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It is known that there is no nonconstant bounded harmonic
map from the Euclidean space R™ to the hyperbolic space H™.
This is a particular case of a result of S.-Y. Cheng. However,
there are many polynomial growth harmonic maps from R2
to H? by the results of Z. Han, L.-F. Tam, A. Treibergs and
T. Wan. One of the purposes of this paper is to construct
harmonic maps from R™ to H™ by prescribing boundary data
at infinity. The boundary data is assumed to satisfy some
symmetric properties. On the other hand, it was proved by
Han-Tam-Treibergs-Wan that under some reasonable assump-
tions, the image of a harmonic diffeomorphism from R? into
H? is an ideal polygon with n + 2 vertices on the geometric
boundary of H? if and only if its Hopf differential is of the
form ¢dz? where ¢ is a polynomial of degree n. It is unclear
whether one can find explicit relation between the coefficients
of ¢ and the vertices of the image of the harmonic map. The
second purpose of this paper is to investigate this problem.
We will explicitly demonstrate some families of polynomial
holomorphic quadratic differentials, such that the harmonic
maps from R? into H? with Hopf differentials in the same fam-
ily will have the same image. In proving this, we first study
the asymptotic behaviors of harmonic maps from R? into H?
with polynomial Hopf differentials ¢dz2. The result may have
independent interest.

0. Introduction.

Let R™ be the Euclidean space, and H" be the hyperbolic space. In
[HTTW], it was proved that under some reasonable assumptions, the image
of a harmonic diffeomorphism from R? into H? is an ideal polygon with n +2
vertices on the geometric boundary of H? if and only if its Hopf differential
is of the form ¢dz? where ¢ is a polynomial of degree n. Note that ¢ is
a polynomial of degree n if and only if the harmonic map is of polynomial
growth of order § 4 1, see [TW] for example. In [LW], it is shown that the
closure of the image of a harmonic map from R" into H™ with polynomial
growth of order [ will intersect the geometric boundary of H™ at no more
than CI"~! points, where C' is a constant independent of I. Moreover, the
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image lies in the convex hull of these points. In higher dimensions, unlike
harmonic maps from hyperbolic space to hyperbolic space, there are very
few examples of nontrivial harmonic maps from R"™ into H™. In fact, if the
image of a harmonic map from R” to H” is bounded, then the harmonic
map must be constant [Cg]. Also, there is no rotationally symmetric har-
monic map from R"™ into H" [T]. On the other hand, in [WA], (see also
[TW]), it was shown that orientation preserving harmonic diffeomorphisms
from R? into H? can be parametrized by their Hopf differentials, provided
that the harmonic diffeomorphisms satisfy some natural conditions. In par-
ticular, one can construct harmonic diffeomorphisms from R? to H? with
prescribed Hopf differentials. In [HTTW], harmonic diffeomorphisms with
prescribed images had been constructed via the Gauss maps of constant
mean curvature cuts in Minkowski three space. Both methods of construc-
tions cannot be applied to higher dimensions. In this paper, we will use a
more direct method to construct harmonic maps from R™ to H™ with pre-
scribed boundary data at infinity. The boundary data is assumed to satisfy
some symmetric properties. It should be remarked that if » is a harmonic
map from R? into H™ ! then u can be considered as a harmonic map from
R? into H™ by embedding H™ ! into H™. Also if u is a harmonic map from
R"~! into H™, then the map v from R"” = R"! x R into H™ defined by
v(z,t) = u(z) for (x,t) € R" ! x R is harmonic. The harmonic maps we are
going to construct are not in these categories, and are said to be nontrivial.
Each of the constructed harmonic maps has polynomial growth, and the
closure of its image in H™ U OH™ intersects OH" at finitely many points,
where OH™ is the geometric boundary of H™. This can be considered as the
first step to understand boundary value problem for harmonic maps from
R™ into H"™. The idea of construction is to find an approximate initial map
with symmetry. Using the symmetry of the initial map, one can construct
a harmonic map by compact exhaustion. The resulting harmonic map will
be of bounded distance from the initial map.

In [HTTW], it was proved that if u is a harmonic diffecomorphism from
R? onto an ideal polygon with m vertices on OH?, then its Hopf differential
is ¢dz? with ¢ to be a polynomial of degree m — 2. However, it is unclear
whether it is possible to find explicit relation between the coefficients of
¢ and these m points. The second purpose of this paper is to investigate
this problem. We will explicitly demonstrate some families of polynomial
holomorphic quadratic differentials, such that the harmonic maps from R?
into H? with Hopf differentials in the same family will have the same image.
In proving this, one needs to study asymptotic behaviors of harmonic maps
from R? into H? with polynomial Hopf differentials. Some results in this
direction had been obtained in [HTTW], using the techniques introduced
in [Wf] and [My|. We will prove that if ¢ is of degree n, then there are
n + 2 rays, with equal angle between them, so that if v is a an orientation
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preserving harmonic map from R? into H? with Hopf differential ¢dz?, then
u(z) will tend to infinity as z — oo at the same rate along these rays. The
result has its own interest and may be useful in the construction of harmonic
maps R? into H? with prescribed data at infinity.

The structure of the paper is as follows. In §1, we will construct harmonic
maps with symmetry from R? to H2. In §2, we will use induction to construct
nontrivial harmonic maps from R? to H™, m > 3, and in §3, we will construct
nontrivial harmonic maps from R™ to H™. In §4, we will study asymptotic
behaviors of harmonic maps. In §5, we obtain some partial results on the
explicit relation between the Hopf differential and the image of a harmonic
map.

1. Harmonic maps from R? to H?.

It was proved in [WA] (see also [TW]) that given a holomorphic quadratic
differential ¢(z)dz? on C, one can find a harmonic diffeomorphism from C
into H? such that the Hopf differential of the harmonic map is ¢(z)dz>.
Under certain conditions, the harmonic map is essentially unique. In partic-
ular, if ¢(z) = 2™, m > 1, using the result in [HTTW], one should be able
to prove that up to an isometry of H?, the image is a regular ideal polygon
of m+ 2 sides, see §5 for details. However, the method cannot be applied to
higher dimensions. In this section, we will use another method to construct
such harmonic maps. Using similar methods we will construct nontrivial
harmonic maps with symmetry from R? into H™, and R™ into H™, with
m > 2 in the next two sections.

Let n > 3 be an integer. In R?, using polar coordinates the harmonic
function

f(z) = f(reme) =72 sin <g€>

is zero on the rays 8 = 0, where 0 < k < n — 1, where 6 = %TF’ and |f] is
positive on 0 < 6 < ;1. Note that the ray 0 = 6y is the same as the ray
0 = 0,. For each k, let W} be the wedge defined by 0y < 6 < 0py.

