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We built a counterexample to the corona theorem for op-
erators in H>®(L(H?(D"~ 1)) for n > 4, which is close to a
counterexample to the corona theorem for functions in the
sense that the associated subspaces are invariant by all the
shifts.

Let © be a domain in C" and H*(£2) be the algebra of the bounded
holomorphic functions in €2; we recall the corona problem:
Given g1, ...,gn € H>®() such that:

(CH) vz e Q |gi(2)|* 4+ lgn(2)* 2 62 > 0,
find f1,..., fnv € H®(Q) such that:
(€) Sfigr+ -+ fygn =1

L. Carleson [3] proved this is possible in the case n = 1 for the unit disc
D in the complex plane C but the question is still open for n > 1, even for
as simple domains as the unit ball or the unit polydisc D™.

One can also consider the operators corona problem as follows [7], [13].

Let E and E’ be Hilbert spaces, L(E’, E) the space of bounded linear
operators from E’ to E and H*(L(E', E)) the space of bounded holo-
morphic functions on the unit disc taking values in L(E', E), given G €
H*™(L(E', E)) such that:

(1) YAED, Ve E, |G\ e|? = ¢ le||?
find X € H*(L(E, E'")) such that:
(2) YAeD, X(A\)*G\)* = 1g.

The classical formulation of the operator corona problem given by Sz.
Nagy is about left invertibility of analytic operator-valued functions and
our formulation is about left invertibility of antianalytic operator-valued
functions, the G(\)*.

However the function A—G())* being analytic the two formulations are
equivalent, and the one we choose is best suited for our geometric point of
view.
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For dimE < oo, dimE’ = 1, it is the Carleson corona problem for func-
tions in the disc.

Using Carleson’s result, Fuhrmann [4] proved the result for dimE’ < oo
and dimF < oo.

By a different method using a modification of the Wolft’s proof of the
corona theorem, Tolokonnikov [12] and Uchiyama ([7], appendice 3) inde-
pendently, gave an affirmative answer in the case dimFE < oo, dimE’ = 1.

Using Tolokonnikov-Uchiyama theorem (dimFE = o), Vasyunin ([7], ap-
pendice 3) proved the result for dimE < oo, dimE’ < oo.

We emphasize that the results of Tolokonnikov-Uchiyama are scalar re-
sults while the ones by Fuhrmann-Vasyunin are matrix.

In the case when both spaces are infinitely dimensional, the answer is
negative and a counterexample is given by Treil [13].

For us it is more convenient to split the function G into N parts G =
(G1,...,Gn) and the formulation of the problem is now:
Given Gy,...,Gy € H®(L(E', F)) such that:

(OCH) VAeD, YeeE, |Gi(\)*e|*>+---+ |GrN)e|® > 2 lel)?
find X3,..., Xy € H®(L(E,E")) such that:
(0C) YAeD, Xi(A)*GiA)* + -+ XnA)* G = 15.

In order to introduce our results, we need the following notations:
Let H?(D") the Hardy space of the polydisc, i.e., with T := 9D:

H%*(D") := {f holomorphic in D" s.t.

1918 = sup,s [ 17 Pdo(0) < oo},

If E is a separable Hilbert space with orthonormal basis {¢;, j € N} then
we can define [7]:

H*(E) := {f: ij(-)ej st. fj € HY(D) and

JEN
2 2
1118 = Y1515 < oo
JEN

If E = H?(D"!) then H?(E) can be seen as H?(D").

For E, E' Hilbert spaces, G(-) € H>®(L(E', E)) then we know [7] that
the subspace GH?(E') of H?(FE) is invariant by the shift operator “multi-
plication by 2”: f € H*(E)—zf.

One way to connect the corona problem for functions and the corona
problem for operators is to associate to a function g;(z1,2') € H>®(D"), 2/ =
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(22,...,2,) the operator G;(21) acting on E := H?(D"~!) by multiplication
by gi(zh )

In this situation, all the shifts “multiplication by z;”, k = 1, ..., n operate
on H?(E) and if G; is the operator of multiplication by a function g;(z1,-)
then of course the subspace G;H?(E) is invariant by multiplication by 2;
but also by all the other shifts.

