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The paper concerns the topology of an isospectral real
smooth manifold for certain Jacobi element associated with
real split semisimple Lie algebra. The manifold is identified as
a compact, connected completion of the disconnected Cartan
subgroup of the corresponding Lie group G which is a disjoint
union of the split Cartan subgroups associated to semisimple
portions of Levi factors of all standard parabolic subgroups of
G. The manifold is also related to the compactified level sets
of a generalized Toda lattice equation defined on the semisim-
ple Lie algebra, which is diffeomorphic to a toric variety in the
flag manifold G /B with Borel subgroup B of G. We then give
a cellular decomposition and the associated chain complex of
the manifold by introducing colored-signed Dynkin diagrams
which parametrize the cells in the decomposition.

1. Introduction.

In this paper, we study the topological structure of certain manifolds that
are interesting in two different ways. First they are isospectral manifolds for
a signed Toda lattice flow [14]; an integrable system that arises in several
physical contexts and has been studied extensively. Secondly they are shown
in §8 to be the closures of generic orbits of a split Cartan subgroup on a real
flag manifold. These are certain smooth toric varieties that glue together the
disconnected pieces of a Cartan subgroup of a semisimple Lie group of the
form G. In this paper we start from the Toda lattice aspect of this object and
end the paper inside a real flag manifold. We thus start by motivating and
describing our main constructions from the point of view of the Toda lattice;
then we trace a path that starts with this Toda lattice and that naturally
leads to the (disconnected) Cartan subgroup of a split semisimple Lie group
and a toric orbit. Another path that also leads to a Cartan subgroup starts
with Kostant’s paper [16]; this approach is described in §8.

From the Toda lattice end of this story, these manifolds are related to the
compactified level set of a generalized (nonperiodic) Toda lattice equation
defined on the semisimple Lie algebra (see for example [16]) and, although
they share some features with the Tomei manifolds in [21], they are different
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from those (e.g., nonorientable). As background information, we start with
a definition of the generalized Toda lattice equation which led us to our
present study of the manifolds.

Let g denote a real split semisimple Lie algebra of rank [. We fix a
split Cartan subalgebra h with root system A = A(g, ), real root vectors
eq; associated with simple roots {a; :i=1,...,l} = II. We also denote
{hq;,€+a, } the Cartan-Chevalley basis of g which satisfies the relations,

[haiu haj] =0, [hOéia eiaj] = :tcj,ieiaja [eaiy e—aj] = 5i,jho¢j

where the [ x [ matrix (Cj ;) is the Cartan matrix corresponding to g, and
Ci,j = Oéi(haj).

Then the generalized Toda lattice equation related to real split semisim-
ple Lie algebra is defined by the following system of 2nd order differential

equations for the real variables f;(t) fori=1,... 1,
& fi ’
(1) gz — GeXp | — Z Cijfj
j=1

where ¢; € {£1} which correspond to the signs in the indefinite Toda lattices
introduced in [5, 14]. The main feature of the indefinite Toda equation
having at least one of ¢; being —1 is that the solution blows up to infinity in
finite time [14, 10]. Having introduced the signs, the group corresponding to
the Toda lattice is a real split Lie group G with Lie algebra g which is defined
in §3. For example, in the case of g = sl(n,R), if n is odd, G = SL(n,R),
and if n is even, G = Ad(SL(n,R)¥).

The original Toda lattice equation in [20] describing a system of [ particles
on a line interacting pairwise with exponential forces corresponds to the case
with g = sl(l + 1,R) and ¢; = 1 for all ¢, and it is given by

d? qi

=exp(gi-1 — ¢i) —exp(q; — giv1), i=1,....1,
where the physical variable ¢;, the position of the i-th particle, is given by

qi:fi_fiJrla izla"'alv

with fi11 =0 and fy = fi+2 = —o0 indicating gg = —o0 and ¢+ = 0.

The system (1) can be written in the so-called Lax equation which de-
scribes an iso-spectral deformation of a Jacobi element of the algebra g. This
is formulated by defining the set of real functions {(a;(t),b;(t)) : i =1,...,1}
with

] l
2) ai(t) == dleit), bi(t) = erexp | — S Cuif(0)
j=1
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from which the system (1) reads

l
dai dbi .
(3) T bi, o bi ;Cmaj

This is then equivalent to the Lax equation defined on g (see [7] for a nice
review of the Toda equation).

dX(t)
(4) W ~ 1P, x(0)],
where the Lax pair (X (t), P(t)) in g is defined by

! !

X(t) = Z ai(t)hai + Z (bi(t)efai + eai)

(5) =1 i=1

l
P(t) =-— Zbi(t)e_ai.

Although a case with some b; = 0 is not defined in (2) the corresponding
system (3) is well-defined and is reduced to several noninteracting subsys-
tems separated by b; = 0. The constant solution a; for b; = 0 corresponds
to an eigenvalue of the Jacobi (tridiagonal) matrix for X (¢) in the adjoint
representaion of g. We denote by S(F') the ad diagonalizable elements in
g®rF with eigenvalues in F'; where F'is R or C.

Then the purpose of this paper is to study the disconnected manifold Zg
of the set of Jacobi elements in g associated to the generalized Toda lattices,

7R = {X =+ Zzzl(bie_ai tea) : b b eR\{0},X ¢ S(R)},

its iso-spectral leaves Z(7)r, ¥ € R! and the construction of a smooth
connected compactification, Z(y)r of each Z(y)r. The construction of
Z (7)r generalizes the construction of such a smooth compact manifold which
was carried out in [15] in the important case of g = s[([4+1,R). The construc-
tion there is based on the explicit solution structure in terms of the so-called
T-functions, which provide a local coordinate system for the blow-up points.
Then by tracing the solution orbit of the indefinite Toda equation, the dis-
connected components in Z(y)g are all glued together to make a smooth
compact manifold. The result is maybe well explained in Figure 1 for the
case of s[(3,R). In the figure, the Toda orbits are shown as the dotted lines,
and each region labeled by the same signs in (€1, €2) with ¢; € {£} are glued
together through the boundary (the wavy-lines) of the hexagon. At a point
of the boundary the Toda orbit blows up in finite time, but the orbit can
be uniquely traced to the one in the next region (marked by the same letter
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A, B or C). Then the compact smooth manifold Z(v)g in this case is shown
to be isomorphic to the connected sum of two Klein bottles. In the case of
sl(I+1,R) for [ > 2, Z(v)g is shown to be nonorientable and the symmetry
group is the semi-direct product of (Z3)! and the Weyl group W = Sy 1,
the permutation group. One should also compare this with the result in
[21] where the compact manifolds are associated with the definite (original)
Toda lattice equation and the compactificationis done by adding only the
subsystems. (Also see [4] for some topological aspects of the manifolds.)

Figure 1. The manifold Z(y)r and the Toda orbits for sl(3,R).

The study of Z(v)r and of the compact manifolds Z (7)r, can be physi-
cally motivated by the appearance of the indefinite Toda lattices in the con-
text of symmetry reduction of the Wess-Zumino-Novikov-Witten (WZNW)
model. For example, the reduced system is shown in [6] to contain the in-
definite Toda lattices. The compactification Z (Y)r can then be viewed as
a concrete description of (an expected) regularization of the integral mani-
folds of these indefinite Toda lattices, where infinities (i.e., blow up points) of
the solutions of these Toda systems glue everything into a smooth compact
manifold.

In addition our work is mathematically motivated by:

a) The work of Kostant in [16] where he considered the real case with all
b; > 0,
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b) the construction of the Toda lattice in [17].
In [17], the solution {b;(t) : i = 1,...,1} in (2) of the generalized Toda lattice
equation is shown to be expressed as an orbit on a connected component H.
labeled by € = (e1,. .., ¢) with ¢ = 1, of the Cartan subgroup Hg defined
in §3,
Hp= |J H.
ee{£1}
This can be seen as follows: Let g. be an element of H, given by

l
(6) ge = heexp (meai> 7
=1

which gives a map from Zg into Hgr. Here the element h. € H. satisfies
Xa; (he) = € for the group character x4 determined by ¢ € A. The solution
{bi(t):i=1,...,1} in (2) is then directly connected to the group character
X—q; €valuated at g, i.e.,

bz(t) = X—a (ge)'
The Toda lattice equation is now written as an evolution of g,
d _,d

T 39 = [9- esge, -],
where ey are fixed elements in the simple root spaces g+ so that all the
elements in g1y can be generated by e, i.e., grg = {Adp(ex) : h € H}. In
particular, we take
l

er = Zeiar
i=1
Thus the Cartan subgroup Hpg can be identified as the position space (e.g.,
fi=qi+---+q for sl(l+1,R)-Toda lattice) of the generalized Toda lattice
equation, whose phase space is given by the tangent bundle of Hp.

One should also note that the boundary of each connected component
H, is given by either b; = 0 (corresponding to a subsystem) or |b;| = oo
(to a blow-up). We are then led to our main construction of the compact
smooth manifold of Hg in attempting to generalize [16] Theorem 2.4 to our
indefinite Toda case including b; < 0.

We define a set Hg containing the Cartan subgroup Hr by adding pieces
corresponding to the blow-up points and the subsystems (Definition 6.1).
Thus the set Hp is defined as a disjoint union of split Cartan subgroups Hﬁg
associated to semisimple portions of Levi factors of all standard parabolic
subgroups determined by A C II, (Definition 3.10),

He= ) U w(Hg) x{[w}.

ACII wEW/WH\A
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The space Hpg then constitutes a kind of compact, connected completion
of the disconnected Cartan subgroup Hg. Figure 1 also describes how to
connect the connected components of Hg to produce the connected mani-
fold Hg in the case of sl(3,R). The signs must now be interpreted as the
signs of simple root characters on the various connected components. The
pair of signs (4, +) corresponds to the connected component of the identity
H and regions with a particular sign represent one single connected com-
ponent of Hr. Boundaries between regions with a fixed sign correspond
to connected components of Cartan subgroups arising from Levi factors of
parabolic subgroups. In addition the Weyl group W acts on Hp.

Most of this paper is then devoted to describing the detailed structure
of the manifold Hg, and in §8 we conclude with a diffeomorphism defined
between Hy and the isospectral manifold Z(y)r as identified with a toric

variety (HrgB) in the flag manifold G/B.

1.1. Main Theorems. In connection with the construction ﬁR, we intro-
duce in Definition 4.1 the set of colored Dynkin diagrams. The colored
Dynkin diagrams are simply Dynkin diagrams D where some of the vertices
have been colored red or blue. For example in the case g = sl(3,R):op — o
(the sub-index R indicates that o is colored red). The full set of colored
Dynkin diagrams consists of pairs: (D, [w]™\%) where D is a colored Dynkin
diagram, S C II denotes the set of vertices that are colored in D and [w]™\"
is the coset of w in W/Wg. To each pair (D, [w]™) one can associate a set

which is actually a cell. First Notation 6.2 associates a subset of Hp also
denoted (D, [w]™9).

S,
I
(018(11) I
N S

(og. [€]) (0B [€]) (or. [e])

Figure 2. The manifold Hpg parametrized by colored Dynkin
diagrams for s[(2,R).

This turns out to be a cell of codimension k with k = |S|. We illustrate
the example of s[(2,R) in Figure 2.

We consider the set D* of colored Dynkin diagrams (D, [w]"™\%) with |S| =
k. In Figure 2, we have D% = {(07 6), (07 Sal)}? L= {(oBa [6}), (ORv [6])} We
then obtain the following theorem:
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Theorem 1.1. The collection of the sets {D* : k = 0,1,...,1} gives a cell
decomposition of Hg.

The chain complex M, is introduced in §4. The construction, in the case
of s5[(2;R), is as follows:

My =Z[D°] 2 My =7 [D'].
Here the boundary map 0; is given by

{ 0i(o,e) = (o, [€]) = (or,[€]);

81(Oa Sa1) = (OB> [Sal]) - (on [Sal])‘

In particular, (o) := Zwew(—l)e(w)(o,w) = (0,e)— (0, 84,) is a cycle, where
{(w) is the length of w, and (o) represents the Hg. The following theorem
gives a topological description of Hy:

Theorem 1.2. The manifold Hpg is compact, nonorientable (except if g is of
type A1), and it has an action of the Weyl group W. The integral homology
of Hg can be computed as a Z[W]-module as the homology of the chain
complex M, in (13).

Theorem 1.2 is completed in Proposition 7.7. The W-action is (abstractly)
introduced in Definition 4.4 in terms of a representation-theoretic induction
process from smaller parabolic subgroups of W. The proof that the W-
action is well-defined is given in Proposition 4.5 and Proposition 5.3. The
chain complex MSW in Definition 7.6 is defined so that it computes in-
tegral homology. Since each X, \ X,_; in Definition 7.6 is a union of cells
(D, [w]™9) € D', we obtain an identification between MW and the chain
complex M.

