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ON REGULAR HOLONOMIC SYSTEMS WITH
SOLUTIONS RAMIFIED ALONG y* = z™

ORLANDO NETO AND PEDRO C. SIiLvA

We classify the holonomic systems of (micro) differential
equations of multiplicity one along the conormal of the hy-
persurface y* = ™. We show that their solutions are related
to xFx—1 hypergeometric functions on the Riemann sphere.

1. Introduction.

Holonomic D-modules characterize multivalued holomorphic functions in the
same way that polynomials characterize algebraic numbers. When we re-
place systems of differential equations by systems of microdifferential equa-
tions we concentrate on the singularities of their multivalued holomorphic
solutions modulo holomorphic functions. This point of view was introduced
by Riemann with his study of the hypergeometric differential equation and
was extended to the several variables case by [19].

The mathematical community isolated a class of multivalued holomorphic
functions on the Riemann sphere that arise in many different problems, the
special functions. It is an experimental fact that most of the sheaves of solu-
tions of the differential equations that characterize these functions have the
remarkable property of being determined by its local monodromies, which
can be computed from the indicial equations of these differential equations
at their singular points. The local sheaves with the above property are called
rigid. We can find in [9] a program of systematic study of special functions
based on the concept of rigid local system (see also [22]).

We now have several combinatorial descriptions of germs of regular holo-
nomic D-modules in two variables (see [13], [14], [12]). These remarkable
works are not very useful to the specialist in PDE’s. He would like to know
the equations that define these systems. On the other hand there are too
many systems and we cannot expect to obtain the equations for all of them.
Pedro C. Silva suggests in [21] a notion of rigidity for germs of holonomic
systems of microdifferential equations based on the results of [15], isolating
a special class of holonomic systems. The holonomic systems presented in
this paper are rigid in the sense of [21]. We initiate in this paper a system-
atic study of special functions on several variables from a microlocal point
of view.
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Let X be a complex manifold of dimension m. Let 7w : T*X — X be the
cotangent bundle of X. Let A be a germ of a conic Lagrangian subvariety of
T*X \ X. By Theorem 8.3 of [18], if A is singular and irreducible and A is
contained in an involutive submanifold of 7% X \ X of codimension m — 1, A
can be identified with the conormal of the hypersurface * = 2. These are
the singular Lagrangian varieties with milder singularities. We can find in
[18], Theorem 8.6, the classification of systems of microdifferential equations
with simple characteristics along A. The purpose of this paper is to classify
the systems of microdifferential equations of multiplicity one along A. As a
consequence we obtain a classification theorem for D-modules.

Let k,n be integers such that 2 < k < n —1 and (k,n) = 1. Set ¢ =
x0; + £y9,. Given complex numbers \;, i € Z, such that

n—=k

(1) Ntk = Niy @ = N\ — Njp1 + is a nonnegative integer,

we will denote by M,y the Ecm-module given by the generators u;, i € Z,
and relations

(2)  wpk=u; (P—=XN)u; =0, Opu; = —%xaiayui-s-l, O, ui =0,

where j runs over the set {1,...,m — 2}. Notice that
k-1

(3) ik = a; and Zai =n—k.
=0

We will denote by L,,) the Dem-module given by the same sets of gener-
ators and relations. If 2k + 1 < n and there are i,j € Z, such that ¢ Z j
(mod k) and ajaj # 0, the system M y,) is not with simple characteristics.
These are, as far as the authors know, the first examples of systems of mul-
tiplicity one that are not with simple characteristics (see Theorem 2.7 and
Proposition 4.5). Moreover, the solutions of the systems Ly, are pullbacks

of pFy_1 hypergeometric functions on the Riemann sphere twisted by y/\s.

The main results of this paper are stated in Section 4. We study the
Ox(0)-module N'/N(-1), where N is the canonical lattice of a holonomic
system M with multiplicity one along A. The module N'/N (-1) gives us a
first approximation to the structure of M. We introduce a new invariant,
a module over the semigroup of the Legendrian curve A/C*, essential to
distinguish between systems generated by sections with principal symbols
of the same degree of homogeneity. We realized later that the same type
of invariant had been used by G.-M. Greuel and G. Pfister (see [4]) in a
different context. Theorem 3.5 is the tool that allows the extension of the
results on the Oy (0)-module N'/N(-1) to the Ex-module M. In Section 5
we apply the results of Section 4 to D-modules. We obtain a classification
theorem for regular holonomic systems with solutions ramified along the
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hypersurface y* = 2™ verifying some natural conditions and we study their
solutions.

We would like to express here our gratitude toward M. Kashiwara for
proposing this problem as well as for several useful discussions.

We thank the referee for his remarks.

2. Systems of microdifferential equations.

Let X be a complex manifold. Let Dx denote the ring of differential opera-
tors on X. Let £x denote the sheaf of microdifferential operators on X (see
[19], [20] or [2]). Given k € Z, Ex (k) denotes the sheaf of microdifferential
operators of order smaller than or equal to k. Let M be an £x-module and
N an Ex(0)-submodule of M. Set N(k) = Ex (k)N

A coherent Ex-module M is called a system of microdifferential equations.
The support of a system of microdifferential equations is an involutive variety
(see [19]). A system of microdifferential equations is called holonomic if its
support is Lagrangian.

Let £ be a coherent Ox-module and let Y be an irreducible component
of the support of £. For each z € Y set Sy, = {f € Ox. : f71(0) 2 Y}.

The length of the S;jc(’) x,z-module S;;ﬁx is finite and does not depend on
x. We call multiplicity of L along Y to the length of S;éﬁx.

Let Q be a conic open subset of 7*X \ X. Let M be a coherent Ex|n-
module and let A be an irreducible component of the support of M. Set
In = {f € Oq : fla = 0}. For each p € A, there is a coherent Ex/|(0)-
submodule N of M|y defined on some conic open neighborhood U of p such
that Ex|yN = M|y. Set M = N/N(-1). The multiplicity along A of the
coherent Op-module

(4) Ou @0y ) M

does not depend on N. We call multiplicity of M along A to the multiplicity
along A of (4) (see [5]).

Let £ be a coherent Dx-module. We call characteristic variety of L to
the support of the coherent £x-module

(5) gX ®ﬂ.—1'DX 7T_1,C.

We call multiplicity of £ along A to the multiplicity of (5) along A.
Set Iy = {Pe€&x)|a : 01(P) € In}. The morphism oy : Ex(0) —
Or+x(0) induces an isomorphism

(6) (Ex)]a) / Ia(=1) = Ox(0).