We construct operator-valued functions G1, G on the unit disc (whose
values are operators on H?(D"1), n > 4) satisfying Operator Corona Hy-
pothesis (OCH) but not satisfying the conclusion (OC). Theses operator-
valued functions G;, ¢ = 1,2 are not just arbitrary ones, they are close in
some sense to scalar functions in H*°(ID™) because the associated subspaces
G;H?*(E;) C H?(D") are invariant with respect to all the multiplication by
zk, k=1,...,n.

Theorem 0.1. Let E = H*(D" '), n > 4, there exist EB; C E i = 1,2 and
G; € H®(L(E;, E)) such that (OCH) is true but (OC) is not.

Moreover the G;H?(E;) C H?(D"), i = 1,2 are invariant by multiplication
by all coordinates.

This result will be a special case in a general class of counterexamples
(Theorem 2.1); its proof is given in Section 3. The key point to deduce
Theorem 0.1 from Theorem 2.1 is the link between Bergman interpolating
sequences, precisely caracterized by K. Seip [9] and unconditional systems
of representing kernels in H?(D") (these definitions are given in Sections 1
and 3).

Our construction is inspired by the Treil’s one but there are two important
differences. The first one, and the most interesting for our point of view, is
the invariance with respect to all shifts which is a necessary condition for
operators coming from multiplication by scalar functions.

The second one is that Treil based his counterexample by making a se-
quence of vectors in a Hilbert space which is uniformly minimal but is not
an unconditional system. The uniform minimality implies that (OCH) is
true and the non-unconditionality implies that (OC) is false. But in our
case uniform minimality always implies unconditionality as we proved in
Corollary 3.2 together with Theorem 4.1 and Corollary 4.2.

Unfortunately in order to get a result for the corona problem for scalar
functions in the polydisc the method must be refined. Operators that come
from multiplication by scalar functions satisfying the corona hypothesis al-
ways satisfy the operator corona conclusion [2].

We want to thank the referee for his constructive critics and for pointing
out interesting open questions (see Remark 4.4).
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1. Interpolating sequences and unconditional system.

If {e;, i € N} is a sequence of unit vectors in the Hilbert space H, we say
that {e;, ¢ € N} is uniformly minimal if there exists a constant 6 > 0 such
that:

(3) Vi, dist{e;, span{ey,k#i}} > 0,

we say that {e;, i € N} is an unconditional system if there are two positive
constants A and B such that:

(4) A2y ol <

7

Zc)zzeZ < B? Z ]ai\z.
i

This is equivalent to say that {ei, i € N} is an unconditional basis of
span {e;, i € N} and this is also equivalent to say that the collection of all
moment sequences {(h,e;), i € N}, for h € H, coincide with the whole /2
space.

To a = (ai,...,a,) € D™ we associate k,(z) the normalized reproducing
kernel in H?(D"). If n = 1 this is the normalized Cauchy kernel:

/1 — 2
aeD, zeD, ku(2) ::A,

1—az

otherwise:

(5) k(al,...,an)(zb ey Zn) = kal (Zl) cee kan (Zn)

We notice that the reproducing property gives, with Z the operator of
multiplication by z:

Va € D, Yh € H*(D), ah(a) = (zh,k,) = (h,Z*k,) and ah(a) = (h,ak,),
hence Z*k, = @k, which means that k, is an eigenvector for the backward
shift.

The same if e € E, a € D then ke is also an eigenvector for the backward
shift in H2(E).

This implies immediately that the reproducing kernels in H?(D") are
eigenvectors for all backward shifts and this will be used later in Section 3.

