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Let K be a quadratic extension of Q, B a quaternion alge-
bra over Q and A = B ®q K. Let O be a maximal order in
A extending an order in B. The projective norm one group
PO! is shown to be isomorphic to the spinorial kernel group
O’(L), for an explicitly determined quadratic Z-lattice L of
rank four, in several general situations. In other cases, only
the local structures of O and L are given at each prime. Both
definite and indefinite lattices are covered. Some results for
quadratic global field extensions K/F and maximal S-orders
are given. There is a description of the F-quaternion subal-
gebras of A, and also of their norm one groups as stabilizer
subgroups and as unitary groups. Conjugacy classes of the
Fuchsian subgroups of PO! corresponding to stabilizer sub-
groups are studied.

1. Introduction.

The Bianchi groups were described as the spinorial kernel groups O'(L) of
certain specific rank four indefinite lattices L over Z in [6]. This enabled
local-global techniques on these orthogonal groups to be used, to classify
up to conjugacy, the maximal Fuchsian subgroups of the Bianchi groups.
Later, in [5], this was generalized to SL(2, Dg) where Dg is the ring of S-
integers in a global field K, a quadratic extension of F', and used to classify
up to conjugacy the unitary subgroups of SL(2, Dg). This approach utilized
a connection between the norm one group in the split quaternion algebra
M(2, K) and a spinor orthogonal group O'(V) over F. These techniques
will now be extended to the corresponding norm one groups of S-orders
Og in quaternion algebras A over global fields K. This work has evolved
from questions asked by C. Maclachlan and W. Plesken about the Fuchsian
subgroups of arithmetic Kleinian groups.

Let K/F be a quadratic extension of global fields, let B be a quaternion
algebra over F' and A = B®p K. For a Dedekind set of prime spots S for F
(see [10]), let Rg be the ring of S-integers in F', and Dg its integral closure
in K. For several explicit maximal S-orders Lg in B we construct an exact
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sequence
1 {+1} 0L 20(1) =1

where (9}9 is the multiplicative group of elements with norm one in the order
Os = L5 ®pry Dg, and O'(L) is the spinor kernel group of a S-lattice L in a
quadratic space V over F' that is explicitly determined by Og. In particular,
the sequence is exact when S contains no dyadic primes so that 2 is a unit in
Rgs (see Theorem 5.1). Several rational examples with F' = Q, for explicit
global orders O and the corresponding Kleinian groups and Z-lattices L, are
given in §6. Since the arguments still hold in the split case we get new proofs
of results in [5] and [6] on Hilbert modular and Bianchi groups. Other re-
sults where ® is surjective are given, but O and L are only described locally.
In particular, the dyadic primes give several difficulties. It appears necessary
to assume that O is a maximal order to show @ surjective (see Theorem 6.3
and other examples in §6). The proofs showing ® surjective use localiza-
tion arguments and are independent of whether the underlying quadratic
forms are definite or indefinite. The stabilizer subgroups Stab(v, O'(V)), for
anisotropic v € V, are isomorphic to the projective norm one groups of the
F-quaternion subalgebras of A; these groups are also unitary groups (see
84).

For K an imaginary quadratic field and Rg = Z, the discrete groups
Stab(v, O'(L)) give examples of Fuchsian subgroups of the arithmetic Klein-
ian groups PO!. The conjugacy classes of these groups are studied in the
final section using the local-global method of [6] (see also [9]).

2. Quaternion algebras.

Let F be a field, with characteristic not two, and K = F(«) where o ¢ F
and o? € F. Then K = {a + abla,b € F} has a galois automorphism

a+ab = a—ab. If we let 3/ denote the standard conjugate of § in a
quaternion algebra B over F', then the F-linear mapping

7T:Br K —-B®r K

induced by 7(8 ® ) = 7 ® Z is a conjugate linear map of the K-space
A = B ®p K and an anti-homomorphism with respect to multiplication of
the quaternion algebra A. Thus, for 3,7 € A and a,b € K,

7(ap +by) = ar(B) + br(y) and 7(8y) = 7()7(9).

The norm form n : A — K is defined by n(3) = 837 where now J is the
extension of the standard conjugation to A over K. Then 7(8”) = 7(3)” so

that n(7(8)) = n(B).
Let V = {v € A|r(v) =v}. If 1,4,j,ij = k is a standard basis of B, then
V is a 4-dimensional F-space with basis {1, «i, aj, ak}. Moreover, this is an
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orthogonal basis with respect to the restriction of the norm form, so that V'
is a quadratic space with symmetric bilinear form
f(v,w) =nw+w) — nv) —n(w) = vw’ +wv’
for v,w € V. Note that
fv,w) =7(f(v,w)) = T(vw’ +wv’) = fv’,w?).

If B= (‘}b) so that 2 = a,j% = b,ji = —ij, and a®> = —d € F, then V
diagonalizes with f-matrix (2, 2ad, 2bd, —2abd).

Let A}, = {08 € An(B) € F*} and note that the anisotropic vectors of V
lie in A%. Define ¢3 on V' by

d5(v) = n(B)” ' Bur(B).

Then ¢3 € O(V), the orthogonal group of V, and ® : A}, — O(V), with
O () = ¢, defines a homomorphism.

Now suppose that 5 € Ker ®. Then n(ﬁ)_lﬂvT(ﬁ) =vforalvelV.
Since 1 € V, we have that 7(3) = 87 and hence 3 € B. For v = ai, aj, ak,
the equality Sv3~! = v then implies that By = 73 for all ¥ € B. Thus
B € Z(B). Conversely if 8 € Z(B), then € Ker ®. Hence Ker & = F*.

