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We study the topology of codimension one taut foliations
of closed orientable 3-manifolds which are smooth along the
leaves. In particular, we focus on the lifts of these foliations
to the universal cover, specifically when any set of leaves cor-
responding to nonseparable points in the leaf space can be
totally ordered. We use the structure of branching in the
lifted foliation to find conditions that ensure two nonseparable
leaves are left invariant under the same covering translation.
We also determine when the set of leaves nonseparable from
a given leaf is finite up to the action of covering translations.
The hypotheses for the results are satisfied by all Anosov fo-
liations.

Introduction.

This paper concerns codimension one foliations of closed orientable 3-mani-
folds where the leaves are C1 submanifolds. We focus on the topological
structure of the lifts of these foliations to the universal cover, particularly
when the leaf space of the lifted foliation (i.e., the quotient space obtained
by identifying points on the same leaf) is nonHausdorff.

When the lift of a foliation has a Hausdorff leaf space homeomorphic to
R, the foliation is said to be “R-covered.” Foliations with this property
are particularly nice in the sense that they are completely determined by
the action of the fundamental group of the manifold on the leaf space of
the universal cover [Pa]. These foliations are well-understood and have
served as a powerful tool, particularly in the study of Anosov flows. For
example, if an Anosov foliation is R-covered, then the other Anosov foliation
associated with the flow also has this property and the Anosov flow can be
shown to be transitive [So, Ba1, Ba2]. Certain restrictions on the manifold
in combination with the R-covered property have been used to show the
Anosov flow is conjugate to a standard model; that is, a geodesic flow or a
suspension of an Anosov diffeomorphism [Pl1, Pl2, Gh]. In addition, Fenley
has used the R-covered hypothesis to uncover the rich structure of metric
and homotopy properties in flow lines of many Anosov flows [Fe1, Fe2].
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In contrast, foliations without the R-covered property are not generally
well-understood. The nonHausdorff leaf space of the lifted foliation can,
in some cases, be very complex [Im]. Consequently, little is known about
the structure of these foliations, except in the Anosov case, and it is only
recently that the structure of non R-covered Anosov foliations has been fully
understood. (Examples include Anosov foliations tangent to a nontransitive
Anosov flow, the first of which was constructed by Franks and Williams
[Fr-Wi], and the Anosov foliations tangent to the Bonatti and Langevin
flow [Bo-La].)

In [Fe4], Fenley studies the lift of Anosov foliations to the universal cover
and completely determines the structure of the set of “branching leaves” (i.e.,
leaves whose quotients in the leaf space are nonHausdorff points and which
therefore correspond to positive or negative branching in the leaf space). He
finds that this structure is very rigid and is strongly related to the topology
of the ambient manifold below, the dynamics of the flow, and the metric
behavior of the stable and unstable foliations. For example, Fenley shows
that if two leaves Â and B̂ are nonseparable in the leaf space, then they
are periodic; in fact, they cover leaves containing freely homotopic closed
orbits of the Anosov flow, and Â and B̂ are left invariant under the same
covering translation. This result is then used to show that, up to the action
of covering translations, there are at most finitely many branching leaves.
It is also a critical step in the proof that there is finite branching between
the branching pair (Â, B̂); that is, there are at most finitely many leaves
“between” Â and B̂ which are nonseparable from Â and B̂. (A leaf Ĉ in the
stable Anosov foliation is said to be “between” leaves Â and B̂ if there is a
leaf P̂ in the unstable Anosov foliation, through Ĉ, such that Â and B̂ lie
on opposite sides of P̂ .)

Here we shall consider the class of non R-covered taut foliations and show
that by replacing the Anosov restriction with more general conditions we can
ensure properties similar to those observed in Anosov foliations. To make
sense of these properties in the more general setting, it will be necessary
to develop a suitable definition of betweeness for nonseparable leaves in the
universal cover. For this we use a flow which is transverse to the foliation,
and betweeness will depend on the flow used. In the Anosov case, the
definition of betweeness given here will coincide with the usual definition
when the appropriate choice of transverse flow is made.

We ensure that for any 3 nonseparable leaves, precisely one of the leaves
lies between the other two by requiring that every branching leaf in the
universal cover contains a curve, called a “dividing curve,” whose saturation
by orbits of the transverse flow satisfies certain conditions. (These conditions
are given in Definition 1.2 and are shown to be sufficient in Proposition 1.5.)
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Throughout, F̂ shall represent the lift of F to the universal cover. Given
a branching leaf Â ∈ F̂ , we will let E−(Â) denote the set consisting of Â
and all leaves nonseparable from Â on the negative side.

The main results are as follows:

Theorem A. Let F be a taut foliation with transverse flow φ such that
every branching leaf of F̂ contains a dividing curve for φ̂. Given a branching
leaf Â ∈ F̂ , suppose E−(Â) is order isomorphic to a subset of the integers. If
there exists a covering translation d fixing Â such that d(Â) < d(B̂) whenever
B̂ ∈ E−(Â) and Â < B̂, then each leaf in E−(Â) is left invariant by d. In
particular, the quotient in F of each leaf in E−(Â) contains a loop freely
homotopic to a loop in A.

Using [Fe4, Theorems B and C] we shall see that the hypotheses of Theo-
rem A are satisfied by all Anosov foliations. As a corollary, we obtain [Fe4,
Theorem D] under more general conditions.

By Theorem A, the set E−(Â) is order isomorphic to a subset of Z only
in the case that every B̂ ∈ E−(Â) is left invariant by certain covering trans-
lations fixing Â. We shall give necessary and sufficient conditions on a
branched surface constructed from F̂ to ensure that this is the case (Propo-
sition 2.5).

In [Go-Sh] it was shown that a branched surface W carrying a foliation
exhibits a specific type of local behavior when there is a pair of planar non-
separable leaves in the universal cover; in particular, W lifts to a branched
surface Ŵ in the universal cover and contains an arc, called a “branching
arc”, whose lift to Ŵ links the images of the branching pair in Ŵ . A branch-
ing arc with restricted branchings along its interiors is said to be “simple”.
These definitions will be may more precise in Section 2 where we prove:

Theorem B. Let F be a taut foliation with transverse flow φ such that
every branching leaf of F̂ contains a dividing curve for φ̂. Given a branching
leaf Â ∈ F̂ , suppose E−(Â) is order isomorphic to the integers. There exists
a branched surface W carrying F such that some simple branching arc in
W has at least 3 lifts linking distinct branching pairs in E−(Â) if and only
if there are at most finitely many leaves of F that lift to a leaf in E−(Â); in
other words, the set E−(Â) is finite up to the action of covering translations.