Let us use the Poincaré disk model for H?. Let a; = e n , k=

0,...,n — 1, which are identified as points on the geometric boundary of H?2.
Let o be the origin of the unit disk D, and let ; be the geodesic from o to
aj, in H?, parametrized by arc length. Define a map ¢ : R? — H? as follows.
In the wedge 0 < 0 < 041, let

9(z) = (| f(2)]).

Since f = 0 on each ray {6 = 0}, g is well-defined. g satisfies the following
properties:
(i) ¢ is a Lipschitz map, which is smooth and harmonic in the interior of
each wedge Wy.
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(i) For any z € C, g(e2V—10rz) = ¢2V-10k g(2).
(iii) g(eV™1012) = eV ~01g(2).

Lemma 1.1. For any R > 0, let ur be the harmonic map from B(R) into
H?2, where B(R) is the disk of radius R with center at the origin in R?, such
that ur = g on OB(R). Then there is a constant Cy which is independent
of R, such that

d(ur(2),9(2)) < Ch
for all R and for all z € B(R).

Proof. By (iii) and the uniqueness of harmonic maps, we have

ug(eV=102) = V10 p(2).

Hence it is sufficient to prove that

d(ur(z),9(2)) < C1

for all z € B(R)NW)y, where W is the wedge defined above. By the definition
of up,

(1.1) ur(z) = g(2)

for z € 9B(R) N Wy. We want to show that d(ur(z),g(z)) is bounded on
OWy N B(R) by a constant independent of R. Since W) is bounded by two
rays 0 = 6y, 0 = 61, by symmetry it is sufficient to prove that d(ugr(z), g(z))
is uniformly bounded on {# = 6y} N B(R). By (ii), g(z) = g(Z). Hence by
the uniqueness theorem on harmonic maps, we have ug(z) = ur(z). This
implies that ur(z) lies on the real axis, for all z € {6 = 0y} N B(R). Observe
that the image of ug lies inside the convex hull A of the ideal boundary
points ax, 0 < k < n — 1, and the closure of A in H? U 9H? intersects OH?>
at the points ax. Suppose n is even, then no ay is on the real axis. Hence
there is a constant 5 independent of R, such that

(1.2) d(ugr(2),g(2)) = d(ur(2),0)
< Cy

for all z € {6 = 6y} N B(R), see Figure 1. Suppose n is odd, we want to show
that upr(z) lies on the positive real axis, for all z € {# = 6y} N B(R). This
will imply that (1.2) is still true in this case, because no ay, is on the positive
real axis. By the definition of g, we see that g maps the upper half space
into the that part of D? which lies on the upper half space. Since ur(z) lies
on the real axis if z is real, ur also maps the upper half space into the that
part of D? which lies on the upper half space. One can prove similarly that
ur maps the half space bounded by the rays 6 = %’T and 0 =7 + 2% which
containing the positive real axis into the same half space, see Figure 2. In
particular, ug(z) lies on the positive real axis, for all z € {# = y}NB(R). So
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(1.2) is true for all z € 9(B(R) N Wy). Since d(ur(z), g(z)) is subharmonic,
the lemma follows from the maximum principle.

By Lemma 1.1, passing to a subsequence if necessary, up will converge to
a harmonic map v such that d(u(z), g(z)) is uniformly bounded. In fact, u
is a diffeomorphism. We can prove this fact as follows. For each R > 0, let
us construct a harmonic map vg from B(R) into H? in the following way.
Let by, = yk(R%) and let By be the minimal geodesic joining b to by_1. Let
aj be the minimal geodesic joining ag to ax_1. It is easy to see that the
distance from a point on 7y or y,_1 to ay is bounded by a constant C's which
is independent of R. Define a map Il from ~|[0, bx] and vx_1][0, bx—_1] into
the line containing Fj, by nearest point projection. Then

(1.3) d(k(s), Mk (yk(s))) < Ch.

I, is surjective and is continuous. Let vg be the harmonic map from B(R)
into H2, such that on the dB(R) N Wy vr(z) = II1(g(z)). Note that the
boundary map is a homeomorphism from 0B(R) onto the boundary of the

geodesic polygon with boundary U, f3;. Here are some properties of vg. By
[SY], we have:

Lemma 1.2. vg is a diffeomorphism onto its image.

By Lemma 1.1, and (1.3), there is a constant Cy which is independent of
R such that

sup d(vgr(z),9(z)) < Cy.
z€B(R)

Hence, passing to a subsequence, vy converge to a harmonic map v, such
that

(1.4) d(v(z),9(2)) < Ci.
Lemma 1.3. Let ¢dz? be the Hopf differential of v. Then ¢ is a polynomial
of degree n — 2.
Proof. By the construction,
d(o,9(2)) < |27
By (1.4), we see that
d(o,v(2)) < Cy + |2]2.

By the energy density estimate [Cg], there is a constant C5 independent of
z such that

e(u)(z) < Cs(|2" 2 + 1).
Since |¢|(z) < e(v), we conclude that ¢ is a polynomial of degree at most
n — 2. Suppose the degree of ¢ is less than or equal to n — 3. Let ¢rdz? be
the Hopf differential of vg. Then given any Ry > 0 there is R; such that if
R > Ry, then

r(2)| < Co(|2["% + 1),
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in B(Ry) for some constant Cg which is independent of Ry, where ¢p is the
Hopf differential of vg. Using an argument of [TW], we conclude that in
B(*%),

e(vr)(2) < Cr(]2]"° + 1)
for some constant C; independent of Ry, if R is large enough. Let R — oo,
and then let Ry — oo, we have

e(v)(2) < Cr(]2]" 2 + 1).
This would imply
d(o,v(2)) < Cs(|2|"~1/2 1)
for some constant Cs. By (1.4), and the definition of g, this is impossible.
Hence the degree of ¢ must be n — 2.
Lemma 1.4. v is a diffeomorphism onto its image.

Proof. Since the Jacobian Jr of vg is positive in B(R), the Jacobian J of
v satisfies J > 0. First we want to show that J > 0 somewhere. Suppose

not, then J = 0. Since J = [|0v||? — ||0v|[?, where ||0v]| = U|%, and
||0v]| = U\%\, o2|dv|? is the metric on H?. we have
[190][* = [|0v][*.

On the other hand, B
61> = [|8w]|* - [|9w][.

We have

6] = [|80]*.
Since ¢ is a polynomial of degree n—2, there is Ry > 0 such that all the zeros
of ¢ lies inside B(%). For each R, ||Ovr|| > 0, and let wg = log ||Ovg]|.
Then

AwR = JR(uR).