The group O(V) is generated by reflections p,,, for y an anisotropic vector
in V, where for each v € V,

py(v) = —yo’ (y) T = v — fy,v)n(y) "'y

Then py,py,(v) = w1y vy (y{)™" = nly1yg) " (y1y3)vr(yr1yg).  Thus
Py Py = ¢p for B = yryg. Since SO(V) consists of products of an even
number of reflections, it follows that SO(V') C ®(A},). If the image of A7
properly contained SO(V') then each reflection would lie in the image. In
particular, p.; = ¢g for some 3 € A}, and

n(B)"1pvr(B) = —aiv’ ((i)”) ™t = iw?i L.

As before, taking v = 1, we obtain 3 € B. Therefore, ifv’/ = vif for all
v € V, and hence § = 0. This contradiction shows that p,; is not in the
image of A}, and we have an exact sequence

1—>F*—>A}}E>SO(V)—>1.

Clearly ® restricted to the norm one group A' has kernel {£1}. Let ©
denote the spinor norm on SO(V). If 8 = y14 as above, then

O(dp) = O(py:)O(py,) = n(y1)n(y2) = n(f)

viewed in F*/F**. More generally, since SO(V) consists of products of an
even number reflections, ©(¢g) = n(B) for ¢z € SO(V). Given ¢ € O'(V)
the spinorial kernel, there exists 8 € A} with ®(3) = ¢. Since O(¢) =1
we have n(3) € F*? so we may choose 3 € A'. Thus ®(A') = O'(V). This
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establishes the following generalization of results in [5, 6] where only the
split case A = M(2, K) was treated.

Theorem 2.1. With notation as above, the following sequence is exact
1—{+1} — Al 2 O/(V) — 1.

Other forms of this result are given in [2, p. 32] and [3, §7.3B]. The
argument above is a variation of one by Colin Maclachlan, and is derived
from that in [6] by avoiding a choice of basis.

3. S-orders and integral groups.

Now assume that F is a global field, with characteristic not two, and let
S be a Dedekind set of prime spots for F' and Rg the ring of S-integers in
F (see [10]). Denote the integral closure of Rg in K = F(«a) by Dg. Let
B be a quaternion algebra over F' and A = B ®@p K. Next let £ be an
S-order in B so that £/ = £. Then Og = L ®prg Dg is an S-order in A and
7(Og) = Os. Put L = OgNV. Since Og is a finitely generated Dg-module
and Dg is a finitely generated Rg-module, L is a lattice over Rg. Note that
1,ai,aj,ak € Lif « € Dg and a,b € Rg.
Define a subgroup of A% by

Ay = {8 € A3BL = LT(B)}.
Then there is a homomorphism
®: A, — SO(L)
given by ®(8) = ¢g, where ¢g(v) = n(3)"'Bvr(8) € L for all v € L.

This follows since ¢z(L) = L if and only if Sor(8) € BB7L, that is, fv €
7(8/L) = L7(3’) for all v € L. The kernel of ® is

Ker ® = {3 € Ar|Bv = vr(87) for all v € L} = F*

and so we have an exact sequence
1> F* A2 SO(L).

Next we show that this mapping @ is locally surjective (under an assump-
tion at dyadic primes). For non-dyadic primes p € S the local group O(L,)
is generated by integral symmetries, even without going to the completion
in the localization L, (see [10, §92.4]). Hence we can modify the argument
for the surjectivity of A%, onto SO(V'). Let L, be the local lattice over the
local ring R, C F' (not completed) at a non-dyadic prime p € S. Define, for
v € Ly,

py(v) =v = flv,y)n(y)y = -’ (y’) ™!

where y € L, satisfies f(Lp,y) € n(y)R, # 0. Then p, € O(L,), and
SO(Lp) is generated by pairs of such integral symmetries. As before, for
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anisotropic y1,y2 € Ly, put 8 = yly‘QI so that py, py, = ¢g. Note that the
condition ylyg L, = Lpr(ygyi] ) follows from the restrictions on y; and ys
assumed for integral symmetries. Now we have a local exact sequence

1— F* = Ap, % 50(L,) — 1

where A, = {8 € A} | BL, = Lp7(87)}. Next restrict to the local exact
sequence

1— {1} — 4L 2 0'(L,) — 1

where A1 = {8 € AL, | n(B) = 1}. The map ® remains surjective. For
given ¢ € o (Lp), there exists 8 € Ar, such that ®(3) = ¢. Since O(p) = 1

*2

we have n(f3) = and hence we may choose 3 € Aip.

Theorem 3.1. Let Og = LRpr, Dg be the S-order in A defined above, and
assume S contains no dyadic primes. Then, for L = Og NV, the following
sequence is exact

1— {:I:l} — AIL g O/(L) — 1.

Proof. The local surjectivity established above can be used to show global
surjectivity onto O'(L) as follows. For v € V we have v € L if and only if
veEL,foral pesS (see [10]). Let 3 € Al. Then

feAl — pLr(B) =L
<= p[L,7(f)=Lyforallpe S
— ﬂeAle for all p € S.

Let ¢ € O'(L) C O'(V), so there exists 3 € A! such that ®(8) = ¢.
Since ¢ is in O'(Ly), there exists 5, € Ale such that ®(8,) = ¢. Then

ﬁﬂ;l € Ker ® = {£1}, so that g € Aip for each prime p € S. Therefore,
B e A}

To handle dyadic primes, and study the primes where A is ramified, we
go to the completions. Let P, over the prime p € S, be a prime where A is
ramified or a dyadic prime, let Kp be the completion of K at P, and F}, the
completion of F' at p. The corresponding complete local rings of integers
are denoted by Dp and R,,.

