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In this paper, we investigate the zeta function

Z(P, χ, a, s) =
∞∑

n1=1

· · ·
∞∑

nr=1

χ1(n1) . . . χr(nr)

· P (n1 + a1, . . . , nr + ar)−s,

where ai ≥ 0, χi is a Dirichlet character with conductor Ni,
and P is a polynomial satisfying certain conditions. Its spe-
cial values at nonpositive integers are closely related to gen-
eralized Bernoulli polynomials. Using this fact we can easily
get sums of products of Euler polynomials and generalized
Bernoulli polynomials.

1. Introduction.

Let χ be a Dirichlet character with conductor N . Generalized Bernoulli
numbers and polynomials are defined by Leopoldt [10] by

N∑
k=1

χ(k)tekt

eNt − 1
=

∞∑
n=0

Bn
χtn

n!
, |t| <

2π

N
,

N∑
k=1

χ(k)te(k+x)t

eNt − 1
=

∞∑
n=0

Bn
χ(x)tn

n!
, |t| <

2π

N
.

In particular, if χ0 is the trivial character, then

Bn
χ0

= (−1)nBn, for n ≥ 0,(1)

Bn
χ0

(x) = Bn(1 + x), for n ≥ 0.(2)

If χ is the primitive character with conductor 4, then

B0
χ = 0 and Bn

χ =
−n

2
En−1, for n ≥ 1;(3)

B0
χ(x) = 0 and Bn

χ(x) = −2n−2nEn−1

(
x + 1

2

)
, for n ≥ 1.(4)
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Let a = (a1, . . . , ar), ai ≥ 0, P (X) = P (X1, . . . , Xr) be a polynomial of
r variables with nonnegative real coefficients such that P (n + a) > 0 for all
n ∈ Nr and the series∑

n∈Nr

P (n)−s =
∞∑

n1=1

· · ·
∞∑

nr=1

P (n1, . . . , nr)−s

is absolutely convergent for Re s > σ > 0. χ1, . . . , χr are nontrivial Dirich-
let characters with conductors N1, . . . , Nr, respectively. Consider the zeta
function

Z(P, χ, a, s) =
∞∑

n1=1

· · ·
∞∑

nr=1

χ1(n1) . . . χr(nr)

· P (n1 + a1, . . . , nr + ar)−s, Re s > σ.

In [2] the author and Eie considered the zeta function Z(P, χ, 0, s), and we
found the special value at nonpositive integers closely related to generalized
Bernoulli numbers. Using the same method as in the proof of the Main
Theorem in [2], we have the following similar result for Z(P, χ, a, s) with
generalized Bernoulli polynomials:

Theorem 1. Z(P, χ, a, s) defined above has a meromorphic analytic con-
tinuation to the whole complex s-plane. For any integer m ≥ 0, if

Pm(X) =
mp∑
|α|=0

CαXα1
1 . . . Xαr

r , p = deg P,

then

Z(P, χ, a,−m) = (−1)r
mp∑
|α|=0

Cα

r∏
j=1

B
αj+1
χj (aj)
αj + 1

.(5)

Since Euler polynomials are special cases of generalized Bernoulli polyno-
mials with the primitive Dirichlet character χ of conductor 4, we can easily
get the following theorem:

Theorem 2. Let P and a be defined as in Theorem 1. The zeta function

Z(P, s) =
∞∑

n1=0

· · ·
∞∑

nr=0

(−1)n1+···+nrP (n1 + a1, . . . , nr + ar)−s

has a meromorphic analytic continuation to the whole complex s-plane. For
any integer m ≥ 0,

Z(P,−m) =
mp∑
|α|=0

Cα

r∏
j=1

Eαj (aj)
2

.(6)
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We use the notation s(n, k) for the Stirling number of the first kind, the
number of ways to permute a list of n items into k cycles (cf. [6]). Using
some relations between different zeta functions and their special values at
nonpositive integers, we can get sums of products of Euler polynomials,
Bernoulli polynomials, and generalized Bernoulli polynomials.