/ Owr :/ Awp
9B(Ry) O B(Ro)

_ / Tn.
B(Ro)

Since on dB(Ry), ||0v||? = |¢| > 0, let R — oo, we have

Lo 5= L ?
oB(Ro) 01 JB(Ry)

However, w = %log |¢|, and the degree of ¢ is at least 1, moreover, all zeros
of ¢ lie inside B(Ry), we conclude that

(1.5) / J > 0.
B(Ro)

We have
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Hence J > 0 somewhere, and (1.5) is true for some Ry > 0. This implies
that there is § > 0 such that if R is large then

(1.6) / Jr > 0.
B(Ro)

Apply Theorem 7.1 in [J] to each map vg, we conclude that for any Ry,
there is € > 0, such that

JR(’U)Z€>0

in B(R;) provided R is large enough. This implies J(v) > 0 everywhere and
v is a diffeomorphism onto its image.

Since d(v(z),u(z)) is uniformly bounded and subharmonic, d(v(z), u(z))
is a constant function. It is easy to see that v(0) = u(0), and so u = v.
On the other hand, since ||Ou||? > |¢| and ¢ is a polynomial, we see that
||0ul|?>dz? is complete. By the result of [HTTW], the image of u is a ideal
polygon of n sides and so the image of u is the polygon spanned by the ajs,
and we have the following:
Theorem 1.5. Letn > 3, and let a; = ew, k=0,....n—1. Then
there is a harmonic diffeomorphism wu from R? into H? whose image is the
ideal polygon spanned by the ayp’s. Moreover, u satisfies

u(ezﬁek 2) _ eQﬁak@

and
w(e®z) = eV 101y(2).

In case of n = 4, we can do more. Let ag, 1 < k < 4 be four points on the
unit circle, such that they are the vertices of a rectangle which is symmetric
with respect to the real and imaginary axes.

Proposition 1.6. There is a harmonic diffeomorphism from R? into H?
whose image is the ideal polygon spanned by the ay’s. Moreover, u satisfies

u(z) = u(z),
and
u(—z) = —u(z).
The proof is similar to the proof of Theorem 1.5. We should remark that
for any four points on the unit circle, there is a conformal map of the unit

disk, which carries these four points to some ay’s satisfying the condition of
Proposition 1.6.
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2. Harmonic maps from R? into H™.

In this section, we will use the harmonic maps constructed in §1 to obtain
harmonic maps from R? = C into H™, which are nontrivial in the sense
that the image of each of the maps is not contained in any nontrivial totally
geodesic submanifold in H™. We always use the Poincaré unit ball model
for H™. Namely, H" is identified with the unit ball B™ in R™ with the
Poincaré metric, and the geometric boundary JH™ is identified with the
unit sphere S™~!. For any set A in H™ U OH™, we denote A to be the
closure of A in H™ U 9H™, and denote the convex hull of A by Con (A).
We will use the following fact: Suppose A is a close set in H™ U 0H™, then
Con (A) NOH™ = AN oH™.

Let n > 4 be an even number. Let 0, = %TW and let W be the wedge in
R? defined by 6}, < 0 < 0, in polar coordinates. Note that 6, = kf;. By
Theorem 1.5, we can find a harmonic diffeomorphism u from C = R? into
H?2, such that:

(a) In the Poincaré disk model of H?, if we write

u(z) = (u'(2),u*(2)),
then u!(2) = 0 on 3(z) = 0, where J(2) is the imaginary part of z;
(b) u(R2) N OH? does not contain the points (0, £1).
From (a) and (b), we have
(¢) sup.epe, g(z)=0 d(u(2),0) < occ.
From (b), we also have:
(b') If (at,a?) € u(R2) N OH2, then a' # 0.

We are going to use u to construct a harmonic map from R? into H?.
Identify H? with {(v!,v?,0v®) € H?| v? = 0}. Then u : R? — H? C H? is also
harmonic, and
(2.1) u(®) = (u(2), 0,u%(2)).

Define a harmonic map v from W into H? in the following way, see Figure 3.
Let

U :{z € C| ¥(z) >0} — interior of Wy,

be a conformal diffeomorphism, ¥({3(z) = 0}) = 0Wp and V¥ is homeo-
morphism between $(z) > 0 and Wy . Let v(z) = uo ¥71(2). Then v is a
harmonic map from W into H?, such that:

(1) v(2) = (v'(2),0,v°(2));

(ii) v(2) = (0,0,v3(2)) for z € OWp;

(iii) supzeawo d(v(z),0) < o0
(iv) v is contlnuous up to the boundary of Wo
(v) suppose (a',a?,a®) € v(Wp) NOH3, a' # 0.
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Property (v) follows from property (b’) of u and the fact that if (a!, a2, a®) €
v(Wp) NOH? then a® = 0 and (a!,a?®) € u(R2) N OH2,

Define g as follows, see Figure 4. Let us write any point v = (v!,v? v3)
of H? in the form (v! + /=1v2%,v3). Let g(2) = v(z) for 2 € Wy. Suppose
we have defined g = (¢', 9%, ¢°) = (¢' +vV/—1¢%,¢°>) on Wy, 0 < k <n —1,
then for z € Wy4q, let

(2.2) g(z) = (71O (! - V=1gY)(2), 6% () )
= (AVTIEDN (gL - VTTg%) (2),6%(2))

here 2 = ¢2V~10k+17 which is in Wy. Here we simply ‘reflect’ g along the ray
0 = 041 in the domain, and 0 = 01 — = = (k + %)91 in the target. Then
g is harmonic on the interior of each Wj. Suppose n is even, then ¢3 is a
well-defined and continuous function on R?, and since g = (0,0, ¢%) on W},
for all k, g is well-defined and continuous.

Lemma 2.1. Suppose n is even, and n is not a multiple of 4. Then the
map g defined above satisfies:
(i) g(z) = (VT2 (g1 — \/=1g2)(2), g*(2)), where 2 = 2~z for
all z and 0 <k <n-—1;
(ii) sup,eaomw, d(9(2),0) < oo, for 0 <k <n—1; and
(iii) suppose (a',a? a®) € g(R2)NOH3, then a' # 0, and arg(a'++/—1a?) =
O, or O + 7, for some 0 <k <n-—1.