Ramified primes. When A is ramified at P, Ap = A @ Kp is a division
ring and, necessarily, B, = B ®p F), is also a division ring. Then v(5) =
ordp n(() defines a discrete valuation on Ap, and

Op = {8 € Aplv(3) > 0}
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is the unique maximal order of Ap, assuming Og is locally maximal at P (see
Lemma 1.5 in [12, p. 34]). Put V, = {v € Ap | 7(v) = v}, an anisotropic
quadratic space over Fj,, and

L,=V,N0p ={veV,|n) e R,}.

Then L, is a maximal R,-lattice in the sense of Eichler, and the integral
group O(L,) = O(V,) (see [10, §91A, 91:15]). It follows that O(L,) is
generated by integral symmetries. Moreover, if § € Ale then n(5) = 1 so
that 8 € Op, trivially. Hence AILP C (971;.

By arguments similar to those above for non-dyadic primes, but now with
A replaced by Ap, and Ale modified accordingly, we get the following exact
sequence for the completed groups

1— {+1} — A} 2 0'(L,) — 1.

Dyadic primes. We still need to consider dyadic primes P where A is not
ramified. Eichler transformations E(u,z) are now needed since there are
cases in rank four where O(L,) is not generated by symmetries (see [11]).
Let u,x € V), satisfy n(u) = 0 and f(u,z) = ur’ + zu’ = 0, and put
B=1—zu’ € A713. Then, for v € V),

¢5(v) = BuT(B) = E(u, z)(v)
where
E(u7 JI)(’U) =v- f(u,v)x + f(a:,v)u - n(m)f(u, U)U

since zu’v + vulz = f(u,v)x — f(x,v)u and zu’vu’z = —n(x)f(u,v)u.
We need the integrality conditions f(u,Lp)z C Ly, f(z,Ly)u € L, and
n(z) f(u, Ly)u C L, to get E(u,z) € O'(L,). Then @(A}:p) = O'(L,) fol-
lows whenever SO(L,) is generated by integral Eichler transformations and
double symmetries. In particular, Theorem 4.1 in [5] establishes this for the
groups SO(L,) associated with the maximal orders M(2, Op) in the dyadic

split case where Ap = M(2, Kp), but nice generators for the general dyadic
case are not known when L, is not unimodular (see [11]).

Theorem 3.2. Let Og = L ®rg Ds be the S-order in A defined above and
put L = Og NV. Assume the complete local group SO(Ly) is generated by
integral Eichler transformations and double symmetries at all dyadic p € S.
Then the sequence

1— {1} — AL 2 0'(1) -1
18 exact.

The proof is essentially the same as for Theorem 3.1.
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Theorem 3.3. Let Og be an S-order in A with 7(Og) = Og. Then
0L C A}.

Proof. Let B € Oév so that n(8) = BB/ = 1. If v € L we must prove
Bv € LT(B7), that is, Bvr(B) € L = OsNV. Since 7(0%) = O, we have
But(B) € Og because v € Og. Also 7(Bvr(8)) = Bvr(B) € V.

We give several examples in §§5,6 where Of = A}, but this is not true in
general, as shown by 6.3 and the other examples in §6.

4. Stabilizer subgroups and quaternion subalgebras.

Let F be any field with 2 # 0 and K = F(a) with o? = —d € F*. As
before, assume A = B ®@p K. Take v # 0 in V. Then, for § € Al, its
image ®(3) is in Stab(v,0'(V)) = {¢ € O'(V)|p(v) = v} if and only if
¢s(v) = BuT(B) = v, or equivalently Sv = v7(37). Define

Aw)={BeA| Bo=ur(g))}.
Then A(v) is a F-subalgebra of A with A(v)” = A(v). Moreover,
®(A(v)') = Stab(v, O'(V)).
In particular, A(1) = B and ®(B') = Stab(1,0'(V)).

Theorem 4.1. Letv € V withn(v) # 0. Then A(v) is a quaternion algebra
over the field F with conjugation J induced from A. If V. = Fv 1L W then
A(v) =2 CH(W), the even Clifford algebra of W .

Proof. Expand v to an orthogonal basis v,vi,ve,v3 of V and let 81 =
vovyd, B2 = wgv{ and B3 = vivy. Since vivf + vjvf = f(vi,v;) = 0 for

1 # j, it follows that ﬁzf] = —0; and B3;8; = —3;8;. Also,
B1B2 = vavgvsvy = —n(vs)Bs,

B2 = v vavy = —vavgvzvy = —n(va)n(vs).

There are similar results for 33 and 83. Also ¢, = pu,pus. Hence ¢g,(v) =
v = n(B;) "' Biv7(B;) and consequently 3; € A(v). If we show that 1, 31, 2, 33
are linear independent over F' and span A(v), it follows that A(v) is the
quaternion algebra (_"(Ulw)}’;"(”%)) ~ CH(W) (see [2, p. 29] or [10, §54]).
Assume that ag + a101 + a2f2 + agB3 = 0 with a; € F. Multiply through
on the right by v; and use fiv; = v17(8{) and Bv; = —’UlT(ﬂiJ) for
1 = 2,3. Simplifying, subtracting and repeating variations of this shows
that all a; = 0. Finally, note that o, af3; ¢ A(v) and A is eight dimensional
over F' to complete the proof.

, N . ,—db
For example, A(ai) has F-basis 1,14, aj, ak and A(ai) = (%)
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Theorem 4.2. Let ) C A be a quaternion F-subalgebra of A with conju-
gation induced from A. Then Q = A(v) for some v € V with n(v) # 0.

Proof. Let 1,61, 32,03 be a standard basis for ) over F' with ﬂ;] = —0;,
n(ﬁz) =q; € F*, and (102 = afs3. If (I)(ﬂl) = +7, then @(ﬂﬁl) = (I)(ﬁlﬁ)
for all B € Q with n(8) € F*, and we get contradictions such as (8; +
B2)B1 = £61(B1 + [2). Since 365 = —p;3; for i # j, the three maps
®(3;) form a set of mutually commuting, extremal, non-central involutions
in SO(V). Hence there exists an orthogonal basis v1,v2,vs,v of V' with
D(B1) = puspus, ®(B2) = puypvs and (F3) = @(B1)P(B2) = pu, pu,. Since
®(3;)(v) = v =n(B;) " Bivr(3:), it follows that 3; € A(v). Hence Q = A(v)
since both algebras are four dimensional over F.