Proposition 2.1. If M is a holonomic Ex|q-module and M’ is a coherent
Exla-submodule of M such that multxy M = multy M’ for each irreducible
component of the support of M, M = M’.
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Proof. This is an immediate consequence of the fact that all irreducible com-
ponents of the support of a coherent Ex|o-module have dimension greater
than or equal to dim X. O

Definition 2.2. Let © be a conic open subset of 7*X \ X. Let A be a
conic Lagrangian subvariety of Q. Let M be coherent Ex|o-module with
support A. We say that M is regular holonomic at a point a € A if there
is a conic open neighborhood U of a and a coherent Ex (0)|y-submodule N
of M|y such that Ex|gN = M|y and Zp|yN = N. We say that M is
reqular holonomic if the set of points a € A such that M is not regular at a
is nowhere dense in A.

The following result was obtained taking ¢ = 0 in Theorem 5.1.6 of [7].

Theorem 2.3. Let M be a reqular holonomic system of microdifferential
equations with support A C T*X \ X. Then M has a canonical coherent
Ex (0)-submodule N such that

1) ng:M andIAN:N.
2) The support of a section of the sheaf M /N is an analytic set of codi-
mension smaller than or equal to the dimension of X.

We call NV the canonical lattice of M.
Given a left ideal Z of £x, let 7 be the ideal of Op«x generated by the

principal symbols of the microdifferential operators P € Z. We call T the
ideal of symbols of the ideal 7.

Definition 2.4. Let M be a holonomic system of microdifferential equa-
tions with support A. Let U be a conic open neighborhood of a € A. Let
u be a generator of M|y. Let 7 denote the annihilator of u. The section u
is called a local generator of M with simple characteristics if T equals the
defining ideal of ANU. The module M has simple characteristics along A if
it admits a generator with simple characteristics in a neighborhood of each
point of A.

It follows from Theorem 2.5 that a holonomic system M has multiplicity
one along a Lagrangian variety A if and only if M has simple characteristics
along the regular part of A.

Theorem 2.5. Let € be an open subset of T*X\X. Let M be a holonomic
Ex |a-module with support A. The following holds.

1) If M has simple characteristics along A then M is reqular holonomic
with multiplicity one along the irreducible components of A.

2) If M has multiplicity one along the irreducible components of A then
M has simple characteristics along A\ Sing(A). Moreover, M is reg-
ular holonomic.
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Proof. The first statement follows from Theorem I. 6.3.2 of [20].

Given g € A there is a conic open neighborhood U of ¢ and a section
u of M|y that does not vanish on A N U. Since multyny(Exu) > 1 and
Exu C M|y, Exu = M|y by Proposition 2.1. Set M = Ex(0)u/Ex(—1)u.
Since

multgy M = Z multp <I,’§ @M/ I M)
k>0

(see [20], Appendix D) and If @ M = I§T' o M = I e M = I o M,
mult ((’)T* x ® ﬂ/ I\ ® M) = 1 and there is a dense Zariski open subset Uy
of U such that I\@M |y,= IK@H lU,- Hence INQM |y, = ﬂk21Ik®ﬂ o=
0. Let gy € Up be a nonsingular point of A. We can assume that go = (0, dz1)
and A = {z1 =& = --- =&, = 0}. There are Ry,..., R, € Ex4,(-1) such
that

(w1 — Rl)uqo = (atzasc_ll - R2)“qo == (axnasc_ll - Rn)“qo =0.

Hence the ideal of symbols of the annihilator of ug, equals I 4,. We have
shown in this way that M has simple characteristics at a generic point of
A, hence is regular holonomic. By the classification theorem for regular
holonomic Ex-modules with smooth support (see for instance Remark 6.7
of [8]), M has simple characteristics along A \ Sing(A). O

The following result is a consequence of Theorem 5.1.6 of [7] and Theorem
1.6.3.3 of [20].

Corollary 2.6. Let M be a holonomic systems of microdifferential equa-
tions with simple characteristics along A. Let N be the canonical lattice of
M. Given a € A there is a conic open neighborhood U of a and a section
u of M on U such that u is a generator of M|y with simple characteristics

along A and Ny = Ex (0)u.

Theorem 2.7. Let A be the germ at a point p of an irreducible Lagrangian
variety of T*X \ X. Let M be the fiber at p of a regular holonomic Ex-
module. Let N be the canonical lattice of M.

1) The module M has multiplicity one along A if and only if N/N(-1) is
a finitely generated torsion free Op p(0)-module of rank one.

2) The module M has simple characteristics along A if and only if
N/N(-1) is a free Op p(0)-module of dimension one.

Proof. Since N is a coherent Ex ,-module, N/N(-1) is finitely generated. By
Theorem 2.5, the support of I ,(0)(N/N(-1)) is contained in the singular
locus of A. By Theorem 2.3, I ,(0)(N/N(-1)) = 0. Hence N/N(-1) is an
O p(0)-module. By Theorem 2.3 N/N(-1) is a torsion free Oy p(0)-module.
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Set Spp0) = Sap N Orxx p0). The Ex p-module M has multiplicity one
along A if and only if

(7) Sxs (OT*X,p DOz x,(0) N/N(—1)>

is a simple S&;OT* x,p-module.  Since SX};(’)T* x,p is faithfully flat over
(SAJ)(O))_1 O7+x p(0), (7) is simple if and only if (SAJ,(O))_1 (N/N(-1) is
a simple (SA,p(O))_l Or+x p(0)-module. Since (5’/\7,3(()))_1 O p(0) is the quo-
tient field of O ,(0), M has multiplicity one along A if and only if N/N(-1)
has rank one.

Assume that M has simple characteristics along A. By Corollary 2.6 there
is a local generator u of M, with simple characteristics along A, such that
N = Ex po)u. Hence N/N(-1) is a torsion free Oy ,(0)-module generated by
u+ N(-1).

Assume that N/N(-1) is a free Oy p(0)-module generated by a section v.
Let u be a section of NV such that v = u+N(-1). Since N = Ex O u+Ex(—k)N
for all £ > 0, it follows from a theorem of [20] that N = Ex(0)u. Let
f € Ipnp0). Since fv = 0, there is Q@ € Ex,(0) such that ¢(Q) = f and
Qu € Ex p(-1)u. Hence there is P € Ex ,(0) such that o(P) = f and Pu = 0.
Hence u is a generator with simple characteristics along A. O

3. A microdifferential Cauchy problem.

Throughout this section we will assume m = 2. We shall denote by N the
set of nonnegative integers.

Let X be an open set of C? containing the origin. Let (x,y) be a system
of coordinates of C2. Let (z,y,&,n) be the associated system of coordinates
of T*C? such that w = &dx + ndy is the canonical one-form.

