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Let G be a simple algebraic group of exceptional type acting
transitively on an algebraic variety. We provide estimates for
the dimensions of the subvarieties of fixed points of elements
of G. These translate into estimates for the dimensions of
intersections of conjugacy classes of G with closed subgroups.

Introduction.

In this paper we consider actions of simple algebraic groups of exceptional
Lie type over algebraically closed fields. Let GG be such a group, so that G is
of type Ga, Fy, Eg, 7 or Eg over an algebraically closed field K of arbitrary
characteristic. Suppose that M is a closed subgroup of G, and denote by 2
the coset variety G/M on which G acts transitively. For z € G, the fixed
point space

fixg(z) ={w e Q:wzr =w}

is a subvariety of 2, and we are interested in investigating its codimension,
which we denote by

f(z,Q) = dim Q — dim fixq(z).

Theorems 1 and 2 below provide lower bounds for f(z,) for all z,Q as
above.

There are a number of motivations for studying this problem. The value
of f(z,Q) gives some measure of how much of the space € is fixed by x, and
of course if we know dim €2 then lower bounds for f(z,(2) give corresponding
upper bounds for dim fixg(x). Moreover, in Proposition 1.14 below we prove
that if x € M and 2¢ denotes the conjugacy class of = in G, then

f(z,G/M) = dim 2% — dim(z% N M)
(note that z¢ N M is open in 2GNM , hence is a variety and has a dimension
— see [16]). Hence our bounds for f(x,G/M) translate into bounds for

the dimensions of intersections of conjugacy classes of exceptional algebraic
groups with closed subgroups.

339


http://pjm.math.berkeley.edu/pjm
http://dx.doi.org/10.2140/pjm.2002.205-2

340 R. LAWTHER, M.W. LIEBECK, AND G.M. SEITZ

Originally, though, our motivation came from a problem about finite
groups. If X is a finite group acting on a set A, then for x € X the
quantity analogous to — f(x, Q) is the fized point ratio

ﬁXA(l')
Al

fpr(z, A) =

the proportion of points fixed by x. Fixed point ratios of finite groups of
Lie type, particularly for classical groups, have been studied in a number
of papers, and have been applied to a variety of problems (see for example
[12, 15, 20]). A sequel [19] to this paper contains bounds for fixed point
ratios of elements of finite exceptional groups of Lie type in their transitive
actions. A crucial part of the proof in [19] is to use the dimension estimates
of Theorem 2 below, passing from algebraic to finite groups via a Frobenius
morphism.

Using Proposition 1.14 (already mentioned), it is clear that if M < N <
G, then f(z,G/M) > f(x,G/N). Thus for the purpose of obtaining lower
bounds for f(x,G/M) it suffices to consider the case where M is maximal
in G. Observe also that if x = su, where s is the semisimple part of x, and
u the unipotent part, then for ¢ € G we have x € MY if and only if both
s € MY and u € MY, and hence fixg/p(z) = fixg/a(s) N fixg/as(u). Hence
it also suffices to consider only cases where x is a semisimple or unipotent
element of G.

Theorem 2 contains our strongest result on lower bounds for f(z, (), but
as its statement is rather involved and requires reference to some tables
at the end of the paper, we first state the following somewhat simplified
version.

Theorem 1. Let G be a simple adjoint exceptional algebraic group over an
algebraically closed field, let P be a mazimal parabolic subgroup of G, and M
a maximal closed subgroup of G which is not parabolic. If u is a nonidentity
unipotent element of G, and s a nonidentity semisimple element of G, then

f(uaG/P)ZCGa f(S,G/P)ng,

f(qu/M)ZeGa and f(S,G/M)ng,

where ca,da, eq, fa are as in Table 1 below.
In particular, for any nonidentity element g € G, and any closed subgroup
X of G,

f(.gaG/X> 2 Cq-
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G |cg|dg|eaq| fa|eq | ha
Eg |12 |24 |24 | 48 |40 | 48
E7| 6 |11 12|22 |20 | 22

Eg| 416 |6 [12]10] 12
Fyl 4141418616
Go| 22|23 |44

Table 1.

Remarks.

(1) The bounds in Theorem 1 are sharp, in the sense that there exist a
parabolic P and a unipotent element w such that f(u,G/P) = c¢g, and so
on. Nevertheless it is possible to improve the bounds greatly by subdividing
the possibilities for u, s, P, M into a larger number of cases, and this we do
in Theorem 2 below.

(2) As observed above, Proposition 1.14 shows that for z € M we have
f(z,G/M) = dimz% — dim(z N M), so the bounds in Theorem 1 (and
Theorem 2) also give information about how conjugacy classes of G intersect
with a maximal subgroup.

Now we state Theorem 2, our strongest result concerning upper bounds for
f(z, Q) for exceptional algebraic groups, of which Theorem 1 is an immediate
consequence. The conclusion refers to a number of tables which can be found
in Section 7 at the end of the paper.

According to [22, 31], the maximal closed subgroups of positive dimension
in G can be classed as follows:

(1) parabolic subgroups,

(2) reductive subgroups of maximal rank (i.e., containing a maximal torus
of G),

(3) a few other isomorphism types (mostly of small dimension compared
to dim G).

The conclusion of Theorem 2 is accordingly divided into three parts.

We need a little standard notation for the statement. Let P; denote the
standard parabolic subgroup of G which corresponds to deleting the i** node
from the Dynkin diagram. Let a be a long root in the root system of G,
and, when G = F} or G2, let 8 be a short root. Let Uy, Ug be corresponding
root subgroups of G, and u,, ug nonidentity elements of Uy, Ug respectively.
We call u, a long root element of G, and ug a short root element. Observe
that when (G,p) = (F4,2) or (G2, 3), the elements u, and ug are conjugate
by a graph automorphism of G. This accounts for some of the parenthetical
exclusions in the statement of Theorem 2.
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A number of constants are referred to in the statement. The numbers
CG,ia» €G3 and C/G’Z- are defined in Tables 7.1 and 7.2 at the end of the
paper, the numbers dg ; p are defined in Table 7.3, and the numbers fg ar,p
are defined in Table 7.4. Finally, the numbers eg, eg, hg are defined in
Table 1 above.

Theorem 2. Let G be a simple adjoint exceptional algebraic group over an
algebraically closed field, and let M be a maximal closed subgroup of G. Let
u be a nonidentity unipotent element of G, and s a nonidentity semisimple
element; write D = Cg(s).
(I) Suppose M = P; is a maximal parabolic subgroup. Then:
(a) We have

f(uom G/PZ) = CGi,as f(uﬁa G/Pl) = CG,i,B» and f(u7 G/Pl) > c/G,i

if u is not a long or short root element.

(b) For D as in column 2 of Table 7.3, we have f(s,G/P;) > dg.ip-

(IT) Suppose M s reductive of maximal rank. Then:

(a) f(u,G/M) > eq, and moreover f(u,G/M) > e, provided u is not
a long root element (or a short root element when (G,p) = (Fy,2)
or (G2,3)).

(b) f(s,G/M) > fe.mp-

(IIT) Suppose M is neither parabolic nor reductive of mazimal rank. Then
f(s,G/M) > hqg, f(u,G/M) > eq, and moreover f(u,G/M) > e
provided w is not a long root element (or a short root element when
(G,p) = (Fy,2) or (G2,3)).

The layout of the paper is as follows. Section 1 consists of various pre-
liminary results taken from the literature, mostly concerning properties of
unipotent elements, semisimple elements and subgroups of exceptional alge-
braic groups. In Section 2 we start the proof of Theorem 2, proving Part
(I)(a), the case of unipotent elements in parabolic subgroups. Section 3
contains the proof of Part (I)(b), semisimple elements in parabolics. In Sec-
tions 4 and 5 we prove Part (II), the cases of unipotent and semisimple
elements in maximal rank subgroups. Finally, Section 6 contains the proof
of Part (III), and Section 7 has Tables 7.1-7.4 referred to in the statement
of Theorem 2.

1. Preliminaries.

In this section we present various results from the literature which we shall
need, most of which concern properties of unipotent and semisimple elements
in exceptional algebraic groups.

Throughout, G is a simple algebraic group over an algebraically closed
field K of characteristic p (allowing p = 0).
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A. Semisimple elements and subsystems.

A (not necessarily connected) reductive subgroup of G which contains a
maximal torus is called a subsystem subgroup. The root system of such a
subgroup is a subsystem of the root system of G.

Proposition 1.1. For G of exceptional type, the mazimal subsystem sub-
groups M of G are as follows:

G MO M/MO
Es | Ai1E7,Ds, As, A2Es, Dy Dy, 1,1, 22, 22,53 X Z3,
AyAy, A, A3 Ty Z4,GLy(3), AGL3(2),2.05 (2)
E; T1Eg, A1Dg, A7, A2 As, Zo, 1, Zo, Z,
A%D4,AI,T7 Sg,Lg(Q),2 X Sp6(2)
Es T1Ds5, Ty Dy, A1 As, A3, T 1,53,1,83,04 (2)
F4 A1037B4704(p: 2>7D47A2A2 17171aS3522
Go A1Aq, Ay 1, Zy
Proof. This is immediate from Tables A,B in [21, p. 302]. O

If s is a semisimple element of G then Cg(s) is a subsystem subgroup.
Complete lists of the subsystems occurring are available (see for example
[9] for types E7, Eg). In the next result we record the subsystem subgroups
which can occur as centralizers of semisimple elements of orders 2 and 3.
This result is well-known (see for example [14, Tables 4.3.1, 4.7.1]).

Proposition 1.2. Let G be adjoint and of exceptional type. The centralizers
in G of semisimple involutions and elements of order 3 are as follows (where
for G = Eg we only include elements of order 3 which lift to elements of
order 3 in the simply connected group Eﬁ):

G | involution centralizers | centralizers of elements of order 3
Es A1E7, Ds As, Ao Eg, E7Th, D7Th

Bz | A1Dg, (A7).2,(T1Eg).2 | A24s5, EgTh, DTh, A¢Th, A1 D5Ty
Eg A1 A5, DsTy AsTy, (D4T5).3,(A3).3

Fy A1Cs, By AgAg, BsTy, C3Th

Ga A1 Ay Ao, AvTh

Further, the involutions in E; with centralizers Ay Deg, (A7).2, (T1E¢).2 lift
to elements of orders 2,4, 4, respectively, in the simply connected group E7.

Next we record an elementary fact about conjugacy of semisimple ele-
ments. For M a reductive (not necessarily connected) subgroup of G, let
Ty be a maximal torus of MY, and let T be a maximal torus of G contain-
ing Ths. Define W(M) = Nyr(Tar)/Ths. From the Bruhat decomposition of
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elements of G we see that there is a subgroup of W(G) = Ng(T')/T which
induces W (M) on Ty;. With abuse of notation, we refer to this subgroup
also as W (M).

Proposition 1.3. Let M be a reductive subgroup of G, and let P = QL be
a parabolic subgroup of G with unipotent radical QQ and Levi subgroup L. If
s is a semisimple element of G, and D = Cg(s)°, then:

(i) The number of M -conjugacy classes contained in s N MY is at most
|W(D)\W(G)/W (M)|, the number of (W (D), W (M))-double cosets
in W(G).

(ii) The number of P-conjugacy classes contained in s© N P is at most

(W(DN\W(G)/W(L)].

Proof. For (i) we may take s € Ty Every element of s“NM? is M-conjugate
to an element of Th;. Moreover, if two elements of T" are G-conjugate then
they are W(G)-conjugate ([36, 11, 3.1]), and if two elements of T, are M-
conjugate then they are W (M )-conjugate. Part (i) follows. Part (ii) follows
likewise, since every element of s” NP is P-conjugate to an element of L. O

The next two results concern the dimensions of centralizers of certain
types of elements.

Proposition 1.4. Let 7 be either an involutory graph automorphism of Eg
or An, or a graph automorphism of Dy of order 3.

(i) There are 2 classes of involutions in the coset EgT; these have central-
izers Fy,Cy in Eg if p # 2, and centralizers Fy, Cr,(t) if p = 2, where
t is a long root involution in Fy.

(ii) There are (2,n+ 1) classes of involutions in the coset A,7; if n = 2m
is even the class has centralizer B,,, and if n = 2m — 1 is odd the
classes have centralizers Cp,, Dy, if p # 2, and centralizers Cp,, Cc,, (t)
if p =2, where t is a long root involution in Cp,.

(iii) There are 2 classes of elements of order 3 in the coset Dyt ; these have
centralizers Ga, As if p # 3, and centralizers G2, Cq, (t) if p = 3, where
t is a long root element of Gs.

Proof. See [14, Tables 4.3.1, 4.7.1] for the cases where |7| # p, and [2, §19]
and [13, 9.1] for the cases where |7| = p = 2 and |7| = p = 3, respectively.
O
Proposition 1.5. Let D be a connected reductive algebraic group.
(i) If t is an automorphism of D (as algebraic group) of order 2, then

dim Cp(t) > |XF(D)| + rank(D) — rank(D"),

where X1 (D) denotes the set of positive roots in the root system (D)
of D.
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(ii) If v € D is a semisimple element of order 3, then
2
dim Cp(v) > §|Z+(D)| + rank(D) — rank(D’).

Proof. 1t suffices to prove this for D simple, in which case it follows easily
from the proofs of [26, 4.1, 4.3 and 4.4]. (A simple, uniform proof of the
bound for dim Cp(t) with p # 2 and ¢ € D can be found in [32, 2.1].) O

B. Unipotent elements and parabolics.

The classes of unipotent elements in exceptional algebraic groups can be
found in [6, p. 401] over C, and in [7, 11, 27, 28, 33, 34] for arbitrary
characteristics. Convenient notation and tables of all unipotent classes can
be found in [17], where the Jordan canonical forms of all such elements on
various G-modules are given. We adopt the notation of [17].

The following result is taken from [6, 5.9.6]. It is stated there for large
primes, and was extended to all good primes in [29, 30].

Proposition 1.6. Let G be a simple algebraic group in characteristic p,
and suppose p is not a bad prime for G. Then the unipotent classes in G
are in bijective correspondence with G-classes of pairs (L, Pr/), where L is a
Levi subgroup of G and Py, is a distinguished parabolic subgroup of L'. An
element in the class corresponding to (L, Py/) is a distinguished unipotent
element of L'.

The distinguished parabolic subgroups of simple algebraic groups are de-
scribed in [6, p. 174], and this gives rise to the labelling of unipotent classes
in [6], [17], etc. In particular, for type A; only the Borel subgroups are
distinguished, and accordingly, the only distinguished unipotent elements of
A; are the regular unipotent elements. Thus in the (fairly common) case
that the Levi subgroup L has L’ a product of factors of type A;, there is
just one corresponding unipotent class in GG, consisting of elements which
are regular in each factor.

When p is a bad prime, the labelling of unipotent classes of G given by
Proposition 1.6 remains valid, except that there are a few extra classes, as
summarised in [17] for G of exceptional type, and in [6, p. 180] for G of clas-
sical type. An interesting consequence of the unipotent class determination
is that, excluding the extra classes, dim Cg(u) depends only on the label of
the unipotent element u, and not on the characteristic. These numbers are
tabulated in [6, pp. 401-407] for exceptional types.

The next result contains some consequences of the unipotent classification
for exceptional groups.

Proposition 1.7. Let G be an exceptional algebraic group, and let 1 # u €
G be a unipotent element such that dim Cg(u) > lg, where lg is as in Table 2
below.
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Then u belongs to one of the conjugacy classes listed in the table; also
given are the dimensions of R = R,(C°) (where C = Cg(u)), the type of
C°/R, the dimension of the variety B, of Borel subgroups of G containing
u, and the order of C/CY. When p = 2, the involution classes in G are

those labelled kA, for some k (also 3AY,3A} in E7, and El, E&g) in Fy,G2).