The group A(v)! = {8 € Al|pv7(B) = v} can be viewed as a subgroup
of a unitary group. The special case a = —b = 1, where B is the matrix
algebra M(2, F'), was considered in [5, §5]. We now give a very different
approach.

For fixed v # 0in V, set f,(z,y) = zvr(y) for z,y € A. Then f,(az,by) =
afy(x,y)b’ for a,b € B. Define h: A x A — B by

h(l’,y) = fv(xvy) + fv(y,.ﬁ)‘].

Then h(z,y)’ = h(y,z) = 7(h(z,y)) so that h(z,y) € B and h(z,z) € F.
Thus h is an hermitian form on the B-module A (see [3, §5.1B]). Note that
h is singular when n(v) = 0 since then h(v’, A) = 0.

Let U(A,h) be the unitary group of this form. For 8 € A(v)!, so that
But(B) = v, define a linear map 93 : A — A by ¢3(x) = xB. Then, for
x,y € A,

h(p(x),p(y)) = Mz, yB) = h(z,y)
and hence ¢g € U(A, h). Hence V() = 1)g defines an anti-monomorphism
U A(v)t — U(A,h).
To determine the image of W first note that n(yg(z)) = n(z) and also

fo(p(x),vs(y)) = fo(z,y) for all z,y € A. Therefore, define the special
unitary group SU(A, h) to consist of those ¢ € U(A, h) with the two prop-

erties n(¢(z)) = n(x) and f,(Y(x),¥(y)) = fo(z,y) for all z,y € A.
Theorem 4.3. Assume h is non-singular. Then the map

U : A(v)! — SU(A,h)
18 an anti-isomorphism.

Proof. It remains to show that W is surjective. Let ¢ € SU(A,h) and
put (1) = 3 € A. Then n(8) = n(¢(1)) = 1 so that 3 € Al. From
fo((1),(1)) = f,(1,1) we get Bur(B) = v, so that 3 € A(v)!. Replacing
¢ by ¢z we may assume that 3 = 1. Since ¢ is B-linear and 1, is a
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basis of A over B, it now suffices to show (o) = a. Put v = ¢(«). From
fola,@) = fu(v,7) and n(y) = —d it follows that vr(y) = —y’v. Then
fola, 1) = fu(v,1) yields av = yv. Hence oo = v provided n(v) # 0.

5. Norm one groups.

Let F' be a global field with 2 # 0, and let S be a Dedekind set of prime
spots for F' that contains no dyadic primes. For a,b € Rg, let B = (%)
and take Ls = Rgl + Rgi + Rsj + Rsk = Rgli,j], an order in B. Let
K = F(a) with a® = —d € Rg, and assume that locally 0 < ord,(abd) < 1
for all p € S. Note that Dg = Rg[o] since 2 is a unit in Rg. Denote by R,
the localization of Rg at p € .S, with completion not assumed, and by Dp
the localization of Dg at a prime P over p.

Theorem 5.1. Let Og = Ls®pr, Dg be an S-order in A, with Ls as above,
and assume S excludes all dyadic primes. Then Of = AlL where

L=0sNV =Rgl L Rsai L Rgaj L Rgak = (2,2ad,2bd, —2abd)
and there exists an eract sequence
1 {£1} - 0L 2 0/(1) - 1.
Proof. Since O C A} by 3.3, it remains to prove A} C Og; then the result
follows from 3.1. Let
ﬁ:x+yi+zj+wkeAi.
It suffices to prove that G € Op, the localization of Og at P, for all primes
P over p € S, by using fur(f) € L for all v € L, and
n(B) = BB’ = 2% — ay® — bz + abw? = 1.
Let Tr : K — F denote the trace. Taking v = i gives
Bait(B) = alx +yi+ zj +wk)(Ti — ay — Zk — awy)
= —aTr(azy + abz@) + (2T — ayy + bzzZ — abww)ai
—aTr(zw + yz)aj — Tr(xZ + ayw)ak € L.

Similar results, but with different sign patterns, follow for v = 1, aj, ak.
Thus, 2T + ayy — bzzZ — abww, Tr(zy — bzw), bIr(zw — yz) € Rg follow
from v = «j. Hence zZ,ayy,bzzZ and abww are in Rg. Also, aTr(zy),
bTr(zz), abTr(zw), abTr(yz), abTr(yw) and abTr(zw) are in Rg.

First let p € S be a prime that is either inert or ramified in K with P
the prime ideal in K over p. Then ordpx = ordpZ. Hence x € Dp since
2T € Rg. Similarly y, z,w, are all locally integral at P since 0 < ord,ab < 1.

Note also, if p is ramified in K, then ord,d = 1 so that ab is a unit in Rp.
Thus g € Op.
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Finally let p € S be a prime that splits in K into two ideals P and P.
Consider first a € R, a unit. Assume locally ¢ Dp, so that T € P then
follows from zZ € Rg. Since 2y + yT € Rg it follows that locally § € P (for
if y ¢ P, then yT and y are not locally integral, forcing § € P). If, however,
ordpa = 1, we still get § € Dp from a(zy + yT) € Rg. Hence aj € P.
Similarly, bz, abw € P which contradicts 1 = m Thus « € Dp. Likewise
Y, 2, w € Dp. Therefore 8 € Op N O, completing the proof.

