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Here we prove that if u satisfies the minimal surface equa-
tion in an unbounded domain which is properly contained in
a half space of R™, with n > 2, then the growth rate of u is
of the same order as that of the shape of 2 and the boundary
value of wu.

1. Introduction.
Consider the minimal surface equation
div Tu = 0,

where

Ty= Y% and VU= (Ugyy...,Ug,).

V1+[vuP

In 1965, Nitsche [7] announced the following result: “Let €, C R? be a
sector with angle 0 < o < 7. If u satisfies the minimal surface equation with
vanishing boundary value in €2, then v = 0”. Hwang extends this result in
[4], [5], [6] and proves that, in an unbounded domain € properly contained
in the half plane in R?, if u satisfies the minimal surface equation, then, the
growth property of u is determined completely by the shape of €2 and the
boundary value of u. In this respect, the Phragmen-Lindelof theorem for
the minimal surface equation is better than that for the Laplace equation.
(Indeed, if u satisfies the Laplace equation in an unbounded domain €2, the
growth property of w cannot be determined completely by the shape of Q2
and the boundary data of u alone (cf. [10]).)

The purpose of this paper is to generalize the two-dimensional Phragmen-
Lindelof theorems in [4], [5] and [6], to higher dimensions. In §2, we review
the statements of the Phragmen-Lindelof theorem of [4], [5] and [6]. The
higher-dimensional version is similar in content, but proof is different. In
§3, based on an argument of [2], we established the suitable comparison
principle. In §4, we compute the mean curvature of our comparison function,
and use it to finish the proof of our main theorems in §5.
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2. Preliminary.

The main purpose of this paper is to generalize the two-dimensional Phrag-
men-Lindel6f theorem in [4], [5], [6] to higher dimensions. We may, first of
all, recall some results in these papers and consider functions

d
Fi0.00) = 0.09), f € C¥(0.0)), £= L2 >0

from which we define

ff//

p(f)=1- .
D=1y

In particular, for f(y) = y™, m being a positive constant, we have

1

which is precisely the reciprocal of the order of f, while for f(y) = €Y, we
have

p(f) =0;
moreover, in case f grows faster than the exponential function, we can
assume p(f) > —e for some small positive constant e, essentially (cf. [5,
Remark 2.7]). Accordingly, we may proceed to solve the ordinary differential
equation in [—1,1]

(%) (1=p(f))(h—th )1+ 1) +h'" (K2 +t3) =0
with initial values
(%) h(~1)=0 and K'(—1) = tan ((1 —p(f))g) ,

and then denote its solution, if exists, by h,, if f(y) = y™ (and hence
p(f) = L), and by he if f(y) = €¥ (and hence p(f) = 0). In general, (x)
and (#*) cannot be solved explicitly; but, for some specific m, its solution
can be written out explicitly. For example, we have

1— ¢

h2— 92 3

and also
hoo = V1 —t2.

It is useful to know some interesting properties of h,,, 0 < m < oo, in the
following:

Lemma 1 ([6]). For 1 <m, m' < oo andt € (—1,1), then we have

(1) hon (t) > hy (t), whenever m > m/,

(ii) P (t) < hn (t), whenever |t| > |'].
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The Phragmen-Lindelof theorems in [5], [6] can now be formulated as
follows.

Theorem 2. Let Q C {(z,y) € R?| —ay™ <z < ay™,y > 0} C R? be
an unbounded domain, where a and m are positive constants, m > 1. Let
u € C*(Q)NC°N) and suppose that

divTu>0 in
u < ay"hm(5) on Of.

ay™

Then we have u < aymhm(ayim) < aymhoo(ayim) = /a2y®™ — 22 in Q.

Theorem 2*. Let Q C {(z,y) € R} —ae® <z < ae®,y > 0} be an
unbounded domain where a, b are positive constants. Let u € C*(Q)NCO(Q)
and suppose that

divTu>0 m Q
u < Va2e2by — g2 on 0.
Then we have u < Va2e2by — 2 in Q.