Let H = H*(D"), 0 := {a;, i € N} C D" and Vi € N, ¢; = kg,; saying
that {e;, ¢ € N} is an unconditional system in H means that the operator
T, : H—CN defined by:

Toh = {(h,e;), i € N} = {h(ai)\/l a1 =P, i e N}

where a; = (a},...,a") € D", is continuous and onto [(N).
This leads naturaly to the following definitions [1]:

Definition 1.1. Wesay that o := {a;, i € N} C D" is H*(D") interpolating
if the range of T, contains [?(N); we say that o is strongly interpolating if
moreover T, is continuous from H?(D") onto [*(N).
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If n = 1, these two notions coincide [11]. If n > 1 and o lies on the
diagonal A of D", A := {z = (21,...,2n) € D" s.t. 21 = -+ = z,}, then
again these two notions coincide, as we shall prove it in Corollary 3.2, and
we shall be mainly interested in that case.

2. A general counterexample.

Let Sy := {e;, i € N}, Sy := {f;, i € N} be two sequences of unit vectors
in E, an Hilbert space, and I'y := {a;, i € N}, T'y := {b;, i € N} be two
sequences of points in D. Let F} := span{kq,e;, i € N}, Fy := span{ky, fi, i €
N} € H%(E), they are invariant subspaces with respect to the adjoint of the
shift operator, because as we seen the k,,e; are eigenvectors for it; the same
for kbi fz

Hence the orthogonal complement of F; in H?(E) are invariant by the
shift and we can use the Beurling Halmos Lax theorem [7]:

For i = 1,2, there exists subspaces E; C E and inner functions G; €
H>(L(E;, E)) such that the orthogonal complement of F; can be represented

Here inner means that the boundary values of the operators G;, which
exist a.e. [7], are isometries, and the G; are unique up to a constant unitary
function.

Of course we can assume F; = F provided we extend G; as 0 on £ © F;,
but then we loose the inner property.

This can be rewritten as F; = H*(E) © G;H?(E;).

Recall that the Gleason (pseudo) distance in the unit disc D is

a—>
1—abl|’

Va,b €D, dy(a,b) :=

Now we can state:

Theorem 2.1. If the following hypothesis are satisfied:

1. S1 and Sy are unconditional systems in E,
2. I't and 'y are separated: 36 > 0 s.t. Vi € N,Vj € N, dy(ai, bj) > 6,
3. {kq,ei, i € NyU{ky, fi, i € N} is not an unconditional system in H*(E),

then we have for G; defined as above:

(OCH) VYA e D, Ve € E,[|Gi(A\)*e||> + [|Ga(N)e|* > ¢ e
but there are no operators X; € H*(L(E, E;)), i = 1,2 such that
(0C) X1(A)*G1(N)" + X2(N)*G2(N)" = 1p.

Points 1 and 2 will give us (OCH), Points 1 and 3 will give us that (OC)
is false.
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2.1. Proof of Theorem 2.1: 1 and 2 imply (OCH). It will be an easy
consequence of the following lemma:

Lemma 2.2. If ||Gi(N)*e|| < t]le| for 0 <t < 1 there exists jo € N such
that dZ(X, aj,) < c(A, B)t.

Proof of 1 and 2 imply (OCH). Let e € E and suppose that ||G;(\)*e|| <
tlle| for i = 1,2 and a t such that 0 < ¢ < 1, then using the lemma above
we get that there exist j, k € N with

d2(\, a;) < c(A, B)t and di(\by) < c(A, B)t.
Because dg verifies dg(a;, by) < 2(dg(aj, A)+dg(X, by)) we get a contradiction
with the hypothesis of separation for ¢ small enough. O

Proof of the lemma. We already know that ([13, Lemma 19.1, p. 269)):
(6) |G1(N)"e|| = dist(kye, F1).

Let us assume ||e|| = 1 and decompose e € E as:

o
e= Z aje; + et with et orthogonal to span {e;, i € N},
i=1
and let Pp, the orthogonal projection on Fi, P (kxe) = > o2, Bikq, €.
With (6) the hypothesis can be written
0o 2
1?2
Z (aik)\ — ﬁikai)ei + Hk)\e H < t°.

i=1

(7)

Because the sequence {e;,7 € N} is an unconditional system (7) implies:

(8) > laif?

