),
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and

(5-8) 19”lg := maxsup{|¢; () — ¢i(y)| - |z — yI ™’} < M.

By Definition 5.5, every ® € I'x () belongs to some I'x (0, V,~,u, M).
The next lemma will also be useful when we consider families of parabolic
IFS. Recall that || - denotes the supremum norm on X \ V.

v

Lemma 5.8. There exist constants Ls = L5(X,0,V,v,u, M) > 1 and Lg =
Ls(0,V,~) > 0 such that for every ® € I'x(0,V,v,u, M), all w € A*, and
alz,ye X \V,

(5.9) L;1ev ;z/ Eii” <l
and

w1
(5.10) X Wl <

Proof. We start with (5.10). Every 7 € A* can be written as
(5.11) T =k" g1k gy . KT kT

where [ > 0 and r, > 0,7, < k —1 for p <. When [ = 0, Equation (5.11)
becomes 7 = k™. One readily estimates using (5.5) and (5.6):

I+1

(LA . le 1) 1 -

Applying this inequality to 7 = o/w and summing over j we obtain

|w[—1

Z ||¢0—Jw||x\v

1+1
ZH (&) 11%,, + H||¢ 1.
+1
A(-00. Zu (D', + Hw 1.,

Ti4+1

Zu @)%, +1] -l ||+Zu @)%, -
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Applying Corollary 5.4 for ¢ = ¢4 and using that [[(¢)[| ., < 1 for all r,
we obtain

|w|—1

> Ml < (La(V)+1)> 4" = L = Le(6, V,7) < o,
§=0 i=0

and (5.10) is proved.

Now we turn to (5.9); clearly, it suffices to prove the right-hand side
inequality. Suppose first that = and y belong to the same connected compo-
nent of X \ V. Then using the Mean Value Theorem we conclude that for
every 0 < j < |w| there exists ¢; € X \ V such that |¢,,,(y) — duin(z)| =
|9 ;. (ci)l - [y — z|. We have for all 1 <14 < |w] by (5.7):

108 161, (955, (1))] — 1og 6L, (B ()]

1
< [l Gl ~ I (Gorao]
1

|¢Uﬂw( ) - (bcrjw(m)’e
Hq"Ha

|¢03w( j)|9 ‘y - l‘|9.

Since ¢; € X \ V, we obtain

(5.12) |log [, (y)| — log [, ()]
|w| ||
= D 1og ¢l (baiw®))] = Y log |6, (diu(2))]
j=1 j=1

||

<> [10816L, (601 ())] — 10g |61, (91, ()|
j=1
||

< [l 0
Y S ) =

H@/Ho

M
Lely — |’ < — L ly — 2.

In the last displayed line we used (5.10) and (5.8). This completes the proof
of (5.9) when z and y are in the same connected component of X \ V. Now
suppose that they are in different components. Since then |y—z| > diam (V),
it suffices to show the existence of a constant L7 = L7(X,0,V,vy,u, M) > 1
such that |¢/,(y)| < L7-|¢.,(z)| for all w € A*. To this end, suppose w = 7k"
where n > 0 and 7|, # k. Let |7| = [. Observe that the points ¢ (z) and
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¢rkn (y) belong to ¢, (X) and hence are in the same connected component
of X \ V. Thus, in view of Lemma 5.3 and (5.12) we get

L) 1 G )] 16 (1 ()] [0 ()
(@) 100, B @)] - 16 (G4 @)] - [ (@)

M
< exp <u L |y — x9> ng(V)2,

and it remains to note that |y — z| < diam (X). The only possibility left is
w = k" but then |¢}.(y)| < L3(V)?|¢)}n(z)| by Lemma 5.3. The proof is
complete. O

Corollary 5.9. There exists a constant K1 = K1(X,0,V,~,u, M) > 1 such
that for every ® € T'x(0,V,~,u, M), the associated infinite IFS @, satisfies
(2.5) with K = K;. More precisely, for all T € I* and all z,y € X,

gl < !(<Z>*)( y)l < K=l
[(¢7) ()]
Proof. 1t is enough to prove only the right-hand side of this formula. By

the definition of the system ®, we can write ¢ = ¢, ¢;, where w € A* and
i € {1,2,... ,k—1}. Then, applying (5.9) and (5.7) we can estimate as

follows:
[(@7)' ()] _ (Do) (W) _ [6L(¢i(y)|  195(¥)
[(@3)' (@) [(¢w 0 ¢i),( )! |00, (¢i(x))]  |@5(2)]
|6 ()~ 9l >
=5 o (G0
< L|52J—1‘6 exp (H(I) H9 |y _ ZL’|9>
u
<2l exp (Af!y - w!") :
and the proof is finished. O

The pressure function Pg(t) for the parabolic IFS @ is defined by
1
Py(t) = lim — Ak
a(t) = lim — z_: (A
in accordance with (2.3). Observe that Pp(0) = logk. In contrast with the
hyperbolic case, Py(t) > 0 for all ¢t > 0 since ||¢}..|| = 1 for all n. It is easy

to see that Py () is non-increasing and continuous. Thus, Py (s) = 0 implies
Pg(t) =0 for all t > s. Denote

s(®) =min{t > 0: Py(t) =0}.
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If the pressure function has no zeros, we let s(®) = oo, however, the next
proposition implies that s(®) < oo for any ® € I'x(0).

