THE ASPINWALL-MORRISON CALCULATION AND
GROMOV-WITTEN THEORY

ARTUR ELEZI

Volume 205 No. 1 July 2002



PACIFIC JOURNAL OF MATHEMATICS
Vol. 205, No. 1, 2002

THE ASPINWALL-MORRISON CALCULATION AND
GROMOV-WITTEN THEORY

ARTUR ELEZI

We justify the Aspinwall-Morrison calculation by connect-
ing it to Gromov-Witten theory.

1. Introduction.

I. (For a good reference on the history of this problem see Sections 7.3.3
and 7.4.4 of [6].) One of the problems in the old and recent story of mirror
symmetry has been the issue of multiple covers on a Calabi-Yau 3-fold X.
In the pre Gromov-Witten era, this problem can be formulated in terms of
topological field theories.

Let X be a Calabi-Yau threefold and Hi, Hy, H3 € H*(X). The corre-
sponding 3-point correlator in the A-model of X is a path integral that can
be expressed as follows:

(1) <H1,H2,H3):/H1H2H3+ > Ng(Hy, Hy, Hs)q’.
X BEH(X)

The summation on the right is for all homology classes of rational curves
on X. The parameter ¢ = (q1,...,qx) is a local coordinate on the Kéhler
moduli space of X. If (dy,...,d;) are the coordinates of 3 with respect to
an integral base of the Mori cone of X, then ¢% := qfl e q,‘j’“.

The path integral is not a well-defined notion, but more importantly, there
is no rigorous definition of Ng(H1, He, H3) in the framework of topological
field theories. Let Z; for ¢ = 1,2,3 be a cycle whose fundamental class
is Poincaré dual to H;. Heuristically, the “invariant” Ng(Hi, H2, H3) is
described as the “number” of holomorphic maps in the set:

2)  {f:P'— X | £([P')) =B, £(0) € Z1, f(1) € Za, f(c0) € Z3}.

This is certainly not precise, for there may be infinitely many such maps.
Let C C X be a smooth rational curve. Fix an isomorphism g : P! — C.
For any degree k multiple cover f : P! — P! the composition go f : P! — C
satisfies (g o f)«([P!]) = k[C]. One would then naturally ask:

What is the contribution of the space of degree k& multiple covers of C' to
the “invariant” Nk[C’} (Hl, HQ, Hg)?
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This is a question about the numbers Ny ¢ (Hy, Ho, H3), hence it is not a
well-defined one also. We will see how to make it precise in the framework
of Gromov-Witten theory.

The answer was conjectured in [5] by looking at the classical example of a
Calabi-Yau. If X is a quintic threefold then H?(X) is one dimensional. Let
H be its generator. The 3-point correlator of the quintic can be calculated
explicitly:

& d
q
3 H,H H _5+§ ngd®——,

where ng is the virtual number of degree d rational curves (instantons) in a
generic quintic. The instanton number ng agrees with the number of degree
d rational curves in the quintic if every rational curve of degree d is smooth,
isolated and with normal bundle N = O(—1) ® O(—1). But there are 6-
nodal rational plane quintic curves on a generic quintic threefold (see [12]),
so a (pre Gromov-Witten) rigorous definition of the instanton numbers ng
does not exist either.
The last equation can be transformed as follows:

(4) <H,H,H):5+§: > gk | g,

d=1 \ k|d

By comparing it to Equation (1) we can see that:

(5) Ny(H,H, H) ank?’
k|d

This equation suggests that each degree k rational curve C in the quintic
3-fold X contributes by

(6) k?’:/CH-/CH-/CH

to Ng(H, H, H) for any multiple d of k.

For a general Calabi-Yau X, the (pre Gromov-Witten) multiple cover
formula can be formulated as follows:

Let C C X be a smooth, rational curve such that Ng/x = Oc(—1) @
Oc(—1). The contribution of degree k multiple covers of C' in Nycj(Hi, Hz,
Hg) is:

(7) /CHl-/CH2~/CH3.

