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Pengcheng Niu and Huiqing Zhang

In this paper we consider the eigenvalue problems for some
nonelliptic operators which include the real Kohn-Laplacian
in the Heisenberg and generalized Baouendi-Grushin opera-
tor. Some interest inequalities for eigenvalues are given by
establishing the identities and inequalities for noncommuta-
tive vector fields.

1. Introduction.

Let 4 denote the Laplacian in the Euclidean space. The classic upper esti-
mates, independent of the domain, for the gaps of eigenvalues of −4, (−4)2

and (−4)k(k ≥ 3) were studied extensively by many mathematicians, cf.
Payne, Polya and Weinberger [16], Hile and Yeh [10], Chen and Qian [2],
Guo [8] etc.. The asymptotic behaviors of eigenvalues for degenerate elliptic
operators were considered by Beals,Greiner and Stanton [1], Menikoff and
Sjöstrand [15], Fefferman and Phone [3, 4], Garofalo and Shen [7], respec-
tively.

In this paper, we are concerned with the following eigenvalue problem

−4Hn u = λu, in Ω, u = 0, on ∂Ω(1.1)

(−4Hn)2u = λu, in Ω, u =
∂u

∂ν
= 0, on ∂Ω(1.2)

(−4Hn)ku = λu, in Ω, u =
∂u

∂ν
= · · · = ∂K−1u

∂νk−1
= 0, on ∂Ω(1.3)

where Ω is a bounded domain in the Heisenberg group Hn, with smooth
boundary ∂Ω, n ≥ 1, ν is the unit outward normal to ∂Ω, k ≥ 3 is a positive
integer. Let 4Hn denote the real Kohn-Laplacian in the Heisenberg group∑n

j=1(X
2
j + Y 2

j ), where Xj = ∂
∂xj

+ yj

2
∂
∂t , Yj = ∂

∂yj
− xj

2
∂
∂t , j = 1, . . . , n, T =

∂
∂t . The existence of eigenvalue for (1.1) has been proved by Luo and Niu
[12, 13, 14] using the Kohn inequality (see [11]) for the vector fields {Xj , Yj}
together with the spectral properties of compact operators. In what follows
we let

0 < λ1 ≤ λ2 ≤ · · · ≤ λm ≤ · · · → +∞(1.4)
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denote the successive eigenvalues for (1.1) with corresponding eigenfunctions
u1, u2, . . . , um, . . . in S1,2

0 (Ω). Here, S1,2(Ω) denotes the Hilbert space of
the functions u ∈ L2(Ω) such that Xju, Yju ∈ L2(Ω), and S1,2

0 (Ω) denotes
closure of C∞0 (Ω) in the norm

‖u‖2
S1,2 =

∫
Ω
(|5Hn u|2 + |u|2)dx dy dt

where 5Hnu = (x1u, . . . , Xnu, Y − 1u, . . . , Ynu) normalized so that

〈ui, uj〉 =
∫

Ω
ui uj dx dy dt = δij , i, j = 1, 2 . . . .

For simplicity we will leave out Ω and dxdydt in all integrals in the sequel
and denote L = −4Hn .

It is clear that these statements are also valid for the problems (1.2) and
(1.3) and the eigenfunctions belong to S2,2

0 (Ω) and Sk,2
0 (Ω) respectively.

We will derive some upper estimates which are independent of the domain,
for the eigenvalues of (1.1), (1.2), and (1.3), respectively. The noncommuta-
tivity of vector fields {Xj , Yj} makes the discussion of these problems more
complicated than one in the case of Euclidean-Laplacian. Furthermore, we
will also consider the eigenvalues of generalized Baouendi-Grushin operators
[6].