Recall that if F is Anosov, then for every leaf Â in the universal cover the
set E−(Â) is order isomorphic to a subset of the integers. So by [Fe4, The-
orem F], the conditions in Theorem B are satisfied by all Anosov foliations.

As noted in [Fe4], the number of leaves between a branching pair is a mea-
sure of the complexity of the branching. For example, finiteness of branching
is, in some sense, a characteristic of foliations with a simple branching struc-
ture. Here, we show the following:
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Theorem C. Let F be a taut foliation with transverse flow φ such that each
branching leaf of F̂ contains a dividing curve for φ̂. For every leaf Â in F̂ ,

the set E−(Â) is order isomorphic to a subset of the rational numbers Q.

We also use branch surfaces to obtain the following information about the
structure of the branching between two nonseparable leaves:

Theorem D. Let F be a taut foliation with transverse flow φ such that
each branching leaf of F̂ contains a dividing curve for φ̂. For any positively
branching pair Â and B̂ in F̂ , there is an order preserving map f assigning
each element of E−(Â) between Â and B̂ to a connected component of [0, 1]−
Σ, Σ a Cantor set, and such that f(Â) = {0} and f(B̂) = {1}. Moreover,
for any finite subset {Ĉ1, . . . , Ĉn} of leaves between Â and B̂, there is an
imbedded copy γ̂ of [0, 1] in Ŵ intersecting each π̂(Ĉi) in f(Ĉi) with the
property that for every Ĉ ′ ∈ E−(Â), either π̂(Ĉ ′) ∩ γ̂ = ∅ or π̂(Ĉ ′) ∩ γ̂ =
f(Ĉ ′).

The author wishes to thank Annalisa Calini and Brenton LeMesurier for
helpful conversations. She is also grateful to the referee for his careful read-
ing of the manuscript and his comments which were very useful in improving
this paper.

1. Betweeness and finite branching.

Throughout this paper, F will be a C0 codimension one taut foliation of
a closed orientable Riemannian 3-manifold M 6= S2XS1 where the leaves
are C1 submanifolds. Passing to a double cover of M if necessary, may
assume that F is transversely orientable. We let F̂ denote the lift of F
to the universal cover M̂ . Likewise, for any leaf L (curve γ) in M, L̂ (γ̂
respectively) will refer to one of its lifts to M̂ .

Definition 1.1. Given two leaves Â and B̂ of F̂ , we say (Â, B̂) is a branch-
ing pair if the points in the leaf space of F̂ representing Â and B̂ respectively
are nonseparable; that is, Â and B̂ do not have disjoint saturated neighbor-
hoods. In this case Â(B̂) corresponds to a nonHausdorff point in the leaf
space and is called a branching leaf. We say the branching pair (Â, B̂) is a
positively (negatively) branching pair if Â and B̂ are nonseparable on their
negative (respectively positive) sides; i.e., Â and B̂ correspond to positive
(respectively negative) branching in the leaf space of F̂ . When F̂ contains
only finitely many branching leaves we say it has finite branching.

Recall that a nonsingular flow on a 3-manifold M is “Anosov” if for some
Riemannian metric on M the tangent bundle to the manifold has a continu-
ous flow-invariant splitting into a Whitney sum, TM = E0⊕Eu⊕Es, of the
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line bundle E0 tangent to the flow, and two other bundles, Eu and Es, so
that the flow is exponentially expanding in the direction of Eu and exponen-
tially contracting in the direction of Es. Associated with each Anosov flow
is a foliation of M, called the “stable (unstable)” Anosov foliation, which is
tangent to the subbundle spanned by E0 and Es (E0 and Eu respectively)
[An]. A leaf Ĉ in the stable (unstable) Anosov foliation of M̂ that is non-
separable from leaves Â and B̂ is said to be “between” Â and B̂ if Â and
B̂ lie on opposite sides of a leaf, through Ĉ, in the unstable (respectively
stable) Anosov foliation. By [Fe4], there are at most finitely many leaves
between any branching pair (Â, B̂) which are nonseparable from Â and B̂.

Here we adopt a notion of betweeness for leaves in the universal cover M̂
which does not require a transverse foliation to F in M. As in the Anosov
case, we use a plane separating M̂ which consists of a saturation by orbits
in a transverse flow φ̂. Unlike the Anosov case, there is no natural choice
for φ̂ and betweeness here will depend on this choice of flow. However,
when the foliation is stable (unstable) Anosov, choosing φ̂ to be the flow
in the unstable (stable respectively) direction will yield the usual notion of
betweeness.

The results which follow concern the class of foliations with the property
that for any 3 nonseparable leaves in the universal cover, precisely one of
these leaves lies between the other two. We show that when there is finite
branching between any branching pair (Â, B̂) in F̂ , certain nontrivial cover-
ing translations fixing Â will also leave B̂ invariant (Theorem 1.7). We then
show that for any foliation in this class, each set of nonseparable leaves in
F̂ is order isomorphic to a subset of the rational numbers Q (Theorem 2.2)
and use branched surfaces to describe the structure of this branching (The-
orem 2.3).

The foliation F is taut, so it is Reebless and therefore contains no vanish-
ing cycles. Consequently, all leaves of F̂ are simply connected and, since we
are assuming that M 6= S2XS1, F̂ is a foliation by planes of the universal
cover R3. So there exists a foliation F0 of R2 such that F̂ is topologically
conjugate to the product F0XR ([Pa], [Ga-Ka]). For every r ∈ R, we let
F0(r) denote the image in F̂ of F0X{r} under the conjugacy map and P0(r)
denote the imbedded copy of R2 foliated by F0(r).

