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In this paper we consider the eigenvalue problems for some
nonelliptic operators which include the real Kohn-Laplacian
in the Heisenberg and generalized Baouendi-Grushin opera-
tor. Some interest inequalities for eigenvalues are given by
establishing the identities and inequalities for noncommuta-
tive vector fields.

1. Introduction.

Let A denote the Laplacian in the Euclidean space. The classic upper esti-
mates, independent of the domain, for the gaps of eigenvalues of —A, (—A)?
and (—A)*(k > 3) were studied extensively by many mathematicians, cf.
Payne, Polya and Weinberger [16], Hile and Yeh [10], Chen and Qian [2],
Guo [8] etc.. The asymptotic behaviors of eigenvalues for degenerate elliptic
operators were considered by Beals,Greiner and Stanton [1], Menikoff and
Sjostrand [15], Fefferman and Phone [3, 4], Garofalo and Shen [7], respec-
tively.
In this paper, we are concerned with the following eigenvalue problem

(1.1) —Apg,u=Au, in Q, u=0, on I
(1.2) (—=Ag,)?u=du, in Q, u= gu =0, on 0N
v
ou oK1y

3 .
(1.3) (=Ap,)’u=Au, in Q,uzg_...zm

where 2 is a bounded domain in the Heisenberg group H,, with smooth
boundary 0€2,n > 1, v is the unit outward normal to 92, k > 3 is a positive
integer. Let Ap, denote the real Kohn-Laplacian in the Heisenberg group
Z?:1(XJ2 —i—YjQ), where X; = % + %’%,YJ = % - %%,j =1,...,n,T =
%. The existence of eigenvalue for (1.1) has been proved by Luo and Niu
[12, 13, 14] using the Kohn inequality (see [11]) for the vector fields { X}, Y}
together with the spectral properties of compact operators. In what follows
we let

=0, on 02
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denote the successive eigenvalues for (1.1) with corresponding eigenfunctions
UL, Uy« - oy Upny - - 1D Sé’z(Q). Here, S12()) denotes the Hilbert space of
the functions u € L*(Q) such that Xju, Y;u € L?(Q), and Sé’z(Q) denotes
closure of C§°(2) in the norm

Jul2s = /Q (. ul® + [uf?)der dy dt

where Vi, u = (214, ..., Xpu, Y — 1u, ..., Y,u) normalized so that
(ui, uj) = / uwjujdedydt = 0;5, 1,7 =1,2....
Q

For simplicity we will leave out €2 and dxdydt in all integrals in the sequel
and denote L = —Ap,,.

It is clear that these statements are also valid for the problems (1.2) and
(1.3) and the eigenfunctions belong to Sg’z(Q) and Sg’z(ﬂ) respectively.

We will derive some upper estimates which are independent of the domain,
for the eigenvalues of (1.1), (1.2), and (1.3), respectively. The noncommuta-
tivity of vector fields {X,Y;} makes the discussion of these problems more
complicated than one in the case of Euclidean-Laplacian. Furthermore, we
will also consider the eigenvalues of generalized Baouendi-Grushin operators
[6].

The paper is constructed as follows: Section 2 presents some identities and
inequalities based on the vector fields {z;,Y;,T},j = 1,...,n, which show
the reason that the problems (1.1), (1.2) and (1.3) are treated separately.
The main estimates for the eigenvalues of (1.1), (1.2) and (1.3) are given in
Section 3, Section 4 and Section 5 respectively. We conclude Section 6 by
estimating eigenvalues of the generalized Baouendi-Grushin operator.

2. Some preliminary lemmas.
We establish some properties for the commutative vector fields {z;, Y}, T},
(j =1,...,n) which are of independent interest.

