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Let (M™,g) be a compact Riemannian manifold isometri-
cally immersed in a simply connected space form (euclidean
space, sphere or hyperbolic space). The purpose of this paper
is to give optimal upper bounds for the first nonzero eigen-
value of the Laplacian of (M™, g) in terms of r-th mean curva-
tures and scalar curvature. As consequences, we obtain some
rigidity results. In particular, we prove that if (M™,g) is a
compact hypersurface of positive scalar curvature immersed
in R**! and if g is a Yamabe metric, then (M™, g) is a stan-
dard sphere.

1. Introduction.

Let (M™,g) be a compact, connected m-dimensional Riemannian manifold
without boundary isometrically immersed into a simply connected space
form N"™(k) (k = 0,1 or —1 respectively for Euclidean space, sphere or hy-
perbolic space) whose canonical metric will be denoted by h. A well-known
inequality gives an extrinsic upper bound for the first nonzero eigenvalue
A1(M) of the Laplacian of (M™,g) in terms of the square of the length of
the mean curvature, denoted by |H|?. Indeed, we have

1) MMV (M) < m /MaHP + K)du,

where dvy, and V(M) denote respectively the Riemannian volume element
and the volume of (M™,g). Moreover the equality holds if and only if
(M™,g) is minimally immersed in a geodesic sphere of N" (k). For k = 0,
this inequality was proved by Reilly ([16]) and can easily be extended to
the spherical case k = 1 by considering the canonical embedding of S™ in
R™*! and by applying the inequality (1) for x = 0 to the obtained im-
mersion of (M™, g) in R*"!. For immersions of (M™, g) in the hyperbolic
space, Heintze ([10]) first proved an Lo, equivalent of (1) and conjectured
(1) which was finally obtained by El Soufi and Ilias in [7]. In [16], Reilly
has shown estimates of the A;(M) of orientable manifolds (M™,g) isomet-
rically immersed in R™ in terms of more general invariants called r-th mean
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curvatures. Let us first define these invariants. Let B be the second funda-
mental form of the immersion, which is normal-vector valued, and let (Bj;),
be its matrix with respect to an orthonormal frame (e;)1<i<m at a point x
of (M™,g). For any integer r € {1,...,m}, the r-th mean curvature of the
immersion is the quantity, if r is even

-1 . .
m 1 11...1
H, = < , > ﬁ E € < jl 3 j: > h(Biljl,BinQ) R h(BiT»,le,laBirjr)

i1
J1-dr

and if r is odd

—1 . .
[ m 1 Q.. iy
n=(7) wxe(in)

1.0
Ji--Jr

: h<Bi1j1 ’ Bi2j2) s h’(Bir72jr727 Birfljrfl)BiTjr

where € < ;.1 o ';.T > is zero if {i1,...,i,} # {j1,...,jr} or if there exists
1.--Jr

p and ¢ such that 7, = 44, and in the contrary case € ( ;1 . ';.T ) is the
e g

signature of the permutation of ;1 . ';.T

e
and Hy,+1 = 0. Note that Hj is nothing but the usual mean curvature
vector and for submanifolds of R™, Hs is up to a multiplicative coefficient
the scalar curvature. If the codimension is 1 and if (M™, g) is oriented by a
normal vector field v, it is convenient to work with the real valued second
fundamental form b by: b(X,Y) = h(B(X,Y),v). Therefore, the r-th mean
curvatures of odd order can be defined as real valued (we replace in this case
the vector field H, by the scalar h(H,,v)). Choosing an orthonormal frame
at « such that b,(e;,e;) = pidij, we get the following unified formulae, for
any integer r € {1,...,m}

@) m= (") e

i1 <<y

). By convention, we put Hy =1

In [16], Reilly proved a sharp bound for \; (M) of manifolds immersed in a
Fuclidean space, in terms of r-th mean curvatures. Recall this result:

Theorem 1.1 (see Reilly [16], Theorem A). Let (M™,g) be a compact,
orientable m-dimensional Riemannian manifold isometrically immersed by
¢ into R™.
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1. If m <n—1 and if r is an even integer such that r € {0,...,m — 1},
then

A (M) ( /M Hrdvg>2 <mV (M) /M |H,41)dv,.

Moreover if H.y1 doesn’t vanish identically and if equality holds, then
¢ immerses (M™, g) minimally into some hypersphere in R™.
2. Ifm=n—1andre€{0,...,m— 1}, then

A1 (M) < /M Hrdvg>2 <mV (M) /M H? 1 dv,.