Then using the Kostant map which can be described as a map from Hp
into the flag manifold G/B (in Definition 8.8), that is, a torus imbedding,
we obtain the following theorem:

Theorem 1.3. The toric variety Z(’y)R 18 a smooth compact manifold which
is diffeomorphic to Hg.

The complex version of this theorem has been proven in [9], and our proof
is essentially given in the same manner.

1.2. Outline of the paper. The paper is organized as follows:

In §2, we begin with two fundamental examples, g = sl(l + 1,R) for
[ =1, 2, which summarize the main results in the paper.

In §3, we present the basic notations necessary for our discussions. We
then define a real group G of rank | whose split Cartan subgroup Hg con-
tains 2! connected components. We also define the Lie subgroups of G cor-
responding to the subsystems and blow-ups of the generalized Toda lattice
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equations. The reason for the introduction of G and the Cartan subgroup
Hp can be appreciated in Remark 8.10 and Corollary 8.11.

In §4, we introduce colored Dynkin diagrams which will be shown to pa-
rametrize the cells in a cellular decomposition of the manifold Hpg. We then
construct a chain complex M, of the Z[W]-modules M;_j (Definition 4.9).
The parameters involved in the statement of Theorem 1.1 are given here.

In §5 we show that Weyl group representations introduced in §4 are well-
defined. In addition we define Hy in 85 by adding some Cartan subgroups
associated to semisimple Levi factors of parabolic subgroups to Hg.

In §6, we define Hpg as a union of the Cartan subgroup associated to
semisimple Levi factors of certain parabolic subgroups (Definition 6.1) using
translation by Weyl group elements. We also associate subsets of Hg to
colored Dynkin diagrams.

In §7, we discuss the toplogical structure of Hpg expressing Hpg as the
union of the subsets determined by the colored Dynkin diagrams. We then
show that Hg is a smooth compact manifold and those subsets naturally
determine a cell decomposition (Theorem 1.2).

In §8, we consider a Kostant map between the isotropy subgroup G of
Gc with Ad(g)z = z and the isospectral manifold J(v)c for some v € R,
which can be also described as a map into the flag manifold G /B. Then
we show that the toric variety (HgrnB) is a smooth manifold and obtain
Theorem 1.3.

2. Examples of sl(l + 1,R), Il =1, 2.

This section contains two examples which are the source of insight for the
main theorems in this paper. Most of the notation and constructions used
later on in the paper can be anticipated through these examples.

Our main object of study in this paper, Iﬂg, has nothing to do, in its
construction, with the moment map and the Convexity Theorem of [1].
However, because of [1] it is expected to contain a polytope with vertices
given by the action of the Weyl group which, gives rise to it through some
gluings along its faces. We will identify a convenient polytope of this kind
in b’ (dual of Cartan subalgebra) and show how all the pieces of Hpg would
fit inside it. The polytope in the example of sl(3,R) is a hexagon. Since
we are not dealing with the moment map in this paper, this is just done for
the purposes of motivation and illustration. The polytope of the Convexity
Theorem in [1], strictly speaking, is the convex hull of the orbit of p. This
sits inside the convex hull of the orbit of 2p which is all a part of Hg.

The terms dominant and antidominant being relative to a choice of a
Borel subalgebra, we refer to the chamber in §’ containing p as antidominant
for no other reason than the fact that we will make it correspond to what
we call the antidominant chamber of the Cartan subgroup Hg. This odd
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convention is applicable throughout this section always in connection with
the 2p polytope and our figures.
At this stage it is useful to keep in mind that:

1)

The bulk — interior — of Hy is made up of a split Cartan sub-
group Hr which has 2! connected components H, parametrized by
signs € = (&,...,+) for g with rank [, i.e., Hg = UeE{:I:l}l H,. These
disconnected pieces are glued together into a connected manifold by
using Cartan subgroups Hﬁg associated to Levi factors of parabolic
subgroups, which are determined by the set of simple roots IT \ A for
each A C II.

The language of colored Dynkin diagrams and signed colored Dynkin
diagrams is introduced in this paper in order to parametrize the pieces
of ﬁR. However the motivation for their introduction is that these di-
agrams parametrize the pieces of a convex polytope (hexagon) which
lives in b/, including its external faces and internal walls. The param-
eters for the pieces are colored and signed-colored Dynkin diagrams.
If one just looks at the antidominant chamber intersected with the
2p polytope, then it is easy to see that it forms a box. This box is
the closure of the antidominant chamber Hy of the Cartan subgroup

Hy, (Definition 3.10) inside Hg, i.e., Ha = U,ey w (H ) - The box

Hy has internal chamber walls corresponding to simple roots (thus
a Dynkin diagram appears) and it has external faces which are also
parametrized by simple roots. Hence one needs not just a Dynkin
diagram but also two colors to indicate internal walls and external
faces. The color blue indicates internal chamber walls and the color
red indicates external faces. The S is usually reserved for the set of
colored vertices of a colored Dynkin diagram.

To have a correspondence with the 2! connected components of the
Cartan subgroup Hp of diagonal matrices, the box Hy must be further
subdivided into 2! boxes HS with signs ¢, ie., Hy = Ueega1y HE.
These boxes are parametrized by a Dynkin diagram where each simple
root has a sign attached to it. The boundaries of these boxes are
portions of the internal and external walls. Hence we use Dynkin
diagrams with both signs and colors. The boundaries between two
signs require to be labeled as 0. The A is usually reserved for the set
of vertices of a signed-colored Dynkin diagram assigned 0 (subsystems).
To translate the notation of colored and signed-colored Dynkin dia-
grams to other chamber one needs to consider pairs (D, w) where w is
a Weyl group element. However since the Weyl group action has non-
trivial isotropy groups in portions of the polytope, it is necessary to
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consider Weyl group cosets [w]H\S for S C II the set of colored simple
roots (giving reflections generating an isotropy group).

6) To translate the Levi subgroups around, note that the Weyl group
of the Levi factor stabilizes the Cartan subgroup of the Levi factor
corresponding to the simple roots in IT\ A. Because of that we consider
products w(Hg) x {[w]*} so that [w]? is a coset in W/Wip 4,

He= ) U w(Hg) x{[w"}

AcCIl wEW/WH\A

2.1. The example of sl(2,R). The corresponding group in this example
is given by G = Ad(SL(2,R)*). The geometric picture that corresponds to
Hpg is a circle. Consider the interval [—2,2] where —2 and 2 are identified.
Here 2 represents 2p. Inside this interval (—2,2) we consider the subset
[—1,1]. The points —1,0,1 divide [—2,2] into four open intervals. These
open intervals will correspond to the connected components of a Cartan
subgroup Hg of Ad(SL(2,R)*) when the walls corresponding to the points
0 and 2 are deleted. Below we list each cell w(H"<) x {[w]4} in Hg, where
H2< is the intersection of HA with the strictly antidominant chamber (the
superscript < means that the walls are included):

Let us take ho, = diag(1l,—1) € h and h. = Ad(diag(e,1)) € H.. Then
any element in Hg can be expressed as heexp(thy,) with some parameter
t € R. We denote exp(thq,) = diag(a,a™1).

We first consider A = . Then the cell HS x {[e]} is given by

{Ad(diag(a, ah)) 0<a< 1} x {[e]} = (o4,€) < (0,1).
Here xa, (h) = a® for h € H,. Also we have the set H= x {[e]} as

{Ad(diag(—a,a™")) : 0 <a <1} x {[e]} = (o_,e) < (1,2)
with Xa, (h) = —a? for h € H_.

We now consider the case of A = {«a;} = II, which corresponds to a

subsystem of Toda lattice with by = 0 in (5). Then we have HRI}’S = {e}.
This is the degenerate case of A = II which gives rise to the Levi factor of
a Borel subgroup. Since the Levi factor does not contain a semisimple Lie
subgroup, Hf is defined to be {e} (Definition 3.9). Here [w]” is just the
element w. We have

{Ad(R4)} x {e} = (o0, €) < {1}.

We now describe the box containing the strictly antidominant chamber Hy
of Hgr. Since Hﬁ is disconnected, (og, e) has been used to glue the pieces
together. We then have a box given by

(7) (o,e) = (o_,_,e) U (o_,e) U (0076> < (0,2).
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The bijection which gives rise to local coordinates ¢, in Subsection 7.2 is
given by either +a? or 0. The set (o, e) is sent by ¢, to the interval (—1,1).

We now apply so, on H= x {[e]} to obtain the cell in the s,,-chamber
which corresponds to the negative intervals:

{Ad(diag(a™',a)) : 0<a <1} x {[e]} = (o4, Sa,) < (—1,0)
with Xa, (R) = a~2. However the local coordinate ®sa, 18 X—a;, Which equals
a?. We also have
{Ad(diag(a™,—a)) : 0<a <1} x {[e]} = (o_,5q,) < (=2, -1).
Also for the case A = {a;}, and the set sal(HﬁQ’S) X {8q,} is given by
{Ad(hy)} X {8a;} = (00, 8a;) < {1}

Once again ¢s, is given as 0, and we have the set sq, (Hg), giving rise to
an open box by gluing two disconnected pieces as before,

(Oa 5011) = (o+, sal) U (O*’ Sal) U (007 8041) A (_27 0)'

(O.Sqy) (O0.e)

(0. [e]) (0, . [e) (0. [e])
o o o o o
©.8:)] (0,.8,) (0..¢) [ (0_.¢)

(00 - Sq.) (0p. €)

Figure 3. The manifold Hg parametrized by signed-colored
Dynkin diagrams for s[(2,R). The endpoints in the interval
are identified giving rise to a circle.

The image of (o, sq, ) under ¢, is thus(—1,1). We also have the internal
and external walls of the Cartan subgroup,respectively:

{Ad(hy)} x {le]} = (oB, [e]) < {0}
{Ad(h-)} x {[e]} = (or, [e]) < {2}

These are already associated to colored Dynkin diagrams og and og.

We can write down {—2} by applying s, as we did above. However noting
Ad(diag(—1,1)) = Ad(diag(1,—1)), we obtain the same set that defines {2}.
Thus {2} and {—2} are identified. We then obtain the interval [—2, 2] with
—2 identified with 2, which is Hpg diffeomorphic to a circle. We illustrate
this example in Figure 3.
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OR-Op OR-OR
S(X,z ORr-O
o OR-0 4 0-0g 0-Og
Og-O
o -oB O8-Cr ORr-Oo
ORO, : ORO_
)
0.-0
o-og| o0, ,° oo |[0-oOn
)
0y-Op
0g-Og f-=------ Tt -
0-OB 050, : 650 Op-OR
+ Y0
0,-Os 0,-0, 0,-0_ 0,-OR
)
OO, , OgoO._
Og-09

Figure 4. The square formed by the intersection of the an-
tidominant chamber with the 2p hexagon for s((3,R).

Maps can be easily found between the intervals on the left and the sets on
the right above. With a suitable topology associated to the (D, [w]), topol-
ogy defined in terms of the coordinate functions ¢. and ¢s,, in Section 7.3,
each interval or point on the left side is homeomorphic to the interval on
the right. This is what is indicated with .

2.2. The example of sl(3,R). We here consider the dual of its Cartan
subalgebra b’ and, inside it, a convex region bounded by a hexagon which is
determined by the W orbit of 2p. We will later describe how to identify some
of the faces of this hexagon. In Figure 4, we illustrate the parametrization
of the faces. The two walls of the antidominant chamber intersected with
this convex region are denoted by the colored Dynkin diagrams op — o (the
Sa;-wall) and o — op (the sq,-wall). The intersection of two of the sides or
faces of the 2p hexagon with the antidominant chamber are each denoted
by a colored Dynkin diagram orp — o or o — og. The four colored Dynkin
diagrams og — 0, o —op, og — 0, 0 — op form a square. This square is the
intersection of the antidominant chamber and the 2p hexagon.

We now further subdivide this square into four subsquares (see Figure 1
and Figure 4). Inside the 2p hexagon is the orbit of p which gives rise
to a new smaller hexagon. Consider the two faces in the smaller hexagon
intersecting the antidominant chamber. Denote these (intersected with the
antidominant chamber) by signed-colored diagrams. The op—o_ corresponds
to the unique face intersecting the wall o — op, and o4 — og corresponds to
the unique face intersecting the wall og — o. Denote by og — oy the vertex
of the p hexagon which is the intersection of these two faces. We now add a
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segment joining the vertex oy — og, to a point in the interior of o — o, say
the midpoint. Denote this segment by the signed-colored diagram o_ — oy.
We add another segment joining oy — og to a point in the interior of o — op
and denote this second segment by the signed-colored diagram og—o_. Now
the square is divided into four “square” regions denoted by oL — o.