It was in this form that this formula was taken up by Aspinwall and
Morrison in [1] and by Voisin in [13].
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A rigorous definition of Ng and ng requires a new conceptual framework
which is now known as Gromov-Witten theory. Let X be a smooth, pro-
jective manifold and 3 € Ha(X). Let M, (X,3) be the moduli stack of
pointed, stable maps of degree 3. Universal properties of Mg, (X, 3) imply
the existence of several maps:

(8) e=(e1,e2,...,en): Mon(X,B) — X",
T * Mo,n(X, ﬂ) - Mo,n—ﬂX’ /8)
T Mon(X,8) = Moo(X,8), #: Mon(X,8) = Mon.

The morphism e evaluates the pointed, stable map at the marked points,
7, forgets the last marked point and collapses the unstable components of
the source curve, 7w forgets the marked points and 7 forgets the map and
stabilizes the pointed source curve. The expected dimension of Mg, (X, 3)
is dim X + fﬂ(—KX) + n — 3. The moduli stack of stable maps may have
components of greater dimension. In this case, a Chow class of the ex-
pected dimension has been constructed. It plays the role of the fundamen-
tal class, hence it is called the virtual fundamental class and denoted by
[V o.n(X, B)] (sce [8], [3]).

Let X be a Calabi-Yau threefold, Hy, Hy, H3 € H?>(X) and 8 the homol-
ogy class of a rational curve. In the Gromov-Witten setting the definition
(1) of the 3 point correlator is made precise via
) Nt = | SCABTCARTEA)

[Mo,3(X,8)]virt

The expected dimension of Mo o(X, 3) is zero. Let:

(10) Ng := deg([Moo(X, BV,

By the divisor axiom:

(11) Ng(Hy, Ha, H3) —Ng/Hl/Hg/Hg.
B B B

Let C' C X be a smooth rational curve with No/x = Oc(—1) © Oc(-1).
The moduli space M (X, d[C]) contains a component of positive dimension,

namely Mo o(C,d). The dimension of this component is 2d — 2. Consider
the following diagram:

Mo.(C,d) —— C
Mo o(C,d)
The sheaf:
(12) Vi := R'm,(Oc(—1) & Oc(-1))
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is locally free of rank 2d — 2. Let E; be its top chern class. An assertion
of Kontsevich in [7], which was proven by Behrend in [2], states that the
part of [Mq (X, 3)]V" supported in Mg o(C,d) is Poincaré dual to E;. The
multiple cover formula in this context says that:

(13) / Eg=d,
MO,O(C,d)

i.e., the curve C contributes by d=3 to to Nyjcy-

The multiple cover formula in this form was proven by Kontsevich [7],
Lian-Liu-Yau [9], Manin [10] and Pandharipande [11].

By the divisor property, the multiple cover formula (13) follows from:

(14) /M ) e1(h)ez(h)es(h)n™ (Eq) = 1.

The instanton numbers n, are defined inductively by:

(15) Ny= 3 mok
B=kvy

The point of this introduction is that the Aspinwall-Morrison calculation
deals with concepts and questions that were not well defined at the time.
Hence their calculation, although useful and convincing, is incomplete. The
purpose of this paper is to relate the two calculations, hence justifying the
Aspinwall-Morrison calculation and closing this historic chapter in the sub-
ject.

Here is the relation between the two formulations of the multiple cover
formula for the quintic threefold:

k 3
(16) Ng(H,H,H) = d*Ny = d3 %nk <d> = %nkkg.

II. We now review the Aspinwall-Morrison calculation. Let X be a Calabi-
Yau threefold X and a ' C X a smooth, rational curve such that Ng/x =
Oc(—1) ® Oc(—1). Let:

(17) Ng(C) :={f: P! = X | f(P!) = C,degf = d}

be the space of parameterized maps from P! to X. Since C is isolated,
Ny(C) is a component of the space of all maps from P! to X.

At a moduli point [f], the tangent space and the obstruction space are
given respectively by HY(f*(Tx)) and H'(f*(Tx)), i.e., locally Ng(C) is
given by dim H!(f*(Tx)) equations in the tangent space. The virtual di-
mension is:

(18) dim H(f*(Tx)) - dim H'(f*(Tx)) = 3.
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The space Ny(C) compactifies to N4(C) = P2?+1, Let T be the compact-
ification of the universal graph I' C Ng(C) x P! x C and H the hyperplane
class in N4(C).