Moreover if Hy41 doesn’t vanish identically, equality holds if and only
if ¢ immerses (M™, g) as a hypersphere in R™.

Note that, if m < n — 1 and r is odd, there is no inequality, because in
the proof it is necessary that H, can be viewed as a real quantity.

The purpose of this paper is to find similar upper bounds for submani-
folds of the other space forms. In a first part, we extend Reilly’s result to
the sphere and the hyperbolic space (Theorems 2.1 and 2.2). In a second
part, as a consequence of such estimates and using a different approach, we
obtain for hypersurfaces of a simply connected space form upper bounds of
A1(M) in terms of the scalar curvature (Corollary 3.1 and Theorem 3.1).
Moreover, these estimates allow us to obtain rigidity results (Remark 3.1).
In particular, we prove that if (M", g) is a compact hypersurface of posi-
tive scalar curvature immersed in the Euclidean space and if g is a Yamabe
metric, then (M™, g) is a standard sphere (Corollary 3.2).

2. Upper bounds of \{(M) in terms of r-th mean curvatures.

Let (M™,g) be an orientable m-dimensional Riemannian manifold isomet-
rically immersed by ¢ in an n-dimensional Riemannian manifold (N™, h) of
constant sectional curvature. Let B be the second fundamental form as-
sociated to ¢. Before stating our results, we need some definitions. Let
(ei)1<i<m be an orthonormal frame at x € M, (€)i1<i<m its dual coframe
and (B;;) the matrix of B with respect to the frame (e;)i1<i<m. We define
the following (0, 2)-tensors T} for r € {1,...,m}:

e If r is even, we set

1 101...1
= r! ; Z ‘ < JJt-. .j: ) h(BiljlvBizjz) T h(Bir—ljr—l’Birjr)ez( ® 6;.
1,010y
JsJ1eJr
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e If r is odd, we set

1 Z 101...1
Tr= ﬁ . 6( .7.71]: ) h<Bi1j17Bi2j2)"'
1,01 .l
j;jln-jr
h(Bir—Zj'r—27 Bir—ljr—l)BiT'jT‘ ® e: ® 6;.

By convention Ty = g. As for the r-th mean curvatures, we have an unified
formulae if the codimension of (M™, g)is 1 (i.e., m = n—1); indeed, choosing
a unit normal field v and a g-orthonormal frame (e;)1<i<m at a point x €
M which diagonalizes the scalar valued second fundamental form b (i.e.,
be(ei,ej) = pidi;), the tensors T can be viewed as scalar valued (0,2)-
tensors (if r is odd we replace T, by the tensor h(T,(.,.),v)) and we have at
x

-1
m
3) TT=< ) S el @€

i1 < <
i

We first prove a lemma which is well-known in codimension 1:

Lemma 2.1. Let (M™,g) be a n-dimensional Riemannian manifold iso-
metrically immersed in a n-dimensional Riemannian manifold of constant
sectional curvature. Let r € {1,...,m}, and if m < n — 1, assume that r is
even. Then we have

divy/ T, = 0.

Proof. The proof is known when m = n — 1 (see for instance [17]). Assume
that m < n—1 and r is even and let VM denote the Riemannian connection
of (M™,g). Let x € M and (e;)1<i<m be an orthonormal parallel frame at
z, then we have

diVMTr(ej)

1
= ﬁ Z VeiTT(ei, €j)

1 141...1
- m ZZZ ‘ < j]l .. ]’:ﬂ > h((VelB)zlj17Bl2]2) tte h(B’irfljr717B7;7‘j'r)
1--:2r

j1~~_-jr

7

1 191...1

= m Z € < j ]i N ‘]?; > h’((v€i1 B)iju Bizjz) s h(Bir—1jr—1aBirjr)
i1

jl---jr
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where we used in the last equality the Codazzi equation and the fact that
the sectional curvature of (N™, h) is constant. Therefore

11 17.
div T (6] r — 1 ‘ Z ( jljl ) h((veiB)hju Bi2j2) ce

]1 ]T
[

h(Bi,_yjr_1s Binj,)

71
- r,»_ 1 | Z < ]jll >h((v6i3)i1jlaBi2j2)---

]1 ]7‘
7

h(Bir—ljr—l ’ Bi’rj’r‘)
= —divy Ty (ej).
This completes the proof. (]
In the following lemma, we give some relations between the r-th mean

curvatures and the tensors 7T;.. These relations are also well-known in codi-
mension 1 (see for instance [17]).