Proposition 5.10. Let ® € I'x(0) and let @, be the associated infinite
hyperbolic IFS. Then
(i) O(P.) = % and @, is regular, i.e., there exists a unique s(®,) >
O(D,) such that Py, (s(Ps)) =0;
(ii) s(Ps) = s(P).

Before the proof, we point out the following.

Corollary 5.11. If ® € T'x(0) then
(i) ®. € Ex(K1,7,0) where Ky is from Corollary 5.9;
(ii) dimy(Ja) < s(®).

Proof. (i) follows from Proposition 5.10(i) and Definition 2.2.
(ii) follows from Proposition 5.10(ii), Lemma 2.3, and Corollary 5.7. [

Proof of Proposition 5.10. (i) First we compute ©(®,), see (2.6) for the def-
inition. It follows from (5.1) and Lemma 5.3 that there exists a constant
K5 > 1 such that for all z € X and b= (,7) € I,

_ _6+1
(5.13) (¢)' ()] = [(¢r00)'(2)| € (K3 Ka) (L +1)” 7
Therefore,
(5.14) [(67) (x)] > K3 2||(67)||  for all x € X.
Let t > ﬁ+1 We have by (5.14), writing ¢5 = @7, ... ¢} :
(P, t) = Z I(@)II" € (Ey 1) Y \|(¢j1)/||t...||(¢in)’|yt
I7I= |7|=n
= (K3, 1) (ZH ) Ht>
bel
= (&[>0 > eIl

i<k—11>0

Next we use (5.13) to get

_B+1
Zn(Q,t) € (K K | >0 Y (417 7!

i<k—11>0

= (K33 (k — 1)", K& (k Zl+ 1)
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Since P, (t) = limy, o0 % log Z,,(®.,t) we obtain
log(k — 1) = 3tlog Ky < Py (t) = > (I+1)" T < log(k — 1) + tlog Ko
>0
It follows that Py, () < oo for t > z47 and lim. s Py, (t) = +00. Thus,
B+1

O(®.) = F47-
from Lemma 2.1 that there exists a unique solution s(®.) for the Bowen’s
equation Py, (t) = 0. Part (i) is proved.

Since Py, (t) is positive and finite for some ¢, we conclude

(ii) First we observe that

(5.15) $(.) =5 :=inf Qt>0: Y Zy(Pu,t) < 00

n>1

Indeed, since Py, (t) is strictly decreasing, s(®.) = inf{t > 0: Pg (t) <0}.
If Py, (t) < —e < 0 then Z,(®,,t) < Ce ™ as n — oo and so ¢ > s’. Thus,
s(®4) > s'. On the other hand, if ", -, Z,(®«,t) < oo then Z, (P4, t) — 0
hence Py, (t) < 0. Therefore, s(®,) < s’ and (5.15) is proved.

Next we demonstrate that for all ¢ > 0,

(5.16) Zn(0,1) S 1+ > Zm(Dsst).

m<n
Indeed, every w € A™ can be written as w = k™ or
w=k"Vi1k"ig. . K" kT

where [ > 1 and i), < k —1, 7, > 0, for p < 14 1. Thus, either ¢, = ¢}
or ¢, = ¢t for some 7 € I*. In the latter case, ||¢] < [(¢%)] and
|7| =1 < n. Moreover, every map ¢* with |7| < n occurs in this procedure
at most once. The estimate (5.16) follows by noting that ||@).| = 1.