The dimension of H'(f*(Tx)) is 2d — 2 for any f. These vector spaces fit
together to form a bundle U, over Ny(C). Let p; be the i-th projection on
N4(C) x Pt x C. The bundle U, extends to:

(19) Ua = R'p1,(p3(Tx|C)Ip)

over N4(C). Aspinwall and Morrison showed that Uy = O(—1)%29-2, Based
primarily on considerations from topological field theories, they asserted that
the cycle corresponding to the degree d multiple covers of C' is Poincaré dual
to crop(Ug) = H?72. We will see that this is consistent with the notion of
the virtual fundamental class.

Let H; € H?>(X) for i = 1,2,3 and Z; their Poincaré duals. The space:

(20) {f € Na(C) | £(0) =0}
extends to a linear subspace of N4(C). Therefore:
(21) #{f € Na(C) | f(0) =0, f(1) = 1, f(o0) = o0}
:/ H-H-H-cyopUg = 1.
Na(C)

It follows that the contribution of N4(C') to:
(22)  #H{f P! = X | £[P'] = d[C], f(0) € Z1, f(1) € Zo, f(o0) € Z3}

1S

(23) /CHl-/CHg-/CHg.

We emphasize that the multiple cover formula in this approach follows
from:

(24) / H-H.H.ctopUdz/ H?t =1,
Na(C) Na(C)

ITI. The purpose of this note is to establish a connection between the
Aspinwall-Morrison calculation and Gromov-Witten theory. The main re-
sult is the following:

Proposition 1.0.1. There exists a birational morphism:

(25) (73 Mo,g(c, d) — Nd(C)
such that:

1) ax(ef(h)) =H fori=1,2,3

2) au(ef(h)es(h)es(h)) = H>.

3) ax(ej(h)es(h)es(h)m*(Eq)) = H>
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This proposition implies that Equations (15) and (25) are equivalent,
hence connecting the Aspinwall-Morrison calculation to the Gromov-Witten
theory.

Acknowledgements. The problem was suggested to the author by Sheldon
Katz (see also the note in [4]) who was very helpful through this work. We
would also like to thank Jun Li for fruitful discussions on the subject.

2. Relation of the Aspinwall-Morrison formula with
Gromov-Witten invariants.

The space of nonparameterized degree d maps f : P! — P" has two par-
ticular compactifications that have been employed successfully especially in
proving mirror theorems for projective spaces: The nonlinear sigma model
(or the graph space):

(26) M7 = Moo(P" x P!, (d, 1))
and the linear sigma model:
(27) N = P(H(Op1(d))).

Elements of N} are (n+1)-tuples [Py, ... , P,] of degree d polynomials in two
variables wg,w;. The linear sigma model N7 is a projective space via the
identification [Py,...] = [3; aqwjw{™,...] = [ao,... ,aq,...]. Note that
N} =N4(C) for C ~P'. Let H be the hyperplane class in N7.

There exists a birational morphism ¢ : M7 — N7. We describe this mor-
phism set-theoretically. Let (C’, f) € MJ. There is a unique component Cy
of C' that is mapped with degree 1 to P!. Let C1, ... ,C, be the irreducible
components of the rest of the curve and ¢; = [¢;, d;] the nodes of C’ on C.
Let d; be the degree of the map poo f: ¢/ — P" on C; for i = 0,1,...,7.
Let R(wo,w1) = [[i_; (ciwy — diwo)®%. If the restriction of the map po o f is
given by [Qo,. .. ,Qy] then:

(28) ¢(C', f) = [RQo, - .. , RQn].

A proof of the fact that ¢ is a morphism is given by J. Li in [9].

The first step in connecting the Aspinwall-Morrison calculation to Gro-
mov-Witten invariants is showing that M7 and N are birational models
for Mo’g (]Pm, d)

Lemma 2.0.1. There exists a birational map 1 : Mo 3(P",d) — M?.