Let d be a positive integer. Given f € My(Or=x (7)), g € Ma(Or«x(-i)),
i,7,a,0 € N, we set (see [17]),

(@) _ 1 anrﬁf anrﬂg .
alBl ogxonP dxoyP

Let P,Q € My (Ex(0)(2)) for some open neighborhood Q of (0,dy) such

that P = 5opm " and Q = Y g " with py, ¢ € Mg(C{z,y,p}). The
product of the matrices P, () is given by the Leibniz rule

(8) PQ=>"">Y_ (" an )

>0 ptv+at+p=l

(f,9)

We will consider in 2 the coordinate system (zo, yo, po, ¢), where zo = —z,
Yo = —y, po = —&/n and ¢ = 7. Remark that 8, = —0y,, 0y = —0y,,
O = —( 10y, and 9, = O¢ — (" 'poOy,. Hence, 20y = 00wy, YOy = YoOy,,
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£0¢ = poOp, and 10y, = (O¢ — poOp,- Given ¢, ¥ € C{xo,yo,po},
O (¢ = (<) (Oh 0 )

0 = (=07 | TT (et k+podp)e | 7,
0<k<f

O (¢™) = (~1)*(95,0) ¢,
¢ = (1) (o).
Moreover, (@¢*, ) (@0 equals

1 (6% Yo% —U—V—C—
(9) alg! Oy 1T (et k+podh)e (@m3&¢OC " P,
0<k<p

A formal expression

U= ZUIC_I, U € (C{.Z'(), y01p0}7
>0

defines a microdifferential operator near ¢ = (0, dy) if and only if there exists
an open neighborhood T" of (0,0,0) where the u;’s converge and

(10) lim sup l/sup\ul( )| /1! < o0
l—o0 zel’

Given formal expressions U = Yoo ¢ " and U = 3,5 w; ¢~ where 1y, v €
C{z0,y0,po} we denote U > U if there is N € Z, K € R, N,K > 0, such
that K, > w; (i.e., KU estimates u;) for all [ > N. In view of (10)
if U > U and U defines a microdifferential operator near (0,dy), U also
defines a microdifferential operator near (0,dy). We extend the notation
to matrices in the obvious way. In order to prove that a formal expression
as above defines a convergent microdifferential operator, we introduce a
microlocal version of the majorant method. The following lemma follows
immediately from (9):

Lemma 3.1. Let ¢1,9, p2, P2 € Mg(C{xo,y0,p0}) and let o, 3, u,v € N.

Set BCHVmOE = (51T, Gp ()R (T = (o1 (T, pa¢ ) (@)
with @, € Mg(C{zo,y0,p0}). If 1 > @1 and $y > o then @ > .

The two following results are particular cases of the main result in [16]
and its proof.

Lemma 3.2. Let cy,...,c; be complex numbers such that O does not belong
to its convex hull. Letb, f € C{z1,...,z} be analytic functions at the origin.
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Assume that b(0) € ciN+ -+ + N or b(0) = 0. There is u € C{z1,..., 2}
solution of

0 0
11 ( A - b) = f,
(11) Rt asg u=f
if and only if f € (z1,...,2,b). In the former case the solution u is unique.

In the later case there is a one to one correspondence between the solutions
of (11) and the Cauchy data u(0).

Lemma 3.3. Let cy,...,c; be complex numbers such that 0 does not belong
to its convez hull and N a complex number such that {\'}N(c;N+- - -+¢N) C
{0}. Then there exists an € > 0 verifying,

|1101—|—"'+lt0t—)\/| ZE(Zl—i—"'—Flt), Viy,...,l; € N.
Given a,b € R, 0 <a <b, and c € (C\R)U|0, 1], set P = 00z, + Yoy, +
(1 = ¢)po0p, and P = ax(0y, + byody, + (b — a)poOp, -
Lemma 3.4. Given X' € C such that {N'} N (eN+ (1 —¢)N) C {0} there
exists § = 0(a,b,c, ') > 0, such that forl e N, 1 > 1, o, % € C{x0,v0,P0},
(12) (P+bl)yg> (P+1—-N)p = 3> dp.
Proof. Write

o= Papu"y0’p’,  B= Y. Paps,ro’ 0 p0’-

;3,720 @,B,720
The left-hand side of (12) is equivalent to say that

((a+B+Da+(B+v+1D)(b—a)Pas,
estimates

(a+ B+ D+ B+v+ 1)1 —c) = N|lasnl,

for all o, 3,7 > 0 and for all [ > 1. By the hypothesis on ¢ and )\ along
with Lemma 3.3, there is an € > 0 such that for all o, 3,7+ > 0 and for all
1> 1,

(a+B+De+ (B+y+DA=0) =Nz e((a+B+D)+(B+7+1D).
Choosing 6 € R, 0 < 6 < ¢/max{a,b— a},
(a+B8+Dc+(B+y+1)(1—c)—N|
estimates
S((a+pB+Da+ (B+vy+1)(b—a)) >0,
which implies the right-hand side of (12). O

In the sequel we shall denote the identity matrix of order ¢ by ;.
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Theorem 3.5. Consider the microdifferential Cauchy problem
{ [, U] — [Ag, U] — A_1U =0,
oo(U)((0,dy)) = Ia,
where V' = cx0, + yoy, ¢ € (C\ R)U0,1[, Ay € My(C) and A_; €

(13)

Mg(Ex(-1)). Assume that Ag is semisimple with eigenvalues X, ..., N
verifying
(14) {AQ—A;:ogi,jgd—l}m(cN+(1—c)N)c{O}.

Then there exists, in a neighborhood 2 of (0,dy), one and only one invertible
matriz U € My(Ex(0))(Q) solution of (13).

Proof. We can assume that Ag = diag(\),...,A; ;) and Ay =35, a7
with a; € C{xq,yo,po} for all [. -

Let f = o(¥') = cx{ + y¢ be the principal symbol of ¥ and let Hy =
cx0y + YOy — cpOy — 10y = c 200z, + Y00y, + (1 — ¢) poOp, — (¢ = P — (O
be the corresponding Hamiltonian vector field. Let us find a formal series

U= ZUZC_Z, u € Md(C{JJO, y07p0})7

1>0
such that Hp(u (™" — [Ag, )¢ = wy, VI > 0, where
(15) wo= > (@)@ a B peN.
U-HH-g-l&-ﬁ:l
u>

The matrices u; are solution of the system of differential equations
(16) (P +Dw — [Agyw] =wy, 1>0.

Since wg = 0, ug = Iy is the solution of (16) for I = 0 with Cauchy data
up(0) = Iy (see Lemma 3.2). Assume that [ > 1. Set A, = A\l — ),
i,j=0,...,d—1. Writing w; = (u;; ;):; and w; = (Wi j)i,5, the system (16)
is equivalent to the system of d? first order linear differential equations with
degenerate principal symbols

(17) (P +1— )\;j)ul;i’j = Wi js 1,] € {O, e, d— 1}.