The paper is constructed as follows: Section 2 presents some identities and
inequalities based on the vector fields {xj , Yj , T}, j = 1, . . . , n, which show
the reason that the problems (1.1), (1.2) and (1.3) are treated separately.
The main estimates for the eigenvalues of (1.1), (1.2) and (1.3) are given in
Section 3, Section 4 and Section 5 respectively. We conclude Section 6 by
estimating eigenvalues of the generalized Baouendi-Grushin operator.

2. Some preliminary lemmas.

We establish some properties for the commutative vector fields {xj , Yj , T},
(j = 1, . . . , n) which are of independent interest.

Lemma 2.1. Given any positive integer p, 1 ≤ p ≤ k, we have

Lp

(
xjui

yjui

)
=
(

xj

yj

)
Lpui − 2

(
Xj

Yj

)
Lp−1ui − 2

∑
q=1

p− 1Lp−q

(
Xj

Yj

)
Lq−1ui

(2.1)

i = 1, . . . ,m, . . . , j = 1, . . . , n.

Proof. Since

X1(x1ui) = ui + x1X1ui,

Xj(x1ui) = x1Xjui, j = 2, . . . , n,

Yj(x1ui) = x1Yjui, j = 2, . . . , n,
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and

X2
1 (x1ui) = 2X1ui + x1X

2
1ui,

X2
j (x1ui) = x1X

2
j ui, j = 2, . . . , n,

Y 2
j (x1ui) = x1Y

2
j ui, j = 2, . . . , n,

we obtain

L(x1ui) = x1Lui − 2X1ui(2.2)

and so

Lp(x1ui) = Lp−1(x1Lui − 2X1ui) = Lp−1(x1Lui)− 2Lp−1X1ui.(2.3)

Changing ui in (2.2) to Lui yields

L(x1Lui) = x1L
2ui − 2X1Lui

and so
Lp−1(x1Lui) = Lp−2(x1L

2ui)− 2Lp−2X1Lui.

Substituting into (2.3) and repeating these steps, we prove the first formula
in (2.1) for LP (x1ui). �

Remark 2.1. When p = 1, 2, we have

L

(
xju

yju

)
=
(

xj

yj

)
Lui − 2

(
Xj

Yj

)
ui(2.4)

L2

(
xjui

yjui

)
=
(

xj

yj

)
L2ui − 2

(
Xj

Yj

)
Lui − 2L

(
Xj

Yj

)
ui(2.5)

respectively. It yields the main difference in the following estimations.

Let
0 < λ1 ≤ λ2 ≤ · · · ≤ λm ≤ . . .

denote the eigenvalues of (1.1) ((1.2) and (1.3), respectively) with corre-
sponding orthogonal normalized eigenfunctions u1, u2, . . . , um, . . . in S1,2

0 (Ω)
(S2,2

0 (Ω) and Sk,2
0 (Ω), respectively).

Take the trial functions

ϕixj = xjui −
m∑

i=1

ailxj
ul, ϕiyj = yjui −

m∑
i=1

ailyj
ul(2.6)

i = 1, . . . ,m, j = 1, . . . , n,

where ailxj
=
∫

xjuiul, ailyj
=
∫

yiuiul. It is easy to know that each function
of (2.6) is orthogonal to u1, . . . , um and vanishing on ∂Ω.

Lemma 2.2. For m ≥ 1, it holds
m∑

i=1

∫
ϕixjXjui =

m∑
i=1

∫
ϕiyjYjui = −m

2
, j = 1, . . . , n.(2.7)
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Proof. We only prove the first equality in (2.7). Since ailxj
= alixj

,
∫
Ω ulXjui

= −
∫
Ω uiXjul and thus

∑
i,l ailxj

∫
ulXjui = 0, one has∑

i

∫
ϕixjXjui =

∑
i

∫
(xjui −

∑
i

ailxj
ul)Xjui

=
∑

i

∫
xjuiXjui −

∑
i

∫
Xj(xjui)ui

= −
∑

i

∫
u2

i −
∑

i

∫
xjuiXjui

= −m−
∑

i

∫
xjuiXjui.