Theorem 3. Let f € C%([0,00)),f > 0,f > 0 in (0,00) and p(f) > po,
where py is a negative constant, and let f; € C°([0,00)) and fi > 0 in
(0,00). For a given unbounded open domain

QC{(z,y) eR*| = fily) <z < fily), y >0},
and u € C%(Q) N CO(Q) with
{div Tu>0 mn Q

u<ay/ f?—a2? on 09,

where f% > %ﬁ and a is a positive constant satisfying

a® —14py > 0.
Then, we have

u<ay/ f2— a2 in Q.

Remark. In Theorem 3, since pg < 0 and a > 0, we have
(a* = 1)(2 — po) ( a® —1 >
= 2 — > 2.
@—U-p) \@=(—py) &P

Thus, in case u < 0 on 0f2, our estimates are not good enough since we use
worse boundary conditions, whereas the best estimates remain unknown.

These theorems will be generalized to higher dimensions in §5.
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3. A comparison principle.

To establish the higher-dimensional Phragmeén-Lindel6f theorem, we shall
need the following comparison principle.

Lemma 4. Let © be an unbounded domain in R", and let u,v € c?()nN
CO(€Y). Suppose that

div Tu — div Tv > C m €,
u<w on 0f),

where C is a positive constant. Then we have u < v in Q.

Proof. The idea of proof is analogous to that of [2].
Suppose that this lemma fails to hold. There then exists a positive con-
stant € such that

A ={xeQ| ulx)>ov(x)+e}

is not empty; by Sard’s theorem, we may further assume that 9Q' N is
smooth. For every R > 0, set

Br={z€R" | |z| <R},
QR:BRQQ/,
I'r = 0Br N ONR,

and
IT'r| = the Hausdorff (n — 1) — dimensional measure of I'g.
Also, let
(1) 9(R) :7{ tan"H(u — v — €)(Tu —Tv) - v
1019573

= / tan ! (u — v — €)(Tu — Tv) - v
Ir

where v is the unit outward normal of 0Qg.
Then we have

@) //QR vu —v) - (Tu — Tv)

14+ (u—v—e¢)?

// tan"!(u — v — €)(div Tu — div T).
Qr

Since the integrand of the right-hand side of (1) is nonnegative, Fubini’s
theorem tells us that ¢'(R) exists for almost all R > 0, and whenever it
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exists, we have, by (2),

N

+ / tan~!(u — v — €)(div Tu — div T)
Tr

>C tan"!(u — v —€), (by assumption)
I'r

C
> — tan "l (u — v —€) [Tu — T,
r
(since |Tu| <1 and |Tw|<1)

5 ¢
_29-

Since ¢ is an increasing function of R and g > 0, it is easy to see that
Lemma 4 holds in the case that g = 0. If, on the other hand, g #Z 0, there
would exist a positive constant Ry such that g(R) > 0 for all R > Ry, and
hence, for every R > Ry, in virtue of (3)

/RJ“MW>ZXR—R@

Ro 9(r)
i.e.,
log g(r) ! > % (R — Ro),
Ro
and therefore,
(4) 9(R) = g(Ro) e~ H0),

However, we have, by (1)
™
oB < [ F2<niral
Iy 2

since I'r C 0Bg, this yields a positive constant C; completely determined
by n such that

g(R) < CiR™,
which contradicts (4) and yields the truth of Lemma 4. O

Remark. The above proof works well and so the lemma is valid if v = 400
on some parts of Of.
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4. An estimation of the growth of solutions.

Henceforth, we will denote 2 as an unbounded domain in R™,n > 2 , such
that, for some f € C? ([0,00)), f >0, f' > 0and f > 0in (0,0), we have

Qc{(z,y) eR?| — f(y) <z < fly), y >0} x R" 2 CR"™.

We shall extend the results in §2 to such a domain ().