Note that both op — o and o — op segments parametrized by colored
Dynkin diagrams, are now subdivided into two segments parametrized with
signed-colored Dynkin diagrams. For instance o — o contains o, — o and
o_ — op and the intersection of these two is the point oy — op. Now the
square o_ —o_, for example, has a boundary which consists of the segments
parametrized by o —o_, o_ —op, og —o_ and o_ — og. The square o_ — o,
has boundary og —o,, 0_—opg, og—o,, o_ —oq. Here the as-wall o—op has
also been subdivided into two pieces o, —op and o_ —opg by the intersection
with the p hexagon.

If we now consider the full set of signed-colored Dynkin diagrams by
translating with W, we can fill the interior of the 2p hexagon with a total
of 12 regions. The four squares (o4 — oy, e) form the intersection of the
antidominant chamber with the inside of the 2p hexagon.

2.2.1. The sets in Hy parametrized by the colored and signed-
colored Dynkin diagrams. We now proceed to describe explicitly some
of the pieces of Hg corresponding to the signed-colored Dynkin diagrams
(D, [w]™%) with +, — or 0 on the vertices in IT\ S of the diagram D and
[w]™ € W/Ws.

When A = () implying no 0’s in the vertices, we have H4 = Hpy which
has 4 connected components,

(8) Hr = U {hediag(a,b,c) : a>0, b>0, abc =1},
ee{£1}2

where he = e, o,y = diag(ea, €162, €1) satisfying xa, (he) = €. Since A =),
Wina = W, and there is only one coset [e]* = [e] in the Hy construction.
We now consider the signed-colored Dynkin diagrams setting S = (), that is,
all the vertices are uncolored and they give a subdivision of the antidominant
chamber inside the 2p hexagon. In order to move around this chamber and
its subdivisions using the Weyl group we must also consider six elements

[w]'' = w € W. We then have, for S = () and A = (), and (e, e2) = (£1, £1),
(0c, — 0cy, €) = {hediag(a,b, (ab)™") : ab™! <1, ab® < 1} x {[e]}
Note here that the inequalities |yq,| < 1 guarantee that the set in question

is contained in the chamber associated to e. Here the local coordinate ¢, is
given by (Xa;, Xa,) Which equals (ab™!, ab?).

For A = {a}, we have h, = diag(ez,€2,1) € HA with € = (1,€2); and
we multiply this element with diag(1,a,a™!). This is a typical element in
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the connected component of the Cartan associated to the Levi factor, in
accordance with the definition of Hﬁg in Definition 3.10. This gives:

(00 — 0y, €) = {diag(ez, 24, ah) s 0<a< 1} x {[e]*}
where the local coordinate ¢, is given by (0, eaa?).
For A = {as}, we have in a similar way with h(, ;) = diag(1, €1, €1):
(0, — 00, €) = {diag(a,era™,e1) 1 0<a<1}x {[e]'}
where ¢, now equals (e1a?,0).

We have an open square associated with the interior of the antidominant
chamber,

(9) (O -9 6) = U (Ol/l ~ Ouy;, 6).
(v1,v2)e{£1,0}2

The image of this set under the map ¢, is an open square (—1,1) x (—1,1).
We now write down the boundary of this square: We here give an explicit

form of (o — o, [¢]™%), and the others can be obtained in the similar way.

We first have, for S = {a1}, A = 0, so that [e]* = [e] = [s4,] for i = 1,2,

(oR — O¢y,s [e]{“2}> = {diag (€20, —€20, —a_2) : 0<a<1}x{[]}.

Here ¢, equals (Xa;, Xas), and is given by (=1, e2a?).
With A = {as}, we have:

(o = o0, [e){2}) = {aiag(1, -1, ~1)} x { [t}
The map ¢, is (XﬁlA,O) and equals (—1,0). We then have
(OR -9 [e]{az}) = U (oR — O, [e}{a2}> :
ve{+1,0}
The image of this set under ¢, is thus {—1} x (=1, 1).
We now consider the parts of the Cartan subgroup of Levi factors cor-

responding to other chambers inside the hexagon. Note that if we apply
Sa; = w to (0, — o,,€), we obtain

(06, — Ocrens Say) = {diag (€1€2b, €2a, el(ab)_l) cabl < 1,ab® < 1} x {[e]}.

Since sign(xq,) = €1 and sign(xa,) = €1€2, this set is no longer contained in
H(c, e, but rather in H(,, (,.,). This justifies the notation (o¢, —o¢,¢,). One
should note that e for the component H. in Hg did not change when one
uses the simple roots associated to the new positive system sqo, A
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Figure 5. Gluing creates a Mobius band out of two contigu-
ous chambers.

Also notice that for S = {a;} we have
(oR — oy, [sal]n\5> = {diag (—a,a,—a"?) : a >0} x {[¢]}

and we have an identification of (og — oy, [s4,]"") and (og — o_, [e]T\9).
They are the same set. In fact, now S = {a;} and e and s,, give the same
coset in W/Wg so the corresponding signed-colored Dynkin diagrams agree
too. Similarly (op — o_, [sa,]™\¥) is the same as (op — og, [¢]T\%). In our
hexagon this means that two of the outer walls must be glued. The fact that
a segment with a sign + is glued to one with — corresponds to the fact that
the two contiguous chambers will form a Mobius band after the gluing (see
Figure 5).

What this means is that in our geometric picture consisting of the inside
of the 2p hexagon, some portions of the boundary need to be identified. Such
identifications take place on all the chambers. This identification provides
the gluing rule given in Lemma 4.2 in [15] for the case of sl(n,R).

2.3. The chain complex M,. We describe M, in terms of colored Dynkin
diagrams. The Z modules of chains M, are then given by (see Figure 6):

o My = Z[(o—o,w):w € W]. The cells are the chambers of the 2p
hexagon, and dim My = 6.

e M consists of the cells parametrized by the colored Dynkin dia-
grams (og — o, [w]{®2}), (op — o, [w]{®2}) with w € {e, S0y, Sa; Sa, } and
(o — o, [w]{*1}), (o — op, [w]{*1}) with w € {e, 84y, 5ay5a,}. These
are the sides of the different chambers of the hexagon. The blue (B)
stands for internal chamber wall and the red (R) for external face of
the hexagon. The dimension is then given by dim M; = 12.
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Figure 6. The manifold Hg parametrized by colored Dynkin
diagrams for s((3,R).

o My = Z[(os — o4, [€]) : s,t € {R, B}]. These are the four vertices of
a chamber. Because of identifications, there are only four different
points coming from all the six chambers, that is, dimMgy = 4.

The chain complex M, : My O, My G, My leads to the following
integral homology: Hy = 0, Hy = 7Z3 @ Z/2Z, Hy = Z. This implies
that Hg is nonorientable and is equivalent to the connected sum of two
Klein bottles. Also note that the Euler character is 6 — 12 + 4 = —2.
According to Proposition 7.7 this computes the homology H*(fIR, 7Z) of the
compact smooth manifold ﬁR. The torsion Z/2Z in H; has the following
representative:

a= > (-1 (OR —o, [w]{sag})

wGW/W{SaZ}

- Z (—1)¢w) <OR — o, [w]{3a1}>.

weW/W{Sal }

Here ¢(w) denotes the length of w. If we let

= 3 (~1)1) (0 — o),
weW
then 82(62) = 2¢.

From the chain complex one can compute the three dimensional vector
space Hi(Hg,Q) as a W-module. This is a direct sum of a one dimensional
nontrivial (sign) representation and the two dimensional reflection represen-
tation. The representation Hy (ﬁR, Q) is trivial.
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3. Notation, the group G.

3.1. Basic Notation. The important Lie group for the purposes of this
paper is a group G that will be technically introduced in Subsection 3.2.
This group is R split and has a split Cartan subgroup with 2! components
with [ = rank(G). For example SL(3,R) is of this kind but SL(4,R) is not.
We need to introduce the following standard objects before it is possible to
define and study G.

Notation 3.1 (Standard Lie theoretic notation). We adhere to standard
notation and to the following conventions: ...c denotes a complexification;
for any set S C II, ...g is an object related to a parabolic subgroup or
subalgebra determined by S; for any subset A C II , ...4 is associated to
the parabolic determined by IT \ A. However we will not simultaneously
employ ...4 and ...g for the same object .... As in the introduction g
denotes a real split semisimple Lie algebra of rank [ with complexification
gc=g¢9 %(C. We also have G¢ the connected adjoint Lie group with Lie alge-

bra gc (Gc = Ad(G%)) and G the connected real semisimple Lie subgroup
of G¢ with Lie algebra g. Denote G¢ the simply connected complex Lie
group associated to gc. We list some additional very standard Lie theoretic
notation:

e g = Homg(g,R) and g = Home(gc, C).

e Given X € ¢’ and = € g, (A, z) is A evaluated in z, (A, z) = A(z).

e (,) the bilinear form on g or g¢ given by the Killing form (the same
notation applies to the Killing form on g’ and g).

e # a Cartan involution on g.

e g = £+ p the Cartan decomposition of g associated to 6, where £ is the
Lie algebra of a maximal compact subgroup K of the adjoint group G
and p is the orthogonal complement to £ with respect to the Killing
form.

® ¢4 € g, h root vectors chosen so that (eq4,e_g) = 1.

e A, C A be a fixed system of positive roots.

e b=h+ > Re, (Borel subalgebra).

PEA
en=1[bbj= > Rey andi= ) Re_y.
PEA PEA

e NC :n%C, ne :ﬁ%C.

e H¢ Cartan subgroup of G¢ with Lie algebra hc.

e H = H(A) the connected Lie subgroup of G with Lie algebra b, H =
exp(h).

e H} Cartan subgroup of G with Lie algebra b.

W the Weyl group of g with respect to h or the Weyl group of Hg.
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e Wg C W, the group generated by the simple reflections corresponding
to the elements in .S C II.

Remark 3.2. The group Hy [22] p. 59, 2.3.6 consists of all g € G such that
Ad(g) restricted to b is the identity. This Cartan subgroup will be usually
disconnected and H is the connected component of the identity e. The Weyl
group W of the Cartan subgroup HI}R is isomorphic to the group which is
generated by the simple reflections s,, with «; € II and which agrees with
the Weyl group associated to the pair (gc, hc). This is because our group is
assumed to be R split.

Example 3.3. The reader may wish to read the whole paper with the
following well-known example in mind. Let G& = SL(n,C) and G¢ =
Ad(SL(n,C)). The second group is obtained by dividing SL(n,C) by the
finite abelian group consisting of the n roots of unity times the identity ma-
trix. We can set G = Ad(SL(n,R)). Note that if n is odd then SL(n,R) =
Ad(SL(n,R)) = G. If n is even then Ad(SL(n,R)) is obtained by dividing
by {1} (I the identity matrix). In this example, g consists of traceless nxn
real matrices. The Cartan subalgebra h in the Ad(SL(n,R)) case can be
taken to be the space of traceless n x n real diagonal matrices. The root vec-
tors eg are the various matrices with all entries a; ; = 0 if (4, j) # (40, jo) and
a;, j, = 1 where i, # j, are fixed integers. In this case of G = Ad(SL(n,R)),
with h chosen as above, the Cartan subgroup HH{{ of G consists of Ad ap-
plied to the group of real diagonal matrices of determinant one. The group
H consists of Ad applied to all diagonal matrices diag(ri, ..., r,) with r; >0
the connected component of the identity of Hg.

Notation 3.4. The following elements in b and its dual §’ will appear often
in this paper:

o (; = —2% _ the coroots.
(0417041)

® my, i =1,...,1, the fundamental weights, (mq,,d;) = 0; ;.

mg,. the unique element in b defined by (m,, ) = (mg,, z).

e h,, is the unique element in b such that (h,,, ) = (&, z).
2mmg,,
* Y= G

e h<={xebh: (o) <0 forall a; € IT}.

Example 3.5. Consider G¢ = Ad(SL(n,C)) C Ad(GL(n,C)) and n even.
We view gc inside the Lie algebra of GL(n,C) (as n x n complex traceless
matrices). Then mg, = diag(t1,...,tn) +2 wheret; = 1for j <iandt; =0
for j > i. The element z is in the center of the Lie algebra of GL(n,C)
and thus ad(z) = 0. For instance if n = 2 then mQ, = diag(3,—3) =
diag(1,0) — diag(3, 3).