The desired equality is derived immediately. �

For simplicity, we let ui ∈ C∞0 (Ω) in what follows. Obviously, by the
density property, the following results are valid for ui ∈ S1,2

0 (Ω).

Lemma 2.3. For any p ≥ 1, we have(∫
Ω
|5p

L ui|2
) 1

p

≤
(∫

Ω
|5p+1

L ui|2
) 1

p+1

, i = 1, . . . ,m, . . . ,(2.8)

where 5Lu = (X1u, . . . , Xnu, Y1u, . . . , Ynu).

Proof. Evidently, for p ≥ 1∫
|5L ui|2 = −

∫
uiLui ≤

(∫
u2

i

) 1
2
(∫

(Lui)2
) 1

2

=
(∫

|52
L ui|2

) 1
2

by the induction assumption it follows that∫
|5p

L ui|2 = −
∫
5p−1

L ui 5p+1
L ui

≤
(∫

|5p−1
L ui|2

) 1
2
(∫

|5p+1
L ui|2

) 1
2

≤
(∫

|5p
L ui|2

) p−1
2p
(∫

|5p+1
L ui|2

) 1
2

.

Therefore the assertion of the Lemma is proved. �

As a consequence, we have:

Corollary 2.1. For k in (1.3), we have∫
|5L ui|2 ≤

(∫
|5k

L ui|2
) 1

k

.(2.9)
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Lemma 2.4. For p ≥ 1,

Lp

(
Xj

Yj

)
=

p∑
s=0

Cs
p

(
(−1)[

s+1
2

]As
j

(−1)[
s
2
]As+1

j

)
Lp−s(2T )s,(2.10)

where j = 1, . . . , n; [•] denote the largest integer part of •, Cs
p = p!

s!(p−s)1 ,

As
j = Xj, if s = 0, 2, 4, . . . ; As

j = Yj, if s = 1, 3, . . . .

Proof. A direct calculation gives

LXj = XjL− 2TYj , LYj = YjL− 2TXj , j − 1, . . . , n.

By the induction assumption that

Lp−1Xj =
∑
s=0

p− 1Cp−1s(−1)[
s+1
2

]As
jL

p−s−1(2T )s,

it follows

LpXj = L

[
p−1∑
s=0

Cp−1s(−1)[
s+1
2

]As
jL

p−s−1(2T )s

]
= XjL

P − 2TYjL
p−1

+
p−1∑

s=2(s even)

Cp−1s(−1)[
s+1
2

](XjL− 2TYj)Lp−s−1(2T )s

+
p−1∑

s=1(s odd)

Cp−1s(−1)[
s+1
2

](YjL− 2TXj)Lp−s−1(2T )s

= XjL
P − 2TYjL

p−1

+
p−1∑

s=2(s even)

Cp−1s(−1)[
s+1
2

]XjL
p−s(2T )s

−
p−1∑

s=2(s even)

Cp−1s(−1)[
s+1
2

]YjL
p−s−1(2T )s+1

+
p−1∑

s=1(s odd)

Cp−1s(−1)[
s+1
2

]XjL
p−s(2T )s

−
p−1∑

s=1(s odd)

Cp−1s(−1)[
s+1
2

]YjL
p−s−1(2T )s+1
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=
p−1∑

s=0(s even)

[
Cp−1s(−1)[

s+1
2

]XjL
p−s(2T )s

+ Cs−1
p−1(−1)[

s
2
]XjL

p−s(2T )s
]

+
p−1∑

s=1(s odd)

[
− Cp−1s− 1(−1)[

s
2
]YjL

p−s(2T )s

+ Cs
p−1(−1)[

s+1
2

]YjL
p−s(2T )s

]
=

p∑
s=0

Cs
p(−1)[

s
2
]As

jL
p−s(2T )s,

where we have used that Cp−1s + Cp−1s− 1 = Cs
p in the last equality;[

s+1
2

]
=
[

s
2

]
if s is even and

[
s+1
2

]
=
[

s
2

]
+ 1 if s is odd. This proves the

first equality in (2.10). Another equality is proved similarly. �

Lemma 2.5. For p ≥ 1, it has∫
TLp+1ui · TLpui ≤

1
2n− 1

∫
Lp+2ui · Lp+1ui,(2.11)

∫
TLpui · TLpui ≤

1
2(2n− 1)

[∫
Lp+2ui · Lp+1ui +

∫
Lp+1ui · Lpui

]
.