First, for every positive constant g, since f > 0, f/ > 0 and f” > 0 in
(0, 00), it is easy to see that there exists a positive constant d1, depending on
yo, such that {(f(y),y) € R? | y > 0}n{(z,y) € R*| yo—y+%a? =0} has
exactly one point. And also, {(f(y),y) € R?| y>0}n{(z,y) €eR?| yo—
Y+ ng = 0} has exactly two points, say (f(y1),y1) and (f(y2),y2) with
0 < y1 < yo, for all 6 with 0 < § < d;. In general, we have y; = y1(yo,9),
y2 = y2(y0,9) and also lims_oy1(yo,9) = yo. From now on, we always
assume that the positive constant J is less than the above d;.

To apply Lemma 4 to estimate the speed of growth of solutions in 2, we
may consider comparison functions of the following form

A(f2(y) — 2%)2
FyOa(S: 5.2
Yo — Y+ 35T

which is defined on
_ 2 _ é 2 n—2
Qyp6 =N (z,y) €R ‘yo y+2x >0,0<y<y; p xR ,

where 6, 39, and A are positive constants. We first proceed to calculate the
mean curvature of Fy, s. For convenience of computation, we may set

F=A-P2Q7,
where P = f2(y) — 2% and Q = yo — y + %xQ. We observe that

(1+ F2)Fyy — 2F, FyFyy + (1 + F2)Fyy

(5) divTF = 3
(1+FZ + Fp)>
2\ F, Fy, Fy Fy zx
_ G2 R e+ )
= F, 3
(7= + ()2 + (F)?)>
Denoting
I:Fi@ F§F$$_2&ﬂ@
2 T2 F FF F
and
Fzz Fyy
II = 73 -l-ﬁa
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we note that the numerator in (5) is the sum of these two expressions and

we shall treat them seperately. For the first expression, we have
F2 F, FN\?\  F? F, F\?
e P 2y vy (L= Lz
F2<y<F>+<F> >+F2 “\F )\ F
F, F, F, F,F,
22 Y19, Y
F F [ ‘ (F) T

() (5) R (o (2))

= T 4 T**
where
1 LE, Fy (1B @
2 p2 F2 2P2 Q2
1 PP, QmQy
2 P2 QZ ’
and

s _ B2 11@_@ LB (1P Qu
F2\2 P Q F2\2 P Q
by (1 Py Quy
F2 \2 P Q )

By a direct computation,

1

= - p2@2(P Y Qe — PrQy)°,

2
Tk* — 15_% 1@_%
2P Q 2 P Q
(1B @\ (1P Qu
2P  Q 2 P Q
Lo lB Qe (1B Q) (1Py Quy
2 P Q 2 P Q 2 P Q )
Thus, in particular, we have
(6) I* <0.
As for T** and II, we recall that

while

P:f2(y)—x2 and Q:yo—y—i-fo,
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and hence
P, =2z, P,= 2f'f, Qu =z, Qy = —1;
moreover
Pro==2, Ppy=0, Py =2(f"f+f[)
and

QII - 67 Qxy - O, ny — O

Thus, we have

o = (S + 1) - P

+ 5;2 [—5x2(f”f )+ 1+ ngf’Q]

PQ2 (P (f"f + £7) = 1= 20f ] = 6Q7,
and also

_ @ F\ |, F? R\ | F?
H_AQP<8 <F>+F2+a (F>+Fy2>
@ 1P, Qa 1P, Q
_M8x<2P_Q>+8y<21g_Qy>
1P, Q.\> /1P, Q,\°
+<2P_Q> +<2Py_Qy>]

2
=S m P 0= )

P2Q(2ff S+ 302%) + P—Q2(52x2 - 1)}
Thus the numerator of div T'F is

(7) T+11=T* + I** + 11

2
= o [w?( 1 5 = P S ) = )
[25:6 (Ff"+ () =21 = 61217
( 5f+2f f' + 36a?)