Proof. Let zg € Wy, define zs inductively by

2/ —1 1)601 =
Zs+1 = € (s+1) 1Zs,

for s=0,...,n— 1. Then z5, € W,. Suppose s = 2[, then

(2.3) g = 2V W4
and
(2.4) g(zs) = (V710 (g1 1 V/1¢?)(20), 6% (20))

— (V70 (g1 + V=1g%)(20), ¢° (20))-
If s =2+ 1, then

Zs = 291
(2.5) = eV 1013y,

— 62\/—1(l+1)91 20,
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(2.6) 9(2s) = g(221)
= (2T (g — V=16 (), 67 o))
= (emwﬂl (6" —V=19") (). 4" (20))
= (/7 (g" = V=198 (20), 6% (20))
Hence 2, = 2o, and z,_1 = Zo, because n is even, and

(2.7) 9(Z0) = (V1 (g — V=1¢%)(20), ¢ (20))-

Now suppose z = pgia where 0, < a < 0,41 for some 0 < m <n—1. Then
there exists zg = pe*® with 0 < ag < 64, such that z,, = z. If m = 2p, then

5=V lz
_ 2V kR 5

Without loss of generality, we may assume that 0 < 2(k —p) < n — 1. If
k —p =0, then, apply (2.4) to g(Z0) = g(2) and (2.7) to g(2), we have

9(2) = (/77 (g + VI (20, 6 (20)
= (V7 (g + VI (20), 6 (20)
= (BT D0 (g — V=19 (20), 6 (7o)
= (VTR (g VTIR)(2),6%(2))

So (i) is true in this case. Suppose k —p =1+ 1, with [ > 0, then we can
apply (2.5) and (2.6)

9(z) = (271 (g (20) + V=1g%(0)). 6" (20)
= (2RO (g1 () — V=1g%(2), 6°(2) )
= (VT2 (g (5) — VTG (2)),6%(2) )

Then (i) is still true. The case that m = 2p + 1 can be proved similarly.
The proof of (i) is completed. (ii) can be derived from the definition of g
and property (iil) of v. To prove (iii), let (a',a?,a®) € g(R2?) N OH?, then
(at,a?,a®) € g(Wy) N OH3, forsome0<k:<n—1 Since g = v on Wy, by
the deﬁmtlon of v and property (v) of v, if (a',a? a®) € g(Wy) N OH?, then
2 =0, and a' # 0. In particular, arg(a + \/761 ) =6y =0 or m. Now
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suppose (a',a?,a3) € g(Wy) NIH?, for 1 < k < n — 1, then by (2.4), and
(2.6), there is (bl, 0,6%) € g(Wp) N 8H3, such that

a +vV—1a? = eV 10!,

Since n is not a multiple of 4, eV 10 75 +i, and since b' # 0 and is real, we
have a' # 0. Moreover, arg(a ++v/=1a?) =0 or O + 7 .

Theorem 2.2. Let n and g(z) be as Lemma 2.1. There ezists a harmonic
map h from R? into H?, such that

sup d(h(2),g(2)) < oo.
zeC
Moreover:
(a) In the Poincaré ball model of H?, if 3(z) = 0 and if we let

h(z) = (h'(2), % (2), h°(2)),
then arg(h! + \/7h2 ( ) —3601 or m— 304;
(b) suppose (a',a?,a®) € h(R2) N OH?, then a' # 0; and
(¢) sup,er2, g(z)=0 d(h(z ) 0) < oo.
If, in addition, u({3(z) > 0}) NOH? is not contained in any straight line in
the plane, then h({S(z) > 0}) N OH3 is not contained in any hyperplane in

R3. In particular, the image of h is not contained in any totally geodesic
submanifold of dimension 2 in H?.

Proof. For any R > 0, let Br be the disk of radius R with center at the
origin in R?. Let hgr be the harmonic map from Bg into H?, such that
hr = g on Bg. If we write hg = (h}, h%, h%) = (hk + v/ —1h%, h3,), then
by the uniqueness of harmonic maps and Lemma 2.1, we have

(2:8) ha(z) = (271D (hfy — V=103 (2), W () )

for any z € Bpr, where 2 :eQ\ﬁekZ, 0<k<n-—1. We want to show that
there exists a constant C7 independent of R such that

(2.9) d(hr(2),9(2)) < C1

for all z € Bg. Obviously, we only have to prove that (2.9) is true for all
z € WinN Bg, for all 0 < k < n — 1. Let us consider Wy for example.
(‘9(Wg N BR) is the union of Wy N dBg, {(9 == 0} N Bg, and {9 = 91} N Bpg.
On Wy N OBR, hg = g. On the other hand, for z € {6 = 0} N Br, we have
z = %, and so by (2.8) with k =0,

hi(z) = (V710 (b}, — V=1h3)(2), h(2))
= (V1 (W}, — V=1h%)(2), B(2)).
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Hence hr(z) € I where IT is the plane (v!,v,2,03) € H3, such that arg(v! +
V=1v?) = =16y or m — 6. Similarly, if z is in {0 = 7} ﬂBR, then hg(z) is
also in II. On the other hand, it is well-known that ur(Bpg) is contained in
the convex hull of ur(0Bg), which in turn is contained in the convex hull
of g(R?). Since Con( (R2)) N OH3 = g(R2) N OH?, by Lemma 2.1 (iii) we
conclude that if (a a?,a%) € Con (g(R2?))NOH3, then arg(a® ++/—1a?) = 0
for some k, and a® # 0. However, by the definition of II, if (a!,a?,a?) is
also in II, then arg(a! 4+ /—1a?) = —%91 or m— %91, which are not equal to
0, modulo a multiple of 27, because n is even. So

IT N Con (g(R2)) N 9H? = §.

Since hr(z) € Il for z € {6 = 0}NBg, there exists a constant Cy independent
of R such that

(2.10) d(hp(2),0) < Oy

for z € {# = 0}NBg. By Lemma 2.1, there exists a constant C5 independent
of R such that for all z € {# =0} N Bgr

d(g(2),0) < Cs.
Combine this with (2.10), we have
d(hr(z),9(z)) < Cy+ Cs
for all z € {# = 0} N Bg. Similarly, one can prove that

d(hr(2),9(2)) < Cy

for some constant Cy independent of R, for all z € {§ = 61} N Br. Since g
is harmonic on Wy, d(hgr(2), g(2)) is subharmonic on Wy. By the maximum
principle, (2.9) is true on Wy. Similarly, (2.9) is true on Wy, for all k. By
(2.9), passing to a subsequence if necessary, let R — oo, hr converge to a
harmonic map h from R? to H?, such that

sup d(h(z),9(z)) < C1

2€R2
for some constant C;. In particular, h(R2) NOH? = g(R2?) N 9H3. From this
and Lemma 2.1, (b) follows. (c) follows from (2.9) and the property (ii) of g
in Lemma 2.1. Since each hp satisfies (a), so does h. It is well-known that
a totally geodesic submanifold M is contained in a sphere or a hyperplane
which intersects S? orthogonally, see [Sk] for example. This implies that
M N OH3 is contained in a hyperplane. Hence, to prove the last statement,
let us suppose u({I(z) > 0})NOH? is not contained in any straight line in the
plane, then it is sufficient to prove that the intersection of the closure of the
image of h with OH? is not contained in a hyperplane. By the construction
of g, g(Wp) consists of those points (u'(z),0,u?(z)) with (z) > 0. So

9(Wo) NOH® = {(01,07113)\ (v',0%) € u({S(2) = 0}) N 3H2} :
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and the smallest affine subspace of R? which contains g(Wy) N OH? is the
subspace defined by v? = 0. By the definition of g,

‘g<wl>maH3={< VIR (! V10?0 (0020 € g(Wo) N OE? }

Since 0 = <7, ™ g(W1) NOH? is not contained in the subspace v = 0. Since

Wo U W1 is contained in (z) > 0, we conclude that g({S(z) > 0}) NOH? is
not contained in any hyperplane of R3. Using the fact that d(h(z), g(z)) is
uniformly bounded from above, the same is true for h. From this, the last
statement of the theorem follows.