Now we can show that s(®,) > s(®) = min{t > 0: Pg(t) = 0}. In fact,
if >, 1 Zn(Py,7) < 00 then Z,(®,r) is bounded by (5.16) and hence

1
Pg(r) = n11—>120 - log Z,,(®,7) < 0.

Therefore, r > s(®) and the desired inequality follows from (5.15).
It remains to verify that s(®,) < s(®). Recall Lemma 2.4(i) which says
that if ¥ € Ex(K,~,0) then for every t > 0 and every n > 1,

tlog K

(5.17) Py(t) < %log Z0(U, 1) < Po(t) +

It is enough to prove that if r > s(®) then r > s(®,). We have Pg(r) = 0.
Fix an arbitrary § > 0. It suffices to show that P, (r) <. It is convenient
to set ¥ := ®&,. By the first part of this proposition, ¢, € Ex(K1,7,0).
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Take ¢ € N so large that % < %. Then there exists a finite subset
F' C I such that

NS

1 1
0< —logZy(¥,r) — —log Zy(Vp,r) <
q q

Now applying (5.17) to ¥ and ¥y (which is obviously in Zx(K7,7,0) as
well) we obtain for all n > ¢:

1 1 0 2rlogK; ¢
(5.18) 0< gloan(\I’,r) — Eloan(\I/F,r) <7 + Yy <3

Recall that U is a finite IFS so its elements (which are of the form ¢! ¢;)
have some finite maximal length, say L, over the alphabet A. Therefore,
Zn(Wp,1) < 3 ,<nr Zp(®,7). Since Po(r) = 0, there exists m € N such
that Z,(®,r) < e¥ for p > m. Then
nL
Zn(Up,m) <Y Zy(D,7) + ez < C(e?).
p<m p=m+1

This implies that lim,, . L log Z,(¥Ur,r) < $, and together with (5.18) this
yields

1 0 6
pu— 1 — < —_— _——=
Py(r) nlgrolo - log Z,(¥,r) < 5 + 5 0,
as desired. The proof is complete. O

6. Families of parabolic IFS.

Let U C R? be an open set. Here we consider families of parabolic IFS
(I)t = {(b?l: cee 7¢}:€—17 ¢k}

depending on t € U, the closure of U. We assume that ®* € I'x () for
all t € U (see Definition 5.5.). Although the parabolic function does not
depend on the parameter, it is sometimes convenient to write gi)z = ¢, for
t € U. Let m; : A> — R be the natural projection associated with ®* and

denote Jy = m(A>). Two conditions which control the dependence on t
will be needed.

Continuity: The maps

(6.1) t — ¢! are continuous from U to C'T9(X) for i <k —1.
Transversality Condition: There exists a constant C{ such that for all w
and 7 in A% with wi # 7,

(6.2) Lot eU: |mg(w) —me(r)] <r} < Cir forall r>0.



PARABOLIC IFS WITH OVERLAPS 465

This condition is almost identical to the transversality condition (3.2)
except that here A is finite so C is an absolute constant. Let
s5(t) = s(®*) = min{u > 0: Pge(u) = 0}.
The following theorem is the main result of the paper.
Theorem 6.1. Suppose that {(I)t}teﬁ is a family of parabolic IFS in T'x ()

satisfying (6.1) and (6.2). Then the function t — s(t) is continuous on U
and

(i) dimy (Jy) = min{s(t),1} for Lebesgue-a.e. t € U;

(ii) £1(J¢) > 0 for Lebesgue-a.e. t € U such that s(t) > 1.
Proof. The plan is to apply Theorem 3.1 to the family of associated infinite
hyperbolic IFS

Ot = {prot: n>0, i <k—1}.

Since the family {®*}, i satisfies the continuity condition (6.1), we can find
V,v,u, M, so that
(6.3) Ot cTx(0,V,v,u, M) forall tcU,

see (5.4) for the meaning of this notation. These numbers and the neigh-
borhood V' of v will be fixed for the rest of the proof.

Observe that the constant K; in Corollary 5.9 is independent of t € U
and by Corollary 5.11(i) we have ®¢ € Zx(K3,v,0) for t € U. Notice also
that s(t) = s(®%) by Proposition 5.10(ii). Thus, to prove the theorem it
remains to verify the distortion continuity property (3.1) and transversality
condition (3.2) for ®t. We begin with the latter since it is easier.

As in Section 5, the alphabet for the IFS ®¢ will be I = {(n,i) : n >
0,7 <k—1}. Let ¢ and £ be elements of I with (; # &. To distinguish
between the IFS ®* and ®¢ we denote by 7j : I — R the natural projection
corresponding to the IFS ®t. Let ¢; = (n,4) and & = (m, j). Clearly,

T (Q) = me(w), 7 (§) = me(7)
where w € A% begins with k" and 7 € A begins with k™j. Assume
without loss of generality that n < m. Then

7 (Q) = m(§) = me(w) — me(7) = P (me(0"w)) — ¢ (me (0" 7))
and (0"w); # (0"7)1. Thus, by the Mean Value Theorem and (5.7), for
some c € X,

75 (Q) = 7 (] = [(¢r) (e)] - Ime(0"w) — me (0" 7)] = u"|me(0"w) — me (0" T)].
Therefore, by (6.2),

Laft e U |m(Q) —me ()] <r}

< L{t €U |mp(o"w) — me(o"1)| < ru"}

<Ciru™"
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which implies (3.2) with C'(&§1,m1) :== Clu™".