Gllg|lu with dimCg(u) > lg| dimu® dim R C°/R dim B, [|C/C°
Fs|80 A1,241,34,, 58,92,112, | 57,78,81,| Er, Bs, A1Fy, | 91,74,64,| 1,1,1,
Ao, 4Ay, Ay + Ay, | 114,128,136,| 56,84,77,| FEs,Cs, As, |63,56,52, | 2,1,2,
Ag + 241, As, Ay + 3A1,| 146,148,154, | 78,45,77, |A1 Bs, Bs, A1G2 47,46,43, | 1,1,1,
245,245 + Ay, 156,162, 64,69, G3,A1Go, 42,39, | 2,1,
As + Ay, Dy(ar) 164,166 60,54 Ay Bs, Dy 38,37 | 1,6
E741 Ay, 244, 3AY, 34,52,54, |33,42,27,| D, A1Bu, Fy, | 46,37,36, | 1,1,1,
34}, Ay, 44,, 64,66,70, |45,32,42,| A1Cs, As,Cs, |31,30,28,(1,2,1,
Ag+ Ay, Ay + 241, As, | 76,82,84, |41,42,25, |AsTy, A3, A1Bs,|25,22,21,] 2,1,1,
245, Ay + 344, 84,84, 32,35, A1Ga, G, 21,21, | 1.1,
(Az + A1) 242+ Ay 86,90 26,37 Bs, A} 20,18 | 1,1
F|26 A1,241,3A,, 22,32,40, |21,24,27, |As, BsTi, A1 As,| 25,20,16, | 1,1,1,
Ao, Ay + Ay, 42,46, 20,23, | Agda, ATy, | 1513, | 2.1,
242, Ay + 24, 48,50 16,24 Ga, A1 Th 12,11 | 1,1
Fi18|A1, Ai(p=2), A1(p £ 2)| 16,16,22, |15,15,15,| Cs,Bs, As, |16,16,13,|1,1,2,
AP (p=2), A1 A, 22,28, 20,18, Ba, A1 A1, 13,10, | 1,1,
Ag, Ay(p #2), A2(p=12)| 30,30,30 | 14,8,14 | Az, Ga, As 9,99 | 21,2
Gol 4 Ay, Ay(p = 3), 6,6, 5,5, Ay, Ay, 3,3, 1,1,
Ai(p#3),AP(p=23) 8.8 3,6 Al 2,2 1,1
Table 2.

Remark. In fact for G = F}, the groups C°/R are not explicitly given in
the references [33, 34], but the entries in Table 2 giving these groups are
easily verified.

The following is another consequence of the unipotent class classification.

Proposition 1.8. Upper bounds for the numbers u(G) of classes of unipo-
tent elements in exceptional algebraic groups G are as follows:

w(Es) < 74, u(Er) < 46, u(Eg) < 21, u(Fy) < 20, u(Gs) < 6.

Next we record a result of Spaltenstein [35]:
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Proposition 1.9. If u is a unipotent element of the simple algebraic group
G, and B is a Borel subgroup of G, then

1
dim(u® N B) = B dim .

Moreover, if P is a parabolic subgroup of G, and Bp the variety of Borel
subgroups of P, then

1
dim(u N P) < 5 dim u® + dim Bp.
Finally, if B, is the variety of Borel subgroups of G containing u, then
1
dim B, = i(dim Ca(u) — rank(G)).

Proof. The first and last statements are in [35, p. 54] (see also [6, 5.10.2]).
For the second statement, let B < P and consider the surjective map (u% N
B) x P — u% N P, sending (u1,x) — u¥. The preimage of u¥ contains
{(u?",bz) : b€ B}. So all fibres have dimension at least dim B. The result
follows. 0

We shall also need information in the following proposition concerning
unipotent classes in classical groups.

Proposition 1.10. Let G be a classical group GLn(K), GSpn(K) or
GO, (K), where K is an algebraically closed field of characteristic p, and
let w be a nonidentity unipotent element in G. Suppose for each i, the Jor-
dan canonical form for u has n; Jordan blocks of size i.

(i) If G = GL,(K), then
dim Cg(u) =2 Z inin; + Z m
1<J
(ii) If G = GSpp(K) with p # 2, then n; is even whenever i is odd, and
dim Cg(u) = Zznm] + = Zm + = Z n;.
1<J zodd
(iii) If G = GO, (K) with p # 2, then n; is even whenever i is even, and
dim Cg(u) = me] + = Zm - = Z n;.
1<J zodd

(iv) Let G = GO, (K) with p = 2, and set m = [n/2]. Involutions in G
are represented by elements apy—p, Cyp—k (0 < k < m and m — k even),
b—k (0 < k < m and m — k odd), where each of am—t,bm—t, Cm—k
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has m — k Jordan blocks of size 2 and the rest of size 1. Further, if
n=2m+1, then

dim Cg(am—k) = m? +m + k2,

dim Cg(bp,_1) = dim Ca(cp_1) = m? + k2 + k;
and if n = 2m then

dim Cg(am_p) = m? + k* — k,

dim Cg (bp—i) = dim Cg(cp_p) = m? — m + k?,
and Ak, Com—p lie in G' = SO, (K), while by, € G —G'.

Proof. Parts (i)-(iii) follow from [37, pp. 34-39]. (For K = C the same
results can be found in [6, p. 398].) Part (iv) follows from [2, Sections 7,
8. 0

Next we give some information concerning parabolic subgroups of the
simple algebraic group G. Recall first that the highest root in the root
system X(G) of G is the root ap = Y ¢;a; with Y ¢; maximal (where «; are
the fundamental roots). The highest roots of the simple root systems are as
follows, where we use the notation of [5, p. 250], and denote le cia; by the
sequence ¢icg . ..cp:

G=A4;: ay=111...1
G=B: oy=122...2
G=C;: oy=22...21
G=D;: «ap=122...211
G:G22 a0:23
G=Fy: oag=2342
G=Fs: ap=122321
G=F;: «op=2234321
G =EFEg: o= 23465432

As usual, denote by P, ; . the standard parabolic subgroup of G' corre-
sponding to deletion of nodes i, j,... from the Dynkin diagram.

Proposition 1.11. Suppose the Dynkin diagram of G is simply laced, and
let ag = > cjv; be the highest root. Then the nilpotence class of the unipotent
radical Ry, (P; ;) is equal to ¢; +c¢; + .

Proof. This is [3, Lemma 4]. O

Proposition 1.12. Denote by U,, the long root subgroup of G correspond-
ing to ag, and let 1 # uy, € Uyy. Then P = Ng(Ua,) is a parabolic
subgroup of G, as in Table 3; we also give dim R, (P) (and also dim ugo,
since dimug, = dim R, (P) +1).
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Proof. The appropriate parabolic is obtained by deleting those nodes adja-
cent to ag in the extended Dynkin diagram of G (see [5, p. 250]). For the
last equality, observe that

dimu, = dim(G/Cq(ua,)) = dim(G/P) + 1 = dim R, (P) + 1.

G | P= Ng(U,,) | dim R, (P)
A Py 20 —1
B, Py 41 —5
C P 20 —1
D, Py 41 -7
G2 P 5
Fy P 15
Eg b 21
E; P 33
Eg B 57
Table 3.

We conclude this subsection with a few further properties of long root
elements.

Proposition 1.13. Let u, be a long root element of the simple algebraic
group G. Then:

(i) If P is a parabolic subgroup, then the number of P-classes in uS N P
is finite, with representatives given by long root elements u, for a in
a fixed root system of P.

(ii) Let D be a connected semisimple subgroup of G containing u.. Then
uq lies in a simple factor Dy of D. Moreover, either uq is a long root
element of Dy, or p =2, Dy = B, lying in a subsystem subgroup Ao,
of G, and uq is a short root element of Dy.

(iii) Let M be a connected reductive subgroup of G, and suppose that ug
normalizes M but does not induce an inner automorphism on M. Then
p=2and M = XY, a commuting product, where u, centralizes Y
and X = D,, or Ty. Moreover, if X = D,, then Cx(uy) = Bpn—1.

Proof. (i) Set Py = Ng(U,), a parabolic subgroup. We may assume that P
and Py contain a common Borel subgroup and maximal torus 7. Then the
double coset space P\G/P, is finite, with double coset representatives lying
in Ng(T). Replacing Py by Pj = Cg(uq), the number of double cosets does
not change since Py = PyT.

(ii) Say D = D; x Dy, where each D; is a product of simple factors.
Set u = uq,, and suppose we can write u = wjug, with 1 # u; € D;. By
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[1, 2.1], there exists d; € D; such that u;'uf" is not a p-element. Then
1,.d

u}' is not a p-element. So J = (Uy, Uy is a group of type A;
(see [23, 1.1]) and a@ = u~'u?®* can be computed in J. It follows that a is a
p/-element, not of order 2. Hence by [23, 1.2], Cg(a)’ = Cg(J). However,
Dy centralizes a, but does not centralize u € J, a contradiction.

This shows that u, is contained in a simple factor of D. The last state-

ment follows from [23, 2.2, 3.2 and 3.3].

ulyd = (I

(iii) We first assert that if u, normalizes but does not centralize a torus T
in G, then p = 2 and u,, centralizes a sub-torus of codimension 1 in 7. To see
this, pick ¢t € T such that a = [us,t] # 1. Then a € T, so J = (U,,U!) is a
fundamental SLg in G (see [23, 1.1]). Moreover, u, normalizes T3 = TN J.
Since |Ny(Thv)/T1| = 2, it follows that p = 2 and |a| > 2. By [23, 1.2],
Cg(a) = Cq(Th) = ThD, where D = Cg(J). Since T' < Cg(T1), it follows
that u, centralizes T'N D, a torus of codimension 1 in 7. The assertion is
proved.

Now M = M'Z, where Z = Z(M)° and M’ is semisimple. Now M’ is a
product of simple factors. Some may be permuted by u, in orbits of size p:
Let the product of these factors be H = H; ... H,. Some may be fixed by
uq but have u, inducing an outer automorphism on them: Let the product
of these be L = Ly ... Ly. The rest are fixed by u, and have u,, inducing an
inner automorphism: Call the product of these S. Then M = HLSZ.

Suppose that H # 1, and say u, permutes the simple factors Hj, ..., H,
cyclically. If Ty is a maximal torus of Hj, then u, normalizes the torus

T = TOT(;“”...TOUg ' of Hy...Hy, By the earlier assertion, p = 2 and
uq centralizes a sub-torus of codimension 1 in T, whence dim7y = 1 and
H = H1H; with Hi &£ Hy =2 A;. Thus in this case p = 2 and H = Do,
which is a configuration allowed for in the conclusion of the proposition.

Now consider a factor L; of L. If p # 2, then L; & Dy and p = 3. By 1.4,
there are two classes of graph automorphisms of Dy, represented by 7 and
Tt, where Cp,(7) = G2, and t is a long root element of this Ga. Both these
automorphisms normalize a subgroup (A;)? of Dy, permuting the 3 factors
cyclically. Hence by the previous paragraph, neither can be induced by a
root element of G. Therefore p = 2, and now it follows from [23, 3.3] that
L; =2 D, and Cr,(uq) = B,—1. Moreover, if T,,_; is a maximal torus of this
By,_1, then Cp,, (T,—1) = T},, a maximal torus of D,, normalized by ug.

Because of the assertion in the first paragraph, if H # 1 then L = 1; if
L #1then H=1and L = L is simple; and if H = L = 1 then Z # 1 and
U, does not centralize Z, in which case p = 2 and u,, induces a reflection on
Z.

We have established that p =2 and M = XY, where X = D,, or 17 and
Uq induces an inner automorphism on Y. Now arguing as in the proof of
Part (ii), we deduce that u, centralizes Y, completing the proof. O
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C. Fixed point spaces and conjugacy classes.
We finish the section with a result relating fixed points to conjugacy
classes.

Proposition 1.14. Let G be an algebraic group, and let H be a closed sub-
group. Write Q for the coset variety G/H. Then for x € H,

f(z, Q) = dim 2z — dim(z% N H).
Proof. Define
V={(g,w) € GXN:wg=w}
If m,¢: G x Q — Q are the morphisms defined by
(g, w)m =w, (g9,w)¢ =wyg,

then V = {(g,w) € G x Q : (g,w)m = (9,w)¢p}, and hence V is a closed
subvariety of G x 2.
For x € H, define

Ve ={(2%w) : g € G,w € Qwa? =w}.

Then V, is a variety, and the map V, — 2 given by (29,w) — 9 has fibres
of dimension dim fixq(x), so

dim V, = dim % + dim fixq(x).

On the other hand, the map V, — Q given by (29,w) — w has fibres of
dimension dim(z% N H), so

dim V, = dim Q + dim(z% N H).

The conclusion follows. O

2. Proof of Theorem 2, Part (I)(a): Unipotent elements in
parabolics.

In this section we prove Part (I)(a) of Theorem 2. Thus let G be a simple
algebraic group of exceptional type over an algebraically closed field K of
characteristic p (allowing p = 0), and let P; be a maximal parabolic subgroup
of G. Write P; = @Q;L;, where @; is the unipotent radical and L; a Levi
subgroup. Let u be a nonidentity unipotent element of P;, u, a long root
element, and ug a short root element (in the cases where these exist). If
p > 0 we take u to be of order p (as we may, for the purpose of proving
Theorem 2).
We first establish:

Lemma 2.1. We have

dim ug — dim(uaG NP;) =cgia
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where cq.i o s as in Table 7.1. Moreover, if (G,p) = (F4,2) or (Ga,3), then
dim ug - dim(ug N P;) = cq,ip, where cgip is as in Table 7.2.

Proof. Observe that the last statement concerning (Fy, 2) and (Ge, 3) follows
from the first part of the proposition, as can be seen by applying a graph
automorphism of G. Hence we just need to prove the first statement.

Write 4 = u,. By 1.13(i), we can take dim(u® N P;) = dimu with u
lying in either @Q; or L;.

Suppose first that v € L;. Let ();” be the unipotent radical of the parabolic
opposite to P;. Now @Q;L;Q; is an open dense subset of G, hence Q;L;Q; N
C¢(u) is open dense in the connected group Cg(u), and it follows that

dim Cg(u) = dim Cg, (u) + dim Cp, (u) + dim Cy- (u).

Moreover, if wg is the longest element of the Weyl group, then wq (or,
for G = Eg, wor with 7 a graph automorphism) interchanges Q; with Q;
and normalizes an L;-conjugate of U, (a root group containing u), whence
dim C’Q; (u) = dim Cg,(u). Since dimu? = dimu® + dimuli, it follows
that

dimu€ = dim u” + dim u%:.

Therefore
dim u® = %(dim u® — dim ul?),

and hence
dim v — dim u

1
Pi — dimu® = i(dimuG — dim ™).

The right hand side of this equation is easily calculated using 1.12, and is
equal to cq i -

Finally, if v € Q; then v/ C B for each Borel subgroup B of P;, and
hence by 1.9, dimu* < %dim u®, whence

G

dim v — dim > = dim u®,

N | =

which is larger than cg; «-

This completes the proof, except for those cases where L; contains no
conjugate of u. This occurs only when G = G2 and ¢ = 1. In this case,
by 1.13(i) we may take u € Q1\Z(Q1), and dimu® N P; = dimu™. When
p # 3, we have dim Z(Q1) = 1, and Q1/Z(Q1) has the structure of an
irreducible module for L] 2 A; of high weight 3\, with ©Z(Q1) a maximal
vector. It follows that dim Cg, (u)+dim Cp, (u) = 4+2, whence dim uf* = 3
and dimu® — dimuf =6 -3 = ca1,a- And when p = 3, we again have
dim Cg, (u) + dim Cp, (u) = 4 + 2, giving the conclusion. O
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Define B; to be the variety of all Borel subgroups of G lying in P;, and
Pi . the variety of all conjugates of P; which contain u. For P € P;,, let
Bp,, be the variety of Borel subgroups in P which contain u, and define

Niy =min {dimBp,, : P € P; 4},

b; = dim B;.
Define also B, to be the variety of Borel subgroups of G containing .
Lemma 2.2. We have
dimu® — dim(u® N P) = f(u, G/P;) > dim(G/P;) — dim B, + N .

Proof. Let ¢ : B, — P be the surjective morphism sending a Borel sub-
group B to the unique conjugate of P; containing B. The fibres of ¢ have
dimension at least V;,, and hence

dimP; ,, = dim Im¢ < dim By, — N 4.
Since
f(u,G/P;) = dim(G/P;) — dim fixg,p, (u) = dim(G/F;) — dim P; 4,
the result follows. O

In view of the preceding lemma, it is desirable to obtain good lower bounds
on the numbers N;,. The following result will be useful in this respect.

Lemma 2.3. Let P = QL be a parabolic subgroup of G with unipotent
radical Q and Levi subgroup L, and let x € P. If v € L is such that
rQ = vQ, then dim Cpg)(z) < dim Cpg)(v).