Theorem 3. Let y = x1 + · · · + xN . Then∑
j1+···+jN =m

ji≥0

(
m

j1, . . . , jN

)
Ej1(x1) . . . EjN (xN )(7)

=
2N−1

(N − 1)!

N−1∑
k=0

s(N, k + 1)
k∑

j=0

(
k

j

)
(−y)k−jEm+j(y).

Theorem 4. Let y = x1 + · · · + xN . Then∑
j1+···+jN =m

ji≥0

(
m

j1, . . . , jN

)
Bj1(x1) . . . BjN (xN )(8)

=
(−1)N−1m!

(N − 1)!(m − N)!

N−1∑
k=0

s(N, k + 1)
k∑

j=0

(
k

j

)
(−y)k−j Bm+j−N+1(y)

m + j − N + 1
.

Theorem 5. Let r be a positive integer and χi be a nontrivial Dirichlet
character with conductor Ni, for i = 1, 2, . . . , r. Then for any positive inte-
ger m, ∑

j1+···+jr=m
ji≥0

(
m

j1, . . . , jr

)
Bj1+1

χ1 (x1)

N j1
1 (j1 + 1)

. . .
Bjr+1

χr (xr)

N jr
r (jr + 1)

(9)

=
−1

(r − 1)!

N1∑
a1=1

· · ·
Nr∑

ar=1

χ1(a1) . . . χr(ar)

·
r−1∑
k=0

s(r, k + 1)
k∑

j=0

(
k

j

)
(−y)k−j Bm+j+1(y)

m + j + 1
,

where y = a1+x1
N1

+ · · · + ar+xr
Nr

.

In the last section, we reproduce some classical identities among Euler
polynomials using our method, and also some new identities.

2. Sketch of proof of Theorem 1.

Since the proof is exactly the same as [2], we just sketch the outline.
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Finding the special value at s = −m of the zeta function

Z(P, χ, a, s) =
∞∑

n1=1

· · ·
∞∑

nr=1

χ1(n1) . . . χr(nr)P (n + a)−s,

is equivalent to finding the coefficient of tm in the asymptotic expansion at
t = 0 of the function

∞∑
n1=1

· · ·
∞∑

nr=1

χ1(n1) . . . χr(nr) exp{−P (n + a)t}.

It is also equivalent to finding the constant term in the asymptotic expansion
at t = 0 of the function

g(t) =
∞∑

n1=1

· · ·
∞∑

nr=1

χ1(n1) . . . χr(nr)Pm(n + a) exp{−P (n + a)t}.

For the given polynomial

P (X) =
p∑

|α|=0

AαXα, p = degP,

we let

Q(X, Y ) =
p∑

|α|=0

AαXαY p−|α|

be the corresponding homogeneous polynomial in r+1 variables. Obviously,
Q((n + a)t, t) = P (n + a)tp and so

g(tp) =
∑
n∈Nr

χ1(n1) . . . χr(nr)Pm(n + a) exp{−P (n + a)tp}

=
∑
n∈Nr

χ1(n1) . . . χr(nr)Pm(n + a) exp{−Q((n + a)t, t)}

=
mp∑
|α|=0

Cα

∑
n∈Nr

χ1(n1) . . . χr(nr)(n + a)α exp{−Q((n + a)t, t)}

where

Pm(X) =
mp∑
|α|=0

CαXα and nα = nα1
1 . . . nαr

r .

Similar to [2] we use induction on r and prove that the asymptotic expansion
at t = 0 of the function

fβ(t) =
∑
n∈Nr

χ1(n1) . . . χr(nr)(n + a)β exp{−Q((n + a)t, t)}
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has the form
∑∞

n=0 dntn with the constant term d0 given by

d0 = (−1)r
r∏

j=1

B
βj+1
χj (aj)
βj + 1

.

Therefore, we get our assertion for generalized Bernoulli polynomials.