- 0Q~ 3—1 Q7 (PrQy — QuPy)*.
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We want to choose d and A to make the third bracket of the right-hand side
of (7) negative. For this, substituting the expression for @) in the bracket
and rewriting it as

(8)

2
III=-1+ <j2> <y0—y—|—5;2> (1+62x2)+52x2(f”f+(f/)2)_25ff,-

For any given A, 0 < A < %, if we take d such that

Mo A A A }
PTT prg ()2)

9) 0<d< inf mm{
y€(0,y1)
and A = 4\/§y0, then we have

14+ )22
+ +A2<o.

m<-14-—— 14\ <1
< +4(2y0) <y0+ 2) I+ X))+ A < +

As of the second bracket of the right-hand side of (7), to make it negative,
it clearly suffices to make the following expression negative, namely

2 3
) v = () (474505 ) - 18 02T+ ()
For this, we observe that, as 22 < f2in Q and f >0, f/ >0 and f” > 0 in
(0, 00),

St g <o ar = ( f2>
2 = 2277 )

while
—ff 6P (fF + () < = +6L2(F "+ (f)P)

g (1o LU )
S

and furthermore, if we require that

. S NT%
* f
(9%) 5<y&ﬁmfmn{f%fﬂh%uv%’2f2}

it follows from (9) that

(11)
And also, we have
Q* (1 -1,
IV<ff< (1+/\)+)\—1>§ff (4(1+/\)+/\—1>§4ff.

Thus, the condition that f > 0, f' > 0 in (0, 00) ensures us of the negativity
of (10). It remains to consider the first bracket of the right-hand side of (7).

IN

B
|
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To make it negative, it suffices to make negative the following expression

2
V=21 ) - P G P ),

or, in view of (11),

(12) VS ) - PI P
Recall that for given function f as above, we define
L ff//
p(f) - (f/)g'

For §5, and from now on, we assume that —1 < p(f) < 1, following a remark
concerning p(f) for our interesting functions, [5, Remark 2.7]. And so, in
particular for f(y) = (y + 2)™, p(f) = % and for f(y) = ae®, p(f) = 0
where z, m > 1, a, and b are positive constants, and also it is easy to see
that for f(y) =e¥", with a > 1, then p(f) — 0~ as y — +o0.

Rewriting (12) in terms of p(f), and noticing that (3 + Z) x (2%;0) > 1
we have

3.p

T+t73 1
(13 V<@E-p(f)? ( - ) <@-puP (- ).
and so if we assume furthermore that

1 1
14) QC{ (z,y) eR?| — — <z < —=f(y), >0}><R”‘2CR”,
(14) 2 () € B | = 1) <o < Sy c
then V < 0 and get the following conclusion about the estimation of our
4
comparison function: If F = \/f?(y \fj{OQ) with 0 as in our
Yy x

assumptions, (9), (9%), then div TF <0 in Qyo,g, where ) is assumed as in
(14). Now we state what we achieved as follows:

Proposition 5. Let fi : [0,00) — [0,00), and f1 € C%([0,00)) with fi >
0, fi' >0, f1” > 0 on [0,00), and —1 < p(f1) < 1. Suppose that Q C
{(z,y) e R? | — fily) < = < fily),y > 0} x R"2 C R" and that u €
C?() N C°(Y) and for some constant 3 with 0 < 3 < 1 satisfying

{div Tu>0 mn €

u < 4v26,/6f2(y) — 22 on 0NQ.

Then u < 4v/24/6f1%(y) — 22 in Q.

1
_ _ (f*(y) —=2)2

Proof. Set f(y) = V6f1(y) and define F(x,y) = 4\/§y0—52 as
(yo —y + 522)

above, where yo > 0 and § > 0, small as in (9) and (9*%) and we also require
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(2 —28)yo

Bf(y1))*
that of (7), and also noticing that the first three brackets of the right-hand

side of (7) are negative in Q,, ; as shown above, it is easy to see that

that § < Then following the computation as above, in particular

F Fy F, F,
(1 +F2)F}”—2&ify+(%+F2)%y

divTF = : 3
wm(l+| v F]?)?

and

1 F2\ F,y _F,F,Fy 1 F}\ Fp 5 5\ s
& 7_277 R 7 _ _ —
<F2+F2>F FFF \PPTF|F Yoyt )

when (z,y) is close to {(z,y) € R? | yo — y + 2% = 0}.
And so, noticing that P = f2(y) — 2%, Q = yo —y+ %xQ and A = 4v/2y,,

when (z,y) is close to {(z,y) GRQ\yO—y—I— 2 = 0}, we have
divTFg—éQ—3< ‘ )

3 Q 7\ =

< _50-3

< —0Q (A2P+‘2P 0 2
Q' |1Q "\ 2

< 6(A2P+ 2PVP vQ 2
Q' 1@ Q

< A 2 2 =3
< 6<A2P+4P2vPI+IvQI VP VQ>2

IN

_g(1+52$2)%37
since #vP-vQEO and | Q|? =1+ §%2°.