1,0, 70

2
<

t2

)\_ — kal ﬁ

Formula (7) implies also that HGLHQ < t? but |32, el =1 — HeLHQ
and using again that {e;,7 € N} is an unconditional system:

42
9) Sl < Llai <

But now Formulas (8) and (9) imply that

2 2 B2

ﬁ.

ajo

(10) djo € N: ‘

Qg



COUNTEREXAMPLE TO THE CORONA THEOREM 263

To simplify notations let us denote 5’0 by v, aj, by p and a t2) 1z by
. Then
2
lox = Vhull3zmy = 1+ 11 — 2Re(y (ka, Kp)),

Re(7 (ka, k) = Re (7ey/1 = @2(A, ), with |e] = 1,

hence
2 2 2 2
L+ Pyl" =21 = dg(A p) < 8= [1 = Il < dg(A p) <g—
and the conclusion. O

Remark 2.3. We also proved that e is “near” ej,.

2.2. Proof of Theorem 2.1: 1 and 3 imply (OC) false. Let us recall
that if Fy, F» are two subspaces of F, the angle between F; and F5 is the
number «,0 < a <7 such that:

(2, )|
(11) COSQx = SupweFl’yeF2 m .

Lemma 2.4. Let {h;, i € N}, {l;, i € N} be two unconditional systems in
E and Fy := span{h;, i € N}, I, := span{l;, i € N} then the angle between
Fy and F is strictly positive if and only if {h;, i € N} U{l;, i € N} is an
unconditional system in E.

Proof. Let x := ZZ a;hi, y := Y, Bil;, then we get:
2 2 2 2 2
)" + [lyll” = 2cosa ||| ly|| < [lz+ ylI” < [lzl|” + lyll” + 2cosa ||z || [|y]]

hence ||z + y||* < 2 (HZE||2 + ||y||2) Now, without lost of generality, suppose
that [|z] > ||y|| then:

2 2 2 . 2
l2]* + llyll* = 2cosa [l [lyl| = (llyll — coser[|]))* + sina ||

SIII2OZ
>222 (el + lyl)

hence:

(12)

h+2@1
<212 Z (Il +15:)

%

> (el +18:%) <

i

and the lemma. O
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Proof of 1 and 3 imply (OC) false. S1 unconditional system implies {kq,e;,
i € N} is an unconditional system because

2 2
(13) Zajkajej = / Z&jkaj (6 9)6]‘ %
j=1 oD || j=1 5
hence
(14)

2
L 12 do o 12 df
2 6 2 60
/am)A Z‘ajkaj(e )‘ %S Zajkajej S/@DB Z‘ajkaj(e )’ o
J J J
2

A2 oy <Y ke < B lagl®.
j j j

The two systems {kq,e;, i € N} and {ky, f;, ¢ € N} are then unconditional.
The fact that {kqei, i € N} U {kp, fi, ¢ € N} is not an unconditional
system implies by Lemma 2.4 that the angle between F; and F5 is zero and
by the following lemma of Treil, the norm of the operators X; cannot be
bounded. (]

IN

Lemma 2.5 (Treil [13], Lemma 17.1). Let ©; and ©2 be inner functions in
H>®(L(E1, E)) and in H®(L(E, E)) respectively. Then the angle between
the spaces Ko, := H?*(E) © ©1H?(E;) and Ko, := H?*(E) © O2H?(E3)
is non-zero iff there exist two functions 1 € H>(L(E,E1)) and 2 €
H>®(L(E, Ey)) such that ©111 + Og1hy = I.

Moreover the skew projection of H*(E) onto Ke, with kernel Ko, is equal
to the least possible norm of such iy (or, indifferently 13).

3. The polydisc case.

Let 'y := {a;, i € N} and I'y := {b;, i € N} be two sequences in the disc
D and S; := {ei = k(%ﬂi@i)’ 1€ N}, Sy 1= {fz = k(bi7bi7bi)’ 1€ N} be the
two sequences of reproducing kernels in H?(ID?) of the points (a;, a;, a;) and
(bi, bi, b;). In this section we shall prove that sequences I';, S;, i = 1,2 exist
verifying Points 1, 2 and 3 of Theorem 2.1 and this will imply a proof of
Theorem 0.1.

Moreover the choice of k,e; and of Ky, f; automatically warranty the
invariance of G;H?(E;) by multiplication by all the coordinates because
these vectors are eigenvectors for all backward shifts.