(2.12)

Proof. Since tui = YjXjui −XjYjui, j = 1, . . . , n, we get

2n

∫
TLp+1ui · TLpui

= 2
∫ n∑

j=1

(YjXj −XjYj)Lp+1ui · TLpui

= 2
n∑

j=1

∫
(TXjL

pui · YjL
p+1ui − TYjL

pui ·XjL
p+1ui)

≤
n∑

j=1

∫ [
(TXjL

pui)2 + (YjL
p+1ui)2 + (TYjL

pui)2 + (XjL
p+1ui)2

]
=

n∑
j=1

∫ [
− TX2

j Lpui · TLpui − Y 2
j Lp+1ui · Lp+1ui

− TY 2
j Lpui · TLpui −Xj2Lp+1ui · Lp+1ui

]
=
∫

TLp+1ui · TLpui +
∫

Lp+2ui · Lp+1ui
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and (2.11) is proved. As for (2.12), one has

2
∫

TLpui · TLpui = 2
∫

T 5L Lpui · T 5L Lp−1ui

≤
∫

(T 5L Lpui)2 +
∫

(T 5L Lp−1ui)2

=
∫

TLp+1ui · TLpui +
∫

TLpui · TLp−1ui

≤ 1
2n− 1

[∫
Lp+2ui · Lp+1ui +

∫
Lp+1ui · Lpui

]
and the conclusion is obtained. �

Corollary 2.2. For positive integers a, p ≥ 1, the following inequalities
hold: ∫

T aLp+1ui · taLpui ≤
1

(2n− 1)a

∫
Lp+a+1ui · Lp+aui(2.13)

∫
(T aLp+1ui)2 ≤

1
2(2n− 1)a

[∫
Lp+a+1ui · Lp+aui + Lp+aui · Lp+a−1ui

]
.

(2.14)

Proof. It is easy to obtain from (2.11)∫
T aLp+1ui · taLpui ≤

1
2n− 1

∫
T a−1Lp+2ui · ta−1Lp+1ui ≤ . . .

≤ 1
(2n− 1)a

∫
Lp+a+1ui · Lp+aui

and from (2.12) and (2.13)∫
(T aLpui)2 ≤

1
2(2n− 1)

[∫
T a−1Lp+2ui · ta−1Lp+1ui

+
∫

T a−1Lp+1ui · ta−1Lpui

]
≤ 1

2(2n− 1)a

[∫
Lp+a+1ui · Lp+aui +

∫
Lp+aui · Lp+a−1ui

]
.

This completes the proof. �

3. Estimates of eigenvalues for (1.1).

Theorem 3.1. For m ≥ 1,

λm+1 − λm ≤ 2
mn

(
m∑

i=1

λi

)
.(3.1)
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Proof. By the choice of trial function ϕix1 (see (2.6)) and the Rayleigh-Ritz
principle for 4Hn , we have

λm+1 ≤
∫
|5Hn ϕix1 |2∫
|ϕix1 |2

, i = 1, . . . ,m,

and then

λ

m∑
i=1

∫
|ϕix1 |2 ≤

m∑
i=1

∫
|5Hn ϕix1 |2 =

m∑
i=1

∫
Lϕix1 · ϕix1 .