Lemma 2.1. Given any positive integer p,1 < p < k, we have
(2.1)
2 () = () =23y w2 e ()t
i=1,....m,...,5=1,...,n.
Proof. Since
X1(z1ug) = ui + 21 X0,
Xj(z1us) = 21 Xju4, ji=2,....,n,

Yj(z1u;) = x1Yju;, J=2...,n,
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and
X3 (z1u;) = 2Xqu; + 11 X,
X]z(azlui) :xlijui, ji=2,...,n,
Yf(a:lui) = :clYJ?ui, j=2,...,n,

we obtain

(2.2) L(ziu;) = 21 Lu; — 2X3u;

and so

(23) Lp(mluz-) = Lp_l(aclLu,; — 2X1’U,Z) = Lp_l(mlLuZ-) — 2Lp_1X1ui.
Changing u; in (2.2) to Lu; yields
L(leuz) = leQUi — 2X1Lu2

and so

Lp_l(.TlLui) = Lp_Q(ZClLQuZ') - 2Lp_2X1Lui.
Substituting into (2.3) and repeating these steps, we prove the first formula
in (2.1) for L (z1u;). O
Remark 2.1. When p = 1,2, we have

(2.4) L<Iju) - (xj>Lui - 2(Xj>ui
Yju Yj Y;
(2.5) L2 (%“) — (xj)ﬁui — Q(X])Lui 9L (Xj>ui
Y Yy Y; Y;

respectively. It yields the main difference in the following estimations.

Let
O< < <<\ < o
denote the eigenvalues of (1.1) ((1.2) and (1.3), respectively) with corre-
sponding orthogonal normalized eigenfunctions uy, ug, . . ., U, - .. in 5[1)’2(9)
(SS’Z(Q) and Sg’Z(Q), respectively).
Take the trial functions

m m
(2.6) iz, = TjUi — E Qilz; UL, Piy; = YjUi — E Qily; UL
—1 =1
1=1,....m3=1,...,n,

where Qjlz; = f:):juiul, Qily; = fyiuiul. It is easy to know that each function
of (2.6) is orthogonal to uy, ..., u,; and vanishing on 0f2.

Lemma 2.2. For m > 1, it holds

m m
m .
1= 1=
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Proof. We only prove the first equality in (2.7). Since a;iz; = ayiz;, Jo wiXju;
= — JquiXju; and thus >0 Gl J wXju; =0, one has

Z/%%‘Xj“i = Z/(%Uz - Zailxjul)Xjui
= Z/%‘Uz’Xg‘Ui _Z/Xj(iji)uZ
i i
——Z/u?—Z/xjuinui
i i
=-—m— Z/xjuinui.
i

The desired equality is derived immediately. O

For simplicity, we let u; € C§°(2) in what follows. Obviously, by the
density property, the following results are valid for u; € 53’2(9).

Lemma 2.3. For any p > 1, we have

1
1
(238) (/mm?) (/wp“uﬁ) i=1,..,m,..,

where Jpu = (Xqu, ..., Xpu, Yiu, ..., You).
Proof. Evidently, for p > 1

frownt=— fuam=(f) (fumr)' = et

by the induction assumption it follows that

/Ivi ui|? = /VL RvARRTr
1
2
< (/\Vyz_luzf) </|Vp+1 Uz"2>
1
2
< (/\v’zuilz) (/\v’z“uz ) .

Therefore the assertion of the Lemma is proved. O

As a consequence, we have:

Corollary 2.1. For k in (1.3), we have

(2.9) [0 < (/w’z uiF)i
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Lemma 2.4. Forp > 1,

1)[S;I]AS B
(2.10) < > ZCS < s +31 LP=5(207)°%,
A;
where j = 1,...,n; [o] denote the largest integer part of e, Cp = ﬁ,

A =Xj, ifs=0,2,4,...; A3 =Y, ifs=13,....
Proof. A direct calculation gives

LX; =X;L-2TY;, LY; =Y;L -2TX;,j—1,...,n.
By the induction assumption that

LPX; =Y p— 10, 1s(-1)F AP 21),

s=0
it follows
p—1
s+1
LPX; =L |y Cpors(-1)Fasrr=-L(21)®
s=0

= X;L" —2rY; P!