By composing h with the isometry
\/T
(0" + V-T2, 0%) — (75 O (0! 1 V=T0?), o)

on H3, we obtain a harmonic map w. Obviously, u also satisfies (c) of
Theorem 2.2, (with h replaced by u) Also ul(z) = 0 on (z) = 0. Suppose
(a',a?,a®) € u(R2) N OH?, then a' + /—1a®> = e’z (‘91+7r)(b1 + v/—1b%) for
some (bl, b2,b%) € h(R2) N OH3. From the proof we see that b' + /—1b* =
eV=10k ¢ for some c # 0, and for some 0 < k < n — 1. From this we conclude
that a' # 0. Here we use the fact that n is even again.

We can proceed as before to use u to construct a harmonic map from R?
into H*. More precisely and more generally, suppose u is a harmonic map
from R2 — H™ for some m > 2, such that:

(a) In the Poincaré ball model of H™, if we write

u(z) = (u'(2),w?(2),... ,u™(2)),
then ul(z) =0 on ¥(z) =0;

(b) if (a',...,a™) € u(R2) N OH™ then a' # 0;

(c) sup.cpe, g( )=0 d(u(z),0) < oo.
Let n be even, not divisible by 4, and defined 6, Wy, ¥ as before. Let
v(z) =u o ¥l(z), for any z € Wy. Define g(z) = v(z) for any z € Wy.
Suppose we have already defined g(z) on Wy, 0 < k < n — 1, then for any
z € Wiy define:

g(z) = (2R (g1 - VZTgh)(2), 7 (2), g™t (2))

here 2 = e2V~1kt17 ¢ W,,. Using similar methods as in Theorem 2.2, we
can prove:

Theorem 2.2’. Let g(z) be as above. There exists a harmonic map h from
R? into H™ | such that

supd(h(z),g(z)) < oc.
zeC

Moreover:
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(a) In the Poincaré ball model of H™ !, if $(2) = 0, and if
h(z) = (h(2),h*(2), ... R TH(=))
then arg(h' + /—1h?%)(2) = =361 or ™ — 30y;
(b) if (a',...,a™*) € h(R2) N OH™TL, then a' # 0; and
(¢) sup.ere, g(z)=0 d(h(2),0) < oc.
If, in addition, u({S(z) > 0}) N OH™ is not contained in any hyperplane
in R™, then h({S(z) > 0}) N OH™ L is not contained in any hyperplane in

R™*L . In particular, the image of h is not contained in any totally geodesic
submanifold of dimension m in H™T!,

Again by composing h with the isometry

\/T
(! + V=102, 0%, ... ™) — (eTl(elJr“)(vl +V=10%),0%, ™),

we obtain a harmonic map from R? into H™*! satisfying required properties
for the induction on construction.

Remark 2.1. (i) By the result in §1, it is easy to see that there are
many harmonic maps u from R? into H?, which satisfy the conditions
in Theorem 2.2.

(ii) If we begin with a harmonic map u constructed in §1, and obtain
harmonic maps inductively using Theorem 2.2, and 2.2’, then the har-
monic maps will be of polynomial growth, and the closure of the image
of each of the maps intersects the geometric boundary of the hyper-
bolic space at finitely many points. This is related to the results in

[LW].

3. Harmonic maps from R™ into H"™.

In this section, we will use methods similar to those in §1 and §2 to construct
nontrivial harmonic maps from R™ into H™, m > 3. First let us write
R™ = R? x R™~2. As in the previous section, let n > 4 be an even integer,
0, = 25,0 < k < n—1, and let Wy be the wedge in R? defined by
0r < 0 < 041 in polar coordinates. Let Qp = Wy x [0, 00)™~2 which consists
of points (z!,22,...,2™) with (z!,22) € W), and 27 > 0, for 3 < j < m.
We use the Poincaré unit ball model for H™ as before. Define a harmonic
function f by

. n
f($1,$2,1‘3, e ,.’Em) = 7“% sin (59) xS .. .:Lvm7

onQ, k=0,1,... ,n—1, where 2! ++/—122 = reV=1_ Let v :[0,00) > H™
be the geodesic parametrized by arc length, such that v(0) = 0,

() = (41 (8),0,7°(1), .. , 7" (2))
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1

(m—1)"2,0,(m —1)"2,...,(m—1)"2).

AH(t) > 0, and limg_, o y™(2)
Define v : Qp — H™ by
o(zt, ... 2™ = (f(zh, ..., 2™)).
By the definition of f, we see that v maps the boundary of €2y to the origin
0 in H™. Let us write v = (v',v%,03,... ,0v™) as (v} + /=102, 03,... ,0™).
Suppose we have already defined v on € for any 0 < k < n — 1, then, as
before, for any (z!,22%,...,2™) in Qi 1, we set:
v(xt, 2?23, 2™) = (ewl\ﬁ(k*l/2 (! = V=10*)(2),v3(2),... ,v™ (%)),
where & = (e2V~10k+1 (21 —/—122), 23, ... | 2™) which is in W}, x [0, 00)™ 2.
Thus, we have defined v on ]R2 x [0, 00)™™ 2 Now we can define g : R — H™
by setting:
U2 a8, 3 (5 m(
glat, 2?23, 2™) = (v1(T),v*(T), 303 (@), . .. , emv™(T)),
for any x € R™, where & = (2!, 22, |23],... ,|2™]), and ¢ = sign(a?), 3 <

1 < m, see Figure 5.

Lemma 3.1. g is Lipschitz on Rm, and is harmonic on the set arg(xz' +
V=122 # 0, 0<k<n—1, 73---7™ £ 0. Moreover, if we write

9=1(9"9"9% .. ,9") =(g"+V-1¢* 4>, ... .g™)
then:
(i)
g 2, ) = (VTR (gL TR (@), (@), g™ ()

where & = (e2V W1 (g1 — /Z122),23 ... 2™);
(i) fori>3

gzt 2?2, =t ™) = —gi(at, 2?23, 2t ™),
and

(iii) if j # ¢ with ¢ > 3, then
Gtz 23, =2t ™) = (a2 2B, 2t ™).