By (2.4), the right-hand side becomes −2
∫

ϕix1X1ui +λi

∫
ϕ2

ix1
and we ob-

tain

(λm+1 − λm)
m∑

i=1

∫
ϕ2

ix1
≤ −2

m∑
i=1

∫
ϕix1X1ui.

Repeating the argument to ϕixj (j = 1, . . . , n) yields

(λm+1 − λm)
m∑

i=1

n∑
j=1

∫ (
ϕ2

ixj
+ ϕ2

iyj

)
(3.2)

≤ −2
m∑

i=1

n∑
j=1

∫ (
ϕixjXjui + ϕiyjYjui

)
.

By Lemma 2.2 and Hölder’s inequality

mn = −
m∑

i=1

n∑
j=1

∫ (
ϕixjXjui + ϕiyjYjui

)

≤

∑
i,j

∫ (
ϕ2

ixj
+ ϕ2

iyj

) 1
2
∑

i,j

∫
(Xjui)2 + (Yjui)2

 1
2

−

(∑
i

λi

) 1
2

∑
i,j

∫ (
ϕ2

ixj
+ ϕ2

iyj

) 1
2

hence we have ∑
i,j

∫ (
ϕ2

ixj
+ ϕ2

iyj

)
≥ (mn)2

(∑
i

λi

)−1

.

Returning to (3.2), the result is proved. �

Remark 3.1. (3.1) is a generalization of Payne-Polya-Weinberger theorem
for Dirichlet eigenvalues of Euclidean Laplacian to our context here.
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Introducing a parameter α > λm, we have

(λm+1 − α)
∑
i,j

∫ (
ϕ2

ixj
+ ϕ2

iyj

)
≤ −2

∑
i,j

∫ (
ϕixjXjui + ϕiyjYjui

)
(3.3)

−
∑
i,j

(α− λi)
∫ (

ϕ2
ixj

+ ϕ2
iyj

)
and for some δ > 0,

mn = −
∑
i,j

∫ (
ϕixjXjui + ϕiyjYjui

)
≤ δ

2

∑
i,j

(α− λi)
∫ (

ϕ2
ixj

+ ϕ2
iyj

)
+

1
2δ

∑
i,j

(α− λi)−1

∫ [
(Xjui)2 + (Yjui)2

]
.

It is easy to see

(λm+1 − α)
∑
i,j

∫ (
ϕ2

ixj
+ ϕ2

iyj

)
≤ 2mn−m2n2

(∑
i

λi

α− λi

)−1

.

So an extension of Hile-Protter theorem is easily obtained:

Theorem 3.2. For m ≥ 1, one has∑
i=1

m
λi

λm+1 − λi
≥ mn

2
.

4. Estimates of eigenvalues for (1.2).

We denote the eigenvalues of (1.2) by

0 < λ1 ≤ λ2 ≤ · · · ≤ λm ≤ · · · → ∞

with corresponding eigenfunctions u1, u2, . . . , um, . . . in S2,2
0 (Ω).

Theorem 4.1. Let m ≥ 1. then the following estimate holds

λm+1 − λm ≤ 4(n + 1)
m2n2

(
m∑

i=1

√
λi

) 1
2

.(4.1)

Proof. Following the argument of (3.3) and noting (2.5), we have

(λm+1 − α)S ≤ J − T,(4.2)
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where α is a parameter, α > λm,

S =
∑
i,j

∫ (
ϕ2

ixj
+ ϕ2

iyj

)
,

J = −2
∑
i,j

∫ [
(LXj + XjL)ui · ϕixj + (LYj + YjL)ui · ϕiyj

]
,

T =
∑
i,j

(α− λj)
∫ (

ϕ2
ixj

+ ϕ2
iyj

)
.

�
We need two propositions:

Proposition 4.1.