3.2. The group G. We now define, following [16], 3.4.4 in p. 241 an en-
largement G of the split group G. The purpose of this is to “complete”
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the Cartan subgroup H]é forcing it to have 2! connected components where
[ is the rank of G. In the case G = SL(l 4+ 1,R) where [ is even, G=0aG
already. We thus consider another real split group, slightly bigger than G.
Let z,y € b so that x++/—1y € hc. We recall the conjugate linear automor-
phism of g¢ given by 2¢ = 2 — v/—1y where z = x +/—1y and z,y € g. We
recall that this automorphism induces an automorphism G¢ — G, g — ¢¢.
We thus let

G={geGec:¢°= g}
By [16] Proposition 3.4, we also have:
G ={g€Gc:Ad(g)g C g}

Then we have the following Proposition whose proof will be given later (right
after Proposition 3.15):

Proposition 3.6. Let G = Ad(SL(n,R)), then G =~ SL(n,R) for n odd
and G = Ad(SL(n,R)*) if n is even. Thus G is disconnected whenever n
15 even.

We now describe an element h; in the Cartan subgroup of G. First we
have:

Lemma 3.7. Let z,y € b and «; € II. Then the numbers exp({a;,x +
V—1y)) are real if and only if y has the form: y = Zﬁzlkiyi where k; is an
integer and y; is as in Notation 3.4. The elements h; = exp(mkiyi) with
k; odd are in G and satisfy h? = e with h; # e.

Proof. 1t is enough to consider the case when z = 0. Suppose first that
Y= Zézlkiyi where each k; is an integer. Then eV—laiy) — V=1mki akeq
either +1 or —1. Conversely, suppose that all the eloiV=1y) with § = 1,...,1
are real. Then e{®V=1¥ equals +1 and (o, y) = kym for all @ = 1,...,1.
This implies that, for each i, (&;,y) = (zfi)
the {mg, :i=1,...,1} forms a basis of h, necessarily y = Zi:ﬂfimoi with

(0%
(i, y) = ¢; and (&, y) = (jﬁg)

in Lemma 3.7. We note that since all the e{®%¥i) are real then e($V=1vi)
is also real for any root ¢ which is not necessarily simple. Therefore each
Ad(h;) stabilizes all the root spaces of h in g. Since b is also stabilized,
we obtain that Ad(h;)(g) C g and thus h; € G. Clearly h; = exp(v/—1y;)
satisfies h? = 1 where h; # e. This is because h; is representable by a
diagonal matrix with entries of the form 1. Moreover, at least one diagonal
entry must be equal to —1. O

Example 3.8. In the case of Ad(SL(n, R)¥) with n even, h; = exp(v/—1¥;)
is just Ad(diag(r1,...,rn)) wherer; = 1if j <iandr; = —1if j > i. When

Since g is semisimple and

This proves the first part of the statement
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n is odd then we have h; = (—1)""*diag(r1,...,7,) with the same notation
as above for the r;. In this case SL(n,R) = Ad(SL(n,R)).

We now describe a split Cartan subgroup Hg of G and other items related
to it. The Hp is the real part of Hc on G,

Hg = Hc NG,

which has 2! components (see Proposition 3.15 below). We denote by B a
Borel subgroup with Lie algebra h + n contained in G or G as will be clear
from the context. Thus in G this is HgN, N = exp(n). From the Bruhat
decomposition applied to é, we have

G= |J NwHgN,
weW
with N = exp(@t). Here 1 stands for any representative of the Weyl group
element w € W in the normalizer of the Cartan subgroup. Keeping this in
mind we will harmlessly drop the " from the notation.

In addition let x4 denote the group character determined by ¢ € A; on Hgr
each x4 is real and cannot take the value zero. Thus a group character has a
fixed sign on each connected component. We denote by sign(x4(g)) the sign
of this character on a specified element g of Hg. Welet £ = £(A) = {£1} =
{(e1,...,e) : & € {£1},i = 1,...,1}. Then the set & of all 2! elements ¢
(or functions € : IT — {£1}) will parametrize connected components of the
Cartan subgroup Hg of G and corresponds to the signs €; = sgSk41 in the
indefinite Toda lattice in p. 323 of [14]. In connection with the connected
components let he = Heﬁﬂ h; for € € £ and h; = exp(y/—1y;) in Lemma 3.7.
Now H. = heH = {h € Hy : sign(xq,(h)) = ¢ for all a; € IT}, and we have:

Hg = UH
eck

Notation 3.9. We need notation to parametrize connected the components
of a split Cartan subgroup, roots and root characters. Unfortunately we
need such notation for all the parabolic subgroups associated to arbitrary
subsets of II. Recall (Notation 3.1) that notation associated to a parabolic
subgroup determined by a subset II \ A, A C II is usually indicated by
changing the standard notation with the use of a superscript ...4. Thus we
have: A4 C A, root system giving rise to a semisimple Lie algebra (4 C g.
Also there are corresponding connected semisimple Lie subgroups Lé C G,
LA C L. The adjoint group is denoted by Lgc(A4) = Ad(L#) and it has a
real connected Lie subgroup L(A#). Let L(A#) be defined in the same way
as G but relative to the root system A4, We let h* be the real span of the hq,
with a; ¢ A. This is a (split) Cartan subalgebra of [4 denoted as Hg'. The
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corresponding connected Lie subgroup is H4 = exp(h?) (exponentiation
taking place inside G¢).

We also consider Lie subgroups of G corresponding to the subsystems
of the Toda lattice. In accordance to our convention for Levi subgroups
associated with A € II, we have

gA:{GZ(Gl,...,Gl):Gi:1ifaz‘€A}.

Thus H# is by definition a subgroup of H. This Lie subgroups of H is
isomorphic to the connected component of the identity of a Cartan subgroup
of a real semisimple Lie group that corresponds to [4. There is a bijection

(10) EA=EAYN ={(¢jy,---€j,,) caj, € Afori=1,...,m =T\ Al}

which is given in the obvious way by restricting a function € : IT — {+1}
such that ¢; = e(a;) = 1 for oy € A to a new function ¢(A“) with domain
I\ A.

We now consider the Cartan subalgebras and the Cartan subgroups for
Levi factors of parabolic subalgebras and subgroups dtermined by A C II:

Definition 3.10. For A C II, we denote:

o H{ = | heH? (if A4 =0 (i.e., A=1I) then H{ = {e}).

ecEA

e Hy(A?) a Cartan subgroup of L(A4), defined in the same way as Hg
and having Lie algebra h4 (Hg(A4) = {e} if A4 = ).

o HY= ={hehH"*: forall oy € I\ A: |xqa,(h)| < 1} the antidomi-
nant chamber of H, EA = heH#. Similarly we consider Héq "< using strict
inequalities.

o« HAMNE = {h € H(AM) : foralla; € T\ A : [x3"(h)] < 1.
Similarly we consider a version with strict inequalities.

. Xﬁf the root character associated to a; on the Cartan Hg(A4).

We use notation ...< to indicate the antidominant chamber on Cartan sub-
algebras and subgroups and ...< for strictly antidominant chambers.

Example 3.11. In the case of G= SL(3,R), Hg is the group

Hg = {diag (a,b,c¢) : a #0, b#0, abc=1}.
For A = {a1}, H? is the group {diag(1,a,a™') : @ > 0}. The set &4
consists of (1,1) and (1,—1). The element h(; ;) = diag(—1,~1,1) and
thus h(lﬁ_l)HA = {diag(—1,—a,a™!) : a > 0}. These two components form

Hﬁé. Note that HgL* is the Lie subgroup of SL(3,R) consisting of all real
matrices of the form,

Hg Lt} =

S O 2
QU o O
o o O
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having determinant one. The group L# is obtained by setting a = 1
and the determinant equal to one. The group L(A4) is isomorphic to
Ad(SL(2,R)) the adjoint group obtained from L# and L(A4) is isomor-
phic to Ad(SL(2,R)¥). Thus these three groups L4, L(A4) and L(A4) are
all different in this case.

Definition 3.12. Recall that the S is a subset of II indicating colored ver-
tices in a Dynkin diagram. Let n : S — {£1} be any function. We let
ey € EMI defined by €,(o;) = n(a;) if a; € S, e,(a;) = 1if a; ¢ S. Thus
there is a bijective correspondence between the set of all functions 1 and the
set EM\S and (by Equation (10)) a second bijection with the set £(AM\S):

77 = 677 e gH\S7
and
n— e, (AT) € (AT,

The exponential map h.exp : h — h.H allows us to define chamber walls in
H and therefore in any of the connected components of Hg. For any root
¢ € A the set {h € hcH : |x4(h)| = 1} defines the ¢-wall of H. = hH.
The intersection of all the «;-walls of H, is the set {h.}. This is also the
intersection of all the ¢-walls of H, with ¢ € A.

We also define the following subsets of H,:

Definition 3.13. We denote:
e D=D(A)={he: e€&}.
e D(A™MS) = {h.: e e E(AT).

The set D has two structures: It is a finite group and also a set with an
action of W. In Proposition 3.15 it is the first structure that is emphasized
but in the Proof of Proposition 4.5 it is the second structure which is relevant.
We now look at the W-action.

Since W acts on Hg and w € W sends a ¢-wall of H, to the w(¢)-wall of
some other H., this set D is preserved by W and thus acquires a W-action.
Given S C II we similarly obtain that D(A™) has a Ws-action.

The map

(11) D(AMS) — g(AM)
sending he — € also defines an action of W on the set of signs £(AM).

Recall (Notation 3.9) that EM\Y C & denotes those € for which ¢ = 1
whenever o; ¢ S. We have a bijection (by (11) together with(10))

gMS = p(ATS),

The Wg-action on the set D(AH\S) thus gives a Wg-action on EMS guch
that for any ¢ € EMS only the €; with a; € S may change in sign under
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the action. Note that this construction requires looking at the h. with
e € E(A™9) in the adjoint representation of [4.

Remark 3.14. The root characters can be expressed as a product of the
simple root characters raised to certain integral powers ¢ = Zizlciai with
ci €L, e = Hﬁzlxg@. Therefore if h € Hc the scalars xq,(h) determine
all the scalars e?(h) = Xo(h) and thus h is uniquely determined. Moreover
e rtV=1y) ig real for all ¢ € A if and only if el®* V=1V ig real for all
a; € 11.

Proposition 3.15. The Cartan subgroup Hgr ofé has 2 components. We
have Hg = DH where D (Definition 3.13) is the finite group of all the he,
ecf.

Proof. Tt was shown in Lemma 3.7 that the elements exp(z + v/—1y) with
xz,y € h such that elaiz+vV=1y) s real for all «; € 11 are those for which y
has the form y = Zizl k;y; with y; as in Notation 3.4, and k; are integers.
Moreover as in Remark 3.14 we also have that e{®®+V=1¥) is real for any ¢ €
A exactly when y = 2221 k;y; for some integers k; . Therefore all the root
spaces of g are stabilized under the adjoint action of exp(x 4+ v/—1y). Since
clearly b is also stabilized, then exp(x + v/—1y) stabilizes all of g and this
implies that exp(x++/—1y) € G. In fact this shows that exp(z++v—1y) € G
if and only if y has the form y = Zizl kiy; for certain k; integers. Thus
Lemma 3.7 and these remarks compute the intersection Gn Hc. From here
it is easy to conclude. O

Note that Proposition 3.15 implies that D(A) in Definition 3.13 is iso-
morphic to Hr/H as a set with a W-action. That the W-actions agree is
verified in Corollary 4.6.

We now give the Proof of Proposition 3.6:

Proof. Let Ad denote the representation of GL(n,C) on sl(n,C). Then we
have Ad(GL(n,C)) = Ad(SL(n,C)). If n is odd, Ad(SL(n,C)) is isomor-
phic to SL(n,C). Denote D; = diag(r1,...,r,) with r; as in Example 3.8.
We set h; = D; when n is even and h; = (—1)""*D; when n is odd. Let
hi = Ad(h;). We have that for each h; € G, Xq, (hi) = ™19 for a; € IL.
The h; generate the group D with 2! elements where | = n — 1 and now
the group G = (Ad(SL(n,R)), hi,i = 1,...,1) is a subgroup of G and it is
isomorphic to Ad(SL(n,R)*) for n even and to Ad(SL(n,R)) = SL(n,R)
for n ocld. What remains is to Verifl that G C Gi. N

Let K = {Ad(g) : g € U(n)} N G. By the Iwasawa decomposition of G
and Gy, it suffices to show that K = KD, K = SO(n). The right side,
KD is either O(n) or SO(n) according to the parity of n. Recall that the
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maximal compact Lie subgroup K of G acts transitively on the set X of all
maximal abelian Lie subalgebras a which are contained in the vector space
p. The action of K = Ad(SO(n)) is also transitive on X (by (2.1.9) of [22])
and thus for any ¢g € K there is k € K such that g = kD where D is the
isotropy group (in K ) of an element in X, for instance of the element h € X.
However this isotropy group D has been computed implicitly in the Proof
of Proposition 3.15 and D = D. Therefore K = KD. O

Proposition 3.16. Let o; € I and assume that € = (€1,...,€¢) € E. Then
r_

: ejei_cj’i with (C; ;) the Cartan matriz.