Proof. The first statement of the lemma follows immediately from the def-
inition of g, the fact that f is harmonic and that v is a geodesic. The
proof of (i) is similar to the proof of Lemma 2.1(i). (ii) and (iii) also follow
immediately from the definition of g.

Theorem 3.2. Let g be the map as above. Then there exists a harmonic
map u : R™ — H™ such that

sup d(u(z),g(x)) < oo.
TrER™

Moreover, u is nontrivial in the sense that:
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(i) The image of u is not contained in any totally geodesic submanifold of
dimension m — 1 in of H™; and
(ii) w cannot be decomposed as w = F o G, such that F is an isometry
of R™, and G = G(y',...,y"™ ') which is independent of the last
coordinate.
Proof. Let Br be the ball of radius R in R™ with center at the origin, and

let ug be the harmonic map from Bg to H™ with ug = ¢ on 0Bgr. By
Lemma 3.1, and the uniqueness of harmonic maps, if we write

ur = (Uk, Uk, U, . .., UE) = (uk +V—=1uk, up, ... ,u'l)
then
(3.1)
ur(al 2. 2™) = (VDN (ufy - VTud) (@), uh(2), (@)
where 2 = (e2V- k1 (gl — \/—122),23 ... 2™); for i > 3
(3.2) wh(zt a?a?,. .., —at ... ,xm) = —uR(ml 2223, k™),
and if j # ¢, with ¢ > 3,
(3.3) u%(:cl,a:Z,x?’, =zt ™) = u%(:cl,a:2,x3, St ™).

We want to prove that there is a constant C' which is independent of R such
that

(3.4) sup d(ugr(z),g(z)) < C.

z€BRNQo
Note that 3(BR N Qo) = (8BR N Qg) U (690 N BR). On 0Br N Qq, ug = g.
00 N Bp, consists of those points (z!,22,... ,2™) € By such that arg(z! +

V—122) = 0y or 0;. By (3.1), if arg(z! + /—12?) = 0, then as in the proof
of Theorem 2.2, we have arg(uk(z) + v—1u%(z)) = —16; or T — 36,. By
the definition of g, it is easy to see that if (a!,a?,... ,a™) € g(R™) N OH™,
then there exists k, such that
1y /T1a? e/ 0
a +v—la"=—— .
vm—1 7
As in the proof of Theorem 2.2, we conclude that
INgR™)NOH™ =0
where II is the hyperplane (v, v,2,... v™), such that arg(v! + /—1v?) =
—%91 or ™ — %01. Hence there is a constant C7 which is independent of R
such that

d(ur(z),0) < Cy
for all x € Q9 N Bg with arg(z! + v/—12?) = 6y = 0. Note that for such z,
g(x) = 0. Hence

(3.5) d(ur(x), g(z)) < Cy
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for all z € 89 N Br with arg(x! + /—122) = 6y = 0. Similarly, one can
show that (3.5) is true for x € 9Qg N Br with arg(z! + v/—12?) = 6;. By
the maximum principle, we conclude that (3.4) is true. By Lemma 3.1 of ¢
and (3.1)—(3.3), we see that

sup d(ug(x),g(x)) < Cy
TeER™

for some constant C7 which is independent of R. Passing to a subsequence
if necessary, we can find a harmonic map u from R™ into H" such that

(3.6) sup d(u(z), g(z)) < C1.

From this we have

u(R™) N OH™ = g(R™) N oH™.
The set on the right hand side contains all points of the form

\/T%(cosek,sinek,ag,... ,a™)

for some k, where a is either +1 or —1, for 3 < j < m. Hence the set
cannot be contained in any hyperplane in R™. We conclude that «(R™) is
not contained in any totally geodesic submanifold of dimension m — 1 in
of H™. This proves (i). To prove (ii), we may assume that F' is a linear
isomorphism and it is sufficient to show that for any (m — 1) dimensional
subspace P of R™, u(PP) N OH™ # w(R™) N OH™. By (3.6), it is sufficient to
show that

(3.7) g(P) N OH™ # g(R™) N JH™.

Since P is a proper subspace, there is some fixed ¢; which is either +1 or—1,
3 < i < m, and there is some k such that if

Q={(z...,.2™) (2!, 2%, e323,...  e32™) € Y}

then P will not intersect the interior of 2. By the definition of g, we see
that (3.7) is true.

Again the harmonic map w in the theorem is of polynomial growth, and
the closure of its image intersects the geometric boundary at n x 2™~2 points.

4. Asymptotic behaviors of harmonic diffeomorphisms from R?
into HZ.

In this section, we will discuss the asymptotic behavior of a harmonic dif-
feomorphism u from R? into H? with Hopf differential ¢dz? such that ¢ is a
polynomial. It was proved in [HTTW] that the image of such a map is an
ideal polygon. However, it is unclear how to determine the exact positions
of the vertices of the polygon in terms of ¢. On the other hand, it is also
proved that each horizontal ray of ¢dz? is mapped under u into a curve
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which is asymptotically a geodesic ray in H2. In this section we want to
show that the behavior of a harmonic diffeomorphism with Hopf differential
2"dz? is rather typical, in the sense that the image of the harmonic map
along each ray in certain directions will tend to infinity at a rate depending
only on n and the direction of the ray. While the results may have interest in
their own right, they will be applied in the next section to study the relation
between the Hopf differential and the image of a harmonic map from R? to
H2.

To fix notations, let u be an orientation preserving harmonic diffeomor-
phism from R? into H?, so that its Hopf differential is of the form ¢dz>
where

_z —|—Za,] 1+h)

and
n
z) = g a;z"7.
Jj=1

Lemma 4.1. Let 0 be such that cos((§ + 1)0) # 0, and let L(T,0) be the
length of u(te’?), 0 <t < T. We have:

(a) If n =2m, then as T — o0

%L(T,H) = ‘Z::rll cos (( ) 0
“‘ji_n; Til jyill <1> 8‘%( \/71(m+17j)96j)

1
+ (m i_ 1) log T - R(cm+1)| + O(1).

(b) If n=2m +1, then as T — o

1 Tm-i—g
—L(T,0) = Z cos ((2 + 1) 9)
mtl 43 1 .
+ Z T723 <2) R (evfl(m*]“r%)écj) ‘ + O(l)
—. M — ] + b J
7j=1
Here for each 1 < j <, ¢; are functions of ay,...,a;. R(2) is the real part

of the complex number z.