We already seen the link between unconditional systems of reproducing
kernels and H?(D") strongly interpolating sequences and we shall state and
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use the link between H?(D") interpolating sequences and interpolating se-
quences for weighted Bergman spaces A, (D) defined by:

(15) An(D) := {f holomorphic in D : ||f||(2x

2a—1
::/D\f(z)|2 (1—|z|2) dm(z)<oo}.

This link is provided by the following result:

Theorem 3.1 (C. Horowitz & D. Oberlin [6]). For n > 2, the linear oper-
ator D : H2(D")—>A%1(D) defined by

(16) Vfe H*D"), V¢ €D, Df(C) = f((,...,C)

1s bounded and onto.

Corollary 3.2. The sequence {a} := (aj,...,a;), i € N} C D" is H*(D")
interpolating iff {a;, i € N} C D is An_1 (D) interpolating.
2
Moreover in that case interpolating implies strongly interpolating.

Proof. First recall that S’ := {a} := (a;,...,a;), i € N} C D" is H*(D")
interpolating means that:

Ty : H*(D")—C" defined by Ty f := {(1 — |a;|*)™?f(d}), i € N}
has [2(N) in its range, and S := {a;, i € N} C D is Aanl(]D)) interpolating
means that:

Ts : Aan(]D))—KCN defined by Tsf := {(1 — |a;|*)"?f(a;), i € N}

has [?(N) in its range.

Now given {)\;, i € N} such that > ;. (1 — |a;i[))" |Ni|? < o0, if S :=
{a;, e N} C Dis AnT—l(]D)) interpolating there is a function f € AnT—l(]D))
such that Vi € N, f(a;) = A;, hence by the theorem of Horowitz & Oberlin
the surjectivity of the mapping gives that there is a function F' € H?(D")
such that F(z,...,z) = f(z) hence Vi € N, F(aj,...,a;) = A\;, which means
that S’ is H?(D") interpolating. The same for the other way, using this time
the continuity of the mapping.

For weighted Bergman spaces an interpolating sequence is separated and
this implies that the operator T" is continuous ([5, Lemma 5.19]), hence in
this case interpolating sequence and strongly interpolating sequences coin-
cide, thus we get the same for H2(D") if the sequence lies in the diagonal of
D", O

Now in order to have Conditions 1 to 3 of Theorem 2.1 we just have to
found sequences I'y = {a;, i € N} and I'y = {b;, i € N} in D, separated,
such that for i« = 1,2, I'; are interpolating sequences of Asz—1 (D) = A;(D)

2
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in order to fill Condition 1 and such that I'y U 'y is not interpolating for
A1 (D) = A3/5(D) in order to have 3—.

2

For this we shall use the following example by Seip [10] in the upper half
plane U := {z € C : Imz > 0} and we send it in the unit disc D by the

Cayley transform. We note A,(U) the image by the Cayley transform of
Ay (D).

Theorem 3.3 (Seip [10], Th. 1.2). Let I'(a,b) := {a™(bn + 1), n,m € Z},
then T'(a,b) is a set of interpolation for A (U) if and only if b In a >%7r.

First of all one can remark that if {z,, n € N} is interpolating for A, (U)
then for any ¢ > 0 the sequence {cz,, n € N} is also interpolating for A, (U)
by the change of variables z— Z.

Now choose a and b such that blna S%’T but 2blna > 27, then we have:

Ay == {zpm = a®"(bn + i), n,m € Z} is interpolating for A;(U) because
blna? >2T7T7

Ay = {zpm = a x a®™(bn + i), n,m € Z} is interpolating for A;(U)
because Ay = aly,

4
but A; U A is not interpolating for A% (U) because blna Sg, which ends
the proof of Theorem 0.1. O