3. Proof of Theorem 2.

Let χ be the primitive Dirichlet character with conductor 4. Then the zeta
function can be rewritten as

Z(P, s) =
∞∑

n1=0

· · ·
∞∑

nr=0

(−1)n1+···+nrP (n1 + a1, . . . , nr + ar)−s

=
∞∑

n1=0

· · ·
∞∑

nr=0

χ(2n1 + 1) . . . χ(2nr + 1)P (n1 + a1, . . . , nr + ar)−s

=
∞∑

k1=1

· · ·
∞∑

kr=1

χ(k1) . . . χ(kr)P
(

k1 − 1
2

+ a1, . . . ,
kr − 1

2
+ ar

)−s

.

Now we assume that Pm(X) =
∑mp

|α|=0 CαXα, where p = deg P . Thus

Pm

(
k − 1

2
+ a

)
=

mp∑
|α|=0

Cα

(
k1 − 1

2
+ a1

)α1

. . .

(
kr − 1

2
+ ar

)αr

=
mp∑
|α|=0

Cα

2|α|
(k1 + 2a1 − 1)α1 . . . (kr + 2ar − 1)αr .

Now we apply Theorem 1 and Equation (4) to this zeta function

Z(P,−m) = (−1)r
mp∑
|α|=0

Cα

2|α|

r∏
j=1

B
αj+1
χ (2aj − 1)

αj + 1

= (−1)r
mp∑
|α|=0

Cα

2|α|

r∏
j=1

−2αj−1(αj + 1)Eαj (aj)
αj + 1

=
mp∑
|α|=0

Cα

r∏
j=1

Eαj (aj)
2

.

This completes our proof.
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4. Sums of products of Euler polynomials.

We use a result stated in [5]. For mi positive integers and deg P < m1 +
· · · + mr, we consider the rational function

F (T ) =
P (T )

(1 − Tm1) . . . (1 − Tmr)
=

∞∑
k=0

a(k)T k,

where |T | < 1, and

a(k) =
1

2πi

∫
C

F (z)
zk+1

dz

is determined by F via Cauchy’s integral formula, with C a sufficiently small
circle centered at the origin and going counterclockwise. The zeta function
(cf. Chapter XVII of [8])

ZF (s) =
∞∑

k=1

a(k)k−s,

is related to F (T ) via a Mellin transform

ZF (s)Γ(s) =
∫ ∞

0
ts−1[F (e−t) − F (0)]dt,

for Re s sufficiently large. The main tool that we use to prove the following
theorems and propositions is as follows:

Lemma (Lemma 3 of [5]). Given

P (T ) =
m∑

j=0

bjT
j and F (T ) =

P (T )
(1 − Tm1) . . . (1 − Tmr)

with m1 + · · · + mr > m, then, for |T | < 1 we have

F (T ) =
m∑

j=0

bj

∞∑
n1=0

· · ·
∞∑

nr=0

Tn1m1+···+nrmr+j

and hence the associated zeta function

ZF (s) = b0

∑
n1,...,nr≥0

|n|>0

(n1m1 + · · · + nrmr)−s

+
m∑

j=1

bj

∑
n1,...,nr≥0

(n1m1 + · · · + nrmr + j)−s.
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Using the above statements we can prove Theorem 3. Consider the ratio-
nal function

F (T ) =
T x1

1 + T
. . .

T xN

1 + T

=

[
T x1

∞∑
n1=0

(−T )n1

]
. . .

[
T xN

∞∑
nN=0

(−T )nN

]

=
∞∑

n1=0

· · ·
∞∑

nN=0

(−1)n1+···+nN T (n1+x1)+···+(nN+xN ).

Its associated zeta function is

ZF (s) =
∞∑

n1=0

· · ·
∞∑

nN=0

(−1)n1+···+nN [(n1 + x1) + · · · + (nN + xN )]−s.

Using the result of Theorem 2 we know that for m ≥ 0,

ZF (−m) = 2−N
∑

j1+···+jN =m
ji≥0

(
m

j1, . . . , jN

)
Ej1(x1) . . . EjN (xN ).(10)

On the other hand, let y = x1 + · · · + xN ; we can rewrite the rational
function F (T ) as

F (T ) =
T y

(1 + T )N
=

∞∑
n=0

(−1)n (n + N − 1)(n + N − 2) . . . (n + 1)
(N − 1)!