This result generalizes Theorem 4.2 in [5]. The theorem applies to the
rational function field F' = F(X) where F is a finite field with characteristic
not two. Let B = (F‘E)b()) where a,b € F[X] = Rg. Then £ = F[X,i,j] is
an order in B. For K = F(a) with a? = d € F[X] and abd square-free,
Theorem 5.1 then holds. In particular, one can take d € F with K = F(«a)

a quadratic extension of F so that Dg = K[X] and O = K[X, 1, j].

Theorem 5.2. Let B = (‘gj) and Lg be as in 5.1. Then

PLL =0 (M)
is a subgroup of POL, where M is the Rg-lattice with f-form (a,b, —ab).

Proof. Let d be a unit in Rg such that a ¢ Rg. From the previous section,
®(B}) = Stab(1,0'(L)) = O'(M) where M 2 (a,b, —ab) after scaling out
2d. Since Og N B = Lg, we have /J}g - Bi - AlL = Oé and so LL = Bi.
Thus PLL = O'(M).

This generalizes [3, §7.3A] where a = b =1 and L} = SL(2, Rg).

6. Kleinian groups and Z-lattices.

We now consider the rational case where F' = Q, Rg = Z and B = (%)

with a,b square-free integers. Let K = Q(a) with a? = —d a square-free
integer. When d = 1,2 mod 4, so that 2 is ramified in K, the integers
Zy = Z[a]; but for d = 3 mod 4, so that 2 is inert or split in K, Zx = Z[w]
with w = (1 + a)/2. The next result generalizes the isomorphism theorems
for Hilbert modular and Bianchi groups in [5, 6], since O! = SL(2,Zx)
when ¢ = —b=1.

Theorem 6.1. Let B = (g’) with a = 1 mod 4 and ab # 0 square-free.

Then £ = Z[1,(1414)/2, 4, (j+k)/2] is a mazimal order in B. For K = Q(«)
with o® = —d and (ab,d) = 1, put O = L ®z Zx and L = ONV. Then
o = AlL, and the sequence

15 {+1} -0 20(L) -1
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18 exact when d =1,2 mod 4,a =1 mod 8, b is odd, and
L = Z117Zai Ll (Zaj+Za(j+k)/2)

= ((2) 2265)“”(? (11a)/2>'

The sequence is also exact when d = 3 mod 4 with b odd, or when d =
3 mod 8, a =1 mod 8 with b even, but now

L = (Z1+Z(1+0ai)/2) L (Zaj+Za(j +k)/2)
2 1 2 1
<1 (1+ad)/2>“d<1 (1—a)/2>’

Proof. We already know O! C Al. It remains to prove A} C O, and then
the result follows from 3.2 since the complete group O(Lz) is generated by
symmetries and Eichler transformations (see [5, 10]). Let = x +yi+2j +
wk € AlL. It suffices to prove that G € Op, the localization of O at P, for
all finite primes P of K. The odd primes are treated as in 5.1. It remains
to show = + y, 2 + w are integral at each dyadic prime P, for then

B=(x—y)+2y(1+19)/2+ (z —w)j +2w(j+ k)/2 € Op.

As in 5.1, 2T — ayy + bzzZ — abww and traces like aTr(zw + yZ) are now
in 27'Z. Similar results, but with different sign patterns, are obtained by
taking v = 1, «j and ak. Hence 8zZ, 8ayy, 8bzZ and 8abww are in Z. Also,
4aTr(zy), 40Tr(2Z), 4abTr(zw), 4abTr(yz), 4abTr(yw) and 4abTr(zw) are all
in Z, as are traces like 4abTr(azw). From the coefficient of o in Sakt(3)
we also have

12

(1) 2aTr(zy + bzw) € Z.

Adding the coefficients of aj and ak in Sa(j + k)7(5) € 2L gives
) 227 + ayg) + Te((a+ 1)j + bla — 1)2) € Z

and subtracting these two coefficients gives

(3) 2b(2z + aww) — Tr((a — 1)xg + b(a + 1)2w) € Z.
From the ak coefficient of Ba(j + k)7(5) € 2L, we have

(4) T + ayy + bzz + abww + Tr(zy — bzw) € Z.

First consider 2 inert in K so that d = 3 mod 8. Then 2x, 2y are locally
integral at 2, and hence in Z[w] since, for example, 8% € Z and ordyz =
ordsZ. Since a =1 mod 4, it follows from (2) that 2(z + y)(T + ¥) is locally
integral at 2. Therefore x4y € Z[w]. Then 387 = 1 gives b(22—aw?) € Z[w].
For b odd we have z +w € Z[w] and hence 3 € O, since 2z, 2w € Z[w]. For
b even and a = 1 mod 8, from (4) and since (z + y)(Z + g) is integral, it
follows that b(2z +ww — Tr(zw)) = b(z — w)(Z — W) is integral. Hence z —w
is integral, and similarly, from (1) and (4), z + w is integral. Thus 8 € O.
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Next consider 2 ramified in K so that 2Zx = P? and ¢ = 1 mod 8
(so that, in essence, a = 1). By combining the coefficients of 1 and «ai in
Ba(j + k)T(8) € 2L, we have ab(z + y)(w — Z) is locally integral, since
4bTr(axw — ayz) and 8abyw are locally integral. Since b is odd, it follows
that either x 4+ y or z — w is locally integral. A similar calculation, using
Ba(j—k)7(B) € 2L, gives either x —y or z+w is integral at P. From (4), as
with 2 inert, if z 4+ y is locally integral, so is z —w, and conversely. Similarly
for the pair z — y and z + w. Now all four are integral and 5 € O!.