At any point x̂ ∈ P0(r) we may use the transverse orientation to F̂ (r) as
the first part of an orientation frame for TM̂ , and a vector both tangent
to F̂ and transverse to P0(r) in the direction of increasing r as the second
part of the frame. The third vector of the frame can be chosen tangent to
the leaf of F0(r) through x̂ and used to define an orientation for this leaf.
Throughout this paper, we assume that for any r ∈ R the leaves of F0(r)
are oriented in this manner.
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Let χ̂ be a curve in a leaf of F̂ . Given a nonsingular flow φ transverse
to F, let φ̂ denote its lift to the universal cover, and let φ̂(χ̂) represent the
saturation of orbits through χ̂. Since F is Reebless, no orbit of φ̂ can meet
χ̂ more than once. So if χ̂ is a properly imbedded copy of R, then φ̂(χ̂) is a
2-manifold. It is also worth noting that φ̂(χ̂) is nowhere tangent to F̂ .

Now suppose that for some r, the intersection of a leaf K̂ in F0(r) with
φ̂(χ̂) is contained in some finite arc γ in K̂ whose endpoints do not lie in
φ̂(χ̂). We say K̂ and φ̂(χ̂) have “intersection number equal to 1” if the ends
of γ lie on opposite sides of φ̂(χ̂). In other words, the intersection number
of K̂ with φ̂(χ̂) is equal to 1 if all points in φ̂(χ̂)∩ K̂ lie between two points
x and y in K̂, where x and y are on opposite sides of φ̂(χ̂).

Definition 1.2. A curve χ̂ in a branching leaf Ĉ of F̂ is a dividing curve
for φ̂ if the following conditions are satisfied:

(1) φ̂(χ̂) is a properly imbedded plane and
(2) there exist an rχ ∈ R such that for almost every r ≥ rχ, any leaf K̂ of

F0(r) sufficiently close to Ĉ ∩P0(r) has intersection number with φ̂(χ̂)
equal to 1.

When F̂ is a stable Anosov foliation, the orbit space, obtained by col-
lapsing each orbit of the Anosov flow σ̂ to a point, is homeomorphic to R2

[Fe1]. In this case, we may choose P0(0) to be an imbedded copy of this
orbit space which is transverse to σ̂ and let P0(r) = {σ̂(x, r) : x ∈ P0(0)}
for every r ∈ R. If we then choose φ̂ to be the flow in the unstable direction
Eu, we ensure that any branching leaf Ĉ contains a dividing curve for φ̂. To
see this we first note that by [Fe4, Theorem B] the quotient leaf C in M

contains a closed orbit χ of the Anosov flow. For some lift χ̂ of χ to Ĉ, the
surface φ̂(χ̂) is a leaf in the unstable Anosov foliation, so χ̂ satisfies Condi-
tion (1) above and is nowhere tangent to P0(r) for any r ∈ R. In fact, for
every r ∈ R, φ̂(χ̂) ∩ P0(r) is a leaf in the restriction of the unstable Anosov
foliation to P0(r). So χ̂ also satisfies Condition (2) above.

We note that Condition (2) is not satisfied by finite depth foliations. It
is also worth noting that Condition (1) in Definition 1.2 is fundamental to
ensuring that φ̂(χ̂) separates M̂ into two disjoint open sets.

We now find alternative conditions which also guarantee Condition (1) is
satisfied. In particular, we show the following:

Proposition 1.3. Let χ̂ be a properly imbedded curve in a branching leaf
of F̂ such that φ̂(χ̂) is an imbedded plane without boundary. If the induced
foliation of φ̂(χ̂) has finite branching (i.e., if there are finitely many leaves
of F̂ ∩ φ̂(χ̂) which correspond to nonseparable points in the leaf space of the
induced foliation) and if there is a flow on M̂ transverse to φ̂(χ̂) which is
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nowhere tangent to φ̂, then χ̂ satisfies Condition (1) for a dividing curve;
that is, φ̂(χ̂) is a plane separating M̂ into two open components.

Proof. It is sufficient to show that if points in φ̂(χ̂) accumulate on some
point p̂, then these points (together with p̂) lie on a finite curve in φ̂(χ̂).
So suppose this is not the case. Since φ̂(χ̂) is an imbedded plane without
boundary which is nowhere tangent to F̂ , each leaf in the induced foliation
of φ̂(χ̂) is an imbedded copy of R without boundary; in particular, each
component of φ̂(χ̂)∩ L̂ has this property, where L̂ is the leaf of F̂ containing
p̂.

We first consider the case where some component of φ̂(χ̂) ∩ L̂ is not
properly imbedded in L̂. It then follows that φ̂(χ̂) ∩ L̂ limits on a curve in
L̂ which, by the existence of the flow ψ̂ transverse to φ̂(χ̂), is an embedded
loop. (For example, φ̂(χ̂) ∩ L̂ cannot double back near itself with opposite
orientation as in Figure 1.1. In addition, φ̂(χ̂) ∩ L̂ cannot be fractal for the
same reason.) This loop in L̂ bounds an open disk D̂ in L̂ which is not met by
the limiting component of φ̂(χ̂)∩L̂. With the appropriate choice of metric, φ̂
is everywhere perpendicular to L̂ and, by assumption, ψ̂ is nowhere tangent
to φ̂. So at each point in L̂ the tangent vector to ψ̂ projects orthogonally
onto a nonzero vector in L̂. Since the Euler characteristic of D̂ is one, some
integral curve of the resulting vector field is transverse to ∂D̂. Furthermore,
the curve φ̂(χ̂) ∩ L̂ is transverse to this vector field on L̂ and limits on
∂D̂. So there exists a disk D′∧ in L̂ and containing D̂ whose boundary is
everywhere transverse to the nonzero vector field on L̂ (see Figure 1.2). This
is a contradiction since the Euler characteristic of D̂′ is one.

The following cannot occur:
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Figure 1.1.

The local picture is as follows, where the dashed lines indicate integral
curves of the nonzero vector field on L̂ obtained by projecting ψ̂:
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Figure 1.2. Modifying the composition of the integral curve from x to y
with the curve in φ̂(χ̂) ∩ L̂ from y to x, we get a loop transverse to the
integral curves.