It follows from (15) that wy; ; only depends on the entries u,; ; for v <.
By the hypothesis zero does not belong to the convex hull of {¢,1—¢,1}.
Since [ > 1, )\27]» — 1 # 0. By Lemma 3.2 we can find, recursively, unique
analytic functions w; j, 4,7 = 0,...,d — 1, verifying (17). In order to finish
the proof of Theorem 3.5 it is enough to show that U = > -, ul;mc_l,
i,5 €{0,...,d—1}, is the symbol of a convergent microdifferential operator.
We denote by (e)q the matrix of type d x d with all the entries equal to
e. Notice that (e)g(e’)q = d(ee’)q. There is a convergent microdifferential
operator @ =) ;54 @¢7!, defined in a small neighborhood of (0, dy), such
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that (q;)q > a; for all [ > 1 (see for instance the proof of Theorem 3.2 of
[17]). Set ¥ = axd, +byd, where a,b € R, 0 < a < b. Set f := o(J) = az€+
byn. Then Hy = P — b0, where P = axg0y, + bxody, + (b — a)podp,. Let
V = Zl>0 v (! € Ex(0) be the unique invertible microdifferential operator
such that

(18) V3@ -QV =9, oo(V)0,dy) =1

(see Lemma 3.2 in [17]). Actually vo = 1 is the unique solution of the
Cauchy problem with degenerate principal symbols, Pvy = 0, v9(0) = 1,
and vy, [ > 1, is determined recursively by (P + bl)v; = w; where

= ) (g, v, ¢7) @),

v+ptatp=l
p>1

Fix 6 € R, 0 < § < 1 in conditions of Lemma 3.4 for all )\;J’s. Set

e = 6~ 'd. Let us prove by induction that &'(v;)q > w; for all I, that is,
(V)a > U. By the hypothesis, (v9)q = (1)g > ug = I;. Assume that
e”(vy)q > u, for v <1 —1. Since (q,)q > a,, Lemma 3.1 yields

> (@ @) s Y ()™,

v+ptatp=1 vt+pta+p=l
p>1 p>1

Since £ > 1, the left-hand side of the previous relation is estimated by

_ _ o\ (@B)
Z <(un Mare ™ (v C )d) )
vtptat-pG=I1
n>1
that equals
(e.3)
de =Y ()
vtptat+p=l
p>1 d

Therefore by definition of w; and @; we have de!~'@; > w5 for all 4, j hence
de"H (P + bl)o > (P 41— N j)ugij,
for all 4,5 € {0,...,d — 1}. By Lemma 3.4, elv; > w; ; for all 4, j. O

4. Main results.

In the following we shall denote the nilpotent Jordan block of order ¢ by N;.

Lemma 4.1. Let a € C and assume that Y € M,,x,(C{z}[z™1]) verifies
the differential equation

d
(19) (:cdx - a> Y =YN, — N,Y.
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ThenY = Cz®, where C' € M,,x,,(C) verifies CN,—N,C = 0. In particular,
ifagZ,Y =0.

Proof. We will identify a matrix Y = (a;;) € M,x, with a family (a; ),
i,j € Z,such that a; ; =0ifi ¢ {0,...,u—1} or j € {0,...,v—1}. We will
show by recursion on ¢ that there is a constant ¢; such that a; ;44 = c;z® if
0<i<u—1,0<i+4+t<v—1. The statement is true for ¢t small enough.
Let us assume that it holds for a certain ¢. Then

d
(20) (xd:): — Q| Qjitt41 = it — Gitlitt+1 = 0.
Hence there are complex numbers c; ;1 such that a; ;411 = ¢;+12%. More-
over,

d «

T—— — Q| Qji+t+2 = | Cig+1 — Cit1,t+1 | T -

dz

Hence ¢; 141 does not depend on 1. O

Theorem 4.2. Let L be a free C{zx}-module of dimension k. Let V be a
C-linear endomorphism of L such that

V (fu) :m%u+fVu, feC{x}, uelL.

Let p be a C{x}-linear endomorphism of L such that [V,p] = ((n — k)/k)p
and pF = (n/k)]%U”*”C There are complex numbers \;, © € Z, and a system

of generators of L, u;, i € Z, such that (1) holds, (ug,...,up—1) is a basis
of L and
Uik = U, Vu; = A\jug, pu; = % % Uy, i € 2.

Proof. Let A = (a;;) and B = (b;;) be respectively the matrices of the
actions of V and p with respect to a basis (ug,...,ur—1) of L. Set u; = u;
if j —i =0 (mod k), for each j € Z. Since V(pu;) = [V, plu; + pVu;,

=l k—1 k-1 . k—1 k-1

De g b ) agu == ) b+ 3 azi ) b

j=0 j=0 1=0 Jj=0 J=0 =0
Therefore,

d n—=k

21 ( @ _ )B — B, Al
(21) e LRI ¥)

Assume the additional hypothesis A is constant. We can assume that A
is the direct sum of [ Jordan blocks A, of size m, and eigenvalue A,, 0 <
r <1—1, where 1 < < k. Consider the block decomposition B = (B, ),
0<rs<Il—-1, Bs € My, xm,(C{z}). Let A, = AL, + Np,, be the
decomposition of the Jordan block A, into semisimple and nilpotent parts.
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We get a block decomposition [B, A] = (B sAs — ArBys), BrsAs— Ay By s =
(As = A\p)Bys + By sNy, — Ny, By 5. Hence

xi—i_)\/r — As — L_k B, s = B, sNp, _NmrBTS'
dx k ’ ’ ’ ’

By Lemma 4.1 there are matrices Cy s € My, xm,(C), 0 <7, s <1 —1, such
that

(22) By = Cp gz ™5

Hence B, s = 0 or As — A\, + "Tfk € 7Z. Since we have assumed 2 < k<n-—1
and (n,k) =1,

(23) By, =0 and BrorisBrivgs s Br 1y #0= Byyr, =0,

fort =2,...,1—1. In particular [ > 2. Since B¥ = (n/k)¥z"*I}, there are
integers ig, . ..,%%_1, S.t. 0 < 15 < [—1 and Bio,hBiLiz - Bik—l,io #£0. If0 <
r<s<k-—1,i. #is. Otherwise there would exist a constant matrix C' # 0
st. Bi iy Biy i, = aG0R/EC and (s — r)(n — k)/k € Z. Hence
| = k and the map j — i; defines a circular permutation of {0,...,k —1}.
We can assume Bj; # 0if j =i+ 1 (mod k), i = 0,...,k — 1. By (23)
Bji=0ifj#i+1 (mod k), t =0,...,k — 1. Therefore A is a diagonal

matrix with eigenvalues \;, 0 < i < k — 1. Moreover, pu; = Ciy1,2%uit1,
where

n—~k .
(24) ai:Ai_)‘i+1+Ta 1€ 7,

and A\j = \; if j =4 (mod) k. By Lemma 4.1, o; € Z. Since (uo, ..., us—1)
is a basis of the C{z}-module L, a;; > 0. Up to a C-linear change of basis,
Civr1i=n/kfor0<i<k-—1