But the bounded connected component of the closure of {(z,y) € R? | —
fily) <z < fily),y > 0}n{(z,y) € R?| yo—y+ 522 > 0}, which is denoted
as Q*, is compact. And we have Qyps € QF X R™ 2, and so, there exists a
positive constant ¢, such that

divTF < —c in Q s,

F>u on 9y, s N{(z,y) €R? | yo —y+ 322 > 0} x R*2,

F =+ on 90y, s N{(z,y) € R? | yo —y + S22 =0} x R"~2.

Now, by Lemma 4, we have u < F' in () 5, which is

w(Z, Y, 21, -+, Zne 2)<4f %

1
2
(yo —y + S22) s
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Now, let § — 0 and then let yg — 400, we get the conclusion of the
proof. O
5. Phragmeén-Lindel6f theorem in higher dimensions.

First, let’s generalize Theorem 2 as follows:

Theorem 6. Let Q C {(x,y) € R? | —ay™ < x < ay™,y > 0} xR" 2 C R"
be an unbounded domain, where m > 1 and a are positive constants. Let
u € C2(Q)NC°Q) and suppose that

u < ay™ h (5 on ON.

{div Tu> 0 in Q
ay)

Then we have u < ay™hp(7m) < ay™hoo(5m) = V/a?y*™ — a? in Q.

Proof. For every given positive constant ¢ > 0, we now set f.(z,y) =

a(y + €)m+6, Fe(xa Y, 21,22y .- 7Zn72) - a(y + €)m+5hm+e(W)’ Where
(%y, R1yR25 -+ Zn—Q) € .
Since —ay™ < x < ay™, y > 0, we have
T y™
< —0 as y — +oo.
aly + e)mre| = (y + e)mte Yy
By Lemma 1, hmﬂ(W) — hm+e(0) uniformly as y — 400, and so

it is easy to see that there exists a large constant ys such that F(z,y) >
200a2y?m — 22 for y > y3.
Next by [6, Theorem 2], setting fe(y) = a(y+e)™ ¢, t = 7y and recalling

that p(fe) = m+€, we have

div TF,
"2
= (4| v ER L
e
2 /2 P v
’ <(1 - p(fﬁ))(hm+6 thm—&—e)((h;n—l—e) + 1) + hm—i—e(hm—l—e ) (f/) ) .
Since hy,4c(t) is the solution of (x) and (x*) with p(fe) = m1+€, we have

h//
div TF, = (+va)—(J;§3 (?/;

and so obviously that div TF. < 0 on & where Q' = QN {(z,y, z1,...,2n_2)
eR"0 <y <ys}.
And so, there exists a positive constant C; > 0 such that

div TF, < —-C4 on .
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But, noticing that

u < ayhy, <xm> < Va2y?™ — 22 < 4V28/6a2y?™ — 22,
ay
for some constant 5 < 1 on 0f2, by Proposition 5, we also have
u < 4vV2+/6a2y2m — 22 < /200 - a2y?" — 22 in Q\ Q.

By Lemma 4, we have

u < F, in .
In conclusion, we have
u < F in €,
and let e — 0, the proof is done. O

As a corollary of Theorem 6, we state a generalization of Nitsche’s theorem
[7] as follows.

Corollary. Let @ = {(z,y) € R* | —ay <z < ay, y > 0} x R" > be a
wedge domain, where a is a positive constant. Let u € CQ(Q) N CO(Q) and
suppose that

div Tu =0 m €,
u=0 on Of).
Then uw =0 in Q.