Tn+y.

The associated zeta function can also be rewritten as

ZF (s) =
∞∑

n=0

(−1)n

(N − 1)!
(n + N − 1)(n + N − 2) . . . (n + 1)(n + y)−s

=
∞∑

n=0

(−1)n

(N − 1)!

N−1∑
k=0

s(N, k + 1)nk · (n + y)−s,

since (cf. Eq. (7.48) of [6])

(n + 1)(n + 2) . . . (n + N − 1) =
N−1∑
k=0

s(N, k + 1)nk.

Thus

ZF (s) =
∞∑

n=0

(−1)n

(N − 1)!

N−1∑
k=0

s(N, k + 1)(n + y − y)k · (n + y)−s

=
∞∑

n=0

(−1)n

(N − 1)!

N−1∑
k=0

s(N, k + 1)
k∑

j=0

(
k

j

)
(−y)k−j(n + y)j−s.
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Again using the result of Theorem 2 (this time for r = 1 and P (x) = x) we
know that for m ≥ 0

ZF (−m) =
N−1∑
k=0

s(N, k + 1)
(N − 1)!

k∑
j=0

(
k

j

)
(−y)k−j Em+j(y)

2
.(11)

Now combine Equation (10) and Equation (11) to obtain our assertion.

5. Sums of products of generalized Bernoulli polynomials.

We first prove Theorem 4, then apply it to prove Theorem 5. The proof
of Theorem 4 is similar to the proof of Theorem 3. We just consider the
different rational function

F (T ) =
T x1

1 − T
. . .

T xN

1 − T
=

∞∑
n1=0

· · ·
∞∑

nN=0

T (n1+x1)+···+(nN+xN ).

Its associated zeta function is

ZF (s) =
∞∑

n1=0

· · ·
∞∑

nN=0

[(n1 + x1) + · · · + (nN + xN )]−s.

Using the result of Proposition 2 in [5], we know that for m ≥ 0

ZF (−m) = (−1)N
∑

j1+···+jN =m+N
ji≥0

(
m

j1, . . . , jN

)
Bj1(x1) . . . BjN (xN ).(12)

On the other hand, let y = x1 + · · · + xN ; we can rewrite the rational
function F (T ) as

F (T ) =
T y

(1 − T )N
=

∞∑
n=0

Tn+y

(N − 1)!

N−1∑
k=0

s(N, k + 1)nk.

The associated zeta function can also rewrite as

ZF (s) =
∞∑

n=0

1
(N − 1)!

N−1∑
k=0

s(N, k + 1)
k∑

j=0

(
k

j

)
(−y)k−j(n + y)j−s.

Again using the same result of Proposition 2 in [5], we have for m ≥ 0

ZF (−m) =
N−1∑
k=0

s(N, k + 1)
(N − 1)!

k∑
j=0

(
k

j

)
(−y)k−j −Bm+j+1(y)

m + j + 1
.(13)

Now combine Equation (12), Equation (13), and change m + N to m, to
conclude the proof of Theorem 4.
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To prove Theorem 5, we consider the zeta function

Z(s) =
∞∑

n1=1

· · ·
∞∑

nr=1

χ1(n1) . . . χr(nr)

 r∑
j=1

 r∏
i=1
i6=j

Ni

 (nj + xj)


−s

.

Substitute ni = ai + Nimi where ai = 1, . . . , Ni and mi ≥ 0 for i = 1, . . . , r.
Thus Z(s) becomes

N1∑
a1=1

. . .

Nr∑
ar=1

∞∑
m1=0

· · ·
∞∑

mr=0

(
r∏

i=1

χi(ai + miNi)N−s
i

) r∑
j=1

(
mj +

aj + xj

Nj

)−s

.

Now we let

ZB(s) =
∞∑

m1=0

· · ·
∞∑

mr=0

(
r∏

i=1

Ni

)−s
 r∑

j=1

(
mj +

aj + xj

Nj

)−s

.

Then we can represent the zeta function Z(s) as

Z(s) =
N1∑

a1=1

· · ·
Nr∑

ar=1

(
r∏

i=1

χi(ai)

)
ZB(s).