Sq;he = he where €

Proof. This follows from the expression of the Weyl group action on elements
in be given by: sq,x = x — (&, o). If this expression is applied to z = o
it gives sq, a5 = aj — Cj ;0. On the level of root characters this becomes,
by exponentiation of the previous identity,

_ —Cji
SO(;‘XOéj - Xaj XOti .

Now recall that €; is just xq; evaluated at he. Also e; will be x4, evaluated at
Sa;he. When we evaluate xq; on sq, he in order to compute the corresponding
j-th sign, we obtain Xsaia]-<he)~ Therefore the sign of xo, on the sq, he is

given by the product eje; Cii Finally we use the fact that the set of all
scalars Xq, (h) determines h. Thus € determines the element he giving rise
to the equation s, he = he. O

The sign change €; — e; in Proposition 3.16 is precisely the gluing rule in
Lemma 4.2 for the indefinite Toda lattice in [15]. Then the gluing pattern
using the Toda dynamics is just to identify each piece of the connected
component H, (see Figure 1). The sign change on subsystem corresponding
to Hﬂ‘g with A C II can be also formulated as:

Proposition 3.17. Let a; € 1\ A and assume that € = (e1,...,¢) € EA.
Then:

a) If ¢ = 1, sa,he = he. If = —1 then sq,he = ho where ¢, = eje; 7.

i
In addition he factors as a product (HajeA,C,-i is odd Tj)Phes where
) :
€q € EN.

b) Ife; = 1, s, HA C HA. If ¢, = —1 then so, HA C he HA where €; =

—Ci; "
eje; ', In addition he factors as a product (HajechJ is odd Pi)Pea
where €4 € EA.

c) The sign e =sign(Xa,(h)) for any h € He agrees with sign(Xs,, oy, (A'))
for any h' € sq,(H,).

Proof. Part a) follows from Proposition 3.16 but with the observation that
in this case, ¢ may fail to be in £4 even if € € £4. This happens exactly
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when ¢, = —1 and «o; € A with C;; odd (either —3 or —1). Under these
circumstances €; = —1 (rather than one as required in the definition of 4.
We can fix this problem by factoring h. as a product (HajeA,Cj,i s odd Pi)Pea
where €4 € E4.

Part b) follows from Part a) and the fact that each h H is a connected
component of Hg in Proposition 3.15.

Part c) follows easily from Xs, ay(Sa;h) = Xay (Sa: (8a; 1)) = Xay (R). Also
by the fact that the sign of a root character is constant along a connected
component and that we have h € H, and s, h is in the new component
Sa;He. The two desired signs have thus been computed in the two connected
components and they agree. U

Remark 3.18. From Proposition 3.17 it follows that any connected compo-
nent HEA, is the union of chambers of the form w (H:éwg)), with w € Wiy 4,
e(w) € €,

wEWH\A

4. Colored Dynkin diagrams.

We now introduce some notation that will ultimately parametrize the cells in
a cellular decomposition of the smooth compact manifold Hg to be defined
in §6.

4.1. Colored Dynkin Diagrams. Let us first define:

Definition 4.1 (Colored Dynkin diagrams D(S)). A colored Dynkin dia-
gram is a Dynkin diagram where all the vertices in a set S C II have been
colored either red R or blue B. For example, in s[(4,R), op —o—op is a col-
ored Dynkin diagram with S = {a31, a3}. Thus a colored Dynkin diagram
where S # (), corresponds to a pair(S, ;) with S C Il and n: S — {£1} any
function. Here n(c;) = —1 if o is colored R and n(a;) = 1 if a4 is colored
B. If S = () then €, with €,(c;) = 1 for all a; € II replaces ¢,. We denote:
o D= (S,¢,) or (S, e,(AM%)) with ¢, € M,
e D(S)={D = (S,¢,;) : the vertices in S are colored}.
We also introduce an oriented colored Dynkin diagram which is defined as a
pair (D, 0) with o € {1} and D a colored Dynkin diagram.

4.2. Boundary of a colored Dynkin diagram. We now define the
boundaries of a cell parametrized by a colored Dynkin diagram D.

Definition 4.2 (The boundary 0;.D). For each (j,c¢) with ¢ = 1,2 and
j = 1,...,m we define a new colored Dynkin diagram 0;.D, the (j,c)-
boundary of the D by considering {aij 1 <4y < -or < iy < U} the set
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S(le JOR_O

Figure 7. The boundary ;. in the case of s[(3,R).

IT\ S of uncolored vertices and m = [II\ S|. The 0;.D is then a new colored
Dynkin diagram obtained by coloring the i;-th vertex with R if ¢ = 1 and
with B if ¢ = 2. The boundary of an oriented colored Dynkin diagram
(D,0), 0 € {£1} is, in addition, given an orientation defined to be the sign
(—1)7+¢t1o. Recall that a colored Dynkin diagram D corresponds to a pair
(S,ey) with S C IT'and  : S — {£1} (Definition 3.12). Thus the boundary
0j,c determines a new pair (S U {a; }, €,y ) associated to 9;.D. We can then
define the following boundary maps,

(12) (1)1, : Z[D(S)] = Z [D(S U {ay;})] -

Example 4.3. The boundary of o — o (which we can picture as a box)
consists of segments (one dimensional boxes) given by 0; 1(0 — o) = o — o,
O2.1(0 —0) =0 —op, d12(c —0) =op —o and Oy(0 —0) = o —op. The
orientation sign associated to og — o is the following: With¢=1and j =1
one has (—1)7+¢t! = (=1)3 = —1. We illustrate the example in Figure 7.

4.3. Wg-action on colored Dynkin diagrams. We now move these col-
ored Dynkin diagrams around with elements in W. A Wg-action on the
diagram D € D(S), Wg : D(S) — D(S), is defined as follows:

Definition 4.4. For any «; € S (the «; vertex is colored), so, D = D’ is a

new colored Dynkin diagram having the colors according to the sign change
L= Z-_Cj”" in Proposition 3.17 with the identification that R if the sign is
—1, and B if it is +1. For example, in the case of s((3,R),s,,(ocr —op) =
OR — OR,8a, (0B — OR) = 0B — OR.

€ €5€
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We also define a Wg-action on the set I(S) x {£1} of oriented colored
Dynkin diagrams. If a; € S, the action of s,, on the pair (D, 0) is given by
Sa; (D, 0) = (84, D, (€;)"*i0) where r,, is the number of elements in the set
{aj €I\ S: Cj; is odd} and €; = £1 depending on the color of «;.

We confirm the Definition:

Proposition 4.5. Definition 4.4 above gives a well-defined action of Wg on
the set D(S) of colored Dynkin diagrams with set of colored vertices S.

Proof. This follows from Proposition 3.16 and the correspondence (S, ¢,) —
he, giving a bijection between D(S) and D(A™S), O

Corollary 4.6. There is a bijection of D(A) — Hg/H intertwining the
W -actions on both sets.

Proof. The two sets D(A) and Hgr/H are clearly in bijective correspondence
and an element h. corresponds to the coset hH. By Proposition 3.17,
Notation 4.4 and Proposition 4.5, the actions on these two sets agree. They
are both given by Part a) in Proposition 3.17. O

Notation 4.7. Motivated by Example 2.2 we consider the set W x D(S)
Ws

the W translations of the set D(S). We write the elements in this set as
pairs (w, D) and introduce an equivalence relation ~ on these pairs, where
for any x € Wg, (wz, D) ~ (w,xD). Denote the equivalence classes [(w, D)].
This set of equivalence classes is then in bijective correspondence with the
set D(S) x W/Wg of pairs (D, [w]) with [w] = [w]™% € W/Ws and D in
D(S). The correspondence is such that [(w®, D)] corresponds to (D, [w®])
with w® € [w]™¥ a minimal length representative of a coset in W/Wi.
We denote

DF = {(D, [w]™%) : § C L, |S| = k,w € W},

which also parametrizes all the connected components of the Cartan sub-
groups of the form Hpg(w(AT)).

Remark 4.8. For the reader who is not interested in the W-action or tor-
sion, the object defined in Definition 4.9 becomes over Q the vector space
with basis given by the full set of colored Dynkin diagrams having a fixed
number of uncolored vertices. The boundary maps are obtained by translat-
ing around the 0;. defined for the antidominant chamber (see (14) below).
Perhaps this boundary construction can be appreciated in Example 2.2 in
Section 2 where portions of the boundary of a chamber are translated and
some identifications take place. The tensor product notation below accom-
plishes the required boundary identifications algebraically.

Definition 4.9 (The Z[W]-modules M(S)). The full set of colored Dynkin
diagrams is the set D(S) x W/Wg of all pairs (D, [w]™\5).
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We can also define the full set of oriented colored Dynkin diagrams by
considering D(S) x {£1} x W/Wg for different subsets S C II. As W sets
these correspond to W x D(S) x {£1}.

Ws

If we consider D(S) x {£1} as imbedded in Z[D(S)] by sending (D, o)
to oD, o € {£1} we may consider a Wg-action on +D(S), namely the
action on oriented colored Dynkin diagrams. This produces a Z[W]-module
Z|W] Z{% ] Z[D(S)], and we denote this module by

S

M(S)=Z[W] ® ZD(S).
Z[Ws]
Also denote by M;_; the direct sum of all these modules over all sets S
with exactly k elements,

My = @ M(9).

|S|=k

Remark 4.10. Assume that A is a Z[Wg]-module and B is a Z[Wg]-
module with S C S’. In particular B can be regarded as a Z[Wg]-module
by restriction. Let f : A — B be a map intertwining these two Z[Wg]-
module structures involved. Then, tensoring with Z[W] we obtain a map of
Z[W]-modules:
F(f):ZW] ® A—-ZW] ® B.
Z[Ws] Z[Ws]

Since, in addition, B is a Z[Wg/]-module where S C S’ then there is a second
map:

g:ZW] ® B —Z[W] ® B.
Z[Ws] ZWg]

Let go F(f) =T(f). This is then a map of Z[W] modules

T(f):Z[W] ® A—ZW] ® B.
Z[Ws] ZWg1]
We now give the boundary maps of M;_;. We regard D(S) x {£1} as
a Z[Wg]-module using Definition 4.4 the oriented case. We can view a pair
(D, o) instead as +£D € Z[D(S)]. This gives a Z[Wg]-module structure to
each of the Z modules involved on the domain of the map in (12) and a
WS’U{aij} to those on the co-domain. The map in (12) now has the form

described in Remark 4.10. We apply the construction 7'(9;,.) in Remark 4.10
to (12) and add over all possible subsets S C I with |S| = k on the left side
and with |S| = k + 1 on the right side. We then obtain the boundary maps,

(13) Ok Mi—k — Mi_(r41)5
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which are all given by
-k 2 '
(14) O—p(w* ®X) =" (1) @ T(9;,)X,

j=1c=1

where X € D(S) and w® € [w]™? is the minimum length representative in
W /Wy (see Notation 4.7). We thus have:

Proposition 4.11. The maps 0;_j of (14) define a chain complex M, of
Z|W]-modules.

5. Cartan subgroups and Weyl group actions.

We here discuss relations between some Cartan subgroups of Levi factors,
and verify the Wg-action on oriented colored Dynkin diagrams.

5.1. Cartan subgroups of Levi factors. Let Ad®”" denote the adjoint
representation of the Lie subgroup HrL” of G on the Lie algebra [4. Note
that we are deviating slightly from the standard convention and denoting by

AdA" the representation of HrL* acting on the semisimple part of the Levi
factor [4, seen as a quotient of the group action on h4 + (4 (thus dividing by
the center of this Lie algebra which corresponds to a trivial representation

summand). We will use this same notation Ad®" when restricting to various

Lie subgroups of HgL* containing L. The notation AdYAY) with w €
W refers to the similar construction with respect to w(A4). When A =
I and A4 = () then Ad“®") will refer to the (trivial) one dimensional
representation of {e}.

Definition 5.1. Let Hf?md be defined by:

(15) exp Z cimg, ¢ €R = HA ..
a; €A

Note that usually H4 # Hgf‘md.
Then we have:

Proposition 5.2. The images ofAdAA on subsets of Cartan subgroups sat-
isfy

1) AdA"(D(A)) = D(A%),

2) Ad®" (Hg) = Ha(A%),

3) AdY(HA ) = Ad®" (HA).