The property (3.1) for ®¢ is immediate from (6.1) and the following lemma
where we let

|9 = W)l = max flo: =il and @ = W) = max ¢} - vil.

Lemma 6.2. There exists a positive constant Cy = C4(X,0,V,~v,u, M)
such that for any ® = {¢1,...,0r} and ¥ = {1,... Y}, two parabolic
IFS in T'x (0, V,~y,u, M) with ¢, = 1y, the associated infinite hyperbolic IFS
P, and U, have the following property. For any T € I* and any x € X,

|(67)'(=)]
[(47) ()]

Proof. Let n = |7| and observe that for all z € X and 0 < j < n:
|0 (@) — U5 (2)]
< ’Qﬁj(ﬂn_l)(@ﬁn (z)) — ¢Zj(7|n_1)(1/’:n ()]
+ |¢:j(7|n 1) (T/’;k-n( z)) — 1/’;3‘(7\”,1)(@0%(55)”
<A@, — WL+ |¢UJ(T|n 1)(93,) - T/J;j(ﬂn,l)(x,)’a

for ' = 4} (x). Proceeding inductively we obtain

< exp (Cylr| (1o — w[” +|9" — w/]}) )

= @, — .|
(64) 055, (2) = 05 (@) < " TTHIR — Wl < T
=1
Observe that
(6.5)
@0 — Wl = _ max _[6f' ¢ — of'will = max [|6; — il = |2 — ¥

since [|(¢1")'|| = 1. Now let y = ¢%; (x) and z = ¢¥; (z), and suppose that
7; = (1,7). Then gbij = ¢! ¢; and d)ij = ¢! );, and we can estimate by (5.9):

(6.6)
(562, @) @G| @) [
° ‘(w( UJT@))“Ig‘wk@)'(y) s <¢z>'<¢i<y>>‘“g #)
<logLs - [i(2) — dily)l° + u [Ul(2) - Syl
Next,

[94(2) — 8i(0)] < [r(2) — (o) + is(w) — (o)
<le—yl+lo -] < o - v] =
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by (6.4) and (6.5). Furthermore,
[¥i(2) — di(y)| < [¥i(2) — ¥iw)] + [Wi(y) — &i(y)]

<19 lolz =yl + || — ']

< M@ —¥|°(1 =)0 + & — .
Combining the last two estimates with (6.6) yields
(7)) (5, (x))
(fbij),( Z;T(l'))
<@ v’ (M)glogm

L=y

+ut (Mo - w|P(1 =9~ + o — w]))

log

<cs(llo - 9]+ o' - v

for some constant C} = C4(X,0,V,~,u, M). Exchanging the roles of ® and
¥ we can see that

() (5, (@)

8| (G (6, (@)

<G (llo - v + o' — w']).

Finally,

i

e sy, @)
- ZlOg|< BT :;]-T<x>>|

j=1
n

<> (e - |+ |o - w))
j=1

= nCy (@ —v| + @' — v])).

The lemma is proved, and this also concludes the proof of Theorem 6.1. [J

Given w € A* let h(w) denote the number of hyperbolic letters (i.e., # k)
appearing in w. We record the following useful corollary for future reference
although it is not needed in this paper.

Corollary 6.3. There exists a positive constant Cy = C4(X,0,V,~,u, M)
such that for any ® = {¢1,...,¢r} and ¥ = {¢1,... ¥}, two parabolic
IFS in Tx (6, V,~,u, M) with ¢, = g, for allw € A* and all x € X,

|90 ()]
|96 ()]

< exp (Cyh(w) (@ — | + &' — w])) .
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Proof. For any w € A* we can find 7 € I* and [ > 0 such that

$o=drdf  and G, = Pid).

By Lemma 6.2 we have

|0L,(2)] _ 1(65) (64 (@) (0)) (@) _ 1(¢7)'(9f(2))]

L@ 1@ @ @)@ @) 102 (6h(@))
< exp (Calrl (Il - 9] + o’ — '] ))

which finishes the proof since |7| = h(w). O

We conclude this section with some finer results concerning exceptional
parameters in Theorem 6.1(i). These will turn out to be almost immediate
consequences of the results obtained in Section 4. The strong transversality
condition is formulated in the context of parabolic systems in the same
manner as the strong transversality condition in Section 4. Recall that
N, (F) is the minimal number of balls of radius r needed to cover the set
F CRY

Strong Transversality Condition: There exists a constant C] such that
for all w and 7 in A with wy # 71,

(6.7) N, ({t eU: |m(w) —me(7r)] <r}) < Cir forall r>0.