+ Y Gas(-)IFIXGL - 2Ty L 2

s=2(seven)

p
+ > Cuas(-DEFIGL - 2T x;) e 2T
s=1(sodd)
= X;L" —21Y; P!

p—1
+ Y Cpas(-1IE

s=2(seven)

p—1 )
— Y Gas(-1)'E

s=2(s even)

Ix;P=2(2T)*

}Y}Lpfsfl (2T)s+1

+ Z Cp1s(—)IT X, 1P (2T)*
s=1(sodd)

— Y Gps(-DEFly L)t
s=1(sodd)
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p—1

= > [Cpfls(—l)[%]Xij_SQT)s

s=0(s even)

+ C;j(—l)[g]Xij_s(QT)s}

p—1
Y [~ Gs -1y
s=1(sodd)
+ O (—1)lyy e S(QT)}
= ch DlAsLr=s(21)",

where we have used that Cp—1s + Cp—1s —1 = C} in the last equality;
[%] = [g] if s is even and [%] = [g] + 1 if s is odd. This proves the
first equality in (2.10). Another equality is proved similarly. O

Lemma 2.5. Forp > 1, it has

1
(2.11) / TLP ;- TLPu; < 5

— /Lp+2ui . Lerlui,

(2.12)

1
/TLpuZ TLPu; < m [/ LPT 2y, - Py, + /Lp+1u,- . Lpui] )

Proof. Since tu; = Y; Xju; — X;Yu;, j =1,...,n, we get

omn / TLP ;- TLPu,

/Z Y;X; — X,;Y;)LP ;- TLPu;
= Z/ (T X, LPu; - Yy LP  u; — TY; LPu; - X, LPH )

< Z/ (TX;LPu;)? + (Y;LP )2 + (TY; LPu;)? + (X LP uy)?]

3

= / — TX7LPu; - TLPu; — Y7 LP ;- LM

— TY?LPu; - TLPu; — X207 u; - L,

= / TLP ;- TLPu; + / LP 2y, - Py,
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and (2.11) is proved. As for (2.12), one has
2/TLpul--TLpui = Q/TVL LPu; - T~y LP~ L,
< /(T v LPui)® + /(T v L)
= /TLpHui -TLPu; + /TLpui TPy,

|:/ Lp+2ul- . Lp'Hui + /LPHUi . Lpu7;:|

and the conclusion is obtained. O

1
<
—2n—1

Corollary 2.2. For positive integers a,p > 1, the following inequalities
hold:

(2.13) /T“Lerlui St LPy; < (2n—1)a/Lp+a+1ui . Leraui
(2.14)
1
/(TaLp-i-lui)? < m [/ Lp-l—a—i—lui L LPTay, 4 [Py, . Lp—‘,—a—lui .

Proof. Tt is easy to obtain from (2.11)

/ TOLP 40 LPu; < / To L2y, oty <L

n—1
< b

~ (2n—-1)°
and from (2.12) and (2.13)

AT Dy, L
/(TLUZ)2§2(271_1)

4 / T(l*lLIH’lui . tale'LLi:|

1
< - -
~2(2n—1)°
This completes the proof. O

/LP—I—a—Hui . Lp+aui

|:/ Ta_le+2Ui . ta—le—‘rlui

[/ Lp+a+1ui . LerauZ, 4 /Lp+an . Lp+a71ui _

3. Estimates of eigenvalues for (1.1).

Theorem 3.1. Form > 1,

2 m
(3.1) Am1 = Am < — (Z; )\i> .
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Proof. By the choice of trial function ¢;,, (see (2.6)) and the Rayleigh-Ritz
principle for Ay, , we have

f‘VH ‘Pix1|2
A +1 S +’
" f“PimP
and then

m m m
WY [l <Y [19m el =3 [ Low i
=1 1=1 =1

By (2.4), the right-hand side becomes —2 [z, X1u; +\; fgo?xl and we ob-
tain
m

(Amt1 — )\m)Z/Sngl < —22/%1)(1%-

i=1

Repeating the argument to @i, (j =1,...,n) yields

(3:2) Gt =2 3 [ (e, +6)

i=1 j=1

m n

i=1 j=1

By Lemma 2.2 and Holder’s inequality

m n
mn = — Z Z/ (Pia; Xjui + @iy, Yyu;)

i=1 j=1

1
2
17] 17]

DORYIERES

1
2
1
2

hence we have

-1
Z/ <<Pz2xj + SO?yj> > (mn)? <Z )\l.) .
i :

Returning to (3.2), the result is proved. O

Remark 3.1. (3.1) is a generalization of Payne-Polya-Weinberger theorem
for Dirichlet eigenvalues of Euclidean Laplacian to our context here.
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Introducing a parameter o > \,,,, we have