Proof. Since there exists R > 0 such that ¢(z) # 0 outside |z| < R, by
deleting a half line, we can choose a branch of /¢ on |z| > R. We may

assume that teV~1? is not on the deleted half line. Let E+in = w =
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J?\/9¢(¢)d¢. Then locally, w is a complex coordinates of R?. The pull-back
metric of H? under u is
(e +2)d&* + (e — 2)dn”,

where e is energy density of u with respect to the metric |dw|? = |¢||dz|?.
Let z = te?, then

dw dwdz ;

4.1 = = e V=10),
(4.1) @ dzaC Vo)
By [Hn], there is a constant C > 0 such that
(4.2) 0 <e(z) —2 <exp(—Cil|z]).

Also |h| < 1 when |z| is large,
(4.3) ‘d& = '%{e‘/je ¢(teﬁ9)}‘

dt
= [R{ t2eV1EHY 1—|—Z<>

- n -i(2 V=1(3+1-5)0 ..
t2 (cos<<2+1)9)+;t <j>§R<e 2 Cg)
+ O(t—"—1)> ‘
as t — 00. Since cos((ﬂ 1)0) # 0, we have
d77 dw
E + O(exp(—Cat)).
Hence there exists g > 0 such that if ¢ > ¢,
L(t,0) = / (e+2)|—= +(e—2)‘ +0(1)
to dt

- [2i8]ro

Using (4.3), the lemma follows.

Remark 4.1. As one can see from the proof, even if cos((§ +1)8) = 0, we
still have lim;_,o, L(t,0) = oo, provided that one of the coefficients of the
term T J*! or logT is not zero for the case n = 2m. The situation for
n = 2m + 1 is similar.



246 YUGUANG SHI AND LUEN-FAI TAM

Proposition 4.2. With the notations and assumptions as in Lemma 4.1,
we have

do,u(te’ 1) _ | (5 + Ddlo,ulteV1%))
t—oo  L(t,0) = g3t cos((2 + 1)6)
=1

where o is a fized point in H2.

Proof. Let y(t) = u(teV=1%), and let w = & + iy be as in the proof of
Lemma 4.1. In these coordinates, the geodesic curvature of ~(t) is

(4.4)
A1) = (i)*V/e = 4|13, ()P + (20% = TH) (€)% — (2] — T3)¢ )

—Th(n)? + & - 5”77’]

where
1 _10e 1 e de
Fh:i(e—i_Q) 1375’ F%2:§(€+2) 1877’ I3, 2(6—1—2) 1875’
L DY TS DAY S PR
Iy =—5(e-2) an’ [ =5(e-2) 5 T =5(e+2) o
dt

= 95, s is the arc length of ¥(t) and e is the energy density of u with
respect to the metric |dw|? = |¢| |dz|?. As in [Hn], we have

(4.5) (e — 2)_%\Ve\ < Crexp(—Calz|)

for z large enough, and V is the gradient with respect to the metric |¢||dz|? =
|dw[?. Since cos((% + 1)0) # 0, by (4.3)

ds de|? dn|® |d¢
Note that we also have
dw
4. 2 < Oyt
(47) 2] < car
_n df _ n

(4.8) 3 dt‘ —‘cos<(§+1) 9))+o(1).

d?w
4, —| < Gyt
(4.9) 0z | = Cat

for some constants Co, C3. By (4.4)—(4.9), we have
(4.10) |k(t)| < Cypexp(—Cst)
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for some positive constants Cy and Cs. By (4.10) and Lemma 3.1 in
[HTTW], given € > 0, there is ty) > 0, and a geodesic line a passing
through ~(tp) such that

(4.11) d(v(t),a) <e

for all t > to. Let f2dp? 4+ dr? be the Fermi coordinates with respect to «,
so that 7 = 0 is the geodesic «, where f = cosh7. Under this coordinates,
v(t) = (p(t), 7(t)). By (4.10), we have at ()

|7 — ffr(9)] < Crexp(=Cst),
and so
|7] < Cyexp(=Cst) + | ff-(p)?]
< Cyexp(—Cst) 4 Ceel f(p)?|
< Cyexp(—Cst) 4+ Coe| £2(p)?|
< Cre

for some constants Cg, C7, provided tg is large enough, where we have used
the fact that |7| < ¢, f = cosh7 and the fact that f2(p)? < 1. Here and
below, “"” means differentiation with respect to arc length s and where
means differentiation with respect to ¢. Hence

d(T,)‘: ds

AR}

ds

dt

(4.12) < Cre

dt Tt

Since |y| = 1, we have
(0% + (1) = 1.
For any T' > t¢, suppose 7/(T") = 0, then
) =1,
at T. Suppose 7/(T') # 0, let us we assume 7/(T") > 0, the case that 7/(T) < 0

is similar. Let b be the supremum of ¢ such that 7/ > 0 on [T, T+c¢). Suppose
b < oo, then 7/(T + b) = 0. By (4.12),

d . ..o ol d . . |ds dr
_ — — < — | = _—
07| =21 | 5,00 < ore [ G| = e
in (T',T +b). Hence
T+b d
(P - AT < [l de
|t
T+b gr
<C e/ —
L at

< C7€2
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where we have used the fact that |7| < e. Since (7)%(T + b) = 0, we have
(7)*(T) < Creé®
and so
F(p)? > 1= e
at T. If b = oo, then we can choose t; — oo with 7/(¢;) — 0, and we obtain
the same inequality. In particular, f2(p)%(7T) is not 0 for all T' > tq, provided

to is large enough. Without loss of generality, we may assume that fp > 0
on [tg,00). For any T > ty,

T
oT) = pite) = [ St

T ds
= p—dt
NG
T ds
= [ flfpdt
to dt
> (1= Cse)(s(T) — s(to))
for some constant Cg. So
d(o,u(Tew)) > p(T)—7(T) > (1 — Cge)(s(T) — s(ty)) — .
It is obvious that,
d(o,u(Te®?)) < s(T).

Note that s(T') = L(T,0) in our previous notation and the lemma follows
easily.

5. Hopf differentials and images of harmonic maps.

In [HTTW], it was proved that if u is a harmonic diffeomorphism from
R? into H? with polynomial Hopf differential, then its image is an ideal
polygon. In this section, we will use the analysis in §4 to study explicit
relation in some special cases between the Hopf differential and the position
of the vertices of the image of w.

Theorem 5.1. Let ¢(z) = 22™ +az™"1, where a is a real number. Suppose
w is an orientation preserving harmonic diffeomorphism from R? to H? with
Hopf differential ¢dz>. Then by composing an isometry of H? if necessary,
the tmage of u is a reqular ideal polygon.