J ≤ 4(n + 1)
m∑

i=1

√
λi.(4.3)

Proof. Noting (2.6), one has∑
i

∫
(LXj + XjL)ui · ϕixj

=
∑

i

∫
(LXj + XjL)ui

(
xjui −

∑
l

ailxj
ul

)

=
∑

i

∫
(XjuiL(xjui)− Lui ·Xj(xjui))

−
∑
i,l

∫
(ailxj

XjuiLul − ailxj
Lui ·Xjul)

, M1 + M2.

Since ailxj
= alixj

, i, l = 1, . . . ,m, we see M2 = 0. On the other hand, (2.4)
implies ∑

i

∫
(LXj + XjL)ui · ϕixj

= M1 =
∑

i

∫
[Xjui(−2Xjui + xjLui)− Lui(ui + xjXjui)]

=
∑

i

∫
(2X2

j ui · ui − uiLui).

Similarly, we have∑
i

∫
(LYj + YjL)ui · ϕiyj =

∑
i

∫
(2Y 2

j ui − uiLui).
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Therefore by Hölder’s inequality we obtain

J = −2
∑

i

[∫
−2Lui · ui − 2n

∫
uiLui

]
= 4(n + 1)

∑
i

∫
uiLUi

≤ 4(n + 1)
∑

i

(∫
u2

i

) 1
2
(∫

(Lui)2
) 1

2

= 4(n + 1)
∑

i

√
λi.

�

Proposition 4.2.

T ≥ m2n2

(∑
i

√
λi

α− λi

)−1

.(4.4)

Proof. By Lemma 2.2 and Hölder’s inequality we have

mn = −
∑
i,j

∫
(ϕixjXjui + ϕiyiYjui)(4.5)

≤
∑

i

∑
j

∫ (
ϕ2

ixj
+ ϕ2

iyj

) 1
2 [∑

i

∫ (
(Xjui)2 + (Yjui)2

)] 1
2

≤ δ

2

∑
i,j

(α− λi)
∫ (

ϕ2
ixj

+ ϕ2
iyj

)
+

1
2δ

∑
i

1
α− λi

∫
uiLui

≤ δ

2
T +

1
2δ

∑
i

√
λi

α− λi
,

where δ is some positive parameter. After minimizing the right-hand side
of (4.5), the result is proved. �

Proof of Theorem 4.1. Substituting (4.3) and (4.4) into (4.2) yields

(λm+1 − α)S ≤ 4(n + 1)
∑

i

√
λi −m2n2

(∑
i

√
λi

α− λi

)−1

.

The inequality (4.1) is obtained with the similar discussion in [10]. �
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5. Estimates of eigenvalues for (1.3).

Theorem 5.1. If k ≥ 3 is odd, then

λm+1 − λm ≤
∑m

i=1 λ
1
k
i

m2n2

[
(2n + 4)k

m∑
i=1

λ
k−1

k
i + C1(n, k)

m∑
i=1

(
λi + λ

k−2
k

i

)](5.1)

and if k ≥ 4 is even, then

λm+1 − λm ≤
∑m

i=1 λ
1
k
i

m2n2

[
(2n + 4)k

m∑
i=1

λ
k−1

k
i + C2(n, k)

m∑
i=1

λ
k−1

k
i

]
,(5.2)

where C1(n, k) and C2(n, k) are the constants depending on n and k.

Proof. Using the trial function ϕix1 (see (2.6)) and the Rayleigh-Ritz in-
equality, we have

λm+1 ≤
∫

ϕix1L
Kϕix1

=
∫

ϕix1L
k

(
x1ui −

m∑
l=1

ailx1ul

)

=
∫

ϕix1

λix1ui − 2
k∑

q=1

Lk−qX1L
q−1ui


= λi

∫
ϕ2

ix1
− 2

∫  k∑
q=1

Lk−qX1L
q − 1ui

ϕix1 , i = 1, . . . ,m.

Introducing a parameter β, we have

(λm+1 − β)
∑

i

∫
ϕ2

ix1
≤
∑

i

(αi − β)
∫

ϕ2
ix1

− 2
∑
i,q

∫
Lk−qX1L

q−1ui · ϕix1 .