Proof. Consider a P-filtration of L(G) compatible with a direct sum decom-
position under the action of L (for weight spaces of the central torus Z(L)?).
The unipotent radical () is trivial on successive factors, so the dimension of
the centralizer in L(G) of z is certainly bounded above by the sum of the
dimensions of its centralizers in each of the weight spaces. But this sum is
just the dimension of the centralizer in L(G) of v, giving the conclusion. O

Lemma 2.4. If dimu® > 2(b; + C/G,i)r then the conclusion of Theorem
2(I)(a) holds (i.e., f(u,G/P;) > cg;)-

Proof. By 1.9, dim(u® N P,) < § dimu® + b;, and hence
1
f(u,G/P) = dimu® — dim(u® N P;) > B dim u® — b;.
The conclusion follows. (]

Lemma 2.5. The conclusion of Theorem 2(I)(a) holds if G = Eg.
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Proof. Suppose G = FEg. For convenience we record the values of dim Q;, b;
and ¢; = cjg&i below:

1= 1 2 3 4 ) 6 7 8
L; = D; A; A1Ag A1AsAy A3Ay AsDs AEg Er
dim@;, = 78 92 98 106 104 97 83 57
b; = 42 28 22 14 16 23 37 63
c = 28 34 36 40 39 36 30 20

By 2.1 and 2.4, we may suppose that dimu® < 2(b; 4 ¢;) and u is not a long
root element. Hence using 1.7 we see that u belongs to one of the following
classes of unipotent elements in G:

u € one of
941,34, Ay, A4y, Ay + A,
924,,34,, Ay

241

94,,34,, Ay, 44,

8 2A1,3A1,A9,4A4,..., A3+ Ay

(In the last row, the list is ordered as in 1.7.)
By 2.2 we have f(u,G/P;) > dim(G/P;) — dim B,, + N; ,, where

N =min {dimBp,, : P € P;,}.

The values of dim B,, are given by 1.7. We now establish lower bounds for
Niy.

Let v € L; be such that uQ; = vQ;. By 2.3, dim Cp (g (u) < dim Cp gy (v),
so we see from 1.7 and the dimensions of Cp(q(u) which are given in [17],
that v is either in the same class as u, or in a class which occurs earlier
in the list of classes above (but including the classes A; and {1}). For
example, if ¢ = 1 and wu lies in class Ao, then v lies in one of the classes
1,A1,2A1,3A1, Ao. Note also that as L; is a Levi subgroup, the label for v
as an element of L; is the same as its label as an element of G.

Suppose first that ¢ = 1. Then u lies in one of the classes 241,3A1, As,
4A1, Ao+ A;. Consider u € 2A1. Then v lies in one of the classes 1, A1,2A;.
The minimal value of dim Bp, will be attained when v lies in class 2A4;.
There are two such classes in Lj = D7: One corresponding to 24; acting as
SO, on the usual 14-dimensional module V14, and the other corresponding
to 241 lying in an Ag subgroup. For v in the SOy4-type class, with p # 2, v
acts as J3 @ Jlll on Vi4 (where J; denotes a Jordan block of size i), and it
follows from 1.10 that dim Cp,(v) = 67, whence by 1.9,

67 -7

dim Bp,, = ~—— = 30.

And for v in the SOy4-type class with p = 2, we have v = ¢y in the notation
of 1.10, and 1.10 gives dim Cp.(v) = 67 again. For v in the other 24; class

I i Al B
(SANSY
(=)
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of D7, with p # 2, v acts on V4 as J5 @ J¢, and 1.10 gives dim Cp. (u) = 55;
the same holds for p = 2, in which case v = a4 in the notation of 1.10. Hence
by 1.9,

dim Bp, = 24.
It follows that for u € 24, we have Ny, = 24. Also dim B,, = 74, so by 2.2,
f(u,G/P1) > dimG/P —dim B, + Ny, = 78 — 74+ 24 = 28 = ¢34,

as required.

This handles the case where u € 2A;. For the other possibilities for the
class of u we argue in the same way: Use 1.10 to calculate the possibilities
for dim Cp, (v) - the minimum occurs when v is in the same class as u; for
each such possibility we calculate dim Bp, using 1.9; hence we work out
Ni 4, and finally application of 2.2 gives the required bound. The numbers
which come out are given in the following table:

class of u,v dimCp,(v) dimBp, Ni,

34, 49 or 51 21 or22 21
Ao 49 21 21
4A, 43 18 18
A+ Ay 39 16 16
This completes the proof when ¢ = 1.
For ¢ = 2,3 or 6 we argue in the same way, obtaining the following
information:

class of u,v dimCy,(v) (i =2) dimCa,a,(v) > dimCa,p,(v) >

(i=3) (i=6)

244 39 3+ 28 8+ 25
3A1 33 3+ 24 8+ 21
Ay 37 3+ 26 8+ 19

Using 1.9 we deduce that V; 24, = 16,12, 13 according as i = 2, 3,6 respec-
tively; likewise N;34, = 13,10,11 and N; 4, = 15,11,10. The conclusion
follows, using 2.2.

When ¢ = 4 or 5, we have u € 2A4; and the above arguments yield
Ny =8, N5, =9, again giving the result by 2.2.

Next consider ¢ = 7, so L, = AjEg. Here u € 241,3A;, Ay or 44;, and
in the first three cases the minimal value of dim Bp,, is achieved when v lies
in Fg, in the class of Fg with the same label as u. Hence in these cases
N7, =1+ dim Bfﬁ, where dim Bfﬁ is the value of dim B, regarding v as an
element of Ejg (i.e., the dimension of the variety of Borels of Eg containing
u). And when u € 4A4; the minimal value is achieved when v projects to an
element in the class 34; of Eg, and N7, = dim 856. These values are given
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by 1.7, so we have

u € N77u
24, 21
3A; 17
Ay 16
4A; 16

The conclusion follows from 2.2.

Finally, the case where ¢ = 8 is entirely similar: The minimal value of
dim Bp,, is achieved when v lies in Ly = Ey, in the class of E; with the
same label as u; so Ng, = dim BL7, which is given by 1.7. In all cases 2.2

gives the required bound. O
Lemma 2.6. The conclusion of Theorem 2(1)(a) holds if G = Ex.

Proof. The argument is very similar to that of the previous proposition, and
we just give a sketch. The values of dim Q;, b; and ¢; = Cﬁ'am‘ are as follows:

1= 1 2 3 4 ) 6 7
L; = Dg Ag A1A; A1AsA3 A Ay A1Ds Eg
dim@; = 33 42 47 53 50 42 27
b; = 30 21 16 10 13 21 36
c; = 1216 18 21 20 16 10

Again we may suppose that dimu® < 2(b; + ¢;) and u is not a long root
element, so by 1.7 u belongs to one of the following classes:

u € one of
2A1,..., A9 + 24,
241,347, 34}, Ay, 44,
241,347, 34}, As
24, 3A"

241,347, 34"
2A1,...,2A2 + Ay

N S I R
o

Let v € L; with u@; = vQ;. As in the previous proof, we find that the
minimal value of dim Bp,, is realised when v is in the class of L; having the
same label as that of u (when such a class exists in L;).
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For i =1, we use 1.10 to calculate dim C'/ (v) = dim Cpg (v):

class of u,v dimCpy(v)  Niu

241 38 or 46 16
type 341 36or34 150r 14
Ay 32 13
44,4 30 12
As + Aq 26 10
Ay + 244 24 9

The only slightly subtle point to note concerns the classes of type 3A;. There
are three such classes in Dg. One, represented by v; say, corresponds to a
3A; subgroup of type SO4 x Ay, and hence acts on the usual module V;5 as
J3® J2 @ J} (when p # 2) and as ¢4 (when p = 2 - notation of 1.10). As
Vse | Dg = V5 ® Vp,(Xs), it follows that vy has J; blocks on Vg, and hence
by [17, Table 7], v; lies in the class 34} of E;. The other classes of type
3A1 in Dg correspond to 3A; subgroups of Dg lying in an As Levi, and have
centralizer in Dg of dimension 36.

The conclusion now follows for ¢ = 1, using 2.2.

For i = 2, we have L5 = Ag and 1.10 gives:

ve dimCyy(v) Noy

24, 28 11
3A; 24 9
As 26 10

As above, the action of a 3A; element of Ag on Vi shows that it is in the
class 347 of G. Now the conclusion follows from 2.2.

The argument for ¢ = 3,4,5,6 is similar. And for i = 7, L, = Ej, as at
the end of the previous proposition we have N7, = dim BEs | which is given
by 1.7, and now 2.2 gives the required bound. O

Lemma 2.7. The conclusion of Theorem 2(I)(a) holds if G = E.

Proof. The argument is entirely similar to that of the previous propositions,
and is left to the reader. O

Lemma 2.8. The conclusion of Theorem 2(1)(a) holds if G = Fy or Gs.

Proof. Suppose first that G = Fy and p # 2. As usual choose v € L; with
u@; = vQ;. For i = 1 we may assume dim u® < 2(b1—|—c’F4’1) = 34, s0 by 1.7,
u lies in one of the classes ﬁh Algl, AVQ, As. In the usual way, the minimal
value of B, is realised when v is in the same class as u. When u,v € Ay, v

acts as J3 @ J# on the natural module Vg for L} = C3, so dim C¢,(v) = 11
by 1.10. Therefore N, = 4, and 2.2 gives

f(u,G/P1) >15—-134+4=6=cp, 13,
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as required. When u,v € A Ay, v acts as J3 and 1.10 gives dim C¢,(v) = 9,
whence Ny, =3 and f(u,G/P;) > 8 = c’F471, as required. If u,v € Ay then
v acts as J2, dim Cey (v) = 7 so Ny, = 2, giving the result by 2.2. And if
u € As then no conjugate of u lies in Cs, so v lies in one of the “earlier”
classes 1, Aq, gl, A gl, 112, and the result follows from previous calculations.

This completes the argument for ¢ = 1. The remaining values of i (with
p # 2) are handled very similarly, and we leave this to the reader.

Now consider G = Fy, p = 2. By 1.7 this group has 4 classes of involutions,
namely Ap, ﬁl, Agz), Alﬁl. By 2.1 we may assume that u lies in one of the
latter two classes. Both are fixed by a graph automorphism of G, so we only

need to deal with ¢« = 1 or 2. For ¢ = 1, the class A§2) is represented by
U = Ty (1)Tay+2a5(1) (see [17, Table A]). The roots ag, as + 2as span a Co
subsystem, and hence a conjugate v of u lies in C3 = L), and is in the class
of ¢z (in the notation of 1.10). Then dim C¢,(v) = 11, N1, = 4, and 2.2
gives f(u,G/Py) > 6 = C/F4’1, as required. The class A1 A; is represented
by b3 € (3, and a similar argument gives the conclusion for this class when
i=1.

Now suppose i = 2. The group L}, = Algg has three involution classes,

with representatives in the classes A1, gl and Algl of G. Hence for u € Agz)

we must have v € {1}, 41 or Zl, whence Ny, > 2, giving f(u,G/P2) > 9
by 2.2. And for u € Ay Ay, we have dim BB, = 10, so 2.2 gives f(u, G/Py) > 10
immediately.

Finally, the proof for G = G5 is carried out in similar fashion, and we
leave it to the reader. (|

This completes the proof of Theorem 2(I)(a).

3. Proof of Theorem 2, Part (I)(b): Semisimple elements in
parabolics.

In this section we prove Part (I)(b) of Theorem 2. Continue to assume that
G is an exceptional algebraic group over the algebraically closed field K,
and that P; = Q;L; is a maximal parabolic subgroup of G with unipotent
radical ); and Levi subgroup L;.

Let s be a nonidentity semisimple element of G lying in F;, and write
D = Cg(s). By [36, 11, 4.1], DV is reductive, and D/D" is isomorphic to a
subgroup of the fundamental group of G, which has order 1, 2 or 3 (2 for
E;, 3 for Eg, 1 otherwise).

By 1.3(ii), s% N P; consists of finitely many P;-classes. Hence, replacing s
by a suitable conjugate, we may assume that dim(sG N P;) = dim s".
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Lemma 3.1. The intersection D N P; is a parabolic subgroup of D. More-
over, R,(DNPF;) < Q;, and

dim s% — dim s7 = dim Q; — dim R, (D N P;) = dim s%.

Proof. Observe that s lies in a maximal torus T of P;. Clearly D = Cg(s)
contains 7', and hence T' < D N P;.

We now argue that D N P; is a parabolic subgroup of D. The T-root
groups in G all lie in @;, L; or Q; (the unipotent radical of the parabolic
opposite to P;). Note that if U, < Cg(s) then also U_, < Cg(s). If
Cg,(s) = 1 then Cg(s)? = Cr,(s)? = Cp,(s)°, so (DN P)° = D And if
Cq,(s) # 1, by [4] we can embed Cp,(s) in a parabolic subgroup P of D
such that Cg,(s) < Ry(P). Then DNP; = Cp,(s) = P: For otherwise, there
is a T-root group U, such that U, < P but Uy, £ Cp,(s); then Uy < Q7
which forces U_,, < Cg,(s), whereas (U,,U_,) = SLo, a contradiction.

Thus D N P; is a parabolic subgroup of D. Moreover, D N P; = Cp,(s) =
Co,(s)Cr,(s) and Cp,(s) is reductive, so R, (DNP;) = Cg,(s) < Q;. Finally,

dim s¢ — dim 57 = dim(G/P;) — dim(D/D N P;),

and the last part follows, as dim(G/P;) = dim@; and dim(D/D N P;) =
dim Ry (D N P). 0

The preceding lemma shows that, for a given P;, in order to bound
f(s,G/P;) below it suffices to bound dim R, (D N P;) above. We shall see
that it is possible to obtain the required bounds by using arguments in-
volving root systems, in particular exploiting the fact that the root system
of R,(D N P;) must embed in that of @;. Throughout the remainder of
this section, let G have simple roots aq, ..., a, and highest root ag. Let D
have simple factors D1, Do, ... in order of decreasing dimension, and assume
that the positive roots of D are a subset of those of G. Let D; have simple
roots (1, ..., Bmn and highest root [y, and Dy (if it exists) have simple roots
Y1, - -, and highest root 7o. If @ =) mja;, the height of o with respect
to P; will mean m;; similarly the height of > n;3; with respect to the par-
abolic P;,;,. (D) will mean n;, +n;, + ..., and so on. If X is a product of
root groups, we write ®(X) for the set of roots with root groups in X.

Lemma 3.2. The conclusion of Theorem 2(I)(b) holds if G = Ex.

Proof. Suppose G = Eg. Inspection of the lists given in [9] of subsystems
occurring in centralizers of semisimple elements shows that either D has
a factor F; or Dg, or D is contained in a group FgAs, DsAs, As, A7A1,
AsAsAq, A42, D7Ty or DgA1Ty. For the purposes of this proof we shall say
that D is ‘small’ if it has no E7 or Dg factor.



360 R. LAWTHER, M.W. LIEBECK, AND G.M. SEITZ

For convenience we record the dimension and nilpotence class of @; (the
latter being given by 1.11):
i
1 2 3 4 5 6 7 8

dim@; |78 92 98 106 104 97 83 57
class(Qi) | 2 3 4 6 5 4 3 2

By 3.1, we may assume that dim R, (D N P;) > dimQ; — dg,ip, and in
particular that D has more than dim@Q); — dg,; p positive roots; if D is
small, this number is 30, 34, 36, 39, 38, 36, 31 or 21 according as i = 1, 2,
3,4, 5,6, 7or8 Writing X; for a subgroup of A; containing a maximal
torus, we see that the possibilities for D small are as follows:

? D
4 D71
3, 5, 6 D7T1 or E6X2
2, 7 D7T1, E6X2 or Ag
1 D7T1, EgXQ, Ag or D6A1T1
8 D7T1,E6X2,A8,D6X1T1,D5X3,A7X1 or A6A1T1

First suppose i = 1. By 3.1, we have R, (D N P;) < 1, whence
class (R, (D N Pyp)) < class (Q1) = 2.

If D = E; Xy, then by 1.11, E; NP, = P](E'y) for j € {1,2,6,7}, and so
dim R, (E7 N P;) < 42, whence dim R, (D N P;) < 43; thus

f(s,G/P) >dim@Q, — 43 =35 = dg1,E,

as required. If D = Dg then D N P, # P5(Dg) or Ps(Dsg) because the Levi
factor A4A3 of P5(Dg) or AsA? of Ps(Ds) does not embed in L) = Dr;
thus D N Py is Pj(Dg) for j € {1,2,3,4,7,8} or Pj(Dsg) for j,k € {1,7,8},
giving dim R, (D N Py) < 38. Likewise, if D = D;T} then D; N Py is Pj(Dr)
for 1 < j < 7 or Pjp(Dr) for j,k € {1,6,7}, giving dim R,(D N P;) <
30; if D = FgXsy then Eg N P is _P](Eﬁ) for j # 4 or P16(E6), giving
dim R, (Eg N Py) < 25, whence dim R,,(DN P;) < 28; if D = Ag then DN P,
is Pj(Ag) or Pj,(Ag) and dim R, (D N Py) < 27; and if D = DgA T then
D¢ N Py is Pj(Dg) for 1 < j < 6 or Pj,(Ds) for j,k € {1,5,6}, giving
dim(R,(De N P1)) < 22, whence dim R,,(D N P;) < 23. In all cases, the
bounds required for Theorem 2(I)(b) follow.