From [4] we know that this zeta function ZB(s) has an analytic continuation
to the whole complex plane, and the special values at nonpositive integers
s = −m are given by

ZB(−m) =

(
r∏

i=1

Nm
i

) ∑
p1+···+pr=m+r

p1,...,pr≥0

m!
p1! . . . pr!

r∏
j=1

Bpj

(
aj + xj

Nj

)
.

Using the result of Theorem 4 we can rewrite ZB(−m) as

(
∏r

i=1 Nm
i )(−1)r−1

(r − 1)!

r−1∑
k=0

s(r, k + 1)
k∑

j=0

(
k

j

)
(−y)k−j Bm+j+1(y)

m + j + 1
,

where y = a1+x1
N1

+ · · ·+ ar+xr
Nr

. Now applying Theorem 1, the special values
at nonpositive integers s = −m of the zeta function Z(s) are

Z(−m) =
∑

p1+···+pr=m
p1,...,pr≥0

(
m

p1, . . . , pr

)
(−1)r

(
r∏

i=1

Nm−pi
i Bpi+1

χi (xi)
pi + 1

)
.

On the other hand, using the equality

Z(−m) =
N1∑

a1=1

· · ·
Nr∑

ar=1

r∏
i=1

χi(ai)ZB(−m)

and the above values of Z(−m) and ZB(−m), we get our assertion.
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Remark.
(1) Dilcher in [3] produced Equations (7) and (8) in a different way. These

formulae are the same, except for the definition of the Stirling numbers
of the first kind.

(2) The author and Eie in [2] produced a formula with sums of products
of generalized Bernoulli numbers; here we have used the same ideas to
prove a similar formula with generalized Bernoulli polynomials.

(3) Huang and Huang in [9] gave some generalized formulas for sums of
products of Bernoulli numbers and polynomials via a different method
called algebraic residues.

6. Some further identities.

Applying the method of proof of Theorems 3 and 4 to different rational
functions, we can get different identities between generalized Bernoulli poly-
nomials, Euler polynomials, and Bernoulli polynomials. Here we list some
classical identities among Euler polynomials (cf. [1]).

Proposition 1 (see 23.1.7 of [1]).

Em(x + h) =
m∑

k=0

(
m

k

)
Ek(x)hm−k =

m∑
k=0

(
m

k

)
Ek(h)xm−k,

for any nonnegative integer m.

Proof. Consider the zeta function

Z(P, s) =
∞∑

n=0

(−1)n(n + x + h)−s, where Pm(z) = (z + x + h)m.

We can express Pm(z) in a different way, as

Pm(z) =
m∑

k=0

(
m

k

)
(z + x)khm−k, or

m∑
k=0

(
m

k

)
(z + h)kxm−k.

Then we apply Theorem 2 to this zeta function Z(P, s) to obtain the asser-
tion. �

Proposition 2 (see 23.1.10 of [1]).

Em(kx) =

{
km
∑k−1

i=0 (−1)iEm(x + i
k ), if k is odd,

− 2
m+1km

∑k−1
i=0 (−1)iBm+1(x + i

k ), if k is even,

for any nonnegative integer m.

Proof. We consider the zeta function

Z(P, s) =
∞∑

n=0

(−1)n(n + kx)−s =
∞∑

n=0

k−1∑
i=0

(−1)nk+i(nk + i + kx)−s.
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Now we separate k into two cases, odd and even.

Z(P, s) =

{∑k−1
i=0 (−1)ik−s

∑∞
n=0(−1)n(n + x + i

k )−s, if k is odd,∑k−1
i=0 (−1)ik−s

∑∞
n=0(n + x + i

k )−s, if k is even.

Again we apply Theorem 2 to Z(P, s) and complete the proof. �

Proposition 3 (see Eq. (51.6.5) of [7]). For any nonnegative integer m,

m∑
k=0

(
m

k

)
2kEm−k(x)Ek(y)

= Em(x + 2y) + 2mEm

(
x + 2y

2

)
− 2mEm

(
x + 2y + 1

2

)
.