Now suppose that the components of φ̂(χ̂) ∩ L̂ are topologically closed
in L̂. Since φ̂(χ̂) has no boundary and p̂ is an accumulation point of φ̂(χ̂),
there is sequence {xi} of points in φ̂(χ̂) ∩ L̂ limiting on p̂. Passing to a
subsequence if necessary, we may assume that each xi is contained in a
different component Ei of φ̂(χ̂) ∩ L̂ and that p̂ /∈ Ei for all i. Now each Ei

is a leaf in the induced foliation of φ̂(χ̂). Since, by hypothesis, this foliation
has finite branching, we may choose two such leaves Ei and Ej such that the
corresponding points in the leaf space are joined by an imbedded Hausdorff
1-manifold. So there is a transverse arc from Ei to Ej . We may modify the
composition of this arc with a curve in L̂ from Ej to Ei in order to obtain
a loop transverse to F̂ , contradicting F taut. (See Figure 1.3.)

Locally we have:
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Figure 1.3. The dashed arc is transverse to F̂ .

So φ̂(χ̂) is an imbedded plane. �

It is worth noting that any 2 leaves connected by a transverse arc are
separated from each other by any leaf intersecting the interior of the arc. It
follows that if Â and B̂ are nonseparable and B̂ contains a dividing curve β̂
for φ̂, then φ̂(β̂) does not intersect Â.

We now define betweeness for branching leaves as follows:

Definition 1.4. Given a branching pair (Â, B̂) in F̂ , suppose Ĉ is a leaf
which is nonseparable from Â and B̂. We say Ĉ is between Â and B̂ with
respect to the flow φ̂ (and write Â− Ĉ − B̂) if Ĉ contains a dividing curve
χ̂ for φ̂ such that Â and B̂ lie on opposite sides of φ̂(χ̂).

Note that “betweeness” is dependent on our choice of the transverse flow
φ̂. However, if F̂ is a stable (unstable) Anosov foliation and we choose
χ̂ to be the flow in the unstable (stable) direction, then this definition is
equivalent to the usual definition ([Fe4]) of betweeness for branching leaves
in an Anosov foliation.

Proposition 1.5. Given 3 nonseparable leaves Â, B̂ and Ĉ of F̂ , if each
contains a dividing curve, then precisely one of these leaves lies between the
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other two. Further, for dividing curves χ̂ and χ̂′ in Ĉ, the leaves Â and B̂
are on opposite sides of φ̂(χ̂) if and only if Â and B̂ are on opposite sides
of φ̂(χ̂′).

Proof. By hypothesis, Â, B̂ and Ĉ contain dividing curves α̂, β̂ and χ̂ re-
spectively. By Condition (2) for a dividing curve, there exists an rα ∈ R,

such that for almost every r ≥ rα, any leaf K̂ of F0(r) sufficiently close
to Â ∩ P0(r) has intersection number with φ̂(α̂) equal to 1. Further, there
exists rβ and rχ with the analogous property. Consequently, we may choose
r > max{rα, rβ , rχ} so that any leaf K̂ of F0(r) chosen sufficiently close to
Â ∩ P0(r), B̂ ∩ P0(r) and Ĉ ∩ P0(r) has intersection number with each of
φ̂(α̂), φ̂(β̂) and φ̂(χ̂) equal to 1. Such a leaf K̂ contains a finite arc γ whose
endpoints γ(0) and γ(1) lie on opposite sides of φ̂(α̂), φ̂(β̂) and φ̂(χ̂). Let
x(y) be the first (last respectively) point along γ meeting φ̂(α̂)∪ φ̂(β̂)∪ φ̂(χ̂).
Since φ̂(α̂), φ̂(β̂) and φ̂(χ̂) are pairwise disjoint, one of these planes contains
neither x nor y. Furthermore, x and y lie on opposite sides of this plane
since x(y) is on the same side as γ(0) (γ(1) respectively). It follows that
two of the planes φ̂(α̂), φ̂(β̂) and φ̂(χ̂) lie on opposite sides of the third. In
other words, precisely one of the leaves Â, B̂ and Ĉ lies between the other
two.

Now suppose that Â and B̂ are on opposite sides of φ̂(χ̂), and let χ̂′ be
another dividing curve in Ĉ. Since, φ̂(β̂) ∩ φ̂(χ̂) = ∅, Â and Ĉ are on the
same side of φ̂(β̂); that is, φ̂(α̂) and φ̂(χ̂′) lie on the same side of φ̂(β̂).
Similarly, φ̂(β̂) and φ̂(χ̂′) lie on the same side of φ̂(α̂). So the plane φ̂(χ̂′)
is in the complementary component of φ̂(α̂)∪ φ̂(β̂) that is bounded by both
φ̂(α̂) and φ̂(β̂). By the argument above, one of the planes φ̂(α̂), φ̂(β̂) and
φ̂(χ̂′) lies between the other two. So φ̂(α̂) and φ̂(β̂) are on opposite sides of
φ̂(χ̂′); that is, Â and B̂ are on opposite sides of φ̂(χ̂′). �

By Condition (1) for a dividing curve, φ̂(α̂) is a properly imbedded plane.
Consequently, the orientation of any K̂ chosen, as in Condition (2), to have
intersection number with φ̂(α̂) equal to 1 can be used to define the positive
side of φ̂(α̂). We say B̂ < Â if B̂ is on the negative side of φ̂(α̂) and Â < B̂ if
B̂ is on the positive side of φ̂(α̂). Since Â and B̂ are nonseparable, B̂∩φ̂(α̂) =
∅. It follows that either Â < B̂ or B̂ < Â. Suppose Â < B̂. There exists
an r > max{rα, rβ} such for any leaf K̂ in F0(r) chosen sufficiently close to
Â ∩ P0(r) and B̂ ∩ P0(r), K̂ meets φ̂(α̂) and φ̂(β̂), each with intersection
number equal to 1. So in this case, K̂ meets φ̂(α̂) transversely before meeting
φ̂(β̂). Consequently, Â is on the negative side of φ̂(β̂). Clearly ≤ is reflexive,
antisymmetric and transitive, so we have the following:
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Proposition 1.6. Let F be a taut foliation with transverse flow φ such that
every branching leaf of F̂ contains a dividing curve for φ̂. Any collection of
nonseparable leaves in F̂ is totally ordered by ≤.