The arguments for ¢ = 2, 3, 4 and 5 are all similarly straightforward; the
only point to note is that if D = Dg then D N P3 # Ps6(Dsg), because the
Levi factor A3A? does not embed in Ly = AgA;. Thus the conclusion of
Theorem 2(I)(b) holds in these cases.

Now let ¢ = 6. The arguments for the cases where D is small are straight-
forward. Suppose D = E7X7; we must show that dim R, (D N Pg) is at most
dim Q¢ — dg6,5, = 97 — 44 = 53. Since class(R,(D N Ps)) < 4, the only
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possibility requiring consideration is that of D N Py = Py(E7)Pi(A1). As
both R, (Py(E7)) and Qg have precisely three roots of height 4 (with respect
to Py(E7) and Py respectively), these roots must be equal; thus

Bo = a, Bo— b1 = ap — as, Bo—B1— P2 =09 — ar — as,
whence (51 = ag and o = a7 by subtraction. Now as 7y is orthogonal to Gy
it must be of the form ) mja; with mg = 0; as it is also orthogonal to [
and (2 we must have m; = 0 and mg = O—but then v; € ®(Qg). Thus the
case D N Py = Py(E7)P1(A1) cannot occur. Similarly suppose D = Dg; we
require dim R, (D N Ps) < 97 — 50 = 47, and the only case to be considered
is that where D N Ps = Psg(Dg). Again both R,(Pss(Dg)) and Qg have
precisely three roots of height 4, so we must have

Bo = ap, Po — P2 = ap — as, Bo— 1 — B2 = o — ar — as,
whence 81 = a7 and By = ag. As the coefficients of Gy in Gy and ag in ag
are equal, each g, for k > 2 must be of the form ) mja; with mg = 0, and
must be orthogonal to ;. However, 83 cannot then have mg = 1; thus the
case D N Ps = Psg(Dg) cannot occur. We have therefore shown that the
conclusion of Theorem 2(I)(b) holds if i = 6.

Next let i = 7; note that ®(Q7) has just two roots of height 3 with respect
to P;7, namely a9 and ag — ag. In the case where D is small we require
dim R, (DN P;7) < 31. If D = Ag this bound is easily seen to be satisfied. If
D = D;Ty, the result is clear provided class(R, (D N Py)) < class(P7) = 3,
so assume class(R, (DN Pr)) = 3; since (R, (DN Pr)) can have at most two
roots of height 3, we must have DNP; = Py3(D7) or Paj(Dr7) for j € {1,6,7},
and the bound follows. Similarly if D = FEgXs the result is clear unless
class(R,(D N Py)) = 3, when consideration of roots of height 3 rules out
E¢NP; = Pi5(Eg) or Psg(Eg), leaving just the case DN Py = Py(Eg)Pi2(As2)
to be treated; here we must have

Bo = o, Bo — B2 = ap — as,
giving B2 = ag. Since y; and v, are then orthogonal to ag and must have
nonzero ar-coefficient, they must both be of the form ) mja; with my =2
and mg = 1; but then vy = 71 4+ 72 is not a root, which contradiction shows
that D N P; = Py(FEs)P12(A2) cannot occur.

Now assume D is not small. If D = Dg we must show that dim R, (D N
P;) <83 —43 = 40. The parabolic D N P; of Dg cannot have Levi factor of
type As?, Dy Ay or AgAs, since these do not embed in L. = EgAy; we cannot
have D N P; = Pig(Dsg) or Pi73(Dg), since their unipotent radicals have too
many roots of height 3; all other possibilities for D N P; satisfy the bound.
If instead D = E7X;, we require dim R, (D N P;) < 83 — 36 = 47: Both
R, (Ps(E7)) and R, (P27(E7)) have too many roots of height 3; if E; N P; =
P3(E7), equating roots of height 3 shows that Sy = ap and 1 = ag, and
then any root orthogonal to both By and 3; must be of the form ) mja;
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with both mg = 0 and m7; = 0, and so lies outside ®(Q7)—so we cannot
have DN P; = P3(E7)P1(A1); again, all other possibilities for D N P; satisfy
the bound. Thus the conclusion of Theorem 2(I)(b) holds if i = 7.

Finally let ¢ = 8; we have class(Qg) = 2, and « is the only root of height
2 with respect to Pg. Thus if class(R,(D; N Ps)) = 2 for any simple factor
Dj of D, then oy must be the unique root of ®(R,(D; N Fg)) of height 2
with respect to D; N Pg, and any root in ®(Dj, N Fg) for k # j must be
orthogonal to gy and hence outside ®(Qg). These considerations quickly
show that all possibilities for D N Pg satisfy the relevant bound, namely
dim R, (D N Ps) < 33, 28 or 21 according as D = E7X;, D = Dg or D
is small. This completes the proof that the conclusion of Theorem 2(I)(b)
holds if G = Ej. U

Lemma 3.3. The conclusion of Theorem 2(I)(b) holds if G = E7.

Proof. Suppose G = F;. In this proof we say that D is small if it has no
factor Eg, Dg or Az; inspection of the lists in [9] as in the previous lemma
shows that if D is small then DY is contained in a group AsAs, A%Al,
1951417_'17 D4A%T1, A@Tl or A5A1T1.
Using 1.11, we record the dimension and class of Q;:
)

1 2 3 4 5 6 7

dim@; |33 42 47 53 50 42 27
class(Q;) | 2 2 3 4 3 2 1

By 3.1, we may again assume that D has more than dim Q); —dg ;,p positive
roots; if D is small, this number is 13, 16, 17, 19, 18, 16 or 10 according
asi=1,2,3,4,5, 6 or 7. Writing X; for a subgroup of A; containing a
maximal torus again, we see that the possibilities for D small are as follows:

i | DY
4, 5 A6T1 or D5X1T1
2,3,6 A6T1,D5X1T1 or A5A2
1 AﬁTl, D5X1T1, A5X2 or D4A%T1

7 | A¢Th, Ds X1 Th, A5 Xo, Ay XoTy, Dy X3T) or A3X,

First suppose ¢ = 1. As with the case i = 8 for G = Eg, we see that if
class(R,(D; N P1)) = 2 for any simple factor D; of D, then oy must be the
unique root of ®(R,(D; N P1)) of height 2 with respect to D; N P;, and any
root in ®(Dy N P;) for k # j must be outside ®(Q1). These considerations
quickly show that all possibilities for D N P; satisfy the relevant bound,
namely dim R,(D N P;) < 21, 17, 16 or 13 according as D > Eg, D > Dg,
D® = A; or D is small.

Next suppose ¢ = 2. The arguments here are all straightforward; we
merely need note that if D> Dg then Dg N Py # Py(Dg), because the Levi
factor A3A? does not embed in L}, = Ag, and for the same reason if D? = A7
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then A7 N P, does not have Levi factor A3A? or A3A;. Thus the conclusion
of Theorem 2(I)(b) holds in this case.

Now let ¢ = 3; note that ®(Q3) has just two roots of height 3 with respect
to P, namely ag and ag — «1. In the case where D is small, we require
dim R, (DN P3) < 17. If D® = A5 A5 this bound is easily seen to be satisfied.
If DO = AgT}, the result is clear provided class(R,(DNP3)) < class(Ps) = 3,
so assume class(R, (DN Ps)) = 3; since (R, (DN Ps)) can have at most two
roots of height 3, the bound follows immediately unless Ag N P3 = Pi35(Ag)
or Pyys(Ag). As these cases are equivalent under a graph automorphism of
Ag, it suffices to treat the former possibility; here we must have Sy = aq
and By — B¢ = ag — a1, so that Bg = a;—but then as 1 is orthogonal to
Be it cannot be of the form ) mja; with mg = 1, and thus cannot be of
height 1 with respect to Ps, a contradiction. Thus the bound is satisfied if
D° = AgTy. If instead D° = D5 X7y, we cannot have D5 NP3 = Pi45(D5) as
this would require more than two roots of height 3; the bound is then clear
unless D' N Py = Py3(D5)P1(A;). In this case we must have Sy = g and
Bo — P2 = ag — a1, so that 85 = aq; but then «; must be orthogonal to both
ap and «g, which forces it to be of the form ) mja; with m; = m3 = 0,
contrary to 1 € ®(Q3). Thus the bound is satisfied in all cases where D is
small.

Now assume D is not small. If D> Eg the argument is straightforward;
we require dim R, (D N P3) < 29, and as class(R, (D N P3)) < 3 the minimal
possibilities for the Levi factor of Eg N P3 are A3A;, A3A; and A4, each
of which means that the bound is satisfied. If instead D > Dg, we require
dim R, (DN Ps) < 24; here the condition that ®(R,,(DsN Ps)) should contain
at most two roots of height 3 with respect to Dg N Ps means that we cannot
have D6 N P3 = P14(D6), P35(D6), P36<D6) or P156(D6), and the required
bound follows. If D? = A7, the requirement is dim R, (DN Ps) < 22; arguing
as before with the nilpotence class and the number of roots of height 3, we
see that we need only consider the possibility that A7 N P3 = Pay7(A7) or
Py57(A7) (up to equivalence under the graph automorphism of A7). We
must then have By = ag and Gy — /1 = a9 — a1, so that 81 = a;—but
then as (7 is orthogonal to (1 it cannot be of height 1 with respect to P3, a
contradiction. Thus the conclusion of Theorem 2(I)(b) holds if i = 3.

The arguments for ¢ = 4 or 5 are all straightforward; the only point to
note is that if D = A7 we cannot have DN Py = Pyy5(A7), because the Levi
factor A‘lL does not embed in Lf = Ay As.

Now let ¢ = 6; we have class(Qg) = 2. The arguments for D small are all
straightforward, and we obtain dim R, (D N Ps) < 16 as required. If D> Fg
we require dim R, (D N Ps) < 25, and again this is immediate. If D° = A7
we require dim R, (D N Ps) < 20; here A7 N Ps cannot have Levi factor A3A4;
as this does not embed in Ly = DsA;, and the bound follows. Lastly if
D Dg we require dim R, (D N Pg) < 22, which is satisfied unless D = DgA;
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and D N Ps = Py(Dg)P1(A1). We shall show that this is impossible; this is
the most complicated of the cases to be treated.

Thus assume D N Ps = Py(Dg)P1(A1). Since both Q¢ and R, (Dg N Py)
have nilpotence class 2, the root (4 must have ag-coefficient 1, while each
root O for k # 6 must have ag-coefficient 0. As the coefficient of a7 in «y
is 1, the root (B4 must have ay-coefficient 0. As Dg is not a subsystem of
FEg, not all the 5, can have ay-coefficient 0, so we must have 8, = a7 for
some k; since a7 is not orthogonal to (4, and (B3 appears with coefficient
2 in fy, we may assume (after interchanging (5 and (g if necessary) that
B = a7. Now if we let = be the set of roots of the form ) mja; with
me = 2, then we must have v; € = as it is orthogonal to B¢ and has nonzero
ag-coefficient. However, ; is orthogonal to both Gy and By — (2, which also
lie in Z; but any root in = is orthogonal to precisely one other root in Z=.
This contradiction shows that we cannot have D N Py = Py(Dg)P1(A1).

Finally let i = 7; we have class(Q7) = 1. Moreover ®((Q)7) consists of 27
roots; of these, given two which are orthogonal there is exactly one other
orthogonal to both. (This is easily seen by using the Weyl group to move
the first root of an orthogonal pair to ar; the 10 roots in ®(Q7) orthogonal
to a are those of the form ) mjo; with mg = 2 and m7 = 1, and these fall
into five orthogonal pairs.) For D small, we require dim R, (DN Py) < 10: If
D% = A5As and AN P; = P3(As), then we already have the three mutually
orthogonal roots (3, B2 + O3 + [4 and [y in ®(Q7), so we cannot have
vj € ®(Q7) for j = 1 or 2; if DY = AT} we cannot have AgN P = P3(Ag) or
Py(Ag), as the Levi factor A3As does not embed in L, = Eg; if D° = D5 ATy
we cannot have DsA; N Pr = Pj(D5)P1(A;) for j € {4,5}, since then (3; and
~v1 would be orthogonal to the three roots Gy, Bo — (B2 and Gy — 81 — P2 in
®(Q7); in all other cases the arguments are straightforward. If D> Fg we
require dim R, (D N P;) < 16, and this is immediate. If D> Dg we need
dim R, (D N P;) < 15; here we may use the argument just given for the
case D* = D5A;T) to see that we cannot have D' N P; = Pj(Dg)P1(A;)
for j € {5,6}, and the bound follows. Lastly if D° = A; we must show
that dim R, (D N P;) < 12; here we cannot have A7 N P; = P;(Ayz) for
j € {3,4,5}, as the Levi factor A3 or A4A4s does not embed in L, = Fg,
and again the bound follows. This completes the proof that the conclusion
of Theorem 2(I)(b) holds if G = E7. O

Lemma 3.4. The conclusion of Theorem 2(1)(b) holds if G = Eg, Fy, Ga.

Proof. The proof is carried out using the methods of the previous lemmas;
the only points which need mentioning are as follows. Firstly, let G = Fj.
If i =1 or 6, then ®(Q;) does not contain three pairwise orthogonal roots.
Thus if D = A5 A; we cannot have either AsNP; = P3(As) (as then ®(R,, (DN
P;)) would contain 33, B2 + (3 + (4 and By) or D N P; = Pj(As)Pi(A;) for
j € {2,4} (as then ®(R,(D N P;)) would contain f2 + f3 + (4, fo and 71);
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and similarly if D = A4A1T; we cannot have D' N P; = Pj(A4)P1(A1) for
Jj € {2,3} (as then ®(R,(D N P;)) would contain B2 + f3, By and ~1). If
instead ¢ = 3 or 5, then (); has nilpotence class 2, and of the five roots
of height 2 with respect to P; no two are orthogonal; thus if D = A5A;
we cannot have A5 N P; = Pyy(As) (as then ®(R,(D N F;)) would contain
B2+ B3 + B4 and fo).

Secondly, let G = Fjy; here we exploit the distinction between long and
short roots. If @ = 1 then ®(Q1) contains just 6 short roots, of which no
two sum to a short root and none is orthogonal to ag; also ag is the unique
root of height~2 with respect to~P1. Thus if D = AyAs we cannot hgve
AsNP; = P12(A2); and if D = A3A; we cannot have DNP; = ij(Ag)Pl (Al)
for j,k € {1,2,3}. If i = 3 then ®(Q;) contains only 9 long roots, of which
no three may be added to form a root (since their as-coefficients are all 2 or
4); thus if D = By or AsA; the number of long roots in ®(D)\ (R, (DNPs))
must be at least 3 or 1 respectively. If i = 4, the following is true of ®(Q;):
it contains only 6 long roots, of which no three are pairwise orthogonal, no
two sum to a root and none is orthogonal to g = a1 + 2a9 + 3ag + 2ay,
the unique short root of height 2 with respect to Pj; also, given any two
of its long roots which are orthogonal, none of its short roots is orthogonal
to both. Thus if D = By we cannot have D N P; = Pj(B,) for j = 2
or 3, as then ®(R,(Pj(B4))) would contain 9 long roots; if D = CsA4;
we cannot have D N P; = P,(C3)P1(A1), as then ®(R,(D N P;)) would
contain the pairwise orthogonal roots (y, 2082 4+ B3 and ~1; if D = B3}
we cannot have Bs N P; = Py(Bs), as then ®(R,(D N P;)) would contain
061+ B2 and (o + 203, W}lose sum is a root; if D = AQAVQ we cannot have
AsNP;, = Plg(Ag), while AsNP;, = P12(A2) would force ag € (I)(Ru(DﬂPz)),
whence ®(Ay) N®(R,(DNP;)) = 0; and if D = A3A; we cannot have either
A3 N Py = Pjp(As) for j, k € {1,2,3} or DN P, = Py(A3)P1(Ay).

All other cases, including those in which G = G5, are straightforward,
and may be left to the reader. O

This completes the proof of Theorem 2(I)(b). In fact all the bounds
listed in Table 7.3 are sharp; for each entry dg; p, it is possible to find an
appropriate D for which dim Q; — dim R, (D N P;) takes the value given, as
may be verified by using a computer to form all W-translates of ®(D) and
taking intersections with ®(Q;).