Lemma 2.2. For any integer r € {1,...,m}, we have
tr (T;) = k(r)H,.

Moreover, if r is even
ZTT(ei7ej>B(ei76J> k(r)Hy 41
ij

and if r is odd

Zh eirej), Blei, ¢;)) = k(r)Hys
where k(r) = (m —r) < 7:& )
Proof. Tt follows easily from the definitions of T, and H,, so we will omit
it. O

Now, we extend Theorem 1.1 of Reilly mentioned in the introduction to
submanifolds of the sphere.

Theorem 2.1. Let (M™,g) be a compact, orientable m-dimensional Rie-
mannian manifold isometrically immersed by ¢ into S™.
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1. If m <n—1 and if r is an even integer such that r € {0,...,m — 1},
then

Aﬂkﬁ(Z;HM%>a§mVM@jLﬂHHﬂ2+Hﬂd%.

Moreover, if H, doesn’t vanish identically, and if equality holds then ¢
immerses M minimally into S™ or some geodesic hypersphere of S™.
2. Ifm=n—-1andr e {0,...,m— 1}, then

(4) A (M) ( /M Hd) "< v /M (HZ,, + H?) dv,.

If H, doesn’t vanish identically and if equality holds, then (M™,g) is
minimally immersed in S™ or ¢(M) is a geodesic sphere. Moreover, if
d(M) is contained in a hemisphere, we have equality if and only if ¢
immerses (M™, g) as a geodesic hypersphere of S™.

Remark 2.1. Asin Theorem 1.1, the method used doesn’t allow us to have
an inequality if m <n — 1 and r is odd.

On the other hand, this theorem can’t be deduced from Theorem 1.1
of Reilly by considering the canonical embedding of S in R"!, but is a
consequence of a more general result given in Proposition 2.1 below.

Let (M™,g) be a compact m-dimensional Riemannian manifold isomet-
rically immersed by ¢ in R™ and denotes by B its second fundamental form.
We assume that (M™,g) is endowed with a free divergence (0, 2)-tensor T'
and we define a normal vector field Hp at a point z € M, by

Hp(z) = Y T(ei,e;)Bleie5)
1<ij<n
where (€;)1<i<m is an orthonormal basis of the tangent space of M at z. We

have the following generalization of Theorem 1.1:

Proposition 2.1. Let (M™, g) be a compact, orientable m-dimensional
Riemannian manifold isometrically immersed by ¢ into R™ and assume that
(M™, g) is endowed with a free divergence (0,2)-tensor T'. Then, we have

(5) M (M) ( /M tr(T)dvg>2 < mV (M) < /M |HT|2dvg> .

Moreover, if Hp doesn’t vanish identically and if equality holds, then (M™, g)
1s minimally immersed into a geodesic hypersphere of R™.

This proposition will be a consequence of a generalization of the Hsiung-
Minkowski formulas. For this purpose, let us first define a second order
differential operator Ly on C*°(M) by

Lru = —diva (TPVMu)
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where VM is the gradient associated to the metric ¢ and T* is the sym-
metric endomorphism associated to T' with respect to g (i.e., g(T*X,Y) =
T(X,Y)). The differential operator Ly is self-adjoint because T is a free-
divergence tensor, and it is easy to see that

(6) Lr(u) = —(D*u,T)

where D? and ( , ) denote respectively the hessian operator and the inner
product extended to tensors. Now, if (0;)1<i<n and ¢' denote respectively
the canonical basis of R™ and the component functions of ¢ in this basis, we
set

Lré =" Lr¢'o:

i<n

Now, we can state:
Lemma 2.3. We have
(7) Lr¢p =—Hr
and

1
(8) iLT‘¢|2 = —(¢, Hr) — tr (T).
Proof. The proof of (7) is similar to that of the well-known formula A¢ =
—mH and Formula (8) is an immediate consequence of (7). O

Proof of Proposition 2.1. Doing a translation if necessary, we can assume
that the center of mass of ¢ is at the origin; that is [, ¢’dvy = 0 for all
i < n. From the variational characterization of A;(M ), we have for any 4

(9) A (M) /M<¢i>2dvg < /M|d¢i|2dvg

and if the equality holds, then each ¢ is an eigenfunction of the Laplacian.
From the above inequality and by applying Lemma 2.3 and using a Cauchy-
Schwartz inequality, we obtain the following inequalities