Given a branching leaf Â ∈ F̂ , let E−(Â) denote the set consisting of Â
and all leaves nonseparable from Â on the negative side.

We now show:

Theorem 1.7. Let F be a taut foliation with transverse flow φ such that
every branching leaf of F̂ contains a dividing curve for φ̂. Given a branching
leaf Â ∈ F̂ , suppose E−(Â) is order isomorphic to a subset of the integers. If
there exists a covering translation d fixing Â such that d(Â) < d(B̂) whenever
B̂ ∈ E−(Â) and Â < B̂, then each leaf in E−(Â) is left invariant by d. In
particular, the quotient in F of each leaf in E−(Â) contains a loop freely
homotopic to a loop in A.

Proof. Assume E−(Â) is order isomorphic to a subset of the integers. We
verify that any covering translation d fixing Â preserves the order in E−(Â).
By hypothesis, for any for B̂ ∈ E−(Â), if Â < B̂ then d(Â) < d(B̂). So it
suffices to show that d preserves betweeness for elements of E−(Â).

First note that d preserves the foliation F̂ and the transverse flow φ̂, but
not necessarily the product foliation of M̂ by the family {P0(r) : r ∈ R} of
parallel imbedded planes. Now suppose B̂1, B̂2 and B̂3 are leaves in E−(Â)
such that B̂1−B̂2−B̂3 (i.e., B̂2 is between B̂1 and B̂3). Let β̂1, β̂2 and β̂3 be
dividing curves in B̂1, B̂2 and B̂3 respectively. We may choose a curve κ̂ in
a leaf on the negative side of Â so that the initial point of κ̂ flows, along an
orbit of φ̂, into β̂1 and the terminal point of κ̂ flows into β̂3. Clearly the ends
of κ̂ lie on opposite sides of φ̂(β̂2). Now the ends of d(κ̂) flow into d(β̂1) and
d(β̂3) respectively and lie on opposite sides of d(φ̂(β̂2)). It follows that d(B̂1)
and d(B̂3) lie on opposite sides of d(φ̂(β̂2)). Since d(B̂1), d(B̂2) and d(B̂3) are
nonseparable, they contain dividing curves β̂′1, β̂

′
2 and β̂′3 respectively and, by

Proposition 1.5, precisely one of these leaves lies between the other two. Now
d(B̂1) and d(B̂2) lie on the same side of φ̂(β′3) since φ̂(β′3) ∩ d(φ̂(β̂2)) = ∅.
Likewise, d(B̂2) and d(B̂3) lie on the same side of φ̂(β′1). So d(B̂1) and d(B̂3)
lie on opposite sides of φ̂(β′2); that is, d(B̂1) − d(B̂2) − d(B̂3). Therefore d
preserves betweeness for elements of E−(Â). �

In general, finiteness of branching is dependent on the transverse flow
φ̂ since betweeness depends on this flow. However, for F̂ a stable Anosov
foliation, finite branching as defined in [Fe4] is equivalent to finite branching
with respect to the flow φ̂ in the unstable direction. In this case, there
is finite branching between any branching pair (Â, B̂) [Fe4, Theorem C].
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A critical step in Fenley’s proof is showing that B̂ is left invariant under
any covering translation fixing Â [Fe4, Theorem D]. Each such covering
translation fixes an orbit α̂ of the Anosov flow and satisfies the conditions of
Theorem 1.7 above. (This latter follows since α̂ is a dividing curve and φ̂(α̂)
covers a transversely orientable 2-manifold φ(α); in particular, φ(α) is a leaf
in the unstable Anosov foliation of M so the covering translation preserves
the transverse orientation of φ̂(α̂).) So we have that [Fe4, Theorem C] also
implies [Fe4, Theorem D].

2. Branched surfaces and branching in the universal cover.

In this section we use branched surfaces constructed from foliations. These
branched surfaces are in the class of regular branched surfaces introduced
by R. Williams [W] and are constructed according to a technique given in
[Ch-Go]. We shall give a brief outline of this construction, including only
those details necessary to understand the results which follow.

We begin with a foliation F , a flow φ transverse to F , and a generating
set ∆ = {Di} of disjoint imbedded compact surfaces with boundary (which
is finite if the ambient manifold M is closed), satisfying the following general
position requirements:

(i) each Di lies in a leaf of F (hence is transverse to φ)
(ii) every orbit of φ meets the interior of some element of ∆ in forward

and backward time
(iii) for every i0, the set of points in Bdy(Di0) whose orbit under φ meets

∪Bdy(Di) before meeting ∪int(Di) is finite
(iv) any orbit of φ meets the boundary of at most two elements of ∆.

We cut M open along the interior of each element of ∆ to obtain a sub-
manifold M∗ which can be imbedded in M so that its boundary contains
∪Bdy(Di). This can be thought of as “blowing air” into the leaves of F to
create an air pocket at each element of the generating set. By requirement
(ii) above, the restriction of φ to M∗ is a flow φ∗ with the property that
each orbit is homeomorphic to the unit interval. We next form a quotient
space by identifying points that lie on the same orbit of φ∗. That is, we
take the quotient M∗/ ∼, where x ∼ y if x and y lie on the same interval
orbit of φ∗. We may think of this as enlarging the components of M −M∗

until each interval orbit of φ∗ is contracted to a point in M. The imbedded
copy of the resulting quotient space is the branched surface W ; it is called
the branched surface corresponding to (F, φ,∆). By its construction, W is
transverse to φ. The general position requirements for ∆ imply that W is a
connected 2-dimensional complex with a set of charts defining local orienta-
tion preserving diffeomorphisms onto one of the models in the figure below,
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and such that the transition maps are smooth and preserve transverse ori-
entation. (Each local model projects horizontally onto a vertical model of
R2 so has a smooth structure induced by TR2 which pulls back to W .)

( b )

( a )
( c )

( d )

Figure 2.1.