4. Proof of Theorem 2, Part (II)(a): Unipotent elements in
maximal rank subgroups.

In this section we prove Theorem 2(II)(a). Thus let G be an exceptional
algebraic group over the algebraically closed field K of characteristic p, and
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let M be a maximal closed reductive subgroup of G of maximal rank (that is,
containing a maximal torus of G). The possibilities for M are given by 1.1.

We begin by handling elements in M — MY. For convenience we deal with
both semisimple and unipotent elements in this case:

Lemma 4.1. Let x € M — M° be an element of prime order, and let D =
Cg(z). Then dim 2% —dim (2% N (M — MY)) satisfies the bounds of Theorem
2(I1): That is,

dim 2% — dim(z% N (M — M?))
eq, x a long root element

> 9 e x unipotent, not a long root element

fa.m,p, x semisimple.

Proof. First consider G = FEg. The non-connected possibilities for M are
those with M© = Ag, AyFg, DyDy, AsAy, A%, A? or Tg. Using 1.4, we see that
if M? = Ag then dim(2% N (M — M°)) = dim(Ag/B,) = 44; if M° = AyEg
then dim(z% N (M — M°)) < dim(A3Eg/A;Cy) = 47; if M° = DyD, then
dim(z% N (M — M°)) < dim(D4D4/A3A3) = 40; and in the other cases,
dim(z% N (M — M?°)) < 28. The conclusion now follows if z is semisimple,
because then dimz® > 112, 128 or 156 according as D> E7, D = Dg or D
has no E7 or Dg factor. It also follows if x is not a root element (since then
by 1.7, dimz% > 92), or if M° # Ag, AsEg, DyD,. However, if MY is one
of the latter three subgroups, then x is not a root element by 1.13(iii).

Next let G = E;. Here M? = Ty Eg, A7, Ag A5, A3Dy, A7 or T+

Suppose M° = Ty Eg. If p # 2 then by 1.4, Cj0(x) = Fy or Cy; and from
the proof of [8, 2.15], Cq(x)° = T} Fg or Az, respectively. Therefore dim 2 —
dim(z% N (M — MY)) = 54— 27 or 70 — 43, which is equal to 27 in both cases,
giving the conclusion. If p = 2 then again by 1.4, dim(z% N (M — M?)) = 27
or 43. By [24, §2], Va(\1) | Es = V(\1) @ V(Xe) @ 02; since z interchanges
the first two spaces, it has at least 27 Jordan blocks of size 2 on Vi (A7), and
hence by [17] lies in class 3AY or 4A4; in G. These classes have dimensions 54
and 70. We need to show that dim 2% —dim(z“N(M—M?)) > e}, = 20. This
will follow provided we show that when Cpo(x) = Cg,(¢) (in the notation
of 1.4), x lies in the class 4A4; rather than 3AY. To see this, let u € M — M°
be an involution with Cjyo(u) = Fy. This Fy contains a subgroup Dy(s),
where s is an element of order 3 inducing a triality automorphism of Dy.
Moreover, Cg(D4) = (A1)?, with s permuting the 3 factors. Since u is
centralized by s, it must lie in a diagonal subgroup of this (4;)3. Now
taking the element ¢ to be a root element in the D4, we see that tu lies
diagonally in a subgroup 4A4;. This 4A4; is a Levi subgroup of G: For the
3A; is a Levi of type SO4 x A; in a Levi Dg of G, and inspection of the
Dynkin diagram of G shows that the fourth A; can be chosen to make a
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Levi 441 subgroup with this. Therefore tu is in the class 4A4; of G. Since
tu is a conjugate of x, this finishes the proof in this case.

Now suppose M = A;. If p # 2 then by 1.4, Cyp(z) = C4 or Dy,
and in the latter case Cg(z)? = A7 (see the proof of [8, 2.15]). Hence
dim 2% — dim(z% N (M — M®)) > 27, 37 or 35, according as D' = EgT,
DgAy or A7, If p = 2 then 1.4 gives dim(z% N (M — MY)) = 27 or 35.
Also, if Vg = Vg(A7), then Vi | A7 = V(A2) @ V(Xg) (see [24, §2]).
As z interchanges V(\2) and V()g), it acts on Vss as J2° (where Jp is a
Jordan block of size 2). Therefore by [17], z is in class 3A] or 44; and the
required bound follows provided we show that when Cyo(x) = Ce,(t) (in
the notation of 1.4), x lies in the class 44; rather than 3A4Y. To see this, let
v be an involution in M — M? such that Cyo(v) = Cy. By 1.7, v must lie
in the class 3A]. Let J be a fundamental subgroup A; lying in this Cy, and
take ¢ to be an involution in J. Then J < Cg(v), and by [23, 2.3], J lies
in a Levi subgroup of a parabolic of G containing Cg(v). Therefore vt is in
the same class as the element ut of the previous paragraph, namely 44, as
desired.

Now let MO = A2A5. By [31, 18],

L(E7) | A2As = (V(A1) @ V(A2)) @ (V(A2) @ V(A1) ® L(A245).

By 1.4, dim(z% N (M — M°)) = 19 or 25. We know by 1.13(iii) that z is
not a root element. If p = 2 then by 1.7, dimz® > 52, and the conclusion
follows. And if p # 2 then x interchanges the first two spaces in the above
restriction, whence we see that dim C(g(x) = 69 or 63. Hence dim % > 64
and the conclusion follows.

Of the remaining cases, M° = A$D, is dealt with by the same methods,
and AI, T+ are trivial to handle. This completes the case where G = E7x.

Next consider G = Fg. Here M% = T5 Dy, A% or Tg.

Suppose M = Ty D,. By [24, §2],

L(Eg) | Dy =V(M)? DV (A3)? @ V(M) @ L(D4Ty).

If |z| = 3 then by 1.4, dim(z% N (M — M?)) = 16 or 22. When p # 3 the
above restriction implies dim Cg(xz) = 30 or 24, and the required bounds
follow. And when p = 3, = has at least 16 Jordan blocks of size 3 on
L(Eg), so by [17], « ¢ Ay,2A;1,3A1, whence dim2% > 42 by 1.7, giving
the result. A similar argument gives the result when |z| = 2; note that
if p # 2 and DY = D51y then dim(D N M)? > dim B3T; = 22, whence
dim 2% — dim(2% N (M — M?)) > 24.
When M? = A3, we have

Va(M) | 43 = V(M) @ V() ®0)a
(VA2) @00V (M))® 0@ V(M) ®V(A)),
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(see [24, Section 2]), from which we check that elements of order 2 or 3 in

M\ M? do not have centralizer of type Ds; now the argument of the previous

paragraph gives the conclusion. Finally the case where M? = Ty is trivial.
The cases G = Fy, G are entirely similar and left to the reader. O

Let u be a nonidentity unipotent element of M, of order p if p > 0. By
the previous lemma we may ignore u% N (M — M?): In other words, to prove
Theorem 2(II)(a) it suffices to prove the lower bounds in the statement for
dimu® — dim(u® N MP°). In particular we can assume u € MP.

Since M has finitely many unipotent classes (see 1.8), replacing u by a
MO MO

(

suitable conjugate we may take dim(u® N M°) = dimu is an

M?O-class of maximal dimension in « N M?). Write
D = Cg(u).

Lemma 4.2. The conclusion of Theorem 2(11)(a) holds if u is a long root
element of G (or a short root element if (G,p) = (Fy,2) or (G2,3)).

Proof. Suppose u is a long root element. By 1.13(ii), u lies in a simple fac-
tor My of M?, and is a root element therein. Therefore dim v — dim u™ =
dim u“ — dim uM°. The possibilities for My are given by 1.1, and the dimen-
sions of u%, uMo are given by 1.12. Tt follows from these results that

M

ie., u

dim % — dim o™’ > eq,
(where eq is as in Table 1 in the Introduction), as required. Finally, if u is
a short root element and (G, p) = (Fy,2) or (G2, 3)), application of a graph

automorphism of G now gives the conclusion. O
Lemma 4.3. The conclusion of Theorem 2(11)(a) holds if

dim M + dim D < dim G + rank(G) — e,
where ey, is as in Table 1 (in the Introduction).

Proof. We have dim u® — dim uM’ = dim G — dim D — dim M + dim Cr(u),
and the last term is at least rank(G). The result follows. O

In view of 4.2, 4.3, we assume from now on that u is not a long root
element (or a short root element if (G, p) = (Fy,2) or (Gz,3)), and that

dim M + dim D > dim G + rank(G) — e;.

Lemma 4.4. The possibilities for M are as follows:

G MY

Es  A1E7,Ds, Ag, A2 Es

Er TiEg, A1Ds, A7, A2 As

Es  TiDs, A1As,TaDy

Fy A1Cs, By, Dy

Go As
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Proof. Since u is not a long root element (or a short root element when
(G,p) = (Fy,2) or (G2,3)), we see from 1.7 that dim D is at most 156, 81,
46, 30, 6, according as G is Fg, E7, g, Fy, G2, respectively. Since dim M >
dim G — dim D + rank(G) — ef;, the result now follows from 1.1. O

Observe that by 1.2, with one exception each of the possibilities for M
listed in 4.4 is the centralizer in G of an element of order 2 or 3 (except
when p = 2 or 3 respectively); the exception is M? = D, < F;. We shall
deal with the various cases using this observation.

The involution centralizers are of the following types:

G:ESZ M:A1E7,Dg
(*) G = E7 : MO = TlEg, A1D6,A7

G = E6 M= T1D5,A1A5

G:F4 : M:B4,A103.
Lemma 4.5. Assume M = Cg(t) for some involution t. Then the conclu-
sion of Theorem 2(II)(a) holds.

Proof. Here M is as in (x) above, with p # 2. We have
dimu® — dimu™ = dim G — dim D — dim M + dim M N D
= dimt® — dim ¢".
Write R = R,(D%) and D = D°/R. Choose a maximal unipotent sub-
group F of D normalized by ¢, and let V' be the preimage of £ in D. Then
V' is also normalized by t; choose a maximal unipotent subgroup U of G con-

taining V' and normalized by ¢. Now Cy/(¢) is a maximal unipotent subgroup
of the reductive group Cg(t). It follows that

dimt¢ = 2dimtY, dimt? = 2dim¢¥.

We have dim t# < dim¢" — dim t¥ < dim¢Y — dim ¢¥ = J(dim ¥ — dim tP).
It follows that

dim t¢ — dim t° = dim t€ — dim t? — dim t® >

1 —
> 5(dinth — dimt?).

Consequently it is sufficient to prove that
() dimt© — dimt? > 2eq.

For G = Ey, e;; = 40 and dim t& > 112, so we are done unless dim tD >

32. A glance at 1.7 shows that the inequalities dim tP > 32 and (1) are
simultaneously possible only if w is in one of the classes 247, Ay, with
Ca(t) = A1 E7. Write u = upu; with ug € A1, u; € E7. Now

L(G) | AiEr = L(A1E7) & (V(M) @ V(7))
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(see [24, Section 2]). If w lies in class 24; then by [17, Table 9], u acts on
L(G) as J3* @ J§* @ J{® (where J; denotes a Jordan block of size i). Hence
from [17, Table 8] we see that u; must be in class A; or 24; of E;. Hence
by 1.7 we have

dimu® — dimu™ > dimu® — 52 = 92 — 52 = €/,

as required. Now consider u in class As. The Jordan form of u on L(G) is
given in [17, Table 9]; and the possible Jordan forms of u; on L(E7) and
Vi, (A7) are given in [17, Tables 7, 8]. From this we deduce that u; must lie
in class 34 or Ag of E7, whence by 1.7,

dimu® — dimu™ > 114 — 66 > ¢f,.

Next consider G = FE;. By 1.7 together with (f), we are done unless u
lies in class 241,3A7 or Ay (with Cq(t) = Th Eg in the first and last cases).
If Cq(t) = T1Eg, then since this is a Levi subgroup of G, u lies in class
2A1,3A; or Ay of the Eg factor, respectively (see 1.6). In fact we see from
[17] that the 3A4; class in Eg lies in the 34] class of G, not the 347 class.
Hence by 1.7 we have

dimu® — dimu™ > 20 = e,

(with equality for the 2A4; class).

This leaves M° = C(t)? = A1 Dg or Az to consider. Here u € 347. Now
u lies in a subgroup A3Ty of G, so Ty < Cg(u). Also t € Cg(u), which is
connected (see 1.7), so u € Cp(Ty). It follows that w lies in a Levi subgroup
of M? of rank at most 3. Since u € 347, this Levi subgroup is of type A3. If
MY = A, this implies that L(A7) | u has Jordan blocks of size 2, whereas
by [17], elements 347 have no such blocks on L(E7), a contradiction. And
if MY = A;Dg, observe that the two unipotent classes of type 34; in Dg
have actions J3 & J3 @ J7 and J$ on the usual module, and hence by 1.10,

dimu® — dimu™ > 54 — 32 > ef,.

Next, if G = Eg then (1) and 1.7 give the conclusion, except if u € 24,
and Cg(t) = T1Ds. As in a previous case, this is a Levi subgroup of G, so
u has type 24; in Ds, with action J3 & J{ or J3 & J? on the usual module.
Then 1.10 gives dim u® — dimu™ > 32 — 20 > /..

Now suppose G = Fy. When M = A;(Cj5 it is easy to see that the
result holds, using (). So suppose M = By. Since p # 2, the unipotent
classes of M are labelled by Levi subgroups of By (see 1.7). For such Levi
subgroups which are also Levi subgroups of G, the corresponding unipotent
element u has the same label as an element of Fy; the dimension of u€ is
given by [6, p. 401], and that of u™ by 1.10, and we check that in all cases
dimu® — dimu™ > 8 > eg as required. This leaves the Levi subgroups of
B, which are not Levi subgroups of Fjy; these are A; Ay, A3, A1B2 and By.
By (1) we may assume that dim ¢” > 5. From the list of possible D (see 1.7,
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with [6] to complete the list), we see that this implies that u € TR F < G,
where T} is a torus of rank k£ and E a semisimple group of rank 4 — k < 2.
Hence u lies in such a subgroup of By, and it follows that u lies in the class
A1A; of By. Then u centralizes Cg(A1 A1) = Co, and it follows that u lies in
the class A1 of G. Thus dimu® — dimu™ =22 — 16 = e, as required. [

Lemma 4.6. Assume M is as in (*) above, with p = 2. Then the conclusion
of Theorem 2(II)(a) holds.

Proof. Consider first G = FEg. Recall that we may take u to have prime
order, hence have order 2. Therefore by 1.7, u belongs to one of the classes
2A1,3A1,4A,. Moreover, dimu™ < 72 by 1.5, so we may assume that
dimu® < 72 + e, = 112, and hence that u € 24, (again by 1.7).

Let M = A1 FE7. Then u = uy or uguy, where 1 # ug € Ay and uy € Fr is
in one of the involution classes Ay,24;,3A7,3A],4A, of E;. By [31, 1.8],

L(G) | A1E7 = ()\1 & /\7) D (L(A1E7>)

The Jordan forms of the various possibilities for u; acting on L(FE7) and on
V(A7) = Vi are given by [17], and hence we can calculate the Jordan forms
of u; and ugu; on L(G), hence determining the classes of these elements in
G (again using [17]). The outcome is as follows:

class of uq in E7 class of uq in Eg class of uguq in Eg

A A 24,
24, 24, 34,
34" 34, 34,
34! 34, 44,
44, 44, 44,

M >

It follows from this and the class dimensions in 1.7 that dim «© — dimu
e, as required.

Now let M = Dg. The involution classes in M are given by 1.10: Rep-
resentatives are agy, co; (I = 1,2,3,4). The representatives ag; lie in Levi
subgroups [A; of an A7 in M; and ¢y lies in a Levi subgroup SOy x (I—1)A;
(see [2, Section 8]). Inspecting the extended Dynkin diagram of G, we see
that all but one of these Levi subgroups of Dg are also Levi subgroups of G;
the exception is SO4 x 3A41. Excluding this exception for the time being, it
follows that u has the same label in Eg as in Dg. The dimensions of u“ and
uM are therefore given by 1.7 and 1.10 respectively, from which we check
that dim v& —dimu™ > 40 = e¢; in all cases. Finally, consider u in the class
5A1 = SO4 x 3A1 of Dg. Now L(G) 1 Dg = L(Dg) ) V(Ag) by [317 1.8].
We count Jordan blocks Jo for u on L(G). The action on the spin module
V(Ag) gives 64 such blocks. Also u lies in a subgroup of type SO4 x Dg of
Dg, and the tensor product of natural modules V4 ® Vj5 is a summand of
L(Dsg) restricted to this subgroup, which gives a further 24 blocks Js for w.
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Finally, the projection of u to Dg lies in a subgroup As, and the action on
L(As5) gives another 18 J blocks for u. Hence u has at least 106 blocks Jo
on L(Eg). But this means that u is not in class 2A4; by [17], a contradiction.
This completes the proof for G = Eg.