The same arguments as used in the proof of Theorem 6.1 demonstrate
that the strong transversality condition (6.7) for a parabolic IFS implies
the strong transversality condition (4.1) for the associated hyperbolic sys-
tem. Consequently, Theorem 4.3 and Corollary 4.4 respectively imply the
following.

Theorem 6.4. Suppose that {@t}tEU is a d-parameter family of parabolic
IFS in T'x(0) satisfying (6.1) and (6.7). If G is an arbitrary subset of U,
then for every & > 0 we have

dim; ({t € G : dimy(J;) <min{¢,s(t)}}) < min {f,sgp s(t)} +d—1.

Corollary 6.5. Suppose that {(I)t}teﬁ is a d-parameter family of parabolic
IFS in I'x(0) satisfying (6.1) and (6.7). Then for every to € U we have

lim dimy, ({t € B(to,r) : dimy (Jy) < min{¢, s(t)}}) < min{¢, s(to)}+d—1.

r—
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7. Examples.

7.1. General classes of examples. We are going to apply Theorem 6.1 to
two more specific types of IFS families. In each case we need to impose some
bounds on derivatives to guarantee transversality (even strong transversal-
ity), which is the most difficult condition to check. Recall that || - ||y denotes
the supremum norm on Y.

Proposition 7.1. Let ® = {¢1,... ¢} € I'x(0) and 1 < d < k — 1.
Assume that

(7.1) @i are increasing for all i < k;
(7.2) $i(X)Ngj(X)=0 forall d<i<j<k
and

(7.3)

i1l + H¢;’H¢;1¢i(x) <1 forall i <j suchthat ¢;(X)Ne;j(X) #0.
Consider the family

q)t = {gbl(I') +t17' . 7¢d(m) +td,¢d+1(l’),. .. 7¢k(x)}
where t = (t1,... ,tq) € R%

Then there exists n > 0 such that {®* : t € B,(0)} satisfies all the hy-
potheses of Theorem 6.1. Moreover, the strong transversality condition (6.7)
s satisfied.

Remark. It is not hard to find specific IFS satisfying the above proposition.
Notice that non-trivial examples start with k& = 3. Indeed, if £k = 2 there
is a dichotomy: the limit set is either connected or the projection map
e @ A® — Jp is one-to-one. In the latter case there are no “overlaps”, so
the dimension formula holds by [U]. In the former case Jg is an interval,
so there is no question about its dimension or measure. To get a non-trivial
example with k = 3, one can take a parabolic function, say, ¢3(z) = sinz
on [0,b], with b < w/2, and add two more functions so that there is a “gap”
and an “overlap”. For instance, an increasing function ¢s may be chosen
to satisfy ¢2(0) > sinb and ¢9(b) = b, and the increasing function ¢; to
satisfy ¢1(0) € (0,sinb), ¢1(b) < ¢2(0). Consider a one-parameter family
O = {¢1(x) +1, P2(x), ¢p3(z)} and call ¢ admissible if these properties persist
for ®¢. If t is admissible, then the limit set has the convex hull equal to [0, b].
We can define X = [0,b + €] for a small € > 0, so that ¢2(X) C Int(X). All
the assumptions of Proposition 7.1 are satisfied, provided that the derivative
of ¢; is sufficiently small, so the results of Section 6 apply.

Example 1. The family of IFS

®' = {0.01(z +1)* + ¢, 0.1z + (4.5/11)7, sinz} on [0,3T + ¢
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satisfies all the conditions above for t € [0.3,0.97] if € > is sufficiently small.
(We are grateful to P. Hanus for correcting our original faulty example.)

In the next proposition all elements of the IFS are assumed to be of the
form ¢(z+a;) for a single function ¢. Although this seems much more special
than Proposition 7.1, it covers some interesting families, in particular, those
which arise from a class of continued fractions.

Proposition 7.2. (i) Let ® = {¢1,... ,¢k} € T'x(0) and1 < d < k—1 be
such that (7.2) is satisfied. We further assume that there exists a single
increasing function ¢ € C'9 on some interval Y and a; € R, u > 0

such that
(7.4) oi(x) = oz + a;), i <k,
and
: i ! > )
(7.5) inf |¢(2)] 2 u >0
Let

Pt = {le(l’ + tl)a s 7¢d($ + td)aqsd-f-l(l')v s 7¢k’($)}
where t = (t1,... ,tq) € R%

Denote by ¢ the projection map corresponding to ®t. If there exists
0 > 0 such that

£ﬂt(§)\to <1—=6 foral €€ A® andall 1<i<d,

then there exists n > 0 such that {®* : t € B,(0)} satisfies all the hy-
potheses of Theorem 6.1. Moreover, the strong transversality condition
(6.7) is satisfied.