Finally consider d = 7 mod 8 so that 2 splits in K and 2Zx = PP. From
(2), 2(z + y)(ZT + 7) is locally integral, and hence either ordp(x +y) > 0 or
ordp(Z+y) > 0. Since 4aTr(zy) € Z, also ordp(z—y) > 0 or ordp(Z—y) > 0.
A similar argument, using the coefficients of 1 and ai in 3(1+«i)7(8) € 2L,
and a? = 1 mod 8, shows that 2(z — y)(Z + ¥) is integral at P; hence
ordp(z —y) > 0 or ordp(Z + y) > 0. Now either z & y are both locally
integral at P, or T £+ i are both integral at P so that x £+ y are locally
integral at P. Since b is odd, from (3) either z + w are both integral at
P, or both are integral at P. If x + vy, 2 + w are all locally integral at P,
then g € (’)713. Assume, therefore, x £+ y,zZ + w are locally integral at P.
Since 4(xT + bz2z),4bTr(zZ) € Z, it follows that 4(z + 2)(T + Z) is locally
integral at P and hence 2(z + z) is integral at P or P. In the first case,
2z is now integral at P; from n(3) = 1 we then have z + w integral at P,
and again [ € (971;. In the second case, 2z is integral at P so that 3 € (’)%.

By symmetry, we may now assume (3 € (’)}). But g7(8) € L C O so that
7(B) € B/O C OL. Hence B € 7(0L) = (915.

Remarks. Let B be a quaternion algebra over a number field F' with Lg
a maximal S-order in B. Let A = B ®p K for a quadratic extension K/F.
Assume the order Og = Lg ®ry Dg is maximal and put L = OgN V. Then
is A} = O} so that ® : Of — O'(L) is surjective? The main difficulty is
with the dyadic primes since 5.1 essentially covers non-dyadic primes. As
observed in §3, for primes P where A is ramified, Aip C Op since Op is now
maximal. In general, the order O and the lattice L will have to be given
locally. In particular, 5.1 can be easily generalized by giving Og and L
locally, but then the explicitness of the global data is lost. Also, what is the
index [O'(L) : ®(O%)] when Og is not maximal? The orders in 5.1 and 6.1
are maximal although the proofs only use this indirectly. Some restrictions
on the orders Lg and Og are necessary as the following examples show.
Similar examples could be given with the values of a,b,d changed modulo
8 since this has little effect dyadically, and the odd primes are well behaved
when abd is square-free.

Example 1. Let a =1 = —b and £ = Z[1,i,5,k] C L, as in 6.1, so that
L' is not maximal. Take d = 3 and 8 = x +yi + Tj + gk in A with 2z =
14+w,2y =1-wandw = (1+a)/2. Thenn(f) =1and § ¢ O = L' @z Z|w].
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However, from 27 = 3/4,yy = 1/4, Tr(zy) = 0 and 2Tr(ayx) = 3 it can be
checked that 8 € A, where L' = Z + Zai + Zaj + Zak = O' N'V. Hence
O £ AL

Example 2. Let d = a = 1,b = =2 and § = (j + ak)/2 with O, L as
in 6.1. Then n(B) = 1,67(6) = «ai, Pait(f) = 1,Pajr(f) = aj and
Bakt(B) = —ak. Hence B € AL. Put m = a — 1 so that 77 = 2. Then
B=2"1j+k)+7 'k ¢ Oand A} + O. Since O[B] = Zk|[(1+14)/2, B, k/7]

is an order, O is not maximal in A.

The next three theorems extend our approach to other explicit situations.

Theorem 6.2. Let B = (Cab) with a = 3 mod 4, b even, and ab square-

free. Then L ="1Z[1,i,(1+i+7)/2,(j + k)/2] is a mazimal order in B. Let
K = Q(a) with o> = —d = 5 mod 8 and (ab,d) = 1. Put O = L&z Zf and

L=0nNV = Zl+Zai+Za(j+k)/2+Z(1+ i+ aj)/2

2 0 0 1
~ 0 2ad 0 ad
o 0 0 (1—a)bd/2 bd /2

1 ad bd/2  (1+ad+bd)/2

Then O = AlL, and the following sequence is exact
1-{+1} -0 2 0/(L) > 1.

Proof. Locally, for odd primes the proof is essentially the same as in 5.1,
but again 2 needs careful treatment. Let 3 € A} be as in 6.1. Then (1)-
(4) still hold since they are derived from «(j + k) € 2L. Also 2 is inert
in Zg = Z[w], and hence 2z,2y,4z,4w € Zk as in 6.1. Again from (1)
and (2), since @ = 3 mod 4, = + y are integral at 2, and 22 — 3% € Zg. It
follows from n(3) = 1 that (a — 1)y? + bz? — abw? is integral. Therefore,
ordoz = —2 if and only if ordsw = —2. Moreover, if 2z and 2w are integral,
then 2(y? + 22 + w?) € Zy so that y + z + w is integral. Therefore,

B=x—y+ 2y1+++‘7
Finally ordoz = —2 is not possible. For let 42 = 25 + 2z; mod 4 where
zi € {0,1,w,@} (the residue class field is Fy), with a similar 2-adic expression
for 4w. Then (42)? = 23 mod 4. Since 8b2% = 8abw? mod 4, it follows that

zg = —w% mod 4, and then zg = wg = 0, completing the proof.

|+ k
+(z—y—w)j+2w‘%€(’)1.

Note that dL = —a?b?d>. Locally at odd p, L, = (1,ad, bd, —abd). At the
prime 2, the vectors 1 and (1 4+ «i + a)/2 span a binary even unimodular
lattice Jp with discriminant dJy = (a + b)d which splits Ly = Jy L J; where
Jp is the 2-modular even lattice spanned by ak and a(bi — aj — ak)/2, with
discriminant dJ; = —4(a + b). Since a + b = 1,5 mod 8, either Jy or Jp is
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isotropic in the completion when d = 3 mod 8. Thus A is not dyadically
ramified when d = 3 mod 8 (see [10, §58.7]). Again the dyadic condition for
3.2 follows as in [5].