Proof. Apply Theorem 6 to functions u and —u, we have v < 0 in Q and
—u < 0in £, and so © = 0 as claimed. ([l

Next, let’s generalize Theorem 2* as follows:

Theorem 6*. Let Q C {(x,y) € R? | —ae <z < aeby,yz 0} x R2 C
R™, where a, b are positive constants. Let u € C*(Q) N C%(Q) and suppose
that

u < Va2e2by — g2 on ON.
Then we have u < vVa2e2by — x2 in Q.

Proof. The proof is similar to that of Theorem 6.
For every € > 0, we consider the following function

Fe(l‘v Y, 21,72, .. 7Zn*2) ae froo (ae(b+€)y e !

{div Tu>0 in €

with (z,y,21,...,2n-2) € Q.
Since —ae?” < x < ae?, y > 0, we have

x ae 0
‘ae(b+e)y‘ < oy — as y — 400
and notice that F, = ae®t9¥(1 — azezfilie)y)%
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Hence, there exists a positive constant y3 > 0 such that

F. > 1/200a2e2by — 2 for y > ys.

Next, by [6, Theorem 2|, and setting f.(y) = ae(®t9¥ t = ij) and

noticing that p(f.) = 0, we have

. AV
divTF.=(1+|v Fe\Q)i(f;)

: <(hoo —th' ) (W2 + 1) + B (B2, + £2) + %3)
s (f)? hg
fe (fO*

=(1+|vFP)
So, we have o
div TF, <0 on Y,
where
QA =0n{(z,y,21,...,2n—2) ER" | 0<y<uys},
and so there exists a positive constant C7; > 0 such that
divTF. <-C; in Q.
Finally, by Proposition 5, notice that
u < Va2ew — a2 < 4v/28\/6a2e? — 12,
for some constant 5 < 1 on 02, we also have
u < 4V2\/6a2e2y — 32 < F. in Q\ Q.
So, by Lemma 4, we have
u < F, on (V,

and so obviously, we get
u < F, in ,
and let ¢ — 0, the proof is finished. (]

Finally, let’s generalize Theorem 3 as follows:

Theorem 7. Let f; € C?([0,00)) with f1 >0, f] >0, and f >0 in (0, 00)
such that p(fi1) > po, where py is a constant with —1 < py < 0. Suppose

that @ C {(z,y) € R* | — fi(y) <z < fi(y),y > 0} x R"2 C R" and
u € C*(2) N C°Q) satisfying

divTu >0 mn €

u<ay/f(y) — a2 on 01,

2 1
where f = (%) 2 f1 and a is a positive constant with a® —1+pg > 0.

Then we have u < a+/ f?(y) — x? in Q.
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Proof. For any given € > 0, we define f.(y) = e f(y+¢) and Fc(z,vy, 21, . .,
Zn—2) = ay/ f2(y) — 22, then there exists y3 > 0 such that

F. > a(@®f*(y) — )7 = (200 a*f(y) = 2%)> for y>ys.
Computing the mean curvature of F, and using the definition, p(f¢) = 1 —

{},f)% , we have

div TF, = (1+| v F[) 2 (f2 - %) 7
(AP0 = 1)(2 = p(f)a? — F2(6® ~ 1+ p(f)] - af?).
Obviously, we have
) = fy) >
and so, we have
divTF, < —a(l+ |V FE[})2f2<0 in Q
and by compactness, there exists a positive constant C; > 0 such that

div TF, < —-C4 in O ={(z,y,21,22,...,2n-2) € Qy < y3}.

(a® = 1)(2 = p(fd))
(> =1+ p(fe))

(a® = 1)(2 = po) ,
(a® — 1+ po) !

(y) > (),

But by Proposition 5, notice that

u < ay/f2(y) — 2* < 4V26\/6a%f? — 22,

for some constant 5 < 1 on 02, we also have
u < /200a2f2(y) — 22 < F, in Q\ Q.

By Lemma 4, we have

u < F in Q.
In conclusion, we have u < F, in {2, and then let ¢ — oo.
We thus finish the proof. O
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