(10) A (M) < /M tr(T)dvg>2 — M (M) < /M<HT, ¢>dvg>2
cnin ) ], )
< < /M\HT|2dvg> ( /M;|d¢i2dvg)
=mV (M) (/M |HT|2dvg) :

This proves the inequality (5) of Proposition 2.1.
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Equality case. If (5) is an equality, then inequalities in (10) are equalities
too. But since |Hp| doesn’t vanish identically on M, we deduce that

MDY [ (@ Pdu, =3 [ o,

this implies with (9) that the functions ¢; are eigenfunctions of A\ (M).
Hence by Takahashi’s theorem ([19], Theorem 3) we deduce that ¢ is a
minimal immersion of (M™, g) into a hypersphere of radius /m/A;(M). O

Proof of Theorem 2.1. The desired inequality can’t be deduced from The-
orem 1.1, but it will be a consequence of the generalized inequality (5) of
Proposition 2.1. In fact, let 7, be the (0, 2)-tensors associated to the second
fundamental form B of ¢ and let ¢ be the canonical embedding of S" in
R™*!. Then, as before the normal vector field H’TT associated to the second
fundamental form B’ of the isometric immersion i o ¢ is given at x € M by
H}T = Z TT(ei,ej)B’(ei,ej)
1<i,j<n

where (e;)1<i<m 1s an orthonormal basis of the tangent space of M at z.
Now, it follows from (5) that

(11) A (M) (/M tr (Tr)dvg>2 < mV (M) </M ]H{Fr|2dvg>

now, it is easy to see that B’ = B — g¢ and then H’T = Hp, —tr (T,)¢. This
gives us
|HE, |2 = |Hr, [* + tr (T3)°

therefore, reporting this last relation in (11) we obtain

2
(12) A1 (M) (/ tr (Tr)dvg> < mV(M)/ (|Hr, |* + tr (T7)?) do,.
M M
Now the inequalities of Theorem 2.1 follow by using Lemma 2.2 which gives

us |Hr,| = k(r)|Hyr41| and tr (T}) = k(r)H,, where k(r) = (m — r) < T )

Equality case. If we assume that H, doesn’t vanish identically, then it
is also the case for H}T and we can deduce as in the previous proof, that
if equality holds then M is minimally immersed in a geodesic hypersphere
of R™*! with radius less or equal to 1. If the radius is equal to 1, then M
is minimally immersed in S™ if not M is minimally immersed in a geodesic
hypersphere of S™.

Conversely, if m = n — 1 and if ¢(M) is a geodesic hypersphere of S”,
then A\; (M) = (n—1)(H?+1). On the other hand H, = H7, and inequality
(4) becomes an equality. O
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These results are a consequence of a Hsiung-Minkowski formulae for sub-
manifolds of R™ or S”. For submanifolds of the hyperbolic space, such a
formulae exists but doesn’t allow us to generalize these theorems in this
case. However, using a different approach, we can obtain a partial result for
hypersurfaces of H"t1.

Theorem 2.2. Let (M™,g) be a compact, orientable n-dimensional Rie-
mannian manifold isometrically immersed by ¢ into H" 1. Let r € {0,...,
n — 2}. If H, is a positive constant and if ¢ is convez (i.e., its second
fundamental form is semi definite), then we have
(13) M(M)V(M)H? < n/ (HZ,, — H?) do,.

M
Moreover, the equality holds if and only if ¢ immerses M as a geodesic
hypersphere in H* 1.

Proof. Here, (M™, g) is isometrically immersed in H"™! and we assume it
to be oriented by a unit normal field v. Therefore as noticed before, the r-
th mean curvatures will be considered as scalar quantities (see (2)) defined
over M. In a recent paper, using the fact that any space form N"*1(k) is
conformally embedded in S"*!, we establish a relation between r-th mean
curvatures and the conformal factor ([9]). We recall this result in the case
which we are interested in, that is when x = —1. Let II be a conformal
embedding of (H"*!, cang) into (S"*!, cang) and let f be the function de-
fined on H"t! such that IT*cang = efcany. Then we have for any integer
r € {0,...,n— 1} (see Proposition 3.1 of [9])

(14) H!, — H;

o 1
= (Hpar = FH,) + S°0H) + 1|V (f 0 0) P

1

— o= g(T, VM (f 0 ¢), VM (f 0 ¢)) H, —

2]{3(7") HTLT(fO¢)

1
k(r)
where L, = Lp,, F = (1/2)cang(VE" f,0) 0 ¢, VE"™ and VM denote
respectively the gradient of H"*! and M. Furthermore, we have shown (see
the proof of Theorem 1.1 of [9]) that for any integer r € {0,...,n — 2} and
under the assumption of the convexity of ¢

g(TVM(f o), VM (fo¢)H, > 0.