Let us prove the proposition without the additional hypothesis A is con-
stant. If the eigenvalues of A(0) do not differ by a nonzero integer we can
assume A = A(0) (see [24]) and the proposition is proved. In order to finish
the proof it is enough to show that two eigenvalues of A(0) cannot differ by a
nonzero integer. Assume otherwise. Let S be an invertible C{x}[z~!]-linear
transformation of C{z}[z~!|®cy,) L. We say that S is a shearing transforma-
tion if there is a C{x}[z~!]-linear decomposition C{x}[z™!|®c(s) L = SicrLi
and a family of integers m;, i € I, such that S|z, = ™. Up to a shearing
transformation of C{x}[2™'] ®¢(,} L, we can assume that one of the eigen-
values of A(0) has multiplicity bigger than one and that two eigenvalues of
A(0) do not differ by a nonzero integer. Hence we can assume A = A(0).
Therefore there are i,j € Z, 1 < j < k — 1, such that A; = A\i;. By (24),

n—k

J 2 = ; — Qjtj € Z.
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Let R denote the C-algebra

(25) Clapotrs .t s}/ <pk _ (Z)k;pn—’f> .

The derivation z0, + ((n —k)/k)p0, of C{x,p,t1,...,tm—2} leaves invariant
the ideal (p* — (n/k)¥2"*), inducing a derivation A of R.

Theorem 4.3. Let L be a finitely generated torsion-free R-module of rank
one. Let V be a C-linear endomorphism of L such that

(26) V (fu) =A(f)u+ fVu, f€R, ue L.

If Oy, 1< j <m—2, act on L as C-linear endomorphisms and

0
(27) 8tj (fU) = %U + f@t].v, 1 § ] § m — 2,
J
for f € Randv € L, L is a free C{x,t1,...,tm—2}-module of rank k. More-
over, there is a system of generators of L, v;, © € Z, and complex numbers A;,
i € Z, such that (vg, . ..,vk_1) is a basis of L as a C{x,ty,. .., t;y—2}-module,
relation (1) holds and

(28)
n .
Vitk = Vi, VU = A\vj,  pu; = E.’L'alvi+1, Ov; =0, 1<j<m-—2.

Proof. Assume in the first place that m = 2. Since L is a finitely gener-
ated R-module and R is a finitely generated C{z}-module, L is a finitely
generated C{z}-module. Since C{z} is a principal ideal domain and L is
a torsion-free C{z}-module, L is a finitely free C{z}-module. Let [ be the
dimension of the C{x}-module L.

Let K be the quotient field of R. Since the rings C{z}[z '] ®cy,) R and
C{z}zY[p]/(®* — (n/k)k2"*) are isomorphic and p* — (n/k)kz"* is an
irreducible polynomial over the field C{xz}[z7"], C{z}[z '] ®c(zy R is a field.
Hence

(29) C{z}z " ®cpep R = K.

Since L has rank one, K is a C{z}[z~!]-vector space of dimension k. By (29),
C{z}[z™"] ®@cyyy L is a C{a}[z~!-vector space of dimension k. Therefore
l=k.

The action of p on L induces a C{z}-linear endomorphism of L such that
p* = (n/k)*x"=k. Since [V,p] = ((n — k)/k)p, the proof in the case m = 2
follows from Theorem 4.2. Let us prove the theorem when m > 3.

Let (¢) denote the ideal of R generated by t1,...,tm_2. Set L = L/(t)L.
The C{z, p}-module L verifies the assumptions of the theorem with m = 2.
Let v;, i € Z, be a system of generators of C{x}-module L in the conditions
of Theorem 4.3. Take w; € L such that w;; = w; and v; = w; + (t)L for
all i. Let M be the C{z,ty,...,t;m_2}-module generated by the w;’s. Since
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L =M+ (t)'L for all I, M = n; (M + (t)'L) = L (see [20], Proposition
11.1.1.3)

We will denote (25) by R,,—2. We will show by induction that wo, ..., wg_1
are linearly independent over R;, ¢ = 0,...,m — 2. The statement is true
for ¢ = 0. Assume that it holds for a certain ¢, 2 < ¢ < m — 3. Assume that
there are a; € Ry41 such that Zf:_ol a;w; = 0 and some of the a;’s do not

vanish. There are a nonnegative integer [ and iy € {0,...,k — 1} such that
€ (tq+1)l, 0<i<k-—1,and a;, & (tq+1)l+1. Since L is torsion free,
k—1
l
> (ai/tg)wi = 0.
=0

Hence Zf:_ol((az/tqﬂ) + (tg+1))(wi + (tg+1)L) = 0, contradicting the induc-
tion hypothesis. Hence L is a free C{x, t1,...,tyn—2}-module of rank k.

Let ¢, € C{x,t1,... ,tym 2} such that Oy w; = Z’;;é cjpwr. Given
v= Zf:_ol ajwy, Oy, annihilates v if and only if

8al -
30 VCy 1=0,....k—1.

Letaiog,...,a1,-1,1 € (C{a;, t1,...,tm—2} be the solution of (30) with Cauchy
data aj,;(0) = 6,,;. Here 6,; denotes the Kronecker symbol. Replacing

w; by Zl]f;(l) a1y wy, | = 0,...,k — 1, we can assume from the beginning

that 0y, w; = 0 for all [. Now assume that 0wy = 0 for [ = 0,...,k — 1,

Jj=1...,¢ (¢ < m—3). Let ¢gt1, € (C{:c t1y .oy tm—2} such that

Oty Wi = Z’;;é Clg+1,,Wy. Since Og;wy vanishes for all j =1,...,¢,
aCl,q—s—l,l/

=0, Luv=0,...k—1, j=1,...,
o, j q
By the argument above we can replace, w;, [=0, ..., k—1, by Zl’f;é Qg 41,0, Wy
with ag1.,0 € C{z,tg41, ... tm—2}, ag41,0,1(0) = 6,,;. Hence we can assume
that Oy;w; =0for 1=0,...,k—1,7=1,...,m—2.
There are ¢;,6; € (t)L such that
n .. .
Vw; = \w; +¢€;, pw; = Exo‘lwiﬂ + 6, 0<i<k-—1.