Remark 3.4. For n = 2 we cannot have Theorem 2.1 when S} = {k,,, i €
N} and Sy = {kg,, ¢ € N} are unconditional systems of reproducing kernels
in H?(D). Because in that case the sequences {a;} and {3;} are interpo-
lating sequences in H2(D) thus in H>®(D). Then {(a;,;)} and {(b;, 3;)}
are interpolating sequences in H*°(D?) and by Hypothesis 2 they are sep-
arated in H>°(D?). The union of these two sequences is then interpolating
for H>(D?), [14], hence strongly interpolating for H?(D?) ([1], Theorem 1).
Thus, Hypothesis 3 is violated and by Lemma 2.4, (OC) is always true.
Remark 3.5. By Corollary 3.2 if S7 := {(a;,a;), i € N} C D? is H?(D?)
interpolating then Ay := {a;, i € N} C D is A%(IDJ) interpolating. With the
Seip’s characterization, by mean of his density DT [9], we have DT(A;) <3.
The same if S} = {(b;,b;), i € N} is H*(D?) interpolating then Ay :=
{b;, i € N} C D is also A%(]D)) interpolating hence Dt (Az) <. Then
DT (A1 U Ay) <% + %: 1 and again by Seip’s characterization Ay U Ag is
A1(D) interpolating which is equivalent to {(a;,a;, a;), i € N} U {(b;, bs, b;),
i € N} is H?(D?) interpolating. This is why whe have to go up to D* to get
a counterexample by this method.

4. Uniform minimality.

Let us denote by ¢, € Ay(D) the normalized reproducing kernel of a € D
for the weighted Bergman space A, (D).
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Theorem 4.1. The sequence {zj}jcn C D is interpolating for Ao(D) if and

only if the associated sequence of normalized reproducing kernels {¢.; }jen

is uniformly minimal in Ay (D).

Corollary 4.2. Let S; :={c¢;, i € N} C D be a sequence of points in D such

that the sequence {¢.;, i € N} is not uniformly minimal in An—1(D) then
2

the sequence {k, . c), 1 € N} is not uniformly minimal in H?(D").

Proof. 1t is a consequence of k(. . = D*¢. where D is the bounded linear

operator defined in Theorem 3.1. O
Proof of Theorem 4.1. Let ®,(z) === a conformal map exchanging a and
0 and Gy the unique solution of the extremal problem

(17) sup{Reg(0) : g(z) =0z € %, |lglla,m) <1}

where ¥ is a sequence not containing 0. The main result of Schuster-Seip [8]
associated to the note following it, states:

Theorem 4.3 (Schuster & Seip). The sequence I' = {z;}jen C D is inter-
polating for An(D) if and only if there is a § > 0 such that Vk € N, G(0) >
&, where:

(18) Gr(2) == Ga,, (1\{z})(2)-

If the sequence {z;, j € N} is interpolating for A, (D) then {¢.,, j € N}
is an unconditional system, hence it is uniformly minimal (U.M.).

For the converse we shall give the proof in our context « :"T_l.

Let S := {eg }ren be unit vectors; saying that S is U.M. is equivalent to say
that there is a conjugate system S* := {hy }ren defined by (hg, em) = dpm
which verifies Vk, ||hgl, < M.

The normalized reproducing kernels associated to the sequence I' =
{Zj}jeN C DD are
(1 — |z

(19) e; =vn—1 A=z

First it is easy to see that if the sequence of vectors {e;, j € N} is U.M.
then Vk € N, G (0)#£0.

Moreover associated to the system {hx}ren one can construct functions
Hj, (depending on a parameter C') defined by

20) () =Y

thus Hy(®s, (27)) = 0 Vj#k, Hy(0) = C and ||hi|l5 =" | Hxl2

With C' = 7](/[_1 we have ||Hy||, <1 and by the maximal property of Gy,
Vk €N, G(0) >¥2-2> 0.

The sequence I' = {z;}jen C D is then interpolating by Theorem 4.3. [

{(Hy x (2L,)'7"%) 0 @, (2)} x @, (2)
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Remark 4.4. An open interesting question pointed out by the referee is:
Does the uniform minimality of sequences of reproducing kernels kg, 5,

in H?(D?) implies that it is an unconditional system even if a;7#b;?
Moreover the study of the non-diagonal case may give an answer for the
critical case of our method, n=3 (i.e., Remark 3.5).
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