(3.3) (Amy1— @) Z/ <cp?xj + gogyj> < —22/ (iz; Xjui + @iy, Yyu;)
i, i,
- Z(a - AZ) / (‘pzzxj + Qp?yj)
i,

and for some § > 0,

It is easy to see

-1
A1 — a) Z/ (@?xj * ‘p?yj> < 2mn = (Z « iZA’> |

1,J %

So an extension of Hile-Protter theorem is easily obtained:

Theorem 3.2. For m > 1, one has

4. Estimates of eigenvalues for (1.2).
We denote the eigenvalues of (1.2) by
O< <A< <Ay <=0

. . . . 2,2
with corresponding eigenfunctions ui,us, ..., U, ... in S5 (Q).

Theorem 4.1. Let m > 1. then the following estimate holds

" m2n2

(4.1) Nost — Ay < 2+ 1) (Zf)

Proof. Following the argument of (3.3) and noting (2.5), we have
(4.2) (Amy1 —a)S < J —T,
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where « is a parameter, a > A,

s=3 [ (e, +43,)
/L'hj
J=-2 Z/ (LXj + XL ui - pia; + (LY; + Y;L)u; - @iy, |

T = Z o — / (gowj + cplyj)

We need two propositions:

Proposition 4.1.

(4.3) J§4(n+1)§:\/)\7.
=1

Proof. Noting (2.6), one has

Z/(LX]‘ + X5 L)u; - ia;

_Z/ (LX; + X,L) .<x3uz Z%mw)
— Z/ (XjuiL(zju;) — Lu; - X;(zju;))

- Z /(ailijjUiLul — gz, Lui - Xjuy)
£ My + M.

Since ajiz; = Qig;, 1,1 =1,...,m, we see Mz = 0. On the other hand, (2.4)
implies

Z/(LXJ + XjL)ui - pia,
i
= M1 = Z/ [Xjui(—QXjui + achui) - Lui(ui + .%'ijui)]
i

%

Similarly, we have

7 7



PAYNE-POLYA-WEINBERGER TYPE INEQUALITIES 335

Therefore by Holder’s inequality we obtain

J = —22 [/ —2Lu; - u; — Qn/uiLui]

=4(n+1) Z/uLU

1 1

§4(n+1)2</u3>2 (/(Lum)z

1

=4n+1)> VN

Proposition 4.2.

-1
)\A
4.4 T > m2n? Ej L
44 _mn<ia_)‘i>

Proof. By Lemma 2.2 and Holder’s inequality we have

(4.5) mn=-— Z /(SoiszjUi + Piy; Yjui)
i3

<> Z/(w?xj +6%,) [Z/ (Xjui)? + (Yiu:)?)
PB(CERE )/ (somj +sozyj> +— a_)\ /ulLul

2,7
5
<37 Za_

where J is some positive parameter. After minimizing the right-hand side
of (4.5), the result is proved. O

1
2

<

| s
N

Proof of Theorem 4.1. Substituting (4.3) and (4.4) into (4.2) yields

The inequality (4.1) is obtained with the similar discussion in [10]. O
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5. Estimates of eigenvalues for (1.3).
Theorem 5.1. If k > 3 is odd, then
(5.1)
1
mo\E
Am < 27)\

Am1 —
m-+ m2n2

(2n + 4) k:Z)\ o + Ci(n, k i()\ + X e >]

=1 =1
and if k > 4 is even, then

1
NS > 29%;

(5.2) Ams1 — o

(2n +4) kZA F 4 Co(n, k)zm:AH] :

i=1 =1

where Cy(n, k) and Ca(n, k) are the constants depending on n and k.