Proof. Follow a similar argument as in the proof of the previous proposition,
but consider the different fraction

F (T ) = 4 · T 2x

1 + T 2
· T 4y

1 + T 4

= 2 · T 2x+4y

1 + T 2
+ 2 · T 2x+4y

1 + T 4
− 2 · T 2x+4y+2

1 + T 4
.

From the associated zeta functions, we get the identity

4
∞∑

n1=0

∞∑
n2=0

(−1)n1+n2 [(2n1 + 2x) + (4n2 + 4y)]−s

= 2
∞∑

n=0

(−1)n(2n + 2x + 4y)−s + 2
∞∑

n=0

(−1)n(4n + 2x + 4y)−s

− 2
∞∑

n=0

(−1)n(4n + 2x + 4y + 2)−s.

Then we calculate the special value of s = −m with m ≥ 0 and obtain
Proposition 3. �

The following results give new identities for Euler polynomials:

Proposition 4. Let a be any positive odd integer. Then for any nonnegative
integer m, we have:
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(1) If a = 4k + 1, then

m∑
l=0

(
m

l

)
2lEl(x)am−lEm−l(y)

=
1
a
Em(2x + ay) + 2mEm

(
2x + ay

2

)
− 2mEm

(
2x + ay + 1

2

)
+

k∑
n=1

[
am−1(a − 1)Em

(
2x + ay + 4n

a

)
− am−1(a − 1)Em

(
2x + ay + 4n − 1

a

)
− am−1(a + 1)Em

(
2x + ay + 4n − 2

a

)
+ am−1(a + 1)Em

(
2x + ay + 4n − 3

a

)]
+ am−1(a − 1)Em

(
2x + ay

a

)
.

(2) If a = 4k + 3, then

m∑
l=0

(
m

l

)
2lEl(x)am−lEm−l(y)

=
1
a
Em(2x + ay) + 2mEm

(
2x + ay

2

)
+ 2mEm

(
2x + ay + 1

2

)
−
{ k∑

n=1

[
am−1(a + 1)Em

(
2x + ay + 4n + 2

a

)
+ am−1(a − 1)Em

(
2x + ay + 4n + 1

a

)
− am−1(a − 1)Em

(
2x + ay + 4n

a

)
− am−1(a + 1)Em

(
2x + ay + 4n − 1

a

)]
+ am−1(a + 1)Em

(
2x + ay + 2

a

)
+ am−1(a − 1)Em

(
2x + ay + 1

a

)
− am−1(a − 1)Em

(
2x + ay

a

)}
.
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Proof. The proof is similar to that of Proposition 3, but with

F (T ) = 4 · T 2x

1 + T 2
· T ay

1 + T a

=
2
a

T 2x+ay

1 + T
+ 2

T 2x+ay

1 + T 2
− 2

T 2x+ay+1

1 + T 2

+
2

1 + T a

{ k∑
n=1

[
a − 1

a
T 2x+ay+4n − a − 1

a
T 2x+ay+4n−1

− a + 1
a

T 2x+ay+4n−2 +
a + 1

a
T 2x+ay+4n−3

]
+

a − 1
a

T 2x+ay

}
,

for a = 4k + 1 and

F (T ) = 4 · T 2x

1 + T 2
· T ay

1 + T a

=
2
a

T 2x+ay

1 + T
+ 2

T 2x+ay

1 + T 2
+ 2

T 2x+ay+1

1 + T 2

− 2
1 + T a

{ k∑
n=1

[
a + 1

a
T 2x+ay+4n+2

+
a − 1

a
T 2x+ay+4n+1 − a − 1

a
T 2x+ay+4n − a + 1

a
T 2x+ay+4n−1

]
+

a + 1
a

T 2x+ay+2 +
a − 1

a
T 2x+ay+1 − a − 1

a
T 2x+ay

}
,

for a = 4k + 3, respectively. �

Remark. We can generalize the previous propositions to formulas involving
ak and bm−k for arbitrary integers a and b, depending on a suitable partial
fraction decomposition of the function F (T ).
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