Since 0y;w; vanishes,

8tj5i = 8tj (Aiwi + 8,‘) = atj (sz‘) = V@tjwi =0,
forieZ,j=1,...,m—2. A similar argument shows that 9;,0; =0, i € Z,
j=1,...,m—2. O

The map that takes x into t*, p into %t”*k and t; into t; for all j, identifies
the integral closure of R with the power series ring C{t,1,...,tm—2}. Set
K = C{t,t1,...,tmo}t71]. Let v: K — Z U {+oc} denote the canonical
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valuation by the order of the zero in the variable t. The semigroup of R is
by definition the additive sub-semigroup I' = (v(R) \ {+o0}) of Z. A subset
Y of Z is called a I'-module if I' + ¥ = X. Two subsets Y1, X9 of Z such that
I'4+3X; = %; are isomorphic as ['-modules if and only if there is an integer o
verifying > = 0 + 3.

Given a torsion free R-module L of rank one let ¢ : K Qg L — K be
an isomorphism of -modules. Let ¥4 denote the I- mo(glule defined by the
intersection of Z with the image of the map L—>IC®RL—>IC—>(ZU{+OO})
The set ¥4 depends on ¢ but its isomorphism class as a I-module does not.
We can choose ¢ in a way such that the minimum of X4 equals 0. We will
denote this set by X(L).

Given a family of nonnegative integers (o), i € Z, such that (3) holds,
denote by L,,) the R-module generated by v;, i € Z, with relations v; 1 = v;
and pv; = FrY V1.

Proposition 4.4. Two R-modules L.,y and Lg, are isomorphic if and
only if there isv € Z, 0 <v < k — 1, such that a;+, = 3; for alli € Z.

Proof. The if part is clear. Let us prove the only if part. We can compute

¥(L(a,)) in the following way. Set v; = v(¢(v;)). Since vy = v; and
n a1

P(vig1) = d(vi)d(p)p(Rx™)

(31) Yitk = Yo Y+l =% tn—k—ka, i €Z.

Hence 7; = 75 (mod k) if and only if i = j (mod k). After performing
a translation of Z and the replacement of ¢ by another isomorphism from
K ®@g L onto K, we can assume that g = min{y; : i« € Z} = 0. Under this
assumption

(32) vi=m—k)i—klawg+ -+ a;i—1), 1€ 7.

If we Ly, \ {0} there are m; € Z, f; € K, 0 <i <k — 1, such that m; >0
and w = Eizo ™ fiv;. Since v(x™ f;) is a multiple of k or v(z™i f;) = +o0,
v(p(x™ fivi)) # v(p(x™ fju;)) if i # j. Therefore

(33) v =min{j € ¥(L()) : j= (n—k)l (mod k)}.

It follows from (32) and (33) that we can recover the family (a;) from
S(Lay))- O

Proposition 4.5. A torsion free R-module L of rank 1 is free if and only
if X(L) =T. In particular, L) is free if and only if there is one and only
one i € {0,...,k— 1} such that a; # 0.

Proof. If the R module L is generated by u, Xy is generated by an integer
[. Let u be an element of L with valuation [. Let us show that L equals Ru.
We will identify K with C{x,p,t1,...,tm_2}[z"!]. We will identify L with
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its image on K. If w € L, there are a; € C{z,t1,...,tm—2}\ () and r; € Z,
0<i<k-—1,such that w = Zf Olalpzx”u Hence

v(w) = v(u) + inf{(n — k)i + kr; : a; # 0}.
Since v(w) € ¥4, r; > 0. Hence w € L. O

Theorem 4.6. Let X be a compler manifold of dimension m. Let A be
the germ at q € T*X of an irreducible conic Lagrangian variety contained
in an involutive submanifold of T*X \ X of codimension m — 1. Given a
system of microdifferential equations M of multiplicity one along A, there
are complex numbers \;, i € Z such that (1) holds and after a convenient
quantized contact transformation the germ at q of M is isomorphic to My,
Two systems My,y and M, are isomorphic if and only if there is v €
{0,...,k — 1}, such that

(34) Bi = Qtigy, 1 E L, and o = Ay (mod %) ,

where B; = p; — piy1 + (n — k) /k.

Proof. Let X be a copy of C™ with coordinates (x,y,t1,...,tm—2). On a
neighborhood of (0,dy) the canonical 1-form € of T*X equals {dx + ndy +
S 2rdt; = n(dy — (pdx + q1dt; + - + Gm—2dtm—2)). The conormal of
the hypersurface of C™ with equation y* — 2™ = 0 equals the Lagrangian
variety defined by the equations

k n\k __
# vt () e = m o

Following [18], Theorem 8.3, we can assume that the support of M equals
(35). Let N be the canonical lattice of M. The fiber at (0,dy) of Ox(0)
equals R. Let M, N and L denote, respectively, the fibers at (0, dy) of the
sheaves M, N and N /N (-1). By Proposition 2.7 L is a finitely generated
torsion free R-module of rank one.

Since [0, Ex(0)] C Ex(0), [U,Za(-1)] C Za(-1) and (6) holds, the operator
¥ acts on R as a derivation by

O(f) = oo([9, Pl) = {o(9),00(P)} = Ho()(f),

where P € Ex(0) such that oo(P) = f. Here {-,-} denotes the Poisson
brackets. Since

Hg(lg) =20, + — yE) + p@ — 19y,

H, ) acts on C{z,p, 11, ... ,tm_g} as the :z:az + %pap—derivation. Hence ¢
acts on R as the derivation A. Moreover,

n—=k
[0, 9] = Ho)(p) = ——»-
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By the regularity conditions N (k) C N (k) and 0y, N'(k) C N'(k) for k € Z
and 1 <j<m-2 IfueN,v=u+N(-1), Pe&x©) and f = g9(P),
YPu = [, Plu+ PJu. Setting V = ¢ we deduce that (26) holds. A similar
argument shows that (27) holds.