Example 3. The analogue of 6.2 fails when d = 1. Take b = 2a = —2 and
B =1+ (j+ak)/2. Then n(3) =1 and 3 € A} where now L =0NV is as
in 5.1. But 3 ¢ O!, and again O is not maximal.

In Example 3, and also in the next result, B is ramified at the dyadic
prime, but A is not dyadically ramified, and ® is not surjective. The algebra
B is ramified at the prime 2 whenever the Hilbert symbol (a,b)s = —1; for
example when ¢ = b = 3 mod 4.

Theorem 6.3. Let B = ((ab> with a = b = 3 mod 4, ab square-free, and

with a,b not both negative. Then L = Z[i,j, (1 +i+ j+ k)/2] is a mazimal
order in B. Let K = Q(a) with o> = —d = 2,3 mod 4 and abd square-free.
Then for O = L ®z Zx and
L=0NV =211 Zai L Zaj L Zak = (2,2ad, 2bd, —2abd)
the inder
(A} - O = [0 (L) : ®(OY)] = 2.

Proof. Let 0 € AlL be as in 6.1. Locally, for odd primes the proof is essen-
tially the same as in 5.1 and 8 € Op at all non-dyadic primes. The condition
in 3.2 on SO(L3) follows from [5, 11]. The prime 2 is ramified in Zx with
27 = P2. Since L has an orthogonal basis, 2Z+ayg+bzz+abww € Z for all
choices of an even number of negative signs. Hence, for example, 42 € Z
and therefore 2x,2y,2z,2w € Zg. Also, all traces such as 2aTr(zy) and
2bTr(zZ) are in Z. Since a = 3 mod 4,

2z —y)(T+7) =2(2T — yy) — 4yT + 2Tr(zy) € Z
and thus 7(z — y) € Zp where P = nZp. Similarly, 7(z — z) and w(x — w)
are in Zp. Let 2z = x¢ + 217 + 229 mod 2P where xg,z1, 22 € {0,1}. Then
(22)% = 2% + 2372 + 2xox 7 + 423 + dxg2s MO 4P

with similar expressions for 2y, 2z and 2w. Then xy = Yo = z9 = wq follows
from 7(x — y) € Zp and similar facts. Put

s;i = si(B) =z +yi + zi + w;.
Substituting into 4n(f) = 4 mod 4P gives s; = 0 mod 2. If zg = 1,
since (1 —a)(1 —b) = 4 mod 8, we get the stronger result 4|s;, so that
r1=y1 =21 =w;. Thusz —w,y —w,z —w € Zg and
B=x-w)+(y—w)i+(z—wk+2w(l+i+j+k)/2€0.
It remains to consider 5 with zo = 0 and s1() = 2. Use the surjectivity
argument in [6, 4.1B] to construct various v € A} with s1(y) = 2 so that
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each v ¢ O'. The assumptions ensure that the norm form is indefinite so
that the strong approximation theorem can be applied. Thus, if ;1 =y; =1
for 3, we can find v € A} with 21(y) = 21(y) = 1. Then so(87) = 4 and
as above By € O. Tt easily follows if 3,3 € A} with 3,3 ¢ O!, then
B € BOL. Hence [A} : O] =2.

The order O = L&z Z in 6.3 is not maximal. By enlarging to a maximal
order we can get ® surjective, but then both O and L have to be prescribed
locally.

Theorem 6.4. Let K = Q(a) with a®> = —d = 2 mod 4, and let A be
the quaternion algebra (‘}(’b) where a,b € Z with ab(a + b)d square-free,
a=b=3mod 4 and a+ b =d mod 8. Let O be the maximal order in A
with localizations

Op=2Zp[l,(i+7)/a,(j+k)/a, 1 +i+j+k)/2]

at the dyadic prime P = aZk +2Zk, and Og = Zg|i, j] for each odd prime
Q. Put L=0NV. Then O' = Al and the following sequence is exact

1-{+1} -0 2 0/(L) > 1.

Proof. It remains to check the result locally at the dyadic prime where
Lp=0pNV =Zpl L Zpa=(i+j) L Zpa ' (bi — aj) L Zpak.

Let a + b = cd where ¢ € Zp. Put i’ = (i+j)/a,j = (bi—aj)/a € Op so
that i’> = —c = 3 mod 4, j> = —abc = 3 mod 4 and 7'j' = ck = k' = —j'i’.
Let 8 = z + yi' + 2j' + wk’ € Al and repeat the line of argument in 6.3
to show 8 € Op. As before 2z,2y,2z,2w,a(x — y),a(x — 2),a(x — w)
are all in Zp. From n(f) = 1 we again conclude that so(3) = 4 when
o = 1, and hence B € O!. Finally consider g = y9 = 20 = wg = 0
and s1(8) = 2. But now (' + j)/a = (1 +b)i + (1 — a)j)/a® € Op
since a,b are odd. Then (1 + k')/a € Op. Also, if v = (1 +¢')/a, then
Y@ +j))a=(—c+i +j' +K)/a* € Op (as already shown in the 2o = 1
case). Since n((i' 4+ j')/a) = —c(1+ ab)/d is invertible in Zp, it follows that
v € Op. Thus (1+ j')/a € Op and hence 8 € O, completing the proof.