Proof. We first point out that the exponential map in the Lie groups Lﬁ,
AdA” gives a diffeomorphism between h*? and the corresponding connected
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Lie group. Thus the Lie groups H4, AdA? (H4) are isomorphic. This takes
care of Part 2) on the level of the connected component of the identity.

Also the image under ad®” of the set {mg, + a; & A} gives rise to a

basis of the Cartan subalgebra of adAA( (4). Thus exponentiating we obtain
Part 3).

Recall that xa,(h;) = exp(my/—16;;) and Ad®"(h) = I if and only if
Yo, (h) =1 for all a; € I\ A. We have thus Ad®" (h;) = T for o; € A and
{Ad2" (he) e € €} = {Ad2" (he) : € € EA} = D(AA). The elements h; with
a; € A are in the center of HgxLA. This proves Part 1).

For Part 2), we proceed by noting that by definition of Hg(A%) it must be

generated by the Lie group AdA” (HA) with Lie algebra h* and the elements
Ad(h;) with a; € IT'\ A (playing the role that the h; play in the definition
of Hg). This is the same as AdAA(Hﬁg). O

5.2. Action of the Weyl group on oriented colored Dynkin dia-
grams.

Proposition 5.3. The action of Wg on D(S) x {£1} in Definition 4.4 is
well-defined.

Proof. Recall that W is a Coxeter group, (Proposition 3.13 [12]) and it thus
has defining relations s2. = e and (sq;54,)™ = e where my; is 2,3,4,6
depending on the number of lines joining «; and «; in the Dynkin diagram.
The case m;; = 2 occurring when «; and «a; are not connected in the Dynkin
diagram. The only relevant cases then are when «;, a; are both colored and
connected in the Dynkin diagram. The only relevant vertices in the Dynkin
diagram are those connected with these two and which are uncolored. We
are thus reduced to very few nontrivial possibilities: Dy, Ay, Fy, By, Cy;
smaller rank cases being very easy cases. We verify only one of these cases,
the others being almost identical with no additional difficulties. Consider
the case of D5 where oy; = o, aj = 3 are the two simple roots which are not
“endpoints” in the Dynkin diagram and all the others are uncolored. Then
ro = 1 but rg = 2. For book-keeping purposes it is convenient to temporarily
represent red as —1 and blue as 1 and simply follow what happens to these
two roots and an orientation o = 1. Hence all the information can be
encoded in a triple (e, €2,0) representing the colors of these two roots and
the orientation o. Now we apply (sas3)> to (€1, €2,0):

(61,62,0 = 1) i (6162,62, (62)20 = 1) S—a>
S
(162, €1, (e1€2)"0) = (€2, €1, (€1)e1620 = €1€20) %
Sa

S
(€2, €162, (62)161620 = €10) LN (€1, €169, (6162)2610 = €10) =5
(61,62,0).
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5.3. The set Hy. By Proposition 5.2, if XQiA, a; € TT\ A is a root character
of Hr(A%) acting on [4, then it is related to xa, by XOA%A oAdA = Xa,- The
map XOAHA, a; € IT'\ A provides the local coordinates on Hg which consists
of the Cartan subgroups Hg(A%).

Definition 5.4. Let Hy be defined as
Hg = | He(A%) x {[e]"}.
ACII
We then define a map ¢, : Hy — R! as follows:
e(h, [e]h) = (de,1(h), - Pen(h)),
where ¢ i(h) = Xﬁf (h) whenever o; ¢ A and ¢, ;(h) =0 if a; € A. Denote
$2 the restriction of ¢ to Hr(A4) x {[e]*}.

By Proposition 5.2 Part 2) we can compose with AdA" x 1 and re-write
the domain of ¢, o (AdAA x 1) as |J Hg x {[e]*}. We also define
AcCIl

bw = (w1, wt) © w(HR) — R,
with
w(Hg) = ) He(w(A%)) x {[w]*},
ACII
by setting

Gui(, [w] ) = X (A AD (wh)) = Nusas (wh) = Xay (),

where x = Adw(AA)(wh) € Hg(w(A?)) with h € Hg, if a; ¢ A. For the
case when a; € A, we set

Gw,i(, [w]A) =0.

5.4. The sets Hfé‘. We here note an isomorphism between several presen-
tations of a split Cartan subgroup of a Levi factor.

Proposition 5.5. All the following are isomorphic as Lie groups:
1) H,

Proof. The groups in 3) and 4) are isomorphic by Proposition 5.2. We can
write he = 3 + bé where 3 is defined by z € 3 if and only if (o, 2z) = 0 for
all a; € IT'\ A.
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Now the group exp(3) is the center of HCLé. Intersecting with G we
obtain the center of HgL*. To find this intersection with é, we must find
all z ++/—1y € 3 such that (@57 +V=1Y) ig real for all oy € I1 (see the Proof
of Lemma 3.7). We find that z € 3N h and that y is an integral linear
combination of the ;. As in the Proof of Proposition 5.2 the elements
exp(v/—1y;) which are in the center of HgL* are those for which o; € A.
The center of HrxL4 is then the group generated by h; with a; € A and
exp(3Nh). Since exp(3nh)NH* = {e}, we have that Hg divided by exp(31b)
is isomorphic to DH]fQ. The groups Hﬂé, DH{ and those involved in 2), 3)
or 4) all differ by a subgroup of the D C exp(3) which is annihilated by
Ad®”. From here and Proposition 5.2 Part 1), the isomorphism between 2),
3) and 4) follows. O

6. The set ﬂR.

We here define our main object Hg as a union of Cartan subgroups of Levi
factors and their W-translations.
Let W be the disjoint union of all the quotients W/W 4 over A C IL

Each of the elements [w]4 € W/ Wi 4 parametrizes a parabolic subgroup.

First [e]A corresponds to a standard parabolic subgroup of G¢ (Proposition
7.76 or Proposition 5.90 of [13]). This is just the parabolic subgroup deter-
mined by the subset IT\ A of II. Then we translate such a parabolic subgroup
with w € W. The resulting parabolic subgroup corresponds to [w]4. Thus
W is the set of all the W-translations of standard parabolic subgroups.

Definition 6.1. We define
(16) = | U He(w(a)  {[w]}.

ACIlweW

From Proposition 5.5, HZ' can be replaced by Hg(A?4) or Ad“’(AA)(HR).

Thus we can alternatively write HR as a subset of Hg X W. We recall w®
or just w® as in Notation 4.7. We then have:

(17) He = | U ™) x {w).

ACII ’u)‘vAEW/WH\A

Also fixing an isomorphism &, : Hr(A4) — Hg(w(A4)) inducing a set
bijection (by composition) & : w(II) — II, we have

Hrp= | JW x Hg(A%),
Acrn Wma

where an element (w®*,h) on the right-hand side is sent to (&, (h), [w]4).
This endows Hgr with a W-action.
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In what follows it is useful to think of a colored Dynkin diagram (e.g.,

op—o) as parametrizing a “box” (e.g., [—1,1]). We need to further subdivide
this box into 2! smaller boxes by dividing it into regions according to the
sign of each of the coordinates (e.g., [—1,0] [0, 1]). We also need to consider

the boundary between these 2! regions (e.g., {0}). We will introduce an
additional sign or a zero to keep track of such subdivisions (e.g., op — oy,
orp —o_, op —oq for [-1,0],[0, 1], {0}) (see also Example in Section 2). We
will then do the same thing with a colored Dynkin diagram of the form
(D, [w]™%) by assigning labels in {#1,0} to the vertices in IT \ S.

The main purpose of the following is to associate certain sets in Hp to
the colored Dynkin diagrams, the signed-colored Dynkin diagrams and the
sets associated to them only play an auxiliary role.

We introduce the following notation. This notation is illustrated in Ex-
ample in Section 2 and Figure 3.

Notation 6.2. A signed-colored Dynkin diagram D is a Dynkin diagram
with some vertices colored (R or B) and the remaining vertices labled +, —
or 0. The followings are auxiliary objects to keep track of signs, zeros and
colors.

e 77: IT — {£1,0} function which agrees with  on S and determines the
sign labels in D.

A= A(D) = A7) = {a; € T i) = 0},

K(n) the set of all 7 : IT — {£1,0} which agree with n in S.

€y € £ the element which agrees with 7 on 1\ A (4 = A(D)).

D(S, A, €, [w]™\¥) the unique signed-colored Dynkin diagram attached
to a colored Dynkin diagram (D, [w]™) or to (S, 7, [w]™%), where the
vertices in IT'\ S are given a label in {£1,0}.

We now associate a subset of Hp to a signed-colored Dynkin diagram with
S = (). Notice that in this case €; can be any element of 4. Recall that
€7(A%) is then the element of £(A?) that corresponds.

We associate to a signed colored Dynkin diagram (0, A, €5, [e] ™) two
sets, one includes walls and the other doesn’t (in order to avoid duplicate
notation we denote the signed-colored Dynkin diagram and the set with the
same notation):

< A<
0. Aseq, [T = HAYE 4 % {1},
When A = ) (no zeros), these are the 2! boxes in the antidominant chamber.
We define the second related set as:
(0, A g, [™) = HAMNZ pa) x {07},
The chamber walls of the antidominant chamber of the Cartan subgroup are
defined as:
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e D(aj, A e)S ={he H(AA)ES(AA) * |Xa; ()| = 1} (the ay-wall),
e D(a, A €)< = D(ay, A,e)<n{h e H(AA)f(AA) L Xa, (R)] < 1if j #
7, Q; € 11 \ A}
We next consider the case of S = {a;} ¢ A and then the general case of
any S C IT with A C IT'\ S and any ¢; € EA. This defines the walls for Levi

factor pieces corresponding to subsystems of the Toda lattice (we here list
open walls):

i ({ai}a A, 677) = D(aia A, 677)< X {[e]A}

i (SaAv 677) = ﬂ ({ ai}vAa ef))‘

a; €S

We now associate a set in Hg to a colored Dynkin diagram. We define a set
denoted D = (5, ¢,) as follows: For S # ) (so that thereisann : S — {£1}),

i (S7 67]) = U (Sv A(ﬁ)? 677), and if S = Q)v ((Z)v 60) = U (Q)a 677)'
HEK (n) Ae{£1,0}¢
Here €, = (1,...,1), and see (7) and (9) in Section 2.
We consider the w-translations of the colored Dynkin diagrams: For this
write w uniquely as w = ww, with we € Wyg.

o (weD, [w]™*) = w((D, [e] ).

In order to define the W-translations of sets associated to signed-colored
Dynkin diagrams we have to extend the definition of the Wg-action to the
signed-colored Dynkin diagrams. The definition is exactly the same if we
treat the label — as if it were an R and the label 4 as if it were a B as in
Definition 4.4. Then consider (weD, [w]™\%) and let:

o (waD, [w]™5) = w((D, [e]%)).

Remark 6.3. We refer to the set (0, ¢,) C Hg as the antidominant chamber
of Hg. Recall Notation 4.7 w** € [w]*. The following justifies our definition
of the “antidominant chamber” of Hg using (17) in the definition of Hp.

Proposition 6.4. We have

(18) Be=J U w <a (H“(‘f))) x {[w]AY.

ACIT we:Aew
JEWH\A

Proof. We set w® = w** for simplicity. By Proposition 3.17 Part b), we
have that each Hﬁg can be written as a union over o € Wi 4 of sets of

the form o (H:éf)) and thus by the definition (17) of Hg, we conclude the

statement. O
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7. Colored Dynkin diagrams and the corresponding cells.

Here we consider the manifold structure and the topology of Hp as the union
of cells parametrized by colored Dynkin diagrams.

7.1. Action of the Weyl group on the sets (S, €,). Let M5 be the
complex with the sets (D, [w]™®). We then consider the action of Wy on
the union of all the sets D = (5, ¢,) having a fixed nonempty set S of colored
vertices and endowed with an orientation o. Similarly we can endow each
of the terms in the chain complex M8 with a action of W by translating
the sets corresponding to colored Dynkin diagrams with the W-action and
taking into account changes of orientation induced on the oriented boxes.
This new action of W on M8 could in principle be different from the
W-action on the chain complex M, (see Proposition 4.11).