So each branched surface obtained in the above fashion is a 2-manifold ex-
cept on a small subset µ called the maw. The set µ is a 1-manifold except at
isolated points called crossings where it intersects itself transversely. (There
are only finitely many of these points when M is closed.) Each component
of W − µ is called a sector of W .

Note that if we thicken W in the transverse direction to recover the inter-
val orbits of φ∗, we retrieve M∗ which, for that reason, we shall henceforth
call N(W ), the neighborhood of W . The interval orbit of φ∗ whose quotient
is a point x in W will be referred to as the fiber of N(W ) over x. (See
Figure 2.2.)
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Figure 2.2.

A foliation F clearly gives rise to a foliation of N(W ) with leaves trans-
verse to the fibers of N(W ), which we shall also denote by F . Each leaf
meeting the boundary of N(W ) contains the entire boundary component
(these leaves can be thought of as leaves of the original foliation with air
blown into them). That is, the leaves meeting the boundary of N(W ) are
precisely the (cut-open) leaves of the original foliation containing elements
of ∆.

Throughout, π : N(W ) → W will denote the quotient map which identi-
fies points in the same fiber. We say the image x of a point under this map
is the projection of that point. Accordingly, we say points in preimage of x
lie over x.

In what follows, W will be a branched surface constructed from a foliation
F of a closed manifold M , and Ŵ will be the lift of W to the universal cover
M̂ . In other words, if W corresponds to (F,∆, φ), then Ŵ is the branched
surface corresponding to (F̂ , ∆̂, φ̂), where ∆̂ is the lift of ∆ and φ̂ is the lift
of φ to the universal cover. The covering map ρM of M by M̂ acts on N(Ŵ )
and induces a covering map ρ : Ŵ → W such that π ◦ ρM = ρ ◦ π̂. (Details
are given in [Sh].)

Suppose leaves Â and B̂ of F̂ are nonseparable on their negative sides;
that is, there is a 1-parameter family {K̂n} of leaves, parameterized by n ∈ I
(where I is the real interval (0,1)) which lie on the negative side of Â and B̂
and montonically approach (Â, B̂) in the leaf space as n → 1. (We assume
points in the leaf space are ordered according to the transverse orientation
of F̂ .) When one considers what this behavior might yield in a branched
surface, one is eventually led to the following type of picture:
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Figure 2.3.

More precisely, if F̂ contains a pair of leaves Â and B̂ that are nonsepa-
rable on their negative sides, then there is an arc β̂ in Ŵ nowhere tangent
to the maw µ̂ (and containing no crossings of µ̂) with its ends branching
into the negative sides of π̂(Â) and π̂(B̂) respectively [Go-Sh]. Such an arc
β̂ can be chosen to lie in π̂(K̂) for some leaf K̂ of F̂ and is said to be a
branching arc linking Â and B̂. (The branching arc β̂ covers a “branching
arc” β in W .) If there are no sectors branching into the positive side of π̂(K̂)
which meet the interior of β̂, then β̂ and β are said to be simple branching
arcs. For example, β̂ in Figure 2.3 is a simple branching arc linking Â and
B̂.

It is easy to see that any simple branching arc β̂ in Ŵ corresponds to an
arc in an element of ∆̂ (generating Ŵ ) with endpoints in the boundary of
that generating surface. For such a branching arc, the leaf K̂ may be chosen
so that it contains a curve κ̂ in ∂N(Ŵ ) which lies over β̂ and begins in the
interior of some fiber. When we collapse the components of M̂ − N(Ŵ )
to retrieve the original foliation F̂ of M̂ , the image of κ̂ is contained in an
element D̂ of ∆̂, and its endpoints in ∂D̂ flow into Â and B̂ respectively
before meeting ∆̂ again. See Figure 2.4.
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Figure 2.4.

Conversely, if for some branching arc β̂ with endpoints β̂(0) and β̂(1)
respectively, the component Ĉ of ∂N(Ŵ ) meeting the interior of the fiber
over β̂(0) also meets the fiber over β̂(1), then β̂ is simple.

Certain branching arcs in Ŵ (and W ) can be regarded as essentially the
same. More precisely, the boundary of each sector S is contained in the
maw and can be partitioned by crossings into disjoint open arcs. Any two
arcs whose interiors lie in S are “equivalent” if the initial points of the arcs
both lie in the interior of S or in the same interval of the partition, and if
the same condition holds for their terminal points. Any branching arc in
Ŵ (W ) is a composition of finitely many arcs contained in sectors of Ŵ
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(W respectively). Accordingly, 2 branching arcs are equivalent if they are
a composition of equivalent arcs. Indeed, if β̂ is a branching arc linking
nonseparable leaves Â and B̂, and β̂′ is equivalent to β̂, then β̂′ is also a
branching arc linking Â and B̂.

Now for each element of the finite set ∆ (generatingW ), the corresponding
component of ∂(M−W ) contains a finite number of sectors of W . It follows
that the number of simple branching arcs in W is finite up to equivalence.

We shall now use branched surfaces to prove Theorems 2.1 and 2.3.

Theorem 2.1. Let F be a taut foliation with transverse flow φ such that
every branching leaf of F̂ contains a dividing curve for φ̂. Given a branching
leaf Â ∈ F̂ , suppose E−(Â) is order isomorphic to the integers. There exists
a branched surface W carrying F such that some simple branching arc in
W has at least 3 lifts linking distinct branching pairs in E−(Â) if and only
if there are at most finitely many leaves of F that lift to a leaf in E−(Â); in
other words, the set E−(Â) is finite up to the action of covering translations.

Proof. Suppose there exists a branched surface W as above. Since E−(Â) is
order isomorphic to the set Z of integers, we may index the leaves in E−(Â)
so that E−(Â) = {Âi : i ∈ Z, Â0 = Â and Âi < Âi+1 for all i}. It suffices
to show there is a covering translation d that maps some leaf Âi ∈ E−(Â)
onto another leaf Âi+N in E−(Â) such that d(Âi+N ) 6= Âi. Then since by
Theorem 1.7 the maps d and d−1 preserve betweeness, Âi+j+kN = dk(Âi+j)
for every 0 ≤ j ≤ N and k ∈ Z; that is, ρM (Âi+j+kN ) = ρM (Âi+j).