Next let G = Fy. Here M = T, Eg, A1 D¢ or A7, and by 1.5, dim u™ < 43.
Hence we can assume that dimu® < 43 + e = 63, so by 1.7, u lies in one
of the involution classes 2A4;,3A] of G.

Let M0 =T Es. As u € MY, u lies in class 24; or 34; of Eg. Also M is
a Levi subgroup of G, so u correspondingly lies in class 24, or 34%,3AY of
G; and in fact when w lies in class 34, of Eg, it lies in 3A] of E7, as can be
seen by considering the action of u on Vss = Vi, (A7) and using [17]. Now
we check using 1.7 that dimu® — dimu™ > 20 = ¢/,

Now consider M° = A7. Involutions in MY have labels [A; (I = 1,2,3,4),
and for [ # 4 these are also Levi subgroups of G, whence dim u® —dim «™ >
dim(1A41)¢ — dim(1A1)™ (where for I = 3, A stands for either 34} or 3AY
in G), and this is at least e, by 1.7 and 1.10. For u in class 44; of MP°,
we calculate the Jordan form of u on Vig = Vig(A\7) using Vi | A7 =
V(A2) @ V(X) (see [24, Section 2]); this Jordan form is J2* @ J9, whence
by [17], w is in class 3A] of G, and the conclusion again follows using 1.7
and 1.10.

Finally, suppose M = A;Dg. By 1.6, dimu® > 52, so we may assume
that dimu™ > 52 — e = 32. Write u = u; or upuy, where 1 # ug € A; and
u1 € Dg. By 1.10, the dimension bound implies that u; is conjugate to cg
or ¢4 in Dg. Observe

L(G) | A1D¢ = L(A1Dg) ® (1 @ V(Xs)),

and as we have seen before, the Jordan forms of ¢4, cg on V(A5) are both
J32. Hence we calculate the possible Jordan forms of u on L(G), from which
we deduce using [17] that u is in class 34} or 44; of G. This means that
dimu® > 64. Since dimu™ < dim(ugcg)™ = 38, the conclusion follows.
This completes the proof for G = E7.

When G = Eg we have M = T1Ds or A;As, so dimu™ < 25 or 22
respectively, by 1.5. Therefore, assuming as we may that dim «“ < dim v™ +
eg:, we see using 1.7 that M = T1Ds and u € 2A4;. As Ds is a Levi subgroup
this means that u lies in a class 2A4; of Dy, which, as shown in the proof
of 2.5, has dimension at most 20. Thus dim «® — dimu™ > 32 — 20 > g

Now let G = Fy. If M = By, involution classes of M and their centralizers
are given by [33, 2.2], and contain the elements yi,y2,ys3, Y6, y7,ys given
there; the involution classes in G are given in [33, Theorem 2.1], containing
the elements w1, z2, 23,24 (where z1, 29 are short and long root elements,
respectively). Moreover, y1, Y2, Y3, s are equal to x1, xo, x3, 24, respectively.
And y7 lies in a product A;A; of two long root A;’s in GG, whence from the
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restriction of Vog = Vig(A4) to A1 A1 we see that Vag | y7 has Jordan block
structure J30 @ JY; therefore by [17], y7 is G-conjugate to x3. Similarly yg is
G-conjugate to x4. Thus we can now record the unipotent class dimensions
in G and M = By:

v dimuP* wu conjugate to  dimu®
U1 8 1 16
Y2 12 o 16
Y3 14 T3 22
i 18 T4 28
Y7 16 T3 22
U 20 T4 28

Thus for non-root elements, dim u® — dimu™ > 6 = eg, giving the result in
this case.

For M = A;C5 we have dimu™ < 14 by 1.5, whence we can assume
dimu® < 14 + e; = 20. By 1.7 this forces u to be a root element, which is
not the case. O

The cases remaining to be considered are as follows:

G:Egi MO:Ag,AQEG
G:E7Z M0:A2A5
(**) G = E6 . MO == T2D4
G:F4Z MO:D4
G:GQ: MO:AQ

Observe that by 1.2, when p # 3 and G # Fjy, we have M° = Cg(v)°? for
some element v € G of order 3.

Lemma 4.7. The conclusion of Theorem 2(II)(a) holds in the cases (xx)
above.

Proof. By the assumption just before 4.4,
dim D > dim G — dim M + rank(G) — e

(where D = Cg(u)), and hence using 1.7 we see that w lies in one of the
following classes in G:

G = Fs, M = AyEg: 2A1,3A;, Ay
G:Eg,M:Agi 2A1
G=FE;: 24,34
G=FEs: 24
(2

G=Fy: %1(17 #* 2)7/}1 (p=2), A1 A1, Az, Ay
G=Gy: Ai(p#3), AP (p=3).
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Consider G = Eg. Suppose first that M = AyEg with p # 3. Write
M® = Cg(v) with v of order 3, as above, and set u = ugu; with ug €
Ag, uy € Fg.

If u € 247 then by 1.7, D = D% and D/R,(D) = Bg. Since u € M°, v
lies in D, and hence v centralizes a maximal torus Tg of D. It follows that
u lies in Cyy0(T5), a Levi subgroup of M? of semisimple rank at most 2.
Consequently u; lies in class A1,2A4;1 or As of Fg. If ug # 1 then uguq lies
in a Levi subgroup 2A41,3A4; or A1 As of G, respectively, so has this as its
label as these subsystems are unique up to conjugacy. Thus u; lies in class
Aj or 2A; of Eg, and the result follows using 1.7. The same argument deals
with the case where u lies in the class As. And if u € 341, then as above
we see that v centralizes a rank 5 torus T5. If this projects to a rank 3 torus
in the factor Eg, then it projects to Th < Ao, so ug = 1 and hence u = u;
must lie in class 347 of the Levi subgroup Fjg, giving the result by 1.7. And
if T5 projects to a rank 4 torus in Fg, we use the previous argument again.

Continue to assume M? = A5Fg, now with p = 3. Since dimu® > 92,
we can assume that dimu > 92 — e}, = 52, hence that dim Cjs(u) < 34.
Since u; € Eg has order 3, this implies that u; is in one of the classes
Ag + A1,2A9, Ay + 2A1,2A5 + A; of Eg (see 1.7 and [6, p. 402]). We can
also assume that dimu® < dimu™ + er < 64+ dim(242 + AP +40 = 100,
whence u lies in class 24, of G by 1.7. However, by [17], on L(Eg) each of
the above classes uq has at least 22 Jordan blocks of size 3, whereas on L(G),
the class 2A; has only 14 such blocks, a contradiction. This completes the
proof for MY = A,y Fg.

Now suppose M = Ag. Here u lies in class 2A4; of G. If p # 3, M? =
Ca(v), the above argument forces u to lie in class Ay, 2A4; or Ay of M?. As
each of these is a Levi in Eg, the class must in fact be 24; in M, which by
1.10 has dimension 28. Therefore dim u® — dimu™ > 92 — 28. And when
p =3, we can assume dimu™ > dimu® — e; = 52. By 1.10 this means that
w has 3 Jordan blocks of size 3 on the usual 9-dimensional module for MP.
But then u has more than 14 Jordan blocks of size 3 on L(Ag), whereas class
2A; has only 14 such blocks on L(G), a contradiction. The lemma is now
proved for G = FEj.

The proof for G = E; or Eg is very similar to the above, and is left to
the reader.

Now let G = Fy. Here M = D;.S3, u € M° Then M° < By, and we
have already shown that dimu® — dim uf* > eg, so there is nothing more
to be done. _ _

Finally, in G = Ga, the classes Ai(p # 3),Ag3) do not intersect M° =
Aoy, since the two unipotent classes in As are those with labels A; and
Gz(al). O
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5. Proof of Theorem 2, Part (II)(b): Semisimple elements in
maximal rank subgroups.

In this section we prove Theorem 2(II)(b). Continue to assume that G
is an exceptional algebraic group over the algebraically closed field K of
characteristic p, and let M be a maximal closed reductive subgroup of G of
maximal rank. Let s be a nonidentity semisimple element of M. By 4.1,
we need only prove the bounds in Theorem 2 for dim s& — dim(s% N M?).
By 1.3(i), replacing s by a suitable conjugate we may take s € M° and
dim(s® N M°) = dim sM". Write

D = Cg(s).

Now s lies in a maximal torus 7' of M?, and clearly T < D N M. Thus
taking roots with respect to 17" we have

dims¢ — dims™ = dimG — dim M — dim D + dim(D N M)
= 2(|27(G)| — [2F(M)] — [2(D)| + |27 (D N M))).

As with the proof of Theorem 2(I)(b), we shall see that we may obtain the
required bounds by using root system arguments. We note that conjugacy
classes of subsystems of simple root systems were determined in [10]. We
shall use the notation employed there; in particular we shall write Dy for a
subsystem of D,, which is orthogonal to a D,,_o subsystem, and distinguish
the two classes of A5A; subsystems in E7 as (A54;)" and (A5A41)".

Let ® be a root system and ¥ be a subsystem of ®. We shall use the
following concept. If X is a type of root system, we say that ¥ is X -dense
in @ if every subsystem of ® of type X meets . Observe that if ¥ is X-
dense in ®, then for any subsystem ®; of ® we have that ¥ N &, is X-dense
in @1, while any subsystem of ® containing V¥ is also X-dense in ®. Note
also that in the case where ® has only one root length, a subsystem W is
Ag-dense precisely if & \ ¥ does not contain distinct roots «, § and a + [;
such subsystems are called anti-open in [18]. For convenience we repeat
from [18] the list of all proper anti-open subsystems; note that a factor D
here is to be interpreted as 0.

Lemma 5.1. If ¥ is a proper subsystem of ®, then ¥ is anti-open in
® if and only if (®,¥) = (An, AeAp—r-1), (Bn,BeDn—), (Cn, CeCry),
(CnvAnfl)’ (DnvaDn—f); (_Dn,An,]_), (E67D5); (E65A5Al); (E77E6)}
(E7, A7), (E7,D6Ar), (Es,Ds), (Es, ErAr), (Fa,C341), (Fy, By) or (G,
A1Ar).

The first part of the following lemma generalizes the trivial direction of
Proposition 4.2 of [18]. Let X be a type of root system, and take a root
system of type X with simple roots 1, ..., s and highest root ) m;f3;; we
define the height of X to be ) mj. In the results which follow, we shall
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write a1, ..., a, for simple roots of the root system ® and ag = ) njc; for
its highest root.
Lemma 5.2.

(a) Letr € N, and let U be a subsystem of the root system ® whose Dynkin
diagram is obtained from that of ® by

(i) removing nodes o, , &y, ... with ny +n, +---=r—1, or
(i) first extending and then removing nodes o, , iy, . .. with n;, +ni, +
o e e 7”.
Then ¥ is X -dense in ® for any type of root system X of height at
least .

(b) If (®, W) = (Es, D4?) or (E7, D4A13), then W is Ay-dense in ®.

Proof. (a) If either (i) or (ii) holds, the positive roots outside ¥ are those of
the form ) mja; with m;, +m;, +--- € {1,...,7 —1}; thus no sum of r or
more positive roots outside ¥ (allowing repetitions) can be another positive
root outside V.

(b) In each case there is a single W (®)-orbit of subsystems having the
same type as ¥, and the Dynkin diagram of ¥ is obtained from that of &
by extending and deleting the a1-node, then extending and deleting the ag-
node; since each node removed has label 2 in the relevant diagram, the roots
in ¥ are those with m; and mg even. Let ® be any subsystem of ® of type
Ay, with simple system (31, 82, 03, 84. For 3 € @', set dg = (k1,ke) € 752,
where for i € {1,6} we set k; = 0 or 1 according as the coefficient of «;
in 3 is even or odd; thus dgyg = dg + dg/, and we have an additive map
d: ® — Zy%. Assume if possible that (0,0) is not in the image of d. By
composing d with a suitable automorphism of Zo? we may assume firstly
that dg, = (0,1), and then that dg, = (1,0) (since if dg, = (0,1) then
dg,+8, = (0,0), contrary to assumption). We cannot then have dg, = (1,0)

r (1,1) (else either dg,1g, or dg,+8,+3, would be (0,0)), so this forces
dg, = (0,1); but then any choice for dg, gives some root 3 with dg = (0,0).
Hence at least one of the roots of ®' lies in ¥ as required. O

It will also be useful to observe that certain subsystems are not X-dense.
As already mentioned, if ¥ fails to be X-dense in ®, then so does any
subsystem of W.

Lemma 5.3. If & and ¥ are as follows, then ¥ is not As-dense in ®:
(i) ® = A,, ¥ of rank n — 3;

(11) o = Dn, U = AnfSAl;
(iii) ® = Dy, ¥ = Dy;
(iv) ® = D5, U = Dy?%;
(V) ¢ = DG, U = D3A1 or A22;
(Vi) b = D7, U = A3A2, D3A2, D3D2A1 or A2D22;
(Vii) b = Eﬁ, U = A4, A3A12 or A22A1;
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(Vlll) ¢ = E7, U = (A5A1)/ or (A5A1)”.
Proof. In each case we exhibit a subsystem of ® of type As lying outside ¥,
by giving simple roots 31, B2, 03.

(1) Let v, , a4y, iy (with 41 < i < i3) be the simple roots of ® outside ¥,
and take By = vy, B2 = 41+ -+ Quy, 3 = Qjpp1 + -+ .

(ii) Let ap—2 and ay,—;1 be the simple roots of ® outside ¥, and take
Br=an_2, B2 =an_1, B3 =an_3+ ap_2+ ay.

(iii) Let ¥ have simple roots as,as and take 51 = ag, 2 = aq, O3 =
a9 + a3 + ay.

(iv) Let ¥ have simple roots g, a1, ay, a5 and take 51 = ag, B2 = ag,
B3 = az + oy + as.

(v) If ¥ = D3A; with simple roots ag, ay, as, ag, take 5; = a; for i =
1,2,3. If U = Ay? with simple roots ai,as, ay, ag, take f1 = az + ag,
B2 = as, f3 = az + a3z + as + ag.

(vi) If ¥ = A3A, with simple roots oy, a9, as, as, ar, take 51 = ag +
as, B2 = ag, B3 = az + ag + a5 + a7. If ¥ = D3As with simple roots
Qai, a9, s, a6, a7, or W = D3gDsy Ay with simple roots «q, a1, as, as, ag, a7,
or ¥ = AyD5? with simple roots g, a1, a3, au, ag, a7, take B = as + as,
Bo = ay + as, B3 = az + a4 + as + ag + ar.

(vii) If ¥ = Ay with simple roots asg, ag, a5, a6, take f1 = ag, fo =
o1+ ag+oas+as+ag, 03 =as+az+ 204 +as. If W = A3A12 with simple
roots ag, aq, 0y, a5, g, take 81 = ag + ay, B2 = o, B3 = a1 + ag + oy + as.
If U = Ay2A; with simple roots a1, as, as,as, ag, take 81 = au, o =
as +az+ag+as, B3 =01 +az + ag+ as + ag.

(viii) If ¥ = (A5 A1)’ with simple roots ag, as, ay, as, ag, ar, take 1 = aq,
Bo=a1+ag+as+as+ag, 03 =as+ag+2a4 +as. If ¥ = (A5A1)” with
simple roots aq, oo, oy, as, ag, a7, take B1 = ag, B2 = a1 + ag + a3 + 204 +
as +ag + a7, B3 = as + a3z + 2a4 + 205 + ap. U
Lemma 5.4. If ® and ¥ are as follows, then ¥ is not Ay-dense in ®:

(i) ® = Ay, ¥ of rank n — 4;

(i) ® = D5, U = A,%;

(iii) ® = Dg, ¥ = DyA1?;
(iV) P = E6, U= A3A1 or A14,’

(V) ¢ = E7, U = A3A13 or A17.

Proof. As with the previous result we exhibit a subsystem of ® of type Ay
lying outside W, by giving simple roots (1, 82, B3, B4.

(i) Let avy, aiy, iy, vy (with 41 < g < i3 < i4) be the simple roots of ®
outside W, and take 51 = a4, B2 = @i, 41+ -+ iy, 03 = Qjpg1 + -+ + s,
B4 = Qg1+ + oy

(ii) Let ¥ have simple roots ag, a5, and take §; = a; for i = 1,2, 3, 4.