Proof. Using the trial function ¢;,, (see (2.6)) and the Rayleigh-Ritz in-
equality, we have

)\m+1 < /SO'L'QMLK@LM

/(Pzzl (xluz Z azlan“l)

= /(Pizl Nixiu; — 2 Z Lk_leLq_lui
q=1

k
:Ai/¢?11_2/ ZLkinqu—lui goml,izl,...,m.
q=1

Introducing a parameter (3, we have

) L Y ) e o
1,9

Let

S = ZZ/ (psz+302yJ

21]1

— ZZ(ﬁ - Aj)/ (‘P?xj T "012%) ’

i=1 j=1

:—2222/ Pia, LFTIXGLI  uy + gy, LM UL luz),

i=1 j=1q—1
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we have
(53) ()\m—l-l — B)S + 1 < Isp.
Applying Lemma 2.2 yields

m < [i/ <<Pz2zj + %2%-)] ‘ [f;/ [(Xjuz')Q + (Yjuz)z]

and summing over j gives

lew 1 )

where ¢ is a positive number. Then we have by Corollary 2.1

1
2

2mn<511+ Zg jy

After choosing the minimum of the right-hand side, we derive a lower bound

of I 1:

1 _1
20 [xm N

(5.4) I > mn Z,B_)\i

Now we estimate [2. Notice the following relation by (2.1)

_ _ 1
—Zailxj /uqu lXqu Lu; = 5 Zailxj /<u1Lk(:cjui) — azjulLkui> =0
il

i,l,q

=1

and

_Za”%‘ /uqulequui =0, 4l=1,....mq=1,...,k.
i,l,q
Therefore we have
(5.5)

Iy ==2) [ (2w L 9X09 uy + yju, LMY L0 )

,7,9
— 2y / (L5 X, 10 g + LR (g0) Yo L7107 )
4,J,9
k—q—1
= —22{/((3:]-quui -2 Z quTXerlui>Xqului
1,5,4 r=1

— 2X, Ly, XquluZ->
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k—q—1
+ / (ijkqui —2 Y IFrTY Ly, — 2Yijq1ui-Yqu1ui>}.

r=1
Since
k .
>/ (xj)Lk_qui-< ]>Lq_1uz
=1 Yj j
b ;X
= —Z [/Lk_quZ quui—{—( J 3>Lk_qu L1 lul]
' Yjtj
we have
k T
>/ ( J)L’“—qu < j)Lq_luz
p Yj J
1o [
= _QZ/L quz Lq_luz
qg—1

On the other hand

Z/ (Xij_q_lUi-Xqu_lUi—i—Yij_q_lui-Yqu_lui)
J

= /Lk_lui-ui

so it follows

(5.6)

= (2n+4)k Z / LF Yy -y

kql

+4Z/< Z L XLy - XL by
27,9
k—q—1

+ ) FrTY Ly Yqu_lui>
r=1

= (2n+4)k§:/Lk1ui.ui
k—qz—:rl k—q—r
+4> ) [Z g1 145

4,7, =1 s=0
RSy Ly - XL
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k—q—r
+ Y Cp L (-nBElast ke oy Ly L YL
s=0
k—q—1
2 (2n+4) k;Z/Lk L - uz+4z Z (Is + 1)
.5, r=1

where we have used Lemma 2.4. We obtain that
(5.7)

I3(s odd) + I4(s odd)

[/qur—q-WOYquT%ﬂUD"% L XLy
s<k— q r,s odd

+/C}§_q_r(—1)[§]XijqTS(QT)SLT‘lul . }/quflui

—— Y [ 0w - xy)

s<k—q—r,sodd
Lk q—r— S(2T)3erlui_qului

S S S L ) A
s<k—q—r,sodd

—— Y 20, D [T

s<k—q—rso0dd
where T' = Y; X; — X;Y}. Similarly,
(5.8)
Lseven) + lisevey = > 20} 4 (D)3 / Tou; - 155,

s<k—q—r,seven

First let k be odd. If s is odd, then by (2.14)
(59) (_1)1+[%} /Ts+1ui . kaszUi
s s s —s— 2
o [ (pE )
1 E=1g k-1 k=1 _ L,
< ————7 L2 u; - L2 u; + L2uL U;
2(2n — 1)

1
= [/ LFu; - u; + /Lk_QUi : Uz:| ,
22n — 1)




340 P. NIU AND H. ZHANG

and if s is even, then
(5.10) (-1 )[5]/T5u2 L1y
— +[ ]/ T2Lk 1Ui

1
2(2n —1)3
Summing (5.9) and (5.10) yields

(5.11)

I < (2n + 4)]€Z/Lk1ui U
=1
1

k—q—1
+4 Z Z Z 250,*3,(],74m

1,3, =1 s<k—q—r(sodd)