1

Since L, is selfadjoint and H, constant, we deduce from (14) and (15) that

/ (HZ,, — H?) dvg > / (Hyi1 — FH,)?dv, + H? / el*%du,.
M M M
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Now, if we put X = IT o ¢ and if we denote by X' its component functions
in R"*2, we have

Z |dX|? = nel°?.
1<n+2

Composing II with a conformal diffeomorphism of (S"*1, can) if necessary,
we can assume that [, X'dvy =0 ([4]), and thus

(16) / (HZ,, — H?) dvg
M
2/ (H, 1 — FH,) dvg—{—/ S JdX 2y,
M 1<n+2
H2
’")\1 / > (x deg_—Al( )W (M).
1<n+2

This proves the inequality in Theorem 2.2.

Equality case. If (M", g) is immersed as a geodesic sphere, then A\ (M) =
n(H? —1). Now, since H, = HJ, the inequality in Theorem 2.2 becomes an
equality. Conversely, assume that (13) is an equality, then all inequalities in
(16) are equalities. Thus, X* are eigenfunctions of the Laplacian associated
to A\1(M) and it follows that

nel*? = > X = — Z AX)?+ ) XIAX = M (M)
1<n+2 z<n+2 1<n+2

and we deduce that f o ¢ is constant on M. Furthermore, the equality in
(16) and Equation (14) imply successively that

Hr+l
17 =F
(17) H,
and
H?
fod __ +1

Now, considering (14) for » = 0, we have
H} —1=H} - 2HF + F? + /%,
Finally, reporting (17) and (18) in this last equality, we get
H,Hy — Hyyq = 0.

It is well-known that this implies that M is totally umbilic and thus ¢(M)
is a geodesic sphere ([2]). O
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In the sequel, since the codimension of the orientable manifold (M™, g)
is 1, we consider r-th mean curvatures as scalar quantities (see (2)) defined
on M. As a straightforward consequences of Theorems 1.1, 2.1 and 2.2 we
have the following corollaries:

Corollary 2.1. Let (M™, g) be a compact, connected orientable n-dimen-
sional Riemannian manifold isometrically immersed by ¢ in R, Let r €
{1,...,n}. If H, is a positive constant, then we have

M (M) < nH?",
Moreover, we get equality if and only if ¢ immerses (M™, g) as a hypersphere
in R*TL,
For hypersurfaces of S™*!, we obtain:

Corollary 2.2. Let (M",g) be a compact, connected orientable n-dimen-
sional Riemannian manifold isometrically immersed by ¢ in an open hemi-
sphere of S, Letr € {1,...,n —1}. If Hyy1 > 0 and if H, is a positive
constant, then we have

AM(M) <n (Hf/T v 1) .

Moreover, we get equality if and only if ¢ immerses (M™, g) as a hypersphere
in SPHL.

And for hypersurfaces of H"*!, we have:

Corollary 2.3. Let (M",g) be a compact, connected orientable n-dimen-
sional Riemannian manifold isometrically immersed by ¢ in H"'. For any
integer r € {1,...,n — 1}, if H, is a positive constant and if ¢ is convex
(i.e., B is semi definite), then we have

M(M) < n (H,?/’“ - 1) .

Moreover, we get equality if and only if ¢ immerses (M™, g) as a hypersphere
in H*HL,

These corollaries are an immediate consequence of the Maclaurin inequal-
ities which we recall (see for instance [13] and [14]). Let ¢ be an isometric
immersion of a Riemannian manifold (M™, g) into a simply connected space
form N"*1(k) (k = 0,1 or —1 respectively for R**1 S"+1 or H"+1). If for
all integer j € {1,...,k}, we have H; > 0 then

1/k 1/j
o~ < H;V

with equality at umbilic points. Moreover, we know that if for an integer k,
we have:

1. Hy > 0 and ¢ is a convex immersion (i.e., B is semi definite), then
H; >0, for any j € {1,...,k} ([20]).
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2. Hj, > 0 and for k = 1, ¢(M) lies in an open hemisphere, then H; > 0,
for any j € {1,...,k} ([5]).