(iii) Let ¥ have simple roots ap, a1, s, ag and take 31 = ag, B2 = az+au,
B3 = as, b1 = aq + ag.
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(iv) If U = A3A; with simple roots g, ay, as, ag, take 81 = a9, fo =
asz+ oy, B3 = a1, B4 = as + asz + 2a4 + 205 + ag. If U = A14 with simple
roots g, a1, g, ag, take 31 = ag, B2 = ag +ay, B3 = as, By = a1 + a3+ ay.

(v) Write ag’ = ag+as+2a4+2a5+2a6+a7, and ap” = as+as+2a4+as.
If ¥ = A3A;? with simple roots ag, o', a3, o, a5, a7, take B = aw, B2 =
a1 +ag+astas+ag, B3 =g, fa = ag+ar. If U= A;” with simple roots
g, ap’, ", o, a3, as, ar, take B = ag+agtas+ag, o = a1+az+agtas,
O3 = ag +ar, B4 = as + a3z + ag + as. O

Lemma 5.5. If ® = D7, then ¥ is not X-dense in ® in the following cases:

(1) U = A2A12 or D2A12, X = A5,’
(ii) ¥ = D3Dy, X = Dy.

Proof. Once more we exhibit a subsystem of ® of type X lying outside ¥,
by giving simple roots j3;.

(i) If ¥ = AyA,? with simple roots a1, as,ay, a7, take f1 = ag + as,
Bo=aq+as, B3 =g, fa = a5+ a7, 05 =ag+ayg. If U= Dy A2 with
simple roots a1, ag, ag, az, take 81 = a1+ag, B2 = agtay, B3 = as+ag+ar,
Ba = a4 + as, B5 = az + az.

(ii) Let ¥ have simple roots ay, aq, s, ag, a7 and take 31 = as, f2 = ay,
B3 = as, B = as + ag + az. O

Lemma 5.6. The conclusion of Theorem 2(1I)(b) holds if G = Eg.

Proof. Write ® = ®(G). As in the proof of 3.2, we take the list of possibilities
for D from [9]. Observe that if s; and sy are semisimple elements with
centralizers Dq and Ds, then if D1 > Dy we have |®1(Dy)|—|®T(D1NM)| >
|®F(Dg)| — |[®T (DN M)|, and so f(s1, G/M) < f(s2, G/M); thus it suffices
to consider the cases D = F7 A1, Dg, D711, EgAo, Ag, DgA1T1, D5 Az, A7Aq,
A2 and AsA5A;. Again as in 3.2, we say that D is small if it contains no
E7 or Dg factor; thus |®1(D)| is 64, 56 or at most 42 according as D is
E;Aq, Dg or small.

The possibilities for M are listed in 1.1; note that if M° = Ay*, A;® or Tk
then |[®*(M)| < 12, and hence f(s, G/M) > 2(120—12—|®*(D)|), which is
88, 104 or at least 132 according as D is F7 A1, Dg or is small. It therefore
suffices to consider the cases M? = FE7;A;, Dg, As, EgAs, D,% and A,°.
We may assume that D has more than 120 — |®*(M)| — % fo a,p positive
roots; if D is small, this number is 21, 24, 30, 30, 38 or 36 according as
MY = E;A;, Dg, FEgAs, Ag, D4? or A4%. Thus the possibilities for D small
are as follows:

MO | D
D42, A42 D7T1 or E@Az
Ag, A D7T1, EgAg, Ag or DgA1Ty

E7Aq, Dg | D71, EgAs, Ag, DgA1Th, D5 Ag or A7 Ay
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First let M° = A42, so that by 5.2 ®(M) is both As-dense and Dy-dense in
®. If D = E7A; or Dg then by 5.1 ®(D) is As-dense in @, and so ®(DNM) is
Ag-dense in ®(M); thus by 5.1 we see that the intersection of D with each Ay
factor must be Ay, A3Ty or Ay ATy, so that [®F(DNM)| > 8. For D = Dg it
follows that f(s,G/M) > 2(120—20—56+8) = 104, while for D = E7A; we
have f(s,G/M) > 2(120—20—64+8) = 88. If D = D7 T} or EgAs then by 5.2
®(D) is Az-dense in @, so (D N M) is Asz-dense in &(M). For D = EgA»
we see by 5.3 that @ (DN M) must contain at least two roots from each Ay
factor, so |®+(DNM)| > 4; this gives f(s, G/M) > 2(120—20—39+4) = 130.
For D = D;T; we cannot have ®(D N M) = D52, DyA1%, AsDs or AyA2,
because by 5.5 the first and third are not D4-dense in ®(M) and the second
and fourth are not As-dense there; thus we must have |®+(D N M)| > 6,
whence f(s,G/M) > 2(120 — 20 — 42+ 6) = 128.

Next let M° = D,2. If D = D;Ty or EgAs, by 5.2 ®(D) is Az-dense
in ®; by 5.3 (D N M) must contain at least three roots from each Dy
factor, so |®T (DN M)| > 6, giving f(s, G/M) > 2(120 — 20 — 42 + 6) = 120.
If D = E7A; or Dg then ®(D N M) is Ag-dense in ®(M), and so by 5.1
the intersection of D with each Dy factor is Dy, A3Ty, D31 or D22, whence
|®H(DNM)| > 2.4 =8; for D = Dg this gives f(s,G/M) > 2(120—24—56+
8) = 96, while for D = E7A; we have f(s,G/M) > 2(120—24—64+8) = 80.

Now let MY = Ag, so that ®(M) is As-dense in ® by 5.2. If D = E;A; or
Dg then ®(DNM) is Az-dense in ®(M), and so must be Ag, A7, AgA1, AsAs
or AyAs; for D = Dg this gives f(s,G/M) > 2(120 — 36 — 56 + 16) = 88,
while for D = E7A; we have f(s,G/M) > 2(120 — 36 — 64 + 16) = 72. If
D = D;Ty, EgAs or Ag then ®(DNM) is Az-dense in both ®(D) and ®(M);
the latter condition implies that it must have rank at least 6 by 5.3. Listing
the subsystems of ®(M) of rank at least 6 we find that only A3A3A; and
A3 have fewer than 12 positive roots. For D = EgAy or Ag we thus have
f(s,G/M) > 2(120 — 36 — 39+ 9) = 108; for D = D71} neither A3A3A; nor
Ag3 is a subsystem of ®(D), so f(s,G/M) > 2(120 — 36 — 42 4+ 12) = 108.
If D = DgA1Ty then by 5.3 [ (DN M)| > 3, s0 f(s,G/M) > 2(120 — 36 —
314 3) = 112.

The cases where M? = EgAy may all be treated in like fashion; we use the
fact that ®(D N M) is As-dense in (D), and usually either As-dense or As-
dense in ®(M), to produce lower bounds for | (D N M)|, from which the
required bounds on f(s, G/M) follow. For example, if D = E7A; then As-
density in ®(M) implies that ®(D N M) must be YZ where Y = Eg, D5 or
AsAj and Z = Ay or Ay; by As-density in ®(D) we cannot have ®(DNM) =
AsA12, s0 |0 (DNM)| > 19, giving f(s, G/M) > 2(120—39—64+19) = 72.
Similarly, in all cases where MY = Dg, the As-density of ®(DN M) in ®(D)
immediately leads to the required bounds.

Finally, let M = E7A;, so that ®(DN M) is As-dense in ®(D); by taking
those cases already treated in which D = E7Aq, and interchanging the roles
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of D and M, we are left with the cases D = E7A1, D7T1, D6A1T1, D5A3
and A7A; to consider. As-density immediately disposes of the last three
of these; for D = DT} we note that ®(D N M) cannot be D4Ds3 since
®(M) has no such subsystem, and all other As-dense possibilities satisfy
the required bound. Thus we are left with D = FE;A;; we seek to show
that f(s,G/M) > 48, and so |®*(D N M)| > 32. The As-dense subsystems
which do not satisfy this bound are A7, A7A; and DgA;; we may see that
these do not occur as follows. If ® is any subsystem of ® of type A7 or
DgA1, and @' lies in an E; subsystem W, then Z®' N ® = ¥; thus no such
subsystem @’ can lie in two distinct E7 subsystems. It follows that ®(DNM)
cannot be A7 or A7Aj; and if the intersection of ®(D) with the E; factor
of ®(M) is DgAj, then the A; cannot lie in the E7 factor of ®(D), so that
the A; factor of ®(D) lies in the E7 factor of ®(M)—but now interchanging
the roles of D and M shows that the A; factor of ®(M) lies in ®(D), and
so ®(D N M) = DgA;%. This concludes the proof that the conclusion of
Theorem 2(II)(b) holds if G = Es. O

Lemma 5.7. The conclusion of Theorem 2(1I)(b) holds if G = E7.

Proof. We proceed as in the previous proof, and write & = ®(G). The
list of possibilities for D from [9] shows that it suffices to consider the cases
D = EgTy, DeAy, A7, Ds ATy, A¢Th, AsAs, A5 ATy, DyA*Ty and A3*A;.
Again as in 3.3, we say that D is small if it contains no Fg, Dg or Ay factor;
thus |®*(D)| is 36, 31, 28 or at most 21 according as D is EgTy, DgA1, A7
or small.

The possibilities for M are listed in 1.1; note that if M = A" or Ty then
|®T(M)| <7, and hence f(s,G/M) > 2(63 —7— |®T(D)|), which is 40, 50,
56 or at least 70 according as D° is EgTi, DgA1, A7 or small. It therefore
suffices to consider the cases M? = EgT}, DgA1, A7, AsAs and DyA;3. We
may assume that D has more than 63 — [®+(M)| — 3 fa m,p positive roots;
if D is small, this number is 10, 12, 13, 16 or 19 according as M° = EgT},
DgAq, A7, A5As or D4A;3. Thus the possibilities for D small are as follows:

MO DY
D4A13 D5A1T1 or A(;Tl
A5A2 D5A1T1, A@Tl or A5A2
A7 D5A1T1, A@Tl, A5A2, A5A1T1 or D4A12T1

E¢Ty, DgAy | Ds ATy, AgTh, As Az, As ATy, DyA1 Ty or A3 A,

First let M® = DyA;3; then by 5.2 ®(M) is Ay-dense in @, and so &(D N
M) is Ay-dense in ®(D). By 5.4 we see that if D = AgT} or D5 A;T; then
|®T(D N M)| > 3, so f(s,G/M) > 2(63 — 15 — 21 + 3) = 60; similarly if
DO = Ay then |&+(DNM)| > 4, so f(s,G/M) > 2(63— 15— 28+4) = 48. If
D% = DgA; or EgTy then ®(D) is Ay-dense in ®, so ®(D N M) is As-dense
in ®(M), which forces the intersection of ®(D) with the Dy, factor of ®(M)
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to be Dy, D3, A or Dy2. For D° = DgA; it follows that |t (DN M)| >4,
and so f(s,G/M) > 2(63 — 15 — 31 +4) = 42. For D° = E¢T} we must
have ®(D N M) = Dy, A3A7 for 0 < j < 2 or A1*; since AzA; and A;*
are not Ay4-dense in ®(D) by 5.4, it follows that |®*(D N M)| > 8, giving
f(s,G/M) > 2(63 — 15 — 36 + 8) = 40.

Next let M? = A5A,, so that by 5.2 we have Az-density of ®(M) in @
and hence of ®(D N M) in ®(D). By 5.3 it follows that if D° = A5A, then
|®F(D N M)| > 3; if DY = AgTy then ®(D N M) is not A1 or AsAy, so
|®F (DN M)| > 5; and if DY = D5 ATy then ®(D N M) is not A1 or Ax Ay,
so [T (DNM)| > 5. If DY = EgTy, DgA; or A7 then ®( DN M) must also be
As-dense in ®(M), and thus must be either A5 Ay, or Ay_;jAjA, for0 < j <2
and 1 <k < 2. Thus |®7(D N M)| > 7; and for D’ = EgTy we cannot have
®(DNM) = As?A; or A3A,? by As-density in Eg, so |[T(DNM)| > 9. In
all cases the required bound on f(s, G/M) follows.

If M° = A7, we have As-density of ®(M) in ® and hence of ®(D N M)
in ®(D); in all cases the required lower bound on |®T(D N M)| follows
immediately from 5.1. Likewise As-density disposes of all cases with M°? =
DgA; except those in which DY = DgA; or DsAT}; these cases require
further treatment. First assume D° = DgA;. By As-density we see that if
|®F(D N M)| < 14 then we must have ®(D N M) = DyDy, D3%A; or Ds>.
Moreover, if the first of these holds then the A; factor of ®(D) cannot be
involved in the Do (otherwise the intersection of ®(M) with the Dg factor
of ®(D) would not be As-dense); the same is true of the A; factor of ®(M).
Thus the intersection of the two Dg factors would have to be a DyDy or D3>
subsystem. However, if ® is a DyDs or D3? subsystem of a Dg subsystem
U of ®, then Z®' N ® = ¥; thus V¥ is the unique Dg subsystem containing
®’, and so the intersection of two distinct Dg subsystems cannot be either
D4Dy or D32 We therefore have |®F(D N M)| > |®F(As5)| = 15 and so
f(s,G/M) > 2(63 — 31 — 31 + 15) = 32. Now assume D° = D;A;T}.
Here Ag-density shows that the intersection of ®(M) with the Ds factor of
®(D) must be D5, Dy, Ay or D3Dy; we shall show that we cannot have
®(D N M) = D3Dy, from which it will follow that |®T(D N M)| > 9 and
so f(s,G/M) > 2(63 — 31 — 21 +9) = 40. We know by 5.2 that ®(D) is
As-dense in ®; by 5.3 neither A3A; nor D3A; is As-dense in Dg, so if we
had ® = ®(D N M) = D3Ds then & would have to lie in both the Dg
factor of ®(M) and the D5 factor of ®(D). This would imply that Z®' N ®
equals the Dj factor of ®(D); since each D5 subsystem in @ is orthogonal
to a unique positive root, there is a unique positive root § of ® orthogonal
to @', namely that of the A; factor of ®(D). However, the positive root of
the A; factor of ®(M) is orthogonal to the Dg factor, and thus to ®'; so it
must be 3, and ®(D N M) is D3DyA; rather than D3 Ds.

Finally let M? = EgTy, so that ®(D N M) is As-dense in ®(D); by
taking those cases already treated in which D = FgT1, and interchanging
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the roles of D and M, we are left with the cases D° = E¢T1, Ds ATy, A¢Th,
As AT, D4 A%Ty and A3? A to consider. Ao-density immediately disposes
of the last three of these. For D° = AgT, we note that As3Ay is not a
subsystem of ®(M); for D° = D5 ATy, similarly A3A;? is not a subsystem
of ®(M), and the Asz-density of ®(DNM) in (M) rules out the possibilities
®(D N M) = Ay or A3A1%; in either case we see that |®F(D N M)| >
|®F(A4A1)| = 11 and f(s,G/M) > 2(63 —36 —21 +11) = 34. If D° = E¢T
we cannot have ®(D N M) = A5A;, because if ' is an A5 A; subsystem of
® which lies in an Eg subsystem V¥, then Z®' N ® = ¥, and so ¢’ cannot
lie in two distinct Eg subsystems of ®; thus by As-density we must have
[T (DNM)| > |9 (Ds5)| =20 and f(s, G/M) > 2(63 — 36 — 36 + 20) = 22.
This concludes the proof that the conclusion of Theorem 2(II)(b) holds if
G = FEr. O

Lemma 5.8. The conclusion of Theorem 2(11)(b) holds if G = Eg, Fy, G>.

Proof. The proof is carried out using the methods of the previous lemmas,
so we only provide a sketch. For G = Eg arguments based on As- and As-
density alone suffice in all cases except that where M and D° are both DsT;
here we note that the intersection of two Ds subsystems cannot be DD,
by the spanning argument used several times above, and so |®* (DN M)| >
|®T(Ay)| = 10, giving f(s,G/M) > 2(36 — 20 — 20 + 10) = 12.