(ii) Condition (7.6) holds if

(7.7) il <1/2 forall 1<i<d.

(7.6)

Example 2. Let ®* = {In(z + a), In(z +¢? — 2), In(x + 1)}. This is a
parabolic IFS on [0,2]. We have ||¢}]| = 1/a, and so Proposition 7.2 and
Theorem 6.1 imply that the dimension formula holds for a.e. a € (2, e? — 2).
(We need to enlarge the interval slightly and let X = [0,2 + €| so that
¢2(X) C Int(X).)

Turning to the proofs of Propositions 7.1 and 7.2, note that checking
strong transversality (6.7) is the only issue since all other properties obvi-
ously hold for sufficiently small perturbations of ®. This will be done with
the help of the following elementary lemma.
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Lemma 7.3. Let U C R% be an open, bounded set with smooth_boundary.
Suppose that f is a C real-valued function in a neighborhood of U such that

for some i € {1,...,d} there exists n > 0 satisfying
of(t
(7.8) veu, Jfw)<n = 9>

Then there exists C = C(n) such that
(7.9) N{teU: |f(t)|<r}) <Cr, ¥Yr>D0.

Proof. Recall that N,(F) denotes the minimal number of balls of radius
r needed to cover F. Since U is bounded it suffices to prove our lemma
for every r < . Let M = f~1(0). By (7.8), grad(f)(t) # 0 for every
t € M. Hence M is a (d — 1)-dimensional C'-manifold and (M NU) U QU
is contained in a union of finitely many compact connected C' manifolds
with smooth boundaries. Thus there exists a constant C; such that for
every r < 7 the set (M NTU) U AU can be covered by Cir'~? balls with
radii . In order to complete the proof it is sufficient to show that for each
point t = (¢1,%2,... ,tq) € U with |f(t)| < r, the distance between t and
(M NU)UdU does not exceed r/n. Indeed, we will then cover the set
f~Y([~r,7]) by at most Cy7'~¢ balls with radii (1 + 1/n)r. But each ball
of radius (1 4 1/n)r can be covered by Ca(n) balls of radii r, where Ca(n)
depends only on 1 and the dimension d and we would therefore be done.
Without loss of generality let ¢ = 1. Consider the function g(s) =
f(s,ta,... ,tg) defined in a neighborhood of 1. Suppose first that g(t1) €
[—7,0]. By (7.8), the function g(s) increases for s > ¢; until either the point
(s,ta,...,tq) reaches the boundary of U, say at a point (u,to, ... ,t5) € OU
and g(s) € [-7,0] for all s € [t1,u], or g(s) will take on the value zero
earlier. Suppose that the first case materializes. Then ¢'(s) > n for every
s € [t1,u] by (7.8). By the Mean Value Theorem, |u — t1| < r/n, and there-
fore, dist (t,0U) < dist (t, (u, ta,... ,tq)) = |[u—ti| < r/n. So, we are done in
this case. If the second case holds, let w be that point for which g(w) = 0 and
g(s) € [=r,0] for every s € [t1,w]. Then (w,te,... ,ty) € M and ¢'(s) > n
for every s € [t1,w]. Again by the Mean Value Theorem, |w — t1]| < /7.
Then dist (¢, M NU) < dist (t, (w,t2,... ,tq)) = |w —t1| < r/n and we are
done in this case as well. If g(t1) € [0,7], we proceed similarly letting s go
left from ¢;. The proof is complete. ([

Proof of Proposition 7.1. It is convenient to write ®* = {¢?};<x. The prop-
erties (7.3) and (5.1) persist under a small perturbation, so we can find
n € (0,1) such that

(7.10) inf{dist (¢f(X),v): i <k—1, ||t|| <n}>n>0;
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(7.11) inf{dist (¢f(X),94(X)) : ¢i(X) N ;(X) =0, [[t[| <n} >n > 0;
(7.12)

dist (¢i(X), ¢;(2)) < 3n = |5l +|¢j(2)| <1—n for i<d, i<j.

The continuity property (6.1) is obvious so we only need to verify the strong
transversality condition (6.7).

Consider w, 7 € A*®, with wy # 71. Let i = w1 and j = 7. Without loss
of generality assume that i < j. If ¢;(X) N ¢;(X) = 0 then

[me(w) — me(7)] = |65 (e (ow)) — 5 (me(o7))| > 1 > 0
for t € B,(0) by (7.11) and
(7.13) {t € B,(0) : |m¢(w) — me(7)| < 7} C B(0)
(note that the left-hand side is empty for r < n). Thus (6.7) certainly holds
in this case. If ¢;(X) N ¢;(X) # 0 then i < d and
me(w) — me(T) = ti + @i (ow)) — ¢ (me(oT)).