Note that the Maclaurin inequalities and Property 1 are still valid for hy-
persurfaces of any ambiant space.

Another approach allows us to obtain a different upper bounds for A; (M)
of hypersurfaces of R"*!. Indeed, we have:

Theorem 2.3. Let (M",g) be a compact, orientable n-dimensional Rie-
mannian manifold isometrically immersed by ¢ in R"* L. If for r € {0, ...,
n — 2}, we have Hy49 > 0, then

/\1(M)/ H,dvy < nV(M)sup Hy4o.
M M

Moreover, equality holds if and only if ¢ immerses (M™, g) as a hypersphere
in R+,

Proof. From (8), we have

1
§|¢!Lr\¢lz = (¢, Hr,)|o] — tr(T;)|¢]

= —k(?“) (Hr+1<¢7 V>‘¢)| + HT|¢|)
< k(r) (|Hprall0* — Hylg])

hence

(19) [ 1ol (VV16l, 9V [61) duy < k) [ (Hrrallof? = H,16]) o,
Now, in [5] (Proposition 3.2), Barbosa and Colares show that if H,; > 0,
then T}, is a definite positive (0, 2)-tensor for any k£ € {1,...,r}. Further-

more, we have in particular that H, > 0. Consequently, we deduce from
(19) and the fact that 7). is positive, that

[ migln, < [ Healofan,
M M

and finally from (8) and the above estimate, we obtain

M (M)k(r) /M Hydv,

— (M) /M<HTM b)dv,
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< k(r)M (M) /M Hy 1 |ldv, < k(r)h (M) /M H,y 2 62dv,

< KM ) sup Hra [ (6 < krysup Heva | 316,
M M M M i

= nk(r)V(M)sup Hy42.
M

This completes the proof of Theorem 2.3. Furthermore, it follows from (19)
that equality holds if and only if ¢(M) is contained in a geodesic sphere of
Rn—i—l‘ 0

3. Upper bounds of \;(M) in terms of scalar curvature.

First, we deduce from the previous corollaries an unified estimate of A;(M)
in terms of the scalar curvature S for hypersurfaces immersed in a space form
N™" (k) (k = 0,1 or —1 respectively for R**! S"*1 and H*!). Indeed, we
have:

Corollary 3.1. Let (M™,g) be a compact, orientable n-dimensional Rie-
mannian manifold isometrically immersed in a simply connected space form
Nt (k). Assume that:

1. If k=0, r€{2,...,n} and H, is a positive constant;

2. ifk=1,re{2,...,n—1}, ¢(M) is contained in an open hemisphere

of SVt Hy1 >0 and H, is a constant;

3. ifk=—1,r€{2,...,n—2}, ¢ is convex and H, is a positive constant.

Then S > 0, and we have

)\1(M) S 1nfMS

n—1"
Moreover, equality holds if and only if ¢ immerses (M™,g) as a geodesic
sphere.

Remark 3.1. If (M", g) is an Einstein manifold (n > 3) with positive scalar
curvature, then the Lichnerowicz-Obata ([12]) estimate for A; (M) gives us:
M (M) > S/(n — 1), equality holding only for the spheres. Now, if (M™, g)
is an Einstein manifold of positive scalar curvature isometrically immersed
in R"*, Hy is a positive constant and we deduce from Corollary 3.1, that
¢(M) is a geodesic sphere. This is another way to prove that the spheres
are the only hypersurfaces of R"*! which are endowed with an Einstein
structure of positive scalar curvature (see for instance Theorem 5.3 p. 36 of
[11]). We can obtain similar results for the other space forms. Recall that,
more generally, Fialkow in [8] proved that geodesic spheres are the only
compact Einstein hypersurfaces of positive scalar curvature immersed in a
space form N™"!(k). Recall also that A. Montiel and A. Ros in [14] have
shown that geodesic spheres are the only compact hypersurfaces of constant
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scalar curvature embedded in N"*!(x) (with the additionaly hypothesis
“¢(M) contained in a hemisphere” for the spherical case k = 1).