When d = £2 with a + b = cd, the order and lattice in 6.4 can be given
globally, since now O = Zg|[1, (i + j)/a, (j + k)/a, (1 +i+ j + k)/2] and
L=0NV = Z11Zoa'i+7j) LZa *(bi—aj) L Zak
>~ (2,2¢,2abe, —2abd).
In general, the global lattice L in 6.4 need not have an orthogonal basis.
For the special case where a = b = —1,¢ = 1 and o? = 2, the definite

Z-lattice L diagonalizes uniquely as (2,2,2,4). It follows that |O'(L)| = 24
and |O'] = 48, as in [12, p. 141].
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Theorem 6.5. Let B = (‘g’) and L be as in 6.1 with a = 1 mod 4, and

ab square-free. Then the sequence
1o {+1} =2 2 0(M) =1

is exact, where

M%(Za)Lb(? (1_1a)/2>.

The proof is the same as for Theorem 5.2 (take d = 1 if @ = 1 mod 8 with
b odd, otherwise take d = 3 and scale M). There is a similar result for the
order £ in Theorem 6.2. Note, for a and b both negative, the group O’(M)
is finite since the underlying quadratic form is then definite. For example,
for a = —3 and b = —1, both PL! and O'(M) can be shown directly to be
cyclic groups of order 6.

7. Fuchsian subgroups.

Again assume that F' is a global field and L = Og N V. Define
Ap(v) = AN A(v)
where v € L is primitive. Then, assuming the dyadic conditions in 3.2,
®(Ar(v)') = Stab(v,O'(L)).
Therefore ®(B}) = Stab(1,0'(L)) where B = {3 € B! | L = Lg}.

Let K = Q(v/—d) with d > 0 so that K is an imaginary quadratic number

field. Assume a > 0in B = <‘2’2b) so that the space V has signature (3,1).

Take v € V with n(v) = D > 0. Then V = Fv L W with W an indefinite
space. Now A(v) & CT (W) is a quaternion algebra over Q with an indefinite
norm, and Ay, (v)! is an infinite Fuchsian subgroup of the arithmetic Kleinian
group Al since Stab(v,0'(L)) is infinite when D > 0. The conjugacy
classes of these non-elementary Fuchsian subgroups correspond to the orbits
of primitive v € L under the action of O'(L), with the length n(v) = D an
invariant of an orbit. The number of orbits is finite for fixed D > 0, and
can be determined via a product formula by using the strong approximation
theorem to relate the global orbits under O’(L) to local orbits under O'(L,),
provided the local structure of L, is known, as in [6]. We now give another
example of this. See [8, 9] for more connections between quaternion algebras,
arithmetic Kleinian groups and Fuchsian groups.

Let N(Lp, D) denote the number of spinor equivalence classes of primitive
representations of D, and N (L, D) the corresponding global number.

Theorem 7.1. Let L, = Jy L J1 where Jy is unimodular of rank two and
J1 is p-modular of rank two. Assume either p is odd, or p = 2 with Jy, J1
both even lattices. Then:
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1. N(Lp, D) =0 when ord,D > 2 and Jy, J1 are both anisotropic.

2. N(Lp, D) = 2 when Jy is hyperbolic with p|D, and either Jy is hyper-
bolic or ord,D = 1.

3. N(Lp, D) =1 otherwise, including (p, D) = 1.

Proof. Let v € L, be primitive with n(v) = D. When (p,D) = 1, we
may assume v € Jy. The group O(L,) acts transitively on such v with the
same norm, and since rank two even modular components have isometries
with spinor norms of all possible values (see [10, §92:5]), it follows that
N(Lp,D) =1. When p|D, v can be embedded in either Jy or Ji, and these
two possibilies are not equivalent under the action of O(L) (see [4], [7]).
Therefore N(L,, D) < 2, since not all these primitive representations of D
need exist.

If Jy is hyperbolic, then Jy primitively represents all D. Otherwise, Jy
only primitively represent units. Likewise, if J; is hyperbolic, then J; prim-
itively represents all D with ord,D > 1; otherwise only the values D with
ord,D = 1 are represented primitively. This then converts into the values
given for N(Ly,, D).

For the lattices in 6.1 and 6.2 with p odd and p|b so that (p,d) = 1, the
local discriminants dJy = ad and dJ; = —p?a. Hence Jy is hyperbolic when
(%i) =1, and J; is hyperbolic when (%) = 1. For p = 2, the even lattice Jy
in 6.1 or 6.2 is isotropic only when the discriminant dJy = ad = —1 mod 8§,
and J; is isotropic only when 272d.J; = —a = —1 mod 8. When the two even
Jordan components of L, in 6.1 are anisotropic, the lattice L, is maximal
and anisotropic. Then, for odd p, (%d) = 1 so that p splits in the extension

K = Q(«) into P and P. The space V), is now anisotropic over Q, if and
only if the norm form of Ap is anisotropic (see [10, §58:7]), so that A is
then ramified at P. We already observed in §3 that N(L,, D) < 1 for these
p since L, is a maximal lattice. The algebra A can not ramify at any other
odd prime since the norm form is isotropic.

Some other values for N(L,, D) are given in [6, §5]. Note, however, in
[6] we consider n(v) = dD and a slightly different form of primitivity. The
general problem for p = 2 splits into many cases. For an analogue of 7.1
with Jy or J; odd, use Proposition 10 in [4] together with Theorem 3.14 in
[1] to get at spinor equivalence.
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Theorem 7.2. Let L be the lattice in Theorem 6.1, 6.2 or 6.4. Assume
d,D > 0 and either a or b is positive. Then almost all N(L,, D) =1 and

N(L,D) = [[ N(Ly, D).
p

The proof is the same as for Theorem 4.1 in [6], since the sign assumptions
ensure that the strong approximation theorem can be applied.

The number of conjugacy classes of the subgroups Stab(v,O’(L)) with
n(v) = D, under the action of O'(L), is also N(L, D). To determine the
number of conjugacy classes of the maximal Fuchsian subgroups correspond-
ing to Stab(+wv, O’(L)) it is necessary to also take into account the action of
—I on the local O'(L,) orbits, as in [6].
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