. (/ Lkui s U; + /Lk2ui . uz)

1 _
f Y G (B )

s<k—q—r(seven)

< (2n+4)kZ/Lk_1ui g
=1
2505 25C5

k—q—1
oYy oy e,y S

5,5, r=1 s<k—q—r(sodd) (2n - 1)7 s<k—g—r(seven)

. </ Lkui s U+ /Lk_Qui . u@>
m b
i=1
m k—2
+ Ci(n, k) Z

Tk
1

m k-2
(2n +4)k Z w +Cl(n7k)2|:)\i+)\ik:|a
i=1 i=1

3\\
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where we have used Lemma 2.3. Note that

Substituting (5.11) in (5.3) leads to

Mok
Ams1 = B)s < (2n+ kY N F

=1

m k=1 LUISY
+ C1(n, k) E ()\i—{—)\ik)—anQ g Y
=1 v

Along with the method in [10], we obtained (5.1).
Now let k be even. If s is odd, then by Corollary 2.2

(—1)[§1+1/T8+1ui1;k—5—2ui = /TS?L’“‘S‘SW-T‘Q?Lk‘%*“ui

and if s is even, then

1)[3]/TsuiLk_s_1ui = /TSLk‘S‘Qui.TSL’“‘S‘2+1ui
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Summing two inequalities above yields

Ié < (2n+ 4)K§:/Lk_1ui U
i=1
k—qil
4> > >

i,j,q =1 s<k—q—r(sodd) (2n - 1)
2°C_ s

+ e L Lkilui C U
Z (2n —1)2 /

s<k—q—r(seven)

£ (2n +4) kZ/Lk Loy - u; + Ca(n, k) z:/LI’C L - ug
mooka

< (2n+4) k:Z)\ o +Co(n, k) Y N

=1 =1

2°Cp_,,

Note that
k—q—1 9 k—q—r
(n,k) < nz Z <1+ 1) .
qg=1 r=1 2n — 1)5

Then proceeding with the same way for proving (5.1) we deduce (5.2). O

6. Eigenvalues for generalized Baouendi-Grushin operator.

Consider the eigenvalue problem

{—Lu = A\u, in Q

6.1
(6.1) u=~0 on {

where L denote the generalized Baouendi-Grushin operator

M N
2 L=y ey
i=1 j=1

with the nonsmooth vector fields

0 0
(6.3) Xj:a—gci7 i=1,..., M, Yj:|x\aa—yj, J
a>l,ae R, M\N >1and M+ N =n. Qis a bounded domain in R"
with smooth boundary 0f2.

The existence of eigenvalues for the problem (6.1) can be proved with the
method in [12] and the embedding theorem in [6] and then (6.1) possesses
a system of eigenfunctions {uy} that forms an orthonormal base, with the
corresponding eigenvalues {Ap} : 0 < A\ < Ao <
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By choosing the trial functions

m m
(6.4) ©ne, = wiup — § Ahlz UL, Phy; = Yilh — E aply;u, h=1,...,m,
=1 ;

we have

(6.5) (Am o T ;
+1 ;::1 Z/@h Z/@hy

m M N
<=2> | ona Xiuh+2/|x’ Phy, Yitn
=1 \i=1 =1
Noting that
M m
mM
S>3 [ Ko = =55,
1=1 h=1
N m m
N
33 [ =53 [lafi
j=1h=1 h=1

and Schwarz’s inequality, we get

mM mM N
me Z / o

m
<> Z/|<thiXiuh|+Z/|x|a|@hyjyjuh|
i=1 i=1

h=1

m M N
S Il’laX(l, da) Z Z/ |80ha7i|2 + Z/ |(phyz‘|2
h=1 \i=1 7=1

: [g:l/(Luh)Uhr

where d is the diameter of (2,, the projection of 2 in the y-space. Then

m2M

i 2
2
>
Z Z/|(Phxz| +Z/|‘ph%| ~ dmax(1,d?) Y0 A

h=1

Returning to (6.5), we prove the following:
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Theorem 6.1. Let m > 1, then

4dn =
>\m+1 = )\m § m maX d4a Z

Remark 6.1. This shows that the upper bounds for eigenvalues of (6.1)
depends on the domain.
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