We are going to use Lemma 7.3 with f(t) = m¢(w) — m¢(7) and U = B, (0),
so we need to check (7.8). Since |¢8(m (7)) — ¢j(me(o7))| = [t;] < n and
|ti| <mn, we have the implication

(7.14) [f )] = |me(w) —me(T)| < = |¢i(me(ow)) — j(me(07))] < 3

' = [l¢ill + ¢ (me(o7))| <1 -1

by (7.12). Since j # i we have

(7.15)
;i(ﬂt(w) —m(7)) =1+ aatiqbi(ﬁt(aw)) - aatiqu(ﬂ't(gfr))

=1+ ¢l(m(ow)) - aatiﬂ't(aw) — (;59(771;(07)) . ;Wt(UT).

1
Observe that ¢, > 0 and %Wt(aw) > 0 by the assumption (7.1). Suppose

that (o7),, is the first symbol ¢ in o7 (if o7 contains no i we have 8%7&(07‘) =
0 and the claim is obvious). Then

m(or) = oty (ti+ ¢i (me(a™ 7))

and since ||( gT|n—1)IH < 1 we obtain

0 0
- m(or) <1+ &% - fﬁt(0”+17).
Proceeding inductively we see that

0 -
S me(0m) S L I60 + 16617 + .. = (1= |67~
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(recall that ¢; is hyperbolic since ¢ < d < k). Together with (7.15) this
implies

0 _
g(ﬂt(@ —me(7)) > 1 — |¢(me(or))|(1 = [lg5])
7.16 ’
(7.16) 1 [l = ¢ (me(om)
L= o]
by (7.14). We have verified (7.8), so the strong transversality condition (6.7)
holds by Lemma 7.3 and the proof is complete. O

Proof of Proposition 7.2. is similar to that of Proposition 7.1. We can choose
1 > 0 so that (7.10) and (7.11) hold, and moreover,

(7.17) %Wt(f) <1-n forall €€ A>, i<d, te B,0).
Again we only need to check strong transversality. Let w,7 € A% with
i =w,j=m,and i < j. If ¢;(X)N¢;(X) =0 we immediately obtain
(7.13) by (7.11). If ¢;(X) N ¢;(X) # 0 then i < d and
me(w) — me (1) = ¢4 (ti + m(ow)) — ¢ (me(oT))
= ¢ (a; +t; + m(ow)) — ¢ (a; + kjt; + m(oT))
= ¢(c) (A(t)) + ti + me(ow) — me(07))
) =

where r; = 1 if j < d and 0 otherwise, and A(t; a; — kjt; does not
depend on t;. Denoting f(t) := A(tj) +ti + me(ow) — 7Tt(0'7') we have by
(7.5):

{t € B,(0) : |me(w) — me(T)| <7} C {t € By(0): |f(t)] <u'r}.
If we show that g—t{ > then strong transversality will follow from Lemma 7.3.
Since all ¢; are increasing it is easy to see that %Wt(aw) > 0, hence
gi >1- aatiwt(aT),
and the desired statement follows from (7.17).
(ii) It remains to derive (7.6) from (7.7). Let 1 <i < d. If { € A

contains no ¢, then %ﬂt(f) = 0. Otherwise we write { = wi§ where w € A*
contains no i (the word w may be empty). Then

me(€) = ¢, (ts + e (€)),
hence

Sm© < 181 10l (14 5 < 1okl (14 5-m@ )
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Proceeding inductively we obtain that

0~ 1— 2]
—mg(§) < gll" =1 - T
o™ (6) < 2 Il =1 = T
for some § > 0 by (7.7), and the proof is complete. O

7.2. A class of continued fractions. Here we study in detail IFS arising
from the function ¢(z) = ;75. Let A = {a1,...,ax} where a; > 0 for
i <k—1anday =0. Let ®4 = {¢(z+a;) }i<k. Then ¢, = ¢ is parabolic on
[0, 1], with the neutral fixed point v = 0, for all A. The functions ¢(z + a;),
for i < k—1, are hyperbolic on [0, 1]. Clearly, the IF'S ® 4 belongs to I'jg 1;(1)
(see Definition 5.5). The IFS ®4 with A = {«,0} was recently considered
by Lyons [Ly| who studied the properties of the measure which arises from
applying the maps randomly and independently with equal probabilities.
However, as far as the limit set is concerned, the case k = 2 is trivial, since
then either the limit set is an interval, or the IFS has no overlaps, so the
dimension formula holds for all parameters by [U].