Another consequence concerns the Yamabe problem. Indeed, note that T.
Aubin ([4]) shows that if g is a Yamabe metric of positive scalar curvature
on a compact manifold (M",g) (n > 3), then A\;(M) > S/(n — 1) . Then
from our Corollary 3.1, we deduce the following:

Corollary 3.2. If (M™,g) is a compact hypersurface of positive scalar cur-
vature immersed in R"Y and if g is a Yamabe metric (i.e., minimizes the
Yamabe functional in its conformal class) then (M", g) is a standard sphere.

Proof of Corollary 3.1. This corollary follows from Corollaries 2.1, 2.2 and
2.3, in the case r = 2. Under the assumptions of these corollaries and by
using the Maclaurin inequalities about r-th mean curvatures, we obtain

(20) M(M) <n (HE/T + n) < n(Hs + )

and equality holds if and only if ¢ immerses (M™,g) as a geodesic sphere.
Now, let (e;)1<i<n be a g-orthonormal basis which diagonalizes the second
fundamental form b (i.e., b(e;, ej) = (B(ei, €j),v) = pidi;). From the Gauss
equation, we have

(21) S =kn(n— 1)—|—Z,ui,uj =n(n—1)(k + Ha)
i£]
and reporting this relation in (20), we obtain the desired inequality. O

As an immediate consequence of Theorem 2.3, we have A\;(M) <
sup,s S/ (n — 1), by applying the inequality for » = 0. The techniques used
in this theorem don’t allow us to extend it to hypersurfaces of S**! and
H"+!1. But, by a different method inspired by Heintze’s work ([10]), we can
prove:

Theorem 3.1. Let (M",g) be a compact, orientable n-dimensional Rie-
mannian manifold isometrically immersed in a simply connected space form
N (k) (k = 0,1 or —1 respectively for R**1 S**1 or H™1) and assume
in addition that for k = 1, ¢(M) lies in a geodesic ball of radius w/4. If
S > n(n — 1)k then we have

M(M) < supps S

n—1
and equality holds if and only if ¢ immerses M as a geodesic sphere.

Before giving the proof of Theorem 3.1, we need to give some preliminary
results. Let pg € N"*1(k) and exp,,, the exponential map at this point. We
denote (7;)1<i<nt1 the normal coordinates of N"1(k) centered at py and
for all x € N""1(k), we set r(z) = d(po, ), the geodesic distance between
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po and z on N"*1(k). Assume in the case x = 1, that ¢(M) lies in an open
hemisphere.
Let s, and ¢, be the functions defined by

sinr if k=1 cosT if k=1
sg(r)y=<r if k=0 and cg(r) =<1 if k=0
sinhr if x=-1 coshr if K= -—1.
Note that ci + ﬁsi =1 and s, = ¢, and ¢, = —s,.

In the sequel, we denote respectively by VM and V¥ the gradient associ-
ated to g and to the canonical metric of N"*1(k) denoted by h. Then, if we
put X = s,(r)V¥r, it is easy to see that the normal coordinates of X are

<s"7(7n)mz> . Furthermore, the tangential and the normal projection of
1<i<n+1

a vector field Y respectively on the tangent bundle and the normal bundle
to ¢(M) will be denoted by Y7 and Y.
We recall two lemmas shown by Heintze ([10]):

Lemma 3.1. At any x € M, we have
[ 8s(7) ) a [(8sk(r) ) o T +T
(22) Z Gz (V (ra:z>,v (T:I:Z =n—krg (X", X").
1<i<n41

Lemma 3.2. The vector field X = s,(r)Vr satisfies

H/ 1 X7 2dv, :n/ cidvg—n/ |H|scrdvg.
M M M

Now, we need the following inequality for the proof of Theorem 3.1:

Lemma 3.3. For all symmetric free divergence definite positive (0,2)-ten-
sor T, we have

tr (T)cx < sg|Hp| + diva (TPXT)
and if T is the identity, then equality holds.

Proof of Lemma 3.3. Since T% is a positive symmetric (1,1)-tensor, we can

define a natural positive symmetric (1, 1)-tensor V7% such that vT4oVT# =
T*.