Proof. Consider the following diagram:

(ﬁ764)

MOA(Pn,d) E— MOA x P7

|

Mo 3(P", d).
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Since MOA ~ P! and ey is stable in the fibers of 74, the above diagram
exhibits a stable family of maps of degree (1, d) parametrized by Mg 3(P", d).
Universal properties of M} yield a morphism:

(29) Y Mos(P™,d) — M.
The map 7 is an isomorphism in the smooth locus, hence it is a birational
map. O

Let my : M4 — Mo = {pt} be the map that forgets the last marked
point and o; be the section of the i-th marked point for ¢ = 1,2,3. Choose
coordinates on MOA ~ P! such that the images of these three sections are
respectively 0 = [1,0],00 = [0,1],1 = [1, 1]. Let

(30) a:=¢orp: Mys(P",d) — NJ.
Proposition 2.0.2. Let h be the hyperplane class of P".

1) a.(ef(h)) =H fori=1,2,3.
) au (e} (h)es(h)el(h) = HP.

Proof. Let

(31) vi: Ng———>P"

be a rational map defined by

(32) vi([Po, P1,...,P,)) = [Py(1,0), Pi(1,0),..., P,(1,0)].

This map is defined in the complement U of a codimension n+ 1 linear sub-
space P(W7) of N}. Clearly vf(h) = H on U. The preimage D1 23 of P(W7)
in M 3(P",d) is a sum of d boundary divisors D({z1}, {za, 23}, d1, ds) with
d1 > 0 and di + dy = d. The evaluation map ey over U factors through the
rational map v;. It follows that

(33) €i(h) = a* (H) + Dy,

where Dy is a divisor supported in Dj23.! Using the evaluations at 1 and
oo on N7, we obtain:

(34) ey(h) = o (H) + D2
and
(35) e3(h) = o*(H) + Ds,

where Dy is a divisor supported in Dj 13 and D3 is supported in D3 12.
The v-image of D({z1},{x2,z3},d1,d2) does not detect the movement
of the marking x; along its incident component, hence it is a codimension

Tt can be shown that D; = — >a, AD({z1}, {72, 23}, d1,d — di) but this is not im-
portant in this paper.
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2 cycle in M}. It follows that 1 (D1) = 0. Similarly ¢.(D2) = 0 and
1« (D3) = 0. Both ¢ and ¢ are birational hence by the projection formula:

(36) a.(ej(h)) = H

fori=1,2,3.

Let D' € Dy 93,D" € Dy13, D" € D315 be irreducible boundary divisors.
The intersection of any two of them either is 0 or its image is a codimension
4 cycle in M}. It follows that:

(37) «(D'D") = (D'D") = ¢ (D"D") = 0.
Notice also that:

(38) D'D"D" =o.

The projection formula yields:

(39) pu(ei(h)es(h)es(h)) = . (H(w*(cb*(H)) + Di))

7

= [ (e (i) = o* ().
The lemma follows from the fact that ¢ is a birational map. U

We now return to the case n = 1.
Let p: Mé — Mo,0(C,d) be the natural morphism. The composition:

(40) p o w : M(],g(c, d) - M070(C, d)

is the map 7 that forgets the 3 marked points and stabilizes the source
curve. Recall Kontsevich’s obstruction bundle Vg on M (C,d). Its fiber is
HY(C, f*(O(=1) ® O(—-1))). Its top chern class is Eq. We are now ready
to exhibit the connection between the Aspinwall-Morrison calculation and
Gromov-Witten invariants.

Proposition 2.0.3. a. (ef(h)e3(h)es(h)m*(Ey)) = H*TL,

Proof. Let Eg be the top chern class of the bundle p*(V;) on M}. Recall
from part II of the introduction that H?¢=2 is the top chern class of the
Aspinwall-Morrison obstruction bundle Uy on Nj. It is shown in [9] that
#+(Eq) = H?=2. On the other hand *(Ey) = n*(Ey). But 1 is birational,
hence by the projection formula 1, (7*(Ey)) = Ey.
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We compute:

(a1) o (TTeimEa ) = an ( TTei e (B0

= ¢u | Vu H€?<h) Eq

= ¢:(¢"(H")Eq) = H’¢.(Eq)
— H3H2d—2 — H2d+1.
The proposition is proven. O

The last proposition yields:
3

(42) /MOYS(C’d)Hez‘(h)Ed: / o | [ (e (Ea)

i=1 Na(C) i=1

i.e., the Aspinwall-Morrison calculation is a pushforward of Kontsevich’s
calculation from Mg 3(C,d) to the projective space N 4(C).
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