By assumption, there is a simple branching arc β in W with 3 lifts β̂i, β̂j

and β̂k linking distinct branching pairs (Âi, Âi+a), (Âj , Âj+b) and (Âk, Âk+c)
in E−(Â) respectively, such that ab > 0. (By definition, β̂i, β̂j and β̂k are
contained in the projection of leaves K̂i, K̂j and K̂k respectively into Ŵ .)
In particular, some covering translate of β̂j is equal to β̂i. So there exists a
covering translation d such that β̂i links d(Âj) = Â′

j and d(Âj+b) = Â′
j+b.

Furthermore, Â′
j cannot cut the fiber over β̂i(1) (since Â′

j+b meets this fiber).
So since the leaf Â′

j is on the positive side of K̂i, the nonseparable points in
the leaf space representing Â′

j and Â′
j+b cannot lie below those representing

Âi and Âi+a. Similarly, Â′
j and Â′

j+b cannot lie above Âi and Âi+a in the
leaf space. It follows that Âi = Â′

j and Âi+a = Â′
j+b. That is, d(Âj) = Âi

and d(Âj+b) = Âi+a. Since ab > 0, d(Âi) 6= Aj . It follows that the set
E−(Â) is finite up to the action of covering translations.

Conversely, suppose that E−(Â) is finite up to the action of covering
translations. Let W be a branched surface carrying F and let Ŵ be its
lift to the universal cover. For each i ∈ Z, let β̂i be a branching arc in Ŵ



254 SANDRA SHIELDS

linking Âi and Âi+1 which is contained in π̂(K̂i) for some leaf K̂i of F̂ . We
choose β̂i to be simple whenever possible. Substituting an equivalent arc if
necessary, we may assume βi = ρ(β̂i) is not a loop. We may also guarantee
that if (Âj , Âj+1) is a covering translate of the branching pair (Âi, Âi+1),
(i.e., d(Âi) = Âj and d(Âi+1) = Âj+1 for some covering translation d), then
βi = βj . So, up to the action of covering translations, the set {β̂i : i ∈ Z} is
finite.

For some i ∈ Z, there exists infinitely many covering translates of β̂i

linking distinct branching pairs in E−(Â). Suppose that β̂i is not simple.
Let Ĉi be the component of ∂N(Ŵ ) meeting the interior of the fiber over
β̂i(0). It follows that Ĉi does not meet the fiber over β̂i(1). If the leaf of
F̂ containing Ĉi does not equal K̂i, then it lies above K̂i; in either case,
this leaf lies below (Âi, Âi+1) in the leaf space, hence meets the fiber over
β̂i(1). Now Ĉi corresponds to an element D̂i of ∆̂. In particular, enlarging
D̂i ∈ ∆̂ corresponds to splitting N(Ŵ ) open further along a portion of the
leaf containing Ĉi. We may therefore enlarge D̂i so that Ĉi cuts the fiber
over β̂i(1); we then obtain a curve κ̂i from the fiber over β̂i(0) to the fiber
over β̂i(1) that is contained in the outwardly oriented section of Ĉi. See
Figure 2.5. When we enlarge D̂i as above to include an additional portion
of the leaf containing it, it is important to ensure that the corresponding
portion of the quotient leaf in N(W ) does not meet the fibers over βi(0) and
βi(1) more than once. This guarantees that there is no covering translate of
D̂i cutting an orbit of φ̂ from an end of κ̂i into Âi or Âi+1. In particular,
we ensure that in the process of modifying ∆̂ (and hence ∆) so that Ĉi

meets the fibers over both β̂i(0) and β̂i(1), a covering translate of Ĉi does
not destroy this property.
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Figure 2.5.

Clearly when we modify Ŵ in this manner to ensure β̂i is simple, we
ensure all covering translates of β̂i are simple. So since there exists infinitely
many covering translates of β̂i linking distinct branching pairs in E−(Â), we
guarantee Ŵ has the desired property. �

If F is Anosov, then for every leaf Â in the universal cover the set E−(Â)
is order isomorphic to a subset of the integers [Fe4, Theorem C]. By [Fe4,
Theorem F], the conditions in Theorem 2.1 are satisfied by all Anosov foli-
ations.

We now show the following:

Theorem 2.2. Let F be a taut foliation with transverse flow φ such that
each branching leaf of F̂ contains a dividing curve for φ̂. For every leaf Â
in F̂ , the set E−(Â) is order isomorphic to a subset of the rational numbers
Q.

Proof. We begin by taking a countable cover of M̂ by foliation boxes for
F̂ . We may associate any Ĉ ∈ E−(Â) with one of the boxes UC which it
intersects. Now for every Ĉ ′ ∈ E−(Â) such that Ĉ ′ 6= Ĉ, UC ∩ Ĉ ′ = ∅;
in particular, UC 6= UC′ . Using Proposition 1.6, it follows that E−(Â) is
a countable totally ordered set, hence it is order isomorphic to a subset of
Q. �

So for every B̂ ∈ E−(Â), the subset of leaves in E−(Â) between Â and B̂
is order isomorphic to a subset of Q. Now consider the submanifold N(Ŵ )
obtained during the construction of Ŵ from (F̂ , φ̂, ∆̂) and let IA and IB be
fibers of N(Ŵ ) through dividing curves α̂ and β̂ in Â and B̂ respectively.
We may choose an arc γ̂1 in some leaf K̂1 on the negative side of Â which
begins in IA, ends in IB and whose interior lies between φ̂(α̂) and φ(β̂).
Continuing inductively, we may choose a curve γ̂n+1 in a leaf K̂n+1 between
K̂n and Â with the property that any fiber through an element of E−(Â)
which is met by γ̂n is also met by γ̂n+1. In this manner we obtain a sequence
of arcs {γ̂n}. By carefully choosing the leaves in the sequence {K̂n}, we may
guarantee that these leaves converge monotonically to Â in the leaf space.
We may also ensure that the interior of each arc γ̂n in this sequence lies
between φ̂(α̂) and φ̂(β̂) and that if it meets fibers through some Ĉ ∈ E−(Â)
at points x and y, then each point of γ̂n between x and y intersects a fiber
through Ĉ. Now since E−(Â) is order isomorphic to a subset of the rational
numbers Q, it is countable. So we may assume {γ̂n} has been chosen so that
for every Ĉ ∈ E−(Â), there is a positive integer n such that γ̂n meets a fiber
through Ĉ.
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Now if some γ̂n meets fibers through a leaf Ĉ ∈ E−(Â), there is a first
point and a last point along γ̂n for which this is the case. So if Ĉ 6= Â or
B̂, it follows that γ̂n yields a curve π̂(γ̂n) in Ŵ with the image π̂(Ĉ) of Ĉ
branching from it, as shown in Figure 2.6. That is, π̂(γ̂n) contains 2 arcs
(indicated by the dashed segments), each with an end branching into the
negative side of π̂(Ĉ) whose interiors do not intersect π̂(Ĉ). Clearly π̂(Ĉ ′)
for any other Ĉ ′ ∈ E−(Â) does not meet π̂(γ̂n) between these two arcs.
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Figure 2.6.