The connection with continued fractions is as follows: The limit set J4 of
® 4 on [0,1] coincides with the set of continued fractions of the form

1
y:[17Y1717Y2717Y3717"’]:: 1
1+ 1
Y]
B
where Y; € A, and also with the set of continued fractions of the form
1
Yy = 1- 1
(2 + Yl) — T
24Y)— —i—
(2+12) (2+7Y3) —...
where Y; € A. Indeed, these representations are immediate by writing
T+« 1 T+« 1
= and ——=1————.
r+a+1 1+ 1 r+a+1 (1+a)+z
a+x

Example 3. Let A = {a,2,0}. We start with the one-parameter family of
IFS ® 4 corresponding to a € (0,2), however, we will see that the non-trivial
interval of parameters is smaller.

First observe that the limit set of the IFS {¢(z +a), ¢(x)} is an interval
if a € (0,1/2]. Let ¢1(x) = ¢(z + a). Then ¢(b) = b where b = 1(—a +
Vva? + 4a). This implies that [0,b] D ¢1([0,b]) U ¢([0,b]), and this becomes
equality if and only if ¢(b) > ¢1(0) which is equivalent to a < 1/2. Since
the limit set can only increase when more functions are added, J4 contains
an interval if a < 1/2.



PARABOLIC IFS WITH OVERLAPS 475

Since ¢o(x) = ¢(z + 2) has the fixed point at v/3 — 1, we see that Y :=
[0,/3 — 1] is the convex hull of .J4. We have, denoting ¢3 = ¢,

a V3-1+a
a+1" 3+a
$2(Y) = [2/3,V3 1],
¢3(Y) = [0,1-1/V3].
Now, ¢2(Y) N ¢3(Y) = (). We want to make sure that the IFS has both
a “gap” and an “overlap”. Note that ¢1(Y) N ¢o(Y) # 0 if and only if
a € [3—+/3,2)and ¢1(Y) N¢3(Y) # 0 if and only if a € (0,+/3 — 1] (recall
that we only consider 0 < a < 2). Thus the “interesting” set of parameters
is U= (3,v/3-1)N(3—3,2).
We want to apply Proposition 7.2 with £ = 3 and d = 1. Let X =
[0,/3 — 1 + €] where € is so small that ¢o(X) N ¢3(X) = 0. We have

g1l = ¢1(0) = (1 +a) 2 < 4/9 < 1/2,

since @ > 3. Thus (7.7) holds and all the assumptions of Proposition 7.2
are satisfied. Let s(a) = s(®4) where A = {a,2,0}; then s : U — R is
continuous. Let Uc; ={A € U: s(A) <1}andUs; ={A € U: s(A) > 1}.
We obtain the following:

1Y) =

Corollary 7.4. (i) dimy(Ja) = min{s(a), 1} for Lebesgue-a.c. a € U.
(i) For any set G C U<y we have

dimy{a € G : dimy(Ja) < s(a)} < s1C1;p s(a).

(iii) J4 has positive Lebesgue measure for Lebesgue-a.e. a € Usy.

Note that both U<y and Us; are non-empty. Indeed, continuity of s(a)
was established independent of transversality (see Lemma 3.4). Thus s(a)
is continuous on (0,2). For a = % we know that the limit set of the IFS
{¢1, 3} is an interval. Since adding an extra function to the IFS makes
s(a) strictly larger, we see that s(%) > 1. By continuity, this implies that
Us1 # 0. On the other hand, for a = V3 —1 and for a = 3 — /3 the
IF'S satisfies the open set condition, as the interiors of ¢;(Y), i = 1,2,3,
are disjoint. Since the limit set is disconnected at these parameter values,
it follows, as in [U, Th.6.5], that s(v/3 —1) < 1 and s(3 —v/3) < 1. By
continuity, this implies that U-y # (.

Example 4. Consider ®4 = {¢(z + a;) }i<i where
AcU:={AcRF: 4, =0, a;>0,j=1,... . k—1}, k>3.
This is a (k — 1)-parameter family of parabolic IFS.
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Corollary 7.5. (i) For Lebesque-a.e. A € U,

dimy (Ja) = min{s(4),1}.

(ii) For any set G C U<y we have

dimy{A € G: dimy(Ja) <s(A)} < sgp s(A) + (k- 2).

(iii) For Lebesgue-a.e. A € Usy the set J has positive Lebesque measure.

Proof. As in Example 3, we have that if a; < % for some i < k — 1, then
J 4 contains an interval an and there is nothing to prove. If a; > % for all 4,
then (7.7) holds. Then we can apply Proposition 7.2 (with d = k — 1, when

(7.2) is vacuous), and the statements follow from our theorems. O
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