We have shown that L verifies the hypothesis of Theorem 4.3. Let v,
i € Z, be a system of generators of L verifying (28). Choose v; € N, i € Z,
such that v;1r = v; and v; = v; + N(-1). The v;’s generate the Ex (g,ay)(0)-
module N. Fori € Zand [l =1,...,m — 2, set

~ 1\~ n i
wi = O, w; = (8;58?; )u; — <_E) Y041,

By the microdifferential Cauchy Theorem I. 6.1.1 of [20] we can assume that
wig=0fori€Z, l=1,...,m—2.1>0 Nl = Ex (0,ay)(-DN . We will
show that w; € N(—i) for all [ > 1, i € Z. We know that w; € N(-1) for all
i. Assume that w; € N(-1). Since L is a free C{z,11,...,t;m—_2}-module of
rank k, there are a; j € C{z,t1,...,t;m—2}, w; € N(~1—1) such that

k—1

i~
w; = E ai7j8y v; + ;.
Jj=0

Since Op,w; = Z?;& (Oa; ;/0ts)0y l’ﬁj + Oy, w; vanishes for all s, a;; lies in
C{z} for all 4, j. In one hand there is @, € N (-1 - 1) such that

(36) = (0:0;") ( 4k ) = (<) % (e + 00) B
- (v ) (@i (<) )
k—1

—k _
=0

On the other hand there is w] € N (-1 - 1) such that

k—1
19} -
(37) 79(,(}1' = Z <CC8$ + k:l + )\Z> amc‘)y_lvj + w;/.

It follows from (36) and (37) that a; ; € C{x} is annihilated by the differen-
tial operator xa + 1+ (l DY
that w; € N(=i—1).

We can assume that a1 # 0. Let ¢ : Z — {i : aj—1 # 0} be the unique
increasing bijection verifying L(O) = 0. For s € Z set ms = (s + 1) — ¢(s),
Bs = ay(s41)—1 and X = (k:/n) . Set d=#{i+kZ : a;—1 # 0}. Then

ms—i—d—m&ﬁs—i-d ﬁsazs oms_k ESO s—n—kand)\g+1—)\;:

Hence a; ; vanishes for all ¢, 7. This implies
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(1/n)((n — k)ms — kfs). Since w; vanish for all i, the Ex (9 qy)(0)-module N
is generated by v,(y), s € Z. Moreover, for s € Z, 1 =1,...,m — 2,

(38) (890834_1)7715@(8) = <_%) xﬁSEL(s—H)a atZHL(s) =0.

Let us prove that ¢ is given by a diagonal matrix with respect to a convenient
system of generators of the Ex (g 4y)(0)-module N. Set 9" = (k/n)d. Then
(0" = X5) 0,5y € N(-1) for all s. Let Ag be the matrix diag(Ag, ..., Ay_;)-
There is a matrix A1 € Mg(Ex(-1)) such that (9" — Ag — A_1)v,5) = 0.
If d = 1 we can assume, by Lemma 8.8 of [18] (or Theorem 3.1 of [17]),
that A_; vanishes. Assume that d > 1. By construction 1 < mgz < k — 1,

1<B,<n—k 128 Oms—k Eso s =n — k. Since
s+1—-1 s+i—1
L=\ = Zm]—kZ@ ., 0<i<d-1,
Ny = sl € (1/n)(EN+(n—Fk)N) if and only if [ = 0 (see [3], Lemma 10). By

Theorem 3.5 we can assume that A_; vanishes. Fori € Z, v(s) <@ < t(s+1),
set u; = (—Bw(?; )l (93 Uy(s)- The Ex (9,4y)-module M is generated by wu;,
i € Z, and verifies the relations (1) and (2).

Let us prove the second statement of the theorem.

By Theorem 2.5 the restriction of M,y to the regular locus of A has
simple characteristics. We are going to compute the degree of homogeneity
of the principal symbol of this restriction (see §3 of [18] for details).

We will identify the regular locus of A with C* x C* x C™~? by the
parametrization v : C* x C* x C™~2 — A given by

(39) At Tyt tmea) = (5 7 b1, o —(n /R T, 7,0, ..,0).
We have

t0y = kx0y +nydy + (n — k)&E0¢
T0; = &£0¢ +n0y.

Set u = ug, A = A\g and set, for x # 0,
P = kx0, +nydy — kA,

0=t (1) - (-1)'2t).

1=
It follows from (2) that, outside of {x = 0}, the differential operators P, Q
and Oy, j = 1,...,m — 2, annihilate u. Set o = Zf;g *_0@-. Then

n

@ ="~ (-1 e, (@)= -2t
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The principal symbol of « is a solution of the homogeneous system defined
by the operators

1
Lp = t@t—nTaT—k:)\—i—i(l—k‘)—n

Lo = kxl(t@—a+;(n—k:—1)(k—l)>.

Therefore the degree of homogeneity of the principal symbol of u equals

1 1
— (a —Me—=(n—Fk)(k— 1)> (mod Z),
n 2
that is, equals,
=
- > A (mod 7).
1=0
Actually,
k—1 k—1
—k —k)(k—-1
Z)\i:k)\o—a—i—nT z'zmo—a+(")2().
i=0 i=1

By Theorem 4.1 of [8] the congruence class (modulo Z) of the degree of
homogeneity of the section u # 0 determines the structure of the restriction
of My, to the regular locus of A. Hence this congruence class does not
depend on the choice of the generator u. Therefore, if My,) ~ M,,),

(40) a—kX=0—kuy (modnZ),

where G = Z;?;g g:o B;. The module N = > Ex(0yu; satisfies the con-
ditions of Theorem 2.3. Therefore the R-module canonically associated by
Theorem 2.3 to the system M,,,) equals the R-module L(,,) introduced in
Proposition 4.4. By Theorem 2.3 the R-modules L ,,) and L(g,) are isomor-
phic. By Proposition 4.4 we can assume that thereisav € Z, 0 <v < k-1,
such that 3; = a4, for all ¢ € Z. Notice that

k-2 J v—1
(41) Z(aiﬁ, —a;)=v(n—k)— kZai = k(A — No).
§=0 i=0 i=0

By the previous relation along with (40), po — A\, =0 (mod %)
Conversely, assume that 8; = a;i, and pg = A, + (3. The inner auto-
morphism of £x, R — 8y_ ZRGL, changes ¥ — p; into 9 — A; for all . Hence

M()\i) = M(Mi)' O
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5. D-modules.

Let A be a germ at a point ¢ € T*X \ Tx X of a conic Lagrangian variety
in generic position. Let £ be a germ at 7(g) of a coherent Dx-module with
characteristic variety contained in the union of A with the zero section. We
say that £ belongs to the category Hol(A, D) if each germ at 7(q) of a
vector field w such that o(w)(q) # 0 induces an isomorphism of complex
vector spaces u : Lr(q) — Lr(q)- Here o(w)(q) denotes the principal symbol
of the differential operator w. Let Hol(A, ) denote the category of germs
at g of coherent £x-modules with characteristic variety contained in A.

Theorem 5.1 (See [2], Theorem 8.6.19). The functor pg, : Hol(A,D) —
Hol(A,€), defined by pp (L) = Ex,g @Dy, L, is an equivalence of cate-
gories. Its quasi-inverse is the base change functor associated to the inclu-
sion morphism Dy g — Ex q-

Given a ring R and € € R, we use Pochhammer’s notation
(e)j=ele+1)...(e+j5—1).