For every n, the subset Σn = {Ĉ ∈ E−(Â) : π̂(Ĉ) ∩ π̂(γ̂n) 6= ∅} is finite.
For suppose that, on the contrary, Σn is infinite for some n. Then there
exists infinitely many branching of Ŵ along π̂(γ̂n) and these branchings ac-
cumulate in the lift of some evenly covered neighborhood U of W . It follows
that U contains infinitely many branching of W along some component of
π(γn) ∩ U , which is impossible under our construction of W .

Now given Ĉ in E−(Â) between Â and B̂, there exists an integer NC > 0
such that Ĉ ∈ Σn for all n > NC (see Figure 2.7). Moreover, for every n there
is a homeomorphism from π̂(γ̂n) onto [0, 1]. These homeomorphisms can be
chosen so that for any Ĉ ∈ Σn, the mapping on π̂(γ̂n) takes π̂(Ĉ)∩ π̂(γ̂n) to
the same subinterval for all n > NC .
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Figure 2.7.
In particular, we have:

Theorem 2.3. Let F be a taut foliation with transverse flow φ such that
each branching leaf of F̂ contains a dividing curve for φ̂. For any positively
branching pair Â and B̂ in F̂ , there is an order preserving map f assigning
each element of E−(Â) between Â and B̂ to a connected component of [0, 1]−
Σ, Σ a Cantor set, and such that f(Â) = {0} and f(B̂) = {1}. Moreover,
for any finite subset {Ĉ1, . . . , Ĉn} of leaves between Â and B̂, there is an
imbedded copy γ̂ of [0, 1] in Ŵ intersecting each π̂(Ĉi) in f(Ĉi) with the
property that for every Ĉ ′ ∈ E−(Â), either π̂(Ĉ ′) ∩ γ̂ = ∅ or π̂(Ĉ ′) ∩ γ̂ =
f(Ĉ ′).

According to Theorem 1.7, E−(Â) is order isomorphic to a subset of the
integers only when every B̂ ∈ E−(Â) is left invariant by certain covering
translations fixing Â. To check that the latter is the case, it is sufficient
to verify that the corresponding surface π̂(B̂) in the combinatorial object
Ŵ is left invariant by the corresponding covering translation of Ŵ . Before
proving this (in Proposition 2.5) we review the relationship between covering
translations of M̂ and “covering translations of Ŵ”.

Definition 2.4. A diffeomorphismDcW of Ŵ is called a covering translation
of Ŵ if for some covering map p : Ŵ →W, p ◦DcW = p.

Suppose DcM is a covering translation of M̂ . Then DcM preserves the
transverse flow φ̂ (i.e., maps orbits to orbits). Since the generating set
for Ŵ is the lift of the generating set for W , it is also preserved by DcM .
Therefore, DcM maps each fiber of N(Ŵ ) onto another fiber. Consequently,
when we collapse fibers of N(Ŵ ), DcM induces a covering translation DcW of
Ŵ ; in other words, on N(Ŵ ), π̂ ◦DcM = DcW ◦ π̂.

Conversely, suppose DcW is a nontrivial covering translation of Ŵ . For
any x̂ in Ŵ , if DcW (x̂) = ŷ, then x = p(x̂) = p ◦DcW (x̂) = p(ŷ) = y. We may
define a homeomorphism from the fiber over x̂ onto the fiber over ŷ which
covers the identity map on the fiber over x (under the covering map pM of
M corresponding to p). In this way, DcW gives rise to a covering translation
DcM of the manifold N(Ŵ ) and, after we collapse the complement of N(Ŵ )
in M̂ , DcM is a covering translation of M̂ . In particular, π̂ ◦DcM = DcW ◦ π̂.

Proposition 2.5. A branching leaf Â is left invariant under a covering
translation DcM of M if and only if π̂(Â) is left invariant under the corre-
sponding covering translation DcW of Ŵ .
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Proof. Without loss of generality, assume Â is a positively branching leaf.
Clearly, if Â is left invariant under a covering translation DcM of M̂ , then
π̂(Â) is left invariant under the induced covering translation DcW of Ŵ . So
suppose Â is not left invariant by DcM yet the induced translation DcW leaves
π̂(Â) invariant. Then there exists a positively branching leaf Â′ 6= Â such
that DcM (Â) = Â′ and π̂(Â) = π̂(Â′). It follows that Â and Â′ are separable
(since fibers meeting both leaves are contained in orbits of the transverse
flow). Without loss of generality, assume Â′ is on the negative side of Â. By
assumption, Â is a positively branching leaf, so there exists a leaf B̂ ∈ E−(Â)
and a leaf K̂ on the negative side of Â and B̂ which meets a fiber though Â
and a fiber through B̂. Since Â′ and Â meet the same fibers of N(Ŵ ), Â′

cannot meet any fiber over B̂. So for K̂ sufficiently close to Â and B̂, the leaf
Â′ is on the negative side of K̂, and π̂(Â′) branches away from π̂(K̂)∩ π̂(Â).
This means π̂(Â) contains all sectors whose boundaries include the segment
of the maw at this branching (see Figure 2.8), a contradiction since F taut
implies π̂ is injective on Â. �
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Figure 2.8.
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