Now let G = Fy; here . M° = By, Dy, C3A; or Aggg, and if p = 2 we may
also have MY = Cy or D4 If M° = D4 then ®(M) consists of all the long
roots of ®; so ®(D N M) consists of the long roots of ®(D), and the values

f(s,G /M ) are clear. Applying the graph automorphism gives the values for
M 0 — Dy when p =2 (note that D cannot then be By). In all cases where
= (3A;, the fact that (DN M) is anti-open in (D) immediately leads

to the required bounds. If M° = By then ®(D N M) contains all long roots
of ®(D) and is anti-open in ®(D); these considerations suffice in all cases
(note that if D = Ay Ay then ®+(D N M) contains at least one short root
in addition to all positive long roots of ®*(D)). Again, applying the graph
automorphism deals with the possibility M° = C; when p = 2. Allowing
interchange of the roles of D and M, the only cases remaining to be treated
are those where MY = AgAg and D = B3Tj or A3A1 As far as long roots
are concerned, those of ®(G) form a Dy system, while those of ®(D) form
an As subsystem, which thus is anti-open and must meet the Ay factor of
®(M); this suffices to give the bound for D = A3z A;, so assume D = B3T)
and suppose if possible that ®(D N M) = A;. There is a unique positive
short root 3 such that the roots orthogonal to it are those of ®(D); since
by assumption the As factor of ®(M) does not lie in (D), not all of its
roots are orthogonal to 3, and so [ cannot lie in the gg factor of ®(M).
Thus if 41,72, 73 are the positive short roots of ®(D), then (3,71, 72,73 are
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four orthogonal short roots lying outside the A, factor of ®(M); but this is
impossible because the short roots of ®(G) form a D, subsystem, in which
any Dy? subsystem is anti-open. Thus we cannot have (DN M) = Ay, and
so |®T(D N M)| > 2, from which the required bound follows.

Finally if G = G2 the bounds are immediate from consideration of long
and short roots. (]

This completes the proof of Theorem 2(II)(b).

6. Completion of proof of Theorem 2: Part (III).

In this section we complete the proof of Theorem 2 by handling Part (III).
Thus let M be a maximal closed subgroup of the exceptional algebraic group
G, and suppose M does not contain a maximal torus of G. If M is finite
then dimz% N M = 0 for all # € G, and Theorem 2(IIT) obviously holds.
Hence we may assume M has positive dimension. We shall make use of
the information given about the possibilities for M in [22, Theorem 1];
this result gives the list of possibilities for M, excluding some unknown
cases in small characteristics. Note that all the unknown cases in small
characteristics have M of small dimension, and are quickly ruled out in the
next lemma by dimension arguments.

Lemma 6.1. Fither the conclusion of Theorem 2(III) holds, or G, M are
as follows:

G M

s GoFy

Er APy

E6 F4,C4(p 75 2)

Fy AiGa(p#2),Ga(p=17)

Proof. If M # M° then M possesses a graph automorphism, and we see
from [22, Theorem 1] that G, M? are as in the following table:

G MO

Eg A, A3, A1G2Go
E; Ay, Dy, A1 Ay
Eg Ao

It follows easily using 1.4 that if z € M — M?© is of prime order then dim z¢ —
dim(z% N (M — M?)) > eq, e} or hq, according as z is a root element, a
unipotent non-root element, or a semisimple element, respectively. Thus in
order to prove Theorem 2(III), we need only show that dim z% — dim(z% N
M%) > eq, eg: or hg in the respective cases just described.

First consider a semisimple element s € M. As usual we can assume that
dim(s® N M°) = dim sM°. By 1.1, we have dim s¢ > kg = 112, 54, 32, 16, 6,
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according as G has type Eg, Er, Fg, Fy, Go respectively. Hence Theorem 2(I11)
holds unless dim sM’ > kq — hg. Thus we may assume that dims™ >
k¢ — ha, whence dim M —rank(M) > kg — hg. Now [22, Theorem 1] shows
that M is in the list in the conclusion.

Now consider a unipotent element v € M?. If u is a long root element
then by 1.13(ii), u lies in a simple factor of M and is a long root element
therein (note that by the maximality of M, the case in 1.13(iii) where u is
a short root element in a subgroup B,, does not arise). Now we see that the
conclusion of Theorem 2(IIT) holds, using [22, Theorem 1] and 1.12.

Thus we may assume u is not a long root element (or a short root
element if (G,p) = (F1,2) or (G2,3)). Then by 1.7, dimu® > kl, =
92,52,32,22,8, according as G = Eg,...,Ga. As above, we may suppose
dim M — rank(M) > ki, — e(;, which again leads to the list in the conclu-
sion. O

Lemma 6.2. The conclusion of Theorem 2(I11) holds if G = Eg, M = Fy
or Cy (p # 2).

Proof. In this case, M = Cg(7), where 7 is an involutory graph automor-
phism of G (see 1.4).

Consider first a semisimple element s € M. Letting D = Cg(s), from 1.5
we have

dim DN M = dim Cp(7) > |87 (D)| + rank(D) — rank(D’),
and therefore
dim s¥ —dims¥ = dimG —dim D — dim M + dim D N M
> dimG — dim M — (|7(D)| + rank(D")).

Hence either the conclusion of Theorem 2(III) holds, or M = Fjy and
(|T(D)| + rank (D')) > 14, in which case D° = D5Ty, DyTs, AsTy, A5 Ay,
A4A1T1 or A%

Assume then that M = Fy and D is in this list. Observe that M N D =
Cp(1) = CE,(s), a reductive group, and 7 induces an automorphism on D.

Suppose D = T1Ds. When p # 2, D centralizes an involution ¢, so
M N D = Cg,(t) = By; and when p = 2 the fact that Cp(7) = Cp,(s) is
reductive forces it to be By again. Thus dim s¢ — dim s™ = 32 — 16 > hg,
as required.

Likewise, if D° = DyTy then Cp(7)? = B3T; (note that BoB1T} is not
possible, as this does not lie in a Levi subgroup of Fy); if D® = A5Ty or
AsA; then D centralizes an involution ¢ when p # 2, so Cp(7) < CF,(t),
whence Cp(7)? = C3Ty or C3A; respectively (and when p = 2 the fact
that Cp(7) is reductive forces the same conclusion); if D = A4A; T then
Cp(7) = BoA1Ty; and if D° = A3 then |s| = 3, so dim Cj;(s) > 16 by 1.5.
The required bounds follow.
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Now consider a unipotent element u € M of order p. For M = Fy,
unipotent class representatives for Fy, and the corresponding classes in Fjg,
are given in [17, Table A], and the required bound for dimu® — dimu™ is
immediate from [6, pp. 401-2].

Now let M = C4 (p # 2). If u is not in class A; or 24; of G, then
dimu® > 40 by 1.7, hence we may assume that dimu™ > 40 — e}, = 30.
By 1.10, the only such class in Cy is that of a regular unipotent element,
with a single Jordan block on the usual 8-dimensional Cy-module V5. As
u has order p, this implies that p > 11. If Va7 denotes the 27-dimensional
G-module Viz (A1), then Var | Cy = Vi, (A2) by [24, 2.5]. One checks that on
this module u has one Jordan block of size 13 if p > 13, and has 2 blocks of
size 11 if p = 11. Hence by [17, Table 5], u lies in class Eg(a1) of G, giving
dimu® — dimu™ =70 — 32 > ef..

If w is in class A; then w is a long root element in both G and Cjy, so
dim u® — dimuM = 22 — 8. Finally, suppose u is in class 24;. By [17], Vo7 |
u=J3®J$®J}. Since Vor | Cy = Vo, (A2), the only compatible possibility
for Vg | wis J2 @ J{. Then by 1.10, dimu™ = 14, while dimu® = 32, so
the result holds in this case also. (]

Lemma 6.3. The conclusion of Theorem 2(I11) holds if G = E;,M =
A1 Fy.

Proof. We first handle unipotent elements u. If u is a root element of G,
then by 1.13 and 1.12, dim u® — dim«™ > 33 — 16 = 17.

Now suppose u is not a root element. Then by 1.7, dimu® > 52. If
p = 2 then u is an involution, and from 1.7 we have dimu < 30, giving
dimu® — dimu™ > 52 — 30 > 20 = eg, as required. So assume p # 2. We
may assume that

dimu® < ey + dimuM < 20 + dim M — rank(M) = 70.

Hence by 1.7, u lies in class 24;,3A7,34) or Ay of G.

Write u = uguy with ug € Ay, u; € Fy. We may assume that dimwu
dim u® — eg;, whence dim u™ > 32 and dim uf * > 30. Therefore u; is in one
of the classes Ay + 2[1, Bs, ..., Fy of Fy listed in order as in [17, Table 4].

By [24, 2.4],

M

L(G) | AvFy = L(A1Fy) & (V(2) @ V(Ag)).

Hence, using [17, Tables 3, 4], we can compute the possible Jordan forms of
u = upuy on L(G) with u; in one of the above classes. We find that none of
these agrees with the Jordan form of any of the classes 2A4;,3A7,3A), As,
as given in [17, Table 8]. This completes the proof for unipotent elements.

Now consider a semisimple element s € G. If s is an involution, then
by 1.2, dim s > 54 while dims™ < 30, giving dim s¢ — dim s™ > 24 >
hg = 22, as required. So we may suppose s has odd (prime) order. We may
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also assume that dim s¢ < 22 4+ dim s, whence dim s < 72. By 1.1, this
forces C(s) = ThDg or T1 Eg. Now by [24, Section 2],

L(G) | A1Dg = L(A41Dg) & (V(1) ® V(X5)),
L(G) | TiEs = L(T1 Eg) © V(A1) @ V(D).

It follows that if C(s) = T1 Dg then for some root of unity 4, the eigenvalues
of s on L(G) are 1 (multiplicity 67), 5,0~ (multiplicity 32 each) and 62,52
(multiplicity 1 each); and if Cg(s)? = T1Eg then the eigenvalues of s on
L(G) are 1 (multiplicity 79), 6,6~ (multiplicity 27 each).

Write s = s180 with s1 € Ay, 89 € Fy. The conclusion is clear if so = 1,
S0 assume S # 1.

Suppose now that s; # 1 also, and consider the composition factor
V(2) @ V(\y) of M = A1F; on L(E7). Since a maximal torus of M has
nontrivial 0-weight spaces on each factor V(2) and V(\4) (of dimension 2
on V()\4)), we see that the eigenvalues 6,8~ ! both appear with positive
multiplicity for s; on the 3-dimensional factor Vy,(2), and for sa on the
26-dimensional factor Vi, (\4). In particular, the eigenvalue 62 appears for
s on the tensor product. It follows that if 6% # 1, then Cg(s) = T1Dg
and s1,s2 act on the two tensor factors as diag(s,d~ 1, 1), diag(s, 61, 1%4)
respectively. But then dim Cy (9)gv(1,)(s) = 26, and so, as dim Cg(s) = 67,
we have dim Cp,4, p,)(s) = 41. This forces dim CF,(s2) > 38, whereas there
is no such semisimple element in Fy (by 1.1 for example).

Therefore 63 = 1 and s has order 3. On V(2) ® V(\4) we have s = s159 =
diag(6, 671, 1) ® diag(d,...,6,6 71, ..., 671, 12672F) (where in the second fac-
tor 4,01 appear with multiplicity k). Then dim Cv(2)gv(r)(8) = 26 again,
giving a contradiction as before.

We have now established that s; = 1, that is, s € Fy. Also Cg(s) = T1Dg
or T'Eg, and A1 = Cg(Fy) < Cg(s) = Cg(Th), whence T < Cg(A1) = Fy.

Suppose now that p # 2. If Cg(s) = T1Dg, then the torus T3 lies in
a fundamental subgroup J = SLy centralizing Dg, and [25, Theorem 1]
forces J < Fy. Thus J is a fundamental SLy in Fy, whence Cp,(s) =
Cr,(T1) = T1Cs, and dim s® — dim s = 66 — 30, giving the conclusion.
And if Cg(s) = T1 Eg then an involution in 71 lifts to an element of order 4
in the simply connected cover of G, which is impossible as T1 < Fy.

Finally, consider the case where p = 2. Here there is an element t € T}
of order 3, and Cg(t) = Cg(s) = Cg(T1). Moreover by 1.2, Cg,(t) =
AQAQ,TlB3 or T103, and

dim s¢ — dim s™ = dim 5% — (dim M — dim Cf, (t)).

The right hand side is greater than hg = 22, except when Cg(s) = T1Eg
and Cp,(t) = A2As. However, in the latter case, we deduce from

Vi (A1) 1 A2ds = (V(A) @ V(M) @ (V(A2) @ V(A2)) @ (0@ V(A1 + A2))
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(see [24, Section 2]), that dim Cy(y,)(t) = 8, whence dim Cy (21 () (t) =
24. This yields dim Cp gy (t) < 79, a contradiction (as Cg(t) = Cg(s)
T, Eg in this case).

ol

Lemma 6.4. The conclusion of Theorem 2(I11) holds if G = Eg, M =
GoFy.

Proof. For s semisimple, we have dim s —dim s™ > 112—dim M +rank (M)
> hg, as required.

Now consider unipotent elements u. If w is a root element of G then
dimu® — dimuM > 58 — 16 > eq. Otherwise, we may assume that

dimu® < dim M — rank(M) 4 e}z = 100.

Hence by 1.7, u lies in class 24; of G. Then dim u® = 92, so we can suppose
that dimu™ > 92 — er; = 52, whence dim uf* > 40. As u has order p, we
see from 1.7 that p # 2 or 3. By [17], the largest Jordan block of u on L(G)
has size 3. Hence if u = upuy with ug € G2,u; € Fy, then by [17] again, u;
lies in class A7 or Zl of Fy. But then dim u{‘/f < 40, a contradiction. O

Lemma 6.5. The conclusion of Theorem 2(II1) holds if G = Fy}.

Proof. Here M = A1G2 (p #2) or Ga (p = 7). If u is a long root element of
G, then use of 1.13 gives dimu® — dimu™ > 16 — 6 > eg = 4. And if u is
not a long root element then by 1.7, dimu® > 22 and dim v < 14, giving
dimu® — dimuM > 8 > eg, as required.

Now consider a semisimple element s € M. We can suppose Cg(s) = By,
as otherwise by 1.1 we have dims® > 28, giving the conclusion. Then

dim s = 16, while since s is an involution, dim s™ < 10, giving the result.
O

The proof of Theorem 2 is now complete.

7. The tables of bounds for Theorem 2.

This section consists of four tables which define the constants referred to in
the statement of Theorem 2. The numbers cq ; o, ¢G5 and c’Gﬂ. are defined
in Tables 7.1 and 7.2; and the numbers dg; p and fg v, p in Tables 7.3 and
7.4. In the latter tables, separate bounds are given for certain cases in which
the subgroup D has a large normal factor, as indicated by the heading “D ”
in the second column. For example, from Table 7.3 for G = FEg, we have
dG2,B,4, =41, dg 4 a,1, = 67 (since here D> E7, A7 respectively); and from
Table 7.4 for G = Eg, we have fg 454, D51 = 16, fa N (DaT), A0 T = 26.

In Table 7.4, if G = Fjy then MY = Cy or Dy only occurs for p = 2;
likewise if G = G5 then M° = Ay only occurs for p = 3.
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i | CBsio Cpei CEria Cp.i CEsioa Cpe
1 18 28 8 12 4 6
2| 22 34 11 16 6 8
31 23 36 12 18 7 10
4 25 40 14 21 9 12
5| 25 39 13 20 7 10
6| 22 36 10 16 4 6
7| 18 30 6 10
8 12 20
Table 7.1. G = Eg, E7, EG'
i | CRuia  CFuig i CGajia CGaif  Cli
1 5 6 —20p2 8—20p2 3 3—0p3 4—10p3
2 7 9—30p2 11—-26,2 2 3 4—0p3
3 6 9—20p2 11—-26,2
4] 4 6-6,5 8—25,9
Table 7.2. G = 1{747 GQ.
7
G| D>v|1 2 3 4 5 6 7 8
Es| E; |35 41 44 48 47 44 36 24
Dg |40 48 51 55 54 50 43 29
other | 48 58 62 67 66 61 52 36
E;| Eg |12 17 18 22 21 17 11
Dg |16 20 23 26 24 20 12
A7 |17 23 25 28 27 22 15
other | 20 26 30 34 32 26 17
FE¢| Ds | 6 8 10 12 10 6
As | 8 11 13 15 13 8
other | 10 12 16 18 16 10
Fy| B4 |4 6 7 5
Cs & 11 11 &8
Bs | 8 12 12 9
other | 10 13 14 11
Go| Ay | 2 3
other | 3 3
Table 7.3. Values of dg; p.
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G| Do MY

FEg E; Ay Dg EgAs Ag D42 other
Er 48 56 65 68 72 84
Dg 56 64 81 84 88 100
other | 70 80 102 108 116 128
E~ E¢T, DgAy A7 other

Eg 22 24 27 36

Dg 24 32 32 39

Ar 27 32 35 45

other | 34 40 44 58

Fg DTy AsA; DTy A Ty

Ds 12 16 20 24 26

Asg 16 20 24 27 34

other | 20 24 26 32 42

Fy By Cy Dy Dy C3A1 AxAj
By 8 — 9 — 8 12
Cs 8 10 12 16 14 18
Bs 10 8 16 12 16 22
other | 12 12 16 16 18 24

Go A Ay AtA
Ag 6 — 4
other 3 3 4

Table 7.4. Values of fg v p-
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