Now let (e;)1<i<n be an orthonormal frame at z, such that VTte,, lies in
the direction of VMr and let e be a unit vector orthogonal to VVr in order
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to have: VTte, = AVVr + pel. Then at z, we have
(23)  divar(T*XT) = Y guo(VE(TIXT),e0) = > ha(VEXT, The;)

1<i<n 1<i<n

= Y h(VEX,The;) = ) ho(VEXT The;)
1<i<n 1<i<n

= > ho(VYX,T%;) + hy(X, Hr).
1<i<n

We need to estimate » ;. ha (VY X, Tte;). We first have

(24) > he(VEX, Te))

1<i<n
= Y ha(V(5:VVr), The;)
1<i<n
= ceha (VN THVN D)) 4 50 Y ho(VEVVr, T'e;)
1<i<n
= cho(THVN )T (V) 50 Y0 ha(Vim, VY, VTEe:).
1<i<n

Now, we compute the last term of (24). Using the Jacobi fields of N"T!(k),
one can prove that D?r = (c,/s.)(h—dr®dr) (see for instance [18]). Then,
for all orthogonal vector ¢ to VN7 at z, we have the equality

Cr
ha(VE VT, €) = =g
Thus
> ha(V g, V1, VTe;)

1<i<n
N N N
= > h(V 7, VN V) + hy (VY
1<i<n—1

C *
= > VT2 + pPha(VE VN7 e})

S
F1<i<n—1

C C
== Y, Wl +p*"
K

S
R 1<i<n—1

. VVr VTte,)

and reporting this inequality in (24), we obtain

(25) D ha(VIX, The)

1<i<n

= o VTV D)2 4 e > VTl + pcw

1<i<n—1
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now
A2 = hy(VToep, VNP2 = hy(e, VTRV 1)) < [VTHYN )T 2

and if T* is the identity, this last inequality is in fact an equality. Further-
more, it is easy to verify that

N4 = |VTte,|2.

Thus, from (25) and these two last facts, we have

Y ho(VEX The) > cu [N +p2+ D [V

1<i<n 1<i<n—1
= tr(T)cs.

Now, we report this last inequality in (23) and we complete the Proof of
Lemma 3.3 by noting that hy(X, Hr) > —|X||Hr| = —s«|Hr|. O

Now, we can give the Proof of Theorem 3.1:

Proof of Theorem 3.1. Let pg € N and r(x) = d(po,x). We will use S”T(r)xl
as test functions in the variational characterization of A; (M) but the mean of
these functions must be zero. For this purpose, we use a standard argument
used by Chavel and Heintze before ([10] and [6]). Indeed, let Y be the
vector field defined by

sx(d(q;p))

From the theorem of fixed point of Brouwer, there exists a point pg € N

such that Y}, = 0 and consequently, for a such pg, the mean of S“T(T)a:z will
be zero. But for k = 1, we must assume ¢(M) contained in a ball of radius
7 /4. This guarantees the inclusion of ¢(M) in a ball of center py (the point
po such that Y,, = 0) with a radius less or equal to 7/2 (this hypothesis
is necessary in the proof of the preceding lemmas). It follows from the

variational characterization of A\ (M), that

M (M) /M 52(r)dvg

Y, = equ_l(p)dvg(p) € T,N.

(e () ()

Mi<i<n+1
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and using Lemmas 3.1 and 3.2, we deduce that
(26) (M) / $2(r)dvg < nV(M) — & / X7 2dv,
M M
< n/i/ Sidvg—l—n/ |H|sxcrdvg
M M

1
= n/i/ s2dvg + / tr (T1)skcrdug
M n—1Ju
now, from Lemma 3.3, we have
tr (Th)skcr < sﬁdivM(TfXT) — h(X, Hp,)sx

and reporting this inequality in (26), we obtain
A1 (M) / s2dv,
M
) 1 1 . § T
< nk spdvg — —— WX, Hr,)sxdvg + —— sedivar(T7 X )dyg
1
< Tm/ sidvg + 1/ |Hr, ]sidvg — / g(VMs,{,TfXT)dvg
M n— M M

:nn/ szdvg—kn/ Hys2dv, —/ s TL (VM7 VM) du,.
M M M

Since we assume that S > n(n — 1)k, it follows from (21), that Hy > 0, and
from the same argument used in the proof of Theorem 2.3, T} is a definite
positive (0, 2)-tensor ([5]). Furthermore ¢, and s, are positive functions and
thus

1
Al(M)/ s2dv, < n/ (Hy + K)s2dv, = / Ss2dv,
M M M

n—1
which gives the inequality of Theorem 3.1. Now, equality in this inequality
holds if and only if Ty (VMr, VM) = 0. Since T} is definite positive, this is
the case if and only if ¢(M) is a geodesic sphere. This concludes the Proof
of Theorem 3.1. (]
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