We now become more explicit about the W-action that was just intro-
duced on ME™: Note that since xa, (h) = +1 for any aj, € Sand h € (S, ¢;)
(Notation 6.2), if h € (S,€y) then sa; Xa,; () = Xa,;(R)Xay, (h)~C%ii =
+Xa,; (h). Hence, in terms of the coordinates given by ¢, the action of Sy,
is given by a diagonal matrix whose nonzero entries are +1. This matrix has
some entries corresponding to the set S and other entries corresponding to
IT\ S. The entries corresponding to the set S change by a sign as described
in Proposition 3.16. The statement in Proposition 3.16 just means that the
set (S, €,) is sent to (S, €y) with 7' = (n;,,...,n;,), and 7}, = 1, (—1) i
The determinant of the diagonal submatrix corresponding to elements in
IT\ S is the sign (1;)" with (see Definition 4.4)

r= {OéjGH\S : Cjﬂ' 1sodd}

Consider the set (S, €,) endowed with a fixed orientation w corresponding
to o = 1. Then s,, with oy € S sends (S,¢,) to (S,€y) endowed with
the orientation (7;)"w. We now consider the Z module of formal integral
combinations of the sets (5, ¢),

Z|(S,e)) : SCIL, |S| =k, ¢, € ENI].

We keep track of the orientation by putting a sign + in front of (5, ¢,). This
Z module acquires a Z[Wg]-action that corresponds to the abstract construc-
tion given in Definition 4.9 with colored Dynkin diagrams. By considering
all the W-translations of the (S, €,) we generate the module denoted above
by M(S). The direct sum of all these M(S) over |S| = k is denoted M;_j,
(see Definition 4.9). Hence there is no difference as W-modules between
ME® and M,.

We can now summarize this discussion in the following:

Proposition 7.1. The action of W on M, (Subsection 4.3) and the action
of W on M8 are isomorphic.
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We will then drop the superscript ...8%° from the notation in view of
Proposition 7.1.
7.2. Manifold structure on Hpg. Recall the map ¢, in Definition 5.4
whose domain is Hg = |J Hr(A4) x {[e]*} and co-domain is R!. We also
AcCII

have defined ¢, with domain |J Hg(w(A%) x {{w]*}). We will use these
AcCII

maps to give Hpg coordinate charts leading to a manifold structure. We then
have the following three Propositions:

Proposition 7.2. The image ¢.(Hg(A%)) x {[e]*} consists of all (t1,...,1;)
€ R! such that t; # 0 if and only if a; &€ A. The map d. is a bijection
between Hg = |J (Hr(A%)) x {[e]*} and R.

ACII
Proof. We start with the last statement, that ¢. is a bijection; we have that
®e is injective because the scalars XQA;‘ (h),..., XOA{;; (h) determine all the root

characters X(%A(h), ¢ € A4 for h € Hr(A*) and these scalars determine h
in the adjoint group (Remark 3.14). From Proposition 5.2 Part 2) it follows
that we can regard Hg(A4) as AdA! (Hg) (see (15)). We prove surjectivity

by proving first the statement concerning the image ¢, o (AdAA x 1)(Hy x
{[e]*}) . When all the sets A are considered then all of R! will be seen to be

in the image of ¢.. First consider hch with h = exp ( > clmfll) and e € £4.
a;¢A
We now apply (beo(AdAA x1). Since <ai, > cjmf;j> = clw we obtain,
o A

(og,0)

by exponentiating, Xa,(heh) = € 2 . The set ¢o(Hr(AY) x {[e]*})
becomes the image of the map: R! — R’ given by first defining a map that

(ovj,004)

sends (eit,...,gt;) — (fi,..., fi) with f; = t, *  for t; > 0. This map
is modified so that whenever o; € A then the i-th coordinate is replaced
with 0. We denote this modified map by F4. The domain and the image of
F4 therefore consists of the set {(s1,...,s;) :s; =0 if a; € A}.

Together all these F give rise to one single map F : R} — R! which is
surjective. O

Proposition 7.3. The image ¢, (Hg(w(A%)) x {[w]4}) consists of all (t1,
. 1)) € RV such that t; # 0 if and only if ; & A.

Proof. This follows from Proposition 6.4 and the fact that ¢.;(w(h), A) =
Xwa; (W(h)) = Xa; (h) for a; & A. O

Proposition 7.4. The image ¢,((0,¢,)) consists of all (t1,...,t;) € R
such that —1 < t; < 1. The sets ¢, ((S, €, [w]™5)) as S C 11, S # ) varies,
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give a cell decomposition of the boundary of the box [—1,1]'. In particular,
the sets (S, ey, [w]™) give a cell decomposition of the smooth manifold Hyg.

Proof. This follows from Proposition 7.3 but is better understood in Exam-
ple 2.2. We omit details. O

Remark 7.5. There is a more convenient cell decomposition of Hp for the
purpose of calculating homology explicitly. The only change is that the [
dimensional cell becomes the union of all the I-cells together with all the
(internal) boundaries corresponding to colored Dynkin diagrams where all
the colored vertices are colored B. This is the set:
Hp \ U (Sa €n» [w]H\S)
SCII, weWw
n such that n(a;)=—1 for some o; €S

This set can be seen to be homeomorphic to R!. With this cell decomposition
there is exactly one [ cell; and the other lower dimensional cells correspond
to colored Dynkin diagrams which are parametrized by pairs (D, [w]T\9),
such that, at least one vertex of D has been colored R. In terms of the
(S, €, [w]M), the top cell would instead be defined to consist of Hg. (See
Figure 6 for this remark.)

The big cell in this decomposition with a fixed orientation corresponds

to the element ¢; = 3. (=1)!®)(D, ¢,,w) (S = (). This element satisfies
weWw
Oi(¢1) = 2(¢j—1) for some ¢;—1 # 0 (except in the case of type A;). Note

that (D, w) and (D, ws,,), with S = 0 and l[(wsa,) = l[(w) + 1, appear with
opposite signs in ¢;. When 9 is applied and the «; is colored R the sign
(—1)"i in Definition 4.4 makes these two terms contribute as 2(D’, [w]T\e:})
with D’ the new colored Dynkin diagram obtained. The terms from the
boundary 9; obtained by coloring «; with B will cancel since the action of
5q; on colored Dynkin diagrams is trivial when o is colored B. The case
of Ay is an exception because, in that case, once oy is colored R no more
uncolored vertices remain. The set {a; € IT'\ a; : Cj; is odd} is empty and
r; = 0. Thus there is cancellation in this case.

7.3. Topology on Hyp, coordinate charts, integral homology. We de-

fine a topology on Hg in which U ¢ |J H(w(A?)) x {[w]*} is open if and
AcCII

only if ¢, (U) is open in the usual topology of R!. The maps ¢, become

coordinate charts and since the compositions ¢, o ¢, ! are C° on their do-

main, then Hg acquires the structure of a smooth manifold. The W-action

becomes a smooth action.

Definition 7.6 (Filtration of Hg and the chain complex MEW). We con-
struct a filtration of the topological space Hg in the sense of [18] p. 222.
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Let X;_j denote the union of all the sets of the form (D, [w]™%) over all
w € W and S € P(II) such that |S| > k. This is a closed set and X, \ X,_;
is a union of sets of the form (D, [w]™®) with |S| = [ — 7. The filtration X,
r=0,1,...,[ satisfies the conditions of Theorem 39.4 in [18]. We define a
chain complex MW with boundary operators as in [18]

Or : Hr(XraerlaZ) - rfl(erlaer%Z)-

Proposition 7.7. The smooth manifold Hg s compact, nonorientable
(except if g is of tupe A1). The homology of the chain complex M., H*(M.)
= Ker 0y /image(Jx_1) is isomorphic as a Z[W] module to Hy(Hgr,Z).

Proof. The manifold Hp is the finite union of the chambers as in Proposi-
tion 6.4. Since the W-action on Hp is by continuous transformations, it then
suffices to observe that the antidominant chamber is compact. The antidom-
inant chamber (0, €,) of Definition 6.2 can be seen to be compact by describ-
ing explicitly its image under ¢.. This image is a “box” inside R, as can
be seen in Propositions 7.2, 7.4 namely the set {(f1,...,%) : —1 <t; < 1}.
The space Hg is now the finite union of the W-translates of this compact
set. That the boundary operators of MW agree with the boundary opera-
tors of M, will follow from the fact that in the ¢,, coordinates the (D, [w])
is a “box” which is itself part of the boundary of a bigger “box” (Propo-
sition 7.4). We start with the set {(¢1,...,%) : =1 < t; < 1} and note
that its boundary is combinatorially described by (12) or (13). Note that
(D,w) (with S = 0, [w]" = w) represents the open box. The faces are
parametrized by coloring each of the [ vertices R or B which then represent
opposite faces in the boundary. The signs are just chosen so that 0;_100; = 0
for k = 1,...,l. This description may be best understood by working out
Example 2.2.

All the cells thus appear by taking the faces of a box [—1,1]" and then
faces of faces etc. By the same process of coloring uncolored vertices R or
B which give rise, each time, to a pair of opposite faces in a box. In each
case (12) or (13) correctly describe the process of taking the boundary of a
box. Note that it is enough to study what happens when w = e and then
consider the W-translates.

We now use Theorem 39.4 of [18] to conclude that MW computes in-
tegral homology. However each Z[W]-module appearing in MEW in a fixed
degree, can easily be seen to be identical with the corresponding term in
M.,. By Proposition 7.1 and the agreement of the boundary operators, we
obtain that M, computes integral homology. The nonorientability follows if
we use the second cell decomposition described in Remark 7.5. The unique
top cell then has a nonzero boundary (except in the case of g = s((2,R)). O
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8. Toda lattice and the manifold ﬂR.

We now associate the manifold Hg with the Toda lattice by extending the
results of Kostant in [16]. We start with the definition of the variety Zg of
Jacobi elements on g where the Toda lattice is defined.

8.1. The variety Zr and isotropy group G=.

Definition 8.1 (Varieties of Jacobi elements). Let S(g) be the symmetric
algebra of g. We may regard S(g) as the algebra of polynomial functions on
the dual g’.

If we consider the algebra of G-invariants of S(g), then by Chevalley’s
theorem there are homogeneous polynomials I, ...,I; in S(g)® which are
algebraically independent and which generate S(g)“. Thus S(g)® can be
expressed as R[Iq, ..., I,].

For FF = C or F = R, we consider the variety Zp of normalized Jacobi
elements of gr. Our notation, however, is slightly different from the notation
of [16] in the roles of ey, and e_,,. Thus we let

l
Jp = {X:x—FZ(bieai—keai) : xef),biGF\{O}},

=1
l

Ip = {X—x—i—Z(bie_ai—i—eai) S [),bz‘ EF\{O},X ES(F)}
=1

We also allow subsystems which correspond to the cases having some b; = 0:

l
Jp = {X:m—i—Z(bie_ai—f—eai) : xeh,bieF},

i=1

l
Zp = {X = x+2(bie,ai +eq)rxeEhbeF X € S(F)}
=1
Kostant defines in [16] p. 218 a real manifold Z by considering all elements
l
a:+2(bie_ai +eéq,) in Zg which in addition satisfy b; > 0. We are departing
=1

in a crucial way from [16] by allowing the b; to be negative or even zero when
A # (). This extension gives the indefinite Toda lattices introduced in [14].
We let for any € € &,

l
Lo = {X :x‘i‘Z(biefai —|—eai) t b >0,X € S(R)} .

=1
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This is a set of real normalized Jacobi elements, that is, the elements of Zp.
Thus the union of all the Z, is all of Z,

ﬁ:UL

ec&

The elements in Zg are thus the signed normalized Jacobi elements (in S(R)
and Z simply denotes Z., where €, = (1,...,1)).

Definition 8.2 (Chevalley invariants and isospectral manifold). If = € g
and g, € ¢ is defined by (g,,y) = (x,y) for any y € g then the map
g — ¢ sending z to g, defines an isomorphism. We can then regard S(g) as
the algebra of polynomial functions on g itself by setting for f € S(g) and

z€g, f(x) = f(gz)

The functions Ii,...,I; now on g and then restricted to Jgr, Zgr or to
Zc are called the Chevalley invariants which are the polynomial functions
of {ai,...,a,b1,...,b} for X = St (aiha, + bie_a, + €a;). The map
I=(I,...,I;) then defines by restriction a map

I=1TIr: Zp — F..
Fix v € F! in the image of the map I, and denote
ZW)r=Tp' () =T () Zr,

which defines the isospectral manifold of Jacobi elements of g. Note that in
the real (isospectral) manifold Z(+) studied in [16] will just be one connected
component of Z(v)g.

Definition 8.3 (The isotropy subgroup GY on (NJ) Let G% be the isotropy
subgroup of G for an element y € gc. The group G¢. is an abelian connected
algebraic group of complex dimension | (Proposition 2.4 of [16]). If y € g
we denote by GY the intersection

GY =GYLNnaG.

If x € g, the centralizer of z is denoted g* and dim g* > [. We say that x
is regular if dim g* = [.