Theorem 5.2. Let k,n be integers such that 2 <k <n—1 and (k,n) = 1.
Let L be the germ at the origin of a coherent Dem-module with characteristic
variety equal to the union of the conormal of the hypersurface y* = x™ with
the zero section. Then L has multiplicity one along the conormal of y* = ™
and

(42) 8y : EO - ﬁO

is an isomorphism of complex vector spaces if and only if there are nonneg-
ative integers «;, © € 7, and complex numbers X\;, i € Z, such that L is
isomorphic to Ly, and

(43) )\ig_i%{—l,—z...}, 0<i<k-—1.

Proof. Let us show that Condition (43) is necessary. By Theorem 8.6.19
of [2] and Theorem 4.6, £ is isomorphic to some D-module Ly,). Set ¢ =
(0,dy) € T*C™. Set t = (t1,...,tm—2). It follows from (2) that

k
(44) yayul = E)\lm + xal+18yul+1, thul =0,

1=0,....,k—=1,j=1,...,m—2. It follows from (44) and (2) that we have
an isomorphism of complex vector spaces

k-1
(45) (E(M))Q = @ (C{z,t}[0y] ® yC{z,y,t}) u,.

i=0
Set V = 69;:01 (C{z,t}[0,]) ® yC{x, t}[y]) ws. Set &;; =i+ a;+ -+ pi_1,
0<I<k-1,1 0. Assume that (42) is injective. We will show by



HOLONOMIC SYSTEMS 483

induction in r that A\; € (n/k){—1,-2,...,—r}. Set
5 L N 5
. ) .
(46) Qj1 = x°H I w4 + 2 kTw YRt
1=
by -t
(47) R = <kn +5+ 1) (y]'Hw — Qj,l) ,

for0<I<k-—1,0<j5<r. Since
r+1 )‘l r
(48) 0y (1 = Qi) = (KL 4741 ) gy
and @, is a C{x,t}-linear combination of yfu;, 0 <j <r, 0<I<k -1,

A
oL fr+14£0.
n

Hence we can define R,;1; and Q,11,; and iterate the procedure.
Assume that (43) holds. We can show by induction in s € N that there
are complex numbers by, , such that

A 2 .
(19) (Oy), w1 = (k:nl " 1) w+ S b O

r=1
Since (9yy), = (9,)° ¥°,

A
(50) <k l—i—l) 0, up = y’uy — Zb,mx“ar Sy

r=1

By (43) there are complex numbers a;, s such that
S
(51) ay—sul = Z al,r,sxél’rys_rul—i-r-

Let W_g, s € N, be the C{xz,y, t}-submodule of @f;olC{x,y,t}ul generated
by 0, °w;, 1 =0,...,k —1. Let V_5, s € N, be the C{z,t}[y]-submodule of
V generated by 0, °w;, [ =0,...,k — 1. By (51),

@&Cm s)uy C W + @ecm —s— L),

for all s > 0. Hence
k—1

EBE(Cm s)u; C Wo+@5(cm —S)uy,

=0
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for all s > 0. By Proposition II.1.1.3 of [20],

k—1 k—1
@ C{z,y,t}u = @ Ecm 4(0)y
1=0 1=0

Hence the inclusion

(52) (ﬁ(&'))o - (M(M))

is surjective. Let ® denote the C{z,t}-linear endomorphism of V' defined
by ®(@) ) = duy, ®(yw) = R;y, 7 > 0. Notice that (42) induces a
C{x, t}-linear endomorphism of V. Moreover,

(53) Oy Vs CVogir, O,W_y C W_yy1 and ®(V_,) C V_yy
By (48), ®(9yy’ ™ w) =

A ,
—® (aij,l + (knl +j+ 1) yﬂul)

j
. AN s A . ;
= <6y <$6l’”lw+j+1 +) k?lT;HfU&l’le—i,l—ﬁ—i)) + <k‘nl +Jj+ 1) yJw)

=1

q

;
. Aiti g, ;
= 2%ty gy Z k%lﬁl’szfi,Hi + 7wy — Qyy
i=1
= it
Therefore the kernel of (42) is contained in W_g for all s. Hence (42) is
injective. By (53) and (47) 0,®(v/w;) = y?u; for 0 <1 < k—1, j > 0. Hence
OyLo+W_gs = Ly for all s. By Proposition I1.1.1.3 of [20], (42) is surjective.
The result follows from Theorem 5.1. U

Uuy.

The higher hypergeometric series was introduced by Thomae (cf. [23]) as

the series
oo

)jzj
WFi—1(g0, .., €k—1,60,...,0k—2|2) Z ,
j:O 0)j--- (Ok—2)j5!

Setéz—zd leena—(ai),gz(gi),izo,...,k—l, set
D@,3) =@.+8—1)...(0: 4 Bp_1— 1) — 2(8, + &o) .. . (65 + dp_1)-

If the Bz-’s are distinct modulo Z then k independent solutions of D(a, B)go =
0 are given by

AR (14 a0 — By 14 A1 — B 1+ Bo— Biy T 1+ Be1 — Bil2)

for i = 0,...,k — 1. Here .. denotes the omission of 1 + Bz — BZ Levelt
computed the monodromy of the equations above (see [11], [1]).
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Forij =0, k=1, setaj = <Zogz§j—1o‘l +j) /n, B;—1=X\n—j/k,

Theorem 5.3. We have k independent solutions of Ly, given by the ana-
lytic continuations of

N k

Xk (Y 5 Yy
Y Uy ( n) k;Fk—l (51‘70, e ,€Z‘7k_1,91'70, .. .,91'71', e 79i,k‘—1 ‘ v

T T

fori=0,...,k—1.

Proof. Set A = Ao, u = up and v(x,y) = y_’\%u(x,y). Since Yv = 0, v is
constant along the integral curves of 1, that is, along the fibers of the map
® : C2\{(0,0)} — P! defined by v(z,y) = (™ : y*). Since v is a multivalued
holomorphic function ramified along zy(y* —2™) = 0, there is a multivalued
holomorphic function ¢ on P!, ramified along 0, 1, 0o, such that v = ¢ o ®.

Hence,
k
_ AR Y
u(r,y) =y np <mn> :
Set 0y = 20, and d, = y0J,. Notice that

Oz¢p <i:> = —n(dz¢) (ii) . Oy <z:> = k(d:) (ii) :

Since d,u; = —(n/k)x®* 10,41,
Lk k=2 i k
Y . n
e <5x—2ai—]—1)51—<—k> ykﬁg u =0,
j=0 i=0
hence,

Therefore D(&, 3)¢ = 0. O
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