Proof. Let w = log ||0ul|, where ||0u|| = 0|%| and o2|du|? is the metric on
H?2. Then w is the unique solution of

(5.1) Agw = €%V — |p[2e™2¥
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such that e?“|dz|? is a complete metric on R?, see [WA]. Here Ay is the
Laplacian on R? with respect to the standard metric |dz|?. Observe that ¢
satisfies

(5.2)

{¢<z> = ¢(%), and
¢(62\/j162) — e4m\/—719w

where § = 7. Identify H? with the unit disk {u| |u| < 1} in C with
Poincaré metric o?|du|?. Without loss of generality, we may assume that
u(0) = 0. By Proposition 4.2, we know that if ¢ is real, then d(u(t),0) — oo,
as t — oco. We may also assume that u(fx) tends to the point 1 on the
boundary of H? for some t;, — oo, with #;, to be real. Let v(z) = u(2). It is
easy to see that v is also an orientation preserving harmonic diffeomorphism.

Moreover, let ( =2z

(2| 52| () = o) 32| ©
— a(ulc)) | 3¢ | (©)
— ow(@)

Hence if we let

i(e) = tog (o0 51| )

then w(z) = w(z). By (5.2), it is easy to see that w(z) also satisfies (5.1),
such that e?”|dz|? is complete. By uniqueness, we have

(5.3) w(z) =w(z) = w(z).
On the other hand,

ov, 0v

(5.4 P (0(2) 22 () 22 (=) = o (u() L) 2UE)

¢ a¢

9u(C) 9u(C)
¢ o¢

By (5.3), (5.4) and the result in [TW], v = ¢ o u for some orientation
preserving isometry ¢ of H?. Note that v(0) = u(0) = 0, and for real number
t, v(t) = u(t). Since we have normalized u so that u(t;) — 1 as t — oo, we
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also have v(t;) — 1. So ¢ must be the identity map, and v = u. That is to
say

(5.5) w(z) = u(z).

In particular, u(t) is real if ¢ is real. Hence there is 0 < ¢ < 1 such that the
set consisting of those real £ with ¢ < £ < 1 is in the image of the positive
real axis under the harmonic map u. Let v1(z) = €2V~ y(e2V=19z). Using
similar method and (5.2), one can show that v;(z) = ¢; o u(z) for some
isometry of H2. Since v1(0) = 0 = u(0), we have vi(z) = e¥ 1%u(z) for
some real number «. Hence

(5.6) u(ezﬁe,?) = eQHﬂ@

where 20 = 20 — a. We want to prove that emsﬁ, 0<s<2m+1 are
distinct (2m + 2)th roots of unity. Moreover the image of u is the ideal
polygon spanned by the eV—1sp , 0 < s <2m+ 1. This will conclude the
proof of the theorem. First, we claim that for any real number ¢,

(5.7) w(eV 120y = o2V16y (V= 150y
for all integer 0 < s < 2m + 1. For s = 0, (5.7) follows from (5.6) and (5.5)

by letting z = t. Suppose (5.7) is true for 0 < s < 2m + 1. By (5.6) and
(5.5)

u(eﬁ(s+3)0t) _ e2ﬁﬁu(e—ﬁ(s+l)0t)
_ 62\/jlﬁu(6 i(s+1)9t).

Hence (5.7) is true. By (5.7), we have
(5.8) w(eV 10y = 20y (¢)

for any integer s. Take s = m + 1, we have
e2V=Lm+1)5 _ 1
By Proposition 4.2, for any 0 < s < 2m+1, d(u(te¥Y~15%),0) — oo as t — oo,
t is real. Hence there exists t;, — 0o, and real number b, such that
u(tkeﬁse) — e\/jlbs,

for 0 < s < 2m+ 1. Obviously, by = 0, bs = /—1s0 for s even by (5.8). On
the other hand, by (5.6)

(5.9) u(teV 1) = (V=10 . te=V=10)
= 2V =10y (teV=10).
So we have

Vb _ 2VT(5-b).
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and we may assume b; = (§ be adding a multiple of 27 to 23, which does
not affect the previous arguments. By (5.7), we again have bs = /—1s0 if s
is odd. Hence e‘/jlsﬁ, 0 <s<2m+ 1, are in the closure of the image of u
in H? UOH?. It remains to prove the eV=18 are distinct. Suppose not, then
eV=156 — 1 for some 0 < s < 2m + 1. If s is even, then by (5.8), we have a
contradiction, because u is one to one and eV ~1st # 1. Suppose, s is odd.
By (5.9), we have u(teV=1%) = p(t)eY~18 where p(t) > 0. By (5.7),

u(teY=10) = p(t)eY =10 = p(t).

Since p(tx) — 1 and ¢ < £ < 1 is in the image of the positive real axis under
u, this contradicts the fact the w is one to one. The theorem follows from
the fact that the image of u is a ideal polygon of 2m + 2 sides [HTTW].

Next we will discuss the Hopf differentials of the harmonic diffeormor-
phisms constructed in Proposition 1.6.

Proposition 5.2. Let u(z) be the harmonic diffeomorphism constructed in
Proposition 1.6. Then there is a conformal map z = z(¢) such that the Hopf
differential of u with respect to ¢ is of the form ((? + v/ —1a)d¢? where o is
a real number.

Proof. Let u(z) be the harmonic diffeomorphism constructed in Proposi-
tion 1.6. Then u(2z) = u(z) and u(—2) = —u(z). Let ¢(2)dz? be the Hopf
differential of u, then

8(2) = () ge oL,

It is easy to see that ¢(Z) = ¢(z) and ¢(—2) = gb(z) y the result of
[HTTW], ¢ is a polynomial of degree 2, that is ¢(z) = —|— bz + c¢. Now
#(Z) = ¢(z) implies that a, b and ¢ are real. ¢(—z) = ( ) implies that
b = 0. Hence ¢(z) = az? + ¢, where a and c are real. Let 3 be any one of
the fourth root of a, and let { = 3z, then

#(2)dz? = (az? + c)dz?
= (aB™?C+¢)B2d¢?
= (¢ +V-1a)d¢?
where /—1a = ¢72. Suppose a > 0, then we may choose 3 to be a positive
real number. Hence v/—1« is real. By Remark 4.1, the length of the image
under u of the half line ¢ > 0 is infinite. On the other hand, 8 > 0, { > 0
implies z = 371 is real and positive. However, by the construction of u

in Proposition 1.6, the image of z > 0 under u has finite length. This is a
1 =
contradiction. So a < 0, and we may choose 3 = |a|1e4V 1. Then

V-la=cf2= c]a\%eg‘/jl = \/—1c|a]%.
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This implies that « is real, because c is real.

R? H?

W()
uR
"
T “Ug (9 = eu)
0=0, is a subset of the real axis
Figure 1
R2 H2
n=3
a4
g
0=0, T
2 e
3 4
0=0,
a

ug (0=10,)
is a subset of the
Figure 2 positive real axis
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n==~06

RQ H2

v (=7 v H

Figure 3
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