We consider an open subset of G¢ given by the biggest piece in the Bruhat
decomposition:

where N¢ = eXp(n(c),]v(c = exp(ngc) and Be = HcNe. We let é* = é N
(Ge)« and, as in Notation 3.9, B = Hp exp(n). We then have a map
]v(c X B(C — (G((;)*,

given by (n,b) — nb which is an isomorphism of algebraic varieties. Given
d € (Gg)«, d has a unique decomposition as d = ngbg as in (2.4.6) of [16].
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We caution the reader that GY is not an intersection with exp(ft) H exp(n)
but rather with exp(n)Hg exp(n). This is the object that appears, for ex-
ample, in (3.4.10) of [16] and properly contains (3.2.9) in Lemma 3.2 of
[16].

The following Proposition gives the relation between GY and Hp:

Proposition 8.4. Let y € Z.,. Then GY is G conjugate to the Cartan
subgroup Hg of G.

Proof. By Lemma 2.1.1 in [16], y is regular. Then as in Lemma 3.2 of [16],
y must be conjugate, under an element in H, to an element x in p. Using
Proposition 2.4 of [16] G is connected. Since x is also a regular element
it follows that g¢ is a Cartan subalgebra and G is a Cartan subgroup of
Gc. Using conjugation by an element in K we may conjugate this Cartan
subgroup if necessary to Hc (Proposition 6.61 or Lemma 6.62 of [13]). We
can thus assume that G% = Hc. We obtain that GY = GHG% is G conjugate

to G N He = Hy (see Notation 3.9). O
8.2. Kostant’s map G¢. Fix y € J(7)r. Kostant defines a map

Be o (Ge — J(Y)c
d — Ad(n;")(y)

with d = ngbg,ng € N and by € B. Note that we have deviated from
the convention in [16] by exchanging the roles of N¢ and N¢c. We did not
exchange the roles of these two groups in (19) but this is compensated by our
use of an inverse in the definition of the Kostant map. Theorem 2.4 of [16]
then implies that B((y: is an isomorphism of algebraic varieties. Denote 3Y the
restriction of 8¢ to the intersection with G. Thus we have 8Y : GY — Z(v)r
and GY = (G4). NG.

Proposition 8.5. Lety € J(v)r. The map (Y is an isomorphism of smooth
manifolds G — J(7)r.

(20)

Proof. The map Y is the restriction to the Lie group GY of the diffeomor-
phism of complex analytic manifolds ﬁfé. We obtain that Y must be an
injective map. We show surjectivity. If z € J(vy)r then by surjectivity of 3%
there is gc € (G%)« such that 8% (gc) = z and gc = ncbe. Thus g& = né.bE
with ng € N¢ and b € Bc. Therefore 3Y(g¢) = Ad(n&)'y. Since y¢ =y
we obtain that (Ad(nc) ly)¢ = 2¢. But our assumption is that ¢ = z.
Hence we have obtained that 3. (g(c) = z. By the mjecthty of 3¢ we ob-
tain that g& = gc. Therefore gc € G and thus gc=g€ GY. This proves ¥
is a bijection.

By Proposition 2.3.1 of [16], J(y)r is a submanifold of real dimension { of
J(¥)c. The diffeomorphism 3% restricts to the smooth nonsingular map (Y.
Since we have shown that 8Y is a bijection, then it is a diffeomorphism. [J
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Remark 8.6. If y € Z. then GY is a Cartan subgroup conjugate to Hg
(see Proposition 8.4). However, in general it may happen that y € J(v)r
is not semisimple or that y is semisimple but GY is a Cartan subgroup not
conjugate to Hg. For example, take y = ajhq, + b1€6_q, + €q, in the case
of sl(2,R) (G = Ad(SL(2,R)¥)). We get a nilpotent matrix if a? 4+ by = 0.
When a% 401 < 0 then y is semisimple but GYis a compact Cartan subgroup
and thus it is not conjugate to Hg. In the cases a? +b > 0 one obtains that
GY is conjugate to Hp.

Assume that we are in the case when GY is conjugate to Hg (for example

y € Z,). Combining Proposition 8.4 and Proposition 8.5, Kostant’s map
gives an imbedding of Z(y)g, where v € R! is in the image of I, into Hp as
an open dense subset.
8.3. Kostant’s map and toric varieties. We first remark that for a fixed
y € Z(7)e, Kostant’s map 3Y in (20) is just the map d — n;' with d =
ngbg € éi{ and ng € N, so that it can be described as a map into the flag
manifold: d — ¢gB in é/B, restricted to GY.

By Proposition 8.5 the map into the flag manifold is a diffeomorphism
onto its image when restricted to GY. Hence, since the map is given by the
action of a Cartan subgroup on the flag manifold; this action has a trivial
isotropy group and the map to the flag manifold sends GY diffeomorphically
to its image.

The Cartan subgroup GY is as good as its conjugate Hgr but, for conve-
nience, we prefer to deal with Hpr for which we have established notation.
We let « be an element that conjugates Hg to éy, ' Hgr = GY. Then the
GY-orbit of B in CNJ/B is 7' HgaB. Since we can translate this set using
multiplication by the fixed element x, we can just study the Hg-orbit of xB
in G/B.

We denote:

e The map q: GY — é/B

o Z(Mr = (g0 (39)"1Z(7)r) = =~ ((HraB)).
To study Z(7), it is enough to describe in detail the toric variety (HgraB).
Thus we focus our attention on objects that have this general form:

Definition 8.7. For any n € G, such that nBN Hg = {e}, the toric variety
(HgnB) is called generic in the sense of [8],if n € (| w(NB)w™!.
weW

We then assume n € (| w(NB)w™! and nB N Hg = {e}. With these
weWw
hypotheses we have:

nB = H exp(tjeqs,;) B
IS AN
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for tj € R, and

nB = n(w(A))wB = H exp(t; ey (p,) ) wB
¢j€—Ay

foerWandt}fJER.
We now define:

Definition 8.8. Assume n € (] w(NB)w~! and nB N Hg = {e}. Denote
weW
for any A C II,

We define a map,

- A~

B : Hg — (HgrnB)
(Ad*ADg, [w]) = gn(w(AY))wB

where g € Hg (see Definition 6.1 for Hg). Note here that

@) gn(w@HwB =TT exp (X, (9)ews,) ) wB
d)jEfAf

The map B can be interpreted as a version of Kostant’s map 3Y for the
subsystem determined by the set A € II and its w-translation. A detailed
[e]

correspondence with the set Zg(v) could be made but it requires additional
A

notation. Note also that we have Xw(¢j)(g) - XZE?)) o Adw(AA)(g) for
J

o; € A“. Then we obtain:

Theorem 8.9. Assume n € (| w(NB)w™! and nB N Hy = {e}. The
weW

function B is a homeomorphism of topological spaces. The toric variety
(HgrnB) is a smooth manifold and the map B is a diffeomorphism.

Proof. First we point out that we already have a smooth manifold Hg and

the assumption n € () w(NB)w~! will simply ensure that we can define
weW
the map to the flag manifold.

We first show the continuity of B: We use the local coordinates, {¢,, : w €
W} for Hg given in Definition 5.4. In these local coordinates, we assume
that for eachi =1,...,1, gbwwo,i(Adwwo(AwO(A))(g), [ww,]“e(A) (which equals

A
Xqu,jgéa-)) (g) or zero) converges to a scalar Xou( We note that if ¢; =

70‘72) .
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l
—Zcijai with each ¢;; a nonnegative integer, then

i=1
mel Hqﬁf;i%,@ AQe S o).
We thus let
! g
Xu(o,) :_Hl(xiwmn) -
Let

A'={a; ell: X () = 0}.
Then note that XZ( 6;) = 0 if and only if ¢;; # 0 for some a; € A’. Thus the

only va( 65) which are nonzero correspond to roots in Aﬁ/.
By the assumption made, we have

gn(w@A)wB= ] e (tﬁ“ Xw<¢j>(9)€w<¢j>) wB,
¢j€—Ay

which can be written in terms of the coordinate functions ¢y, as

H exp (thgbeU i dww (Awo(A)) [wwo]wO(A))ew(¢j)> wB.

bje—At

This then converges (by continuity of @y, ) to

) HA exp (tfxfu(%)(g)ew(%)) wB,
€A+

which only involves roots in A , and can be written as gn(w(A4))wB
Since any (Adw( )(g),[ 14) € Hp is completely determined by the coor-
dinates qﬁw(Adw(AA)(g), [w]4) and some (Ad“’(AAI)(g), [w]4") uniquely cor-
responds to the coordinates (Xfu(al)(g),...,Xfu(al)(g)), then we can con-
clude that B(Adw(AA)( ), [w]?) converges to B(Ad“’(AA/)(g)7 [w]4") when-
ever the argument (Adw(AA)(g) [w]?) approaches to (Adw(AA,)(g),[ 14" in
Hpg. This proves the continuity of the map B. o

Since Hg is compact (Prqposﬂnon 7.7) and B(Hpg) contains the orbit
HgnB, then (HgnB) C B(Hg). From the construction of the map B it

is easy to see that its image is contained in (HgnB) and thus B(ﬁR) =
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The smoothness of the map and that it gives a diffeomorphism follows
|A 4]

from the fact that (s1,...,s]a,|) — H exp(sjew(g;))WB constitutes a co-
j=1
ordinate system in the flag manifold. O

Remark 8.10. We caution the reader that if one replaces the Cartan sub-
group Hﬁ of G instead of Hr in the statement of Theorem 8.9 then the
closure of the orbit HﬁnB may not be smooth. In fact the structure of

HI}RnB can be explicitly described too. Consider only the connected com-
ponents of each Hg(w(A?4)) associated to e such that Ad(he) € Ad(H}) in
Definition 5.4. This gives a subspace of Hpg that will correspond to HﬂlgnB .

In terms of the coordinate charts ¢,, one gets locally R! but now some of its 2
quadrants may be missing (since Ad(Hg) may have fewer than 2! connected
components). Thus smoothness is obtained exactly when Ad(Hg) contains
2! connected components. Examples that lead to nonsmooth closures if one
uses the Cartan subgroup Hi are all the G = SL(n,R) with n even. In
terms of the Toda lattice this corresponds to considering the indefinite Toda
lattice in (1) in the Introduction but leaving out some of the signs €;. When
n = 2, for example, one obtains a closed interval inside G/B (which is a
circle). The disconnected Lie group G which leads to the Cartan subgroup
Hp is then a requirement in all our constructions and main results. We thus
have:

Corollary 8.11. Assume n € ()| w(NB)w™ ! and nB N Hg = {e}. Then
weW
HﬂlgnB 18 smooth if and only if Ad(Hﬂlx) has 2! connected components.

We also have:

Corollary 8.12. Ifn€ () w(NB)w™! and nBNHg = {e}, then the toric
weW

variety X = (HgnB) satisfies: X"® = (G/B)"®, the Hg-fized points.

Proof. We use Theorem 8.9. The manifold Hp has an Hg-action and the only
fixed points are the (e, w) with w € W. These get mapped to the fixed points
of the Hg-action in G/B, the cosets wB, w € W. Thus X"= = (G/B)"=.
This also follows directly if we consider (21) with A = () and we just let each
Xuw(¢;) 80 to zero and obtain wB. O
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Remark 8.13.

1) By Theorem 3.6 in [9] and Remark 3 in p. 257 of [8] we may assume
that the map into the flag manifold which appears as a consequence
of Kostant’s map in Subsection 8.3 is such that one in fact obtains the

Hp orbit of an element n € [\ w(NB)w™ 1.
weW
2) In §7 of [2] and in [3] a more restrictive definition of the notion of

genericity is given. This discussion is only relevant for the case of toric
varieties in G/P where P is a parabolic subgroup rather than just
a Borel subgroup as is the case in the present work. In these more
general situations sometimes generic varieties as defined in [8] are not
normal. In any case, note that if P = B our Corollary 8.12 implies

thatifn € (| w(NB)w™!and nBNHg = {e} then the corresponding
weWw
toric variety is also generic in the sense discussed in [2] or [3]. Finally

we observe that normality is not used in any of our results. Here we
rely instead on explicit coordinate charts to obtain the smoothness of
our toric varieties and describe their topological structure. (We would
like to thank H. Flaschka for sending the papers [2, 3] to us.)

We conclude:

Theorem 8.14. Let v € R, then Z(v)r is a smooth compact manifold
diffeomorphic to Hy.

Proof. This is just Theorem 8.9 and the definition of Z (7). The two condi-
tions in Theorem 8.9 are satisfied by Proposition 8.5 (Subsection 8.3) and
by Theorem 3.6 in [9] and Remark 3 in p. 257 of [8] as noted above in
Remark 8.13. O
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