Let

S =
m∑

i=1

n∑
j=1

∫ (
ϕ2

ixj
+ ϕ2

iyj

)
,

I1 =
m∑

i=1

n∑
j=1

(β − λj)
∫ (

ϕ2
ixj

+ ϕ2
iyj

)
,

I2 = −2
m∑

i=1

n∑
j=1

k∑
q−1

∫ (
ϕixjL

k−qXjL
q−1ui + ϕiyjL

k−qXjL
q−1ui

)
,
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we have

(λm+1 − β)S + I1 ≤ I2.(5.3)

Applying Lemma 2.2 yields

m ≤

[
m∑

i=1

∫ (
ϕ2

ixj
+ ϕ2

iyj

)] 1
2
[

m∑
i=1

∫ [
(Xjui)2 + (Yjui)2

]] 1
2

and summing over j gives

2mn ≤ δI1 +
1
δ

m∑
i=1

1
β − λi

∫
|5L ui|2,

where δ is a positive number. Then we have by Corollary 2.1

2mn ≤ δI1 +
1
δ

 m∑
i=1

λ
1
k
i

β − λi

 .

After choosing the minimum of the right-hand side, we derive a lower bound
of I1:

I1 ≥ m2n2

 m∑
i=1

λ
1
k
i

β − λi

−1

.(5.4)

Now we estimate I2. Notice the following relation by (2.1)

−
∑
i,l,q

ailxj

∫
ulL

q−1XjL
q−1ui =

1
2

∑
i,L

ailxj

∫ (
ulL

k(xjui)− xjulL
kui

)
= 0

and

−
∑
i,l,q

ailyj

∫
ulL

q−1YjL
q−1ui = 0, i, l = 1, . . . ,m, q = 1, . . . , k.

Therefore we have

I2 = −2
∑
i,j,q

∫
(xjuiL

k−qXjL
q−1ui + yjuiL

k−qYjL
q−1ui)

(5.5)

= −2
∑
i,j,q

∫ (
Lk−q(xjui)XjL

q−1ui + Lk−q(yjui)YJLq−1Ui

)

= −2
∑
i,j,q

{∫ ((
xjL

k−qui − 2
k−q−1∑

r=1

Lk−q−rXjL
r−1ui

)
XjL

q−1ui

− 2XjL
k−q−1ui ·XjL

q−1ui

)
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+
∫ (

yjL
k−qui − 2

k−q−1∑
r=1

Lk−q−rYjL
q−1ui − 2YjL

k−q−1ui · YjL
q−1ui

)}
.

Since
k∑

q=1

∫ (
xj

yj

)
Lk−qui ·

(
Xj

Yj

)
Lq−1ui

= −
k∑

q−1

[∫
Lk−qui · Lq−1ui +

(
xjXj

yjYj

)
Lk−qui · Lq−1ui

]
we have

k∑
q=1

∫ (
xj

yj

)
Lk−qui ·

(
Xj

Yj

)
Lq−1ui

= −1
2

k∑
q−1

∫
Lk−qui · Lq−1ui

= −k

2

∫
Lk−1ui · ui.

On the other hand∑
j

∫ (
XjL

k−q−1Ui ·XjL
q−1Ui + YjL

k−q−1ui · YjL
q−1ui

)
=
∫

Lk−1ui · ui

so it follows

I2 = (2n + 4)k
m∑

i=1

∫
Lk−1ui · ui

(5.6)

+ 4
∑
i,j,q

∫ ( k−q−1∑
r=1

Lk−q−rXjL
r−1ui ·XjL

q−1ui

+
k−q−1∑

r=1

Lk−q−rYjL
r−1ui · YjL

q−1ui

)

= (2n + 4)k
m∑

i=1

∫
Lk−1ui · ui

+ 4
∑
i,j,q

k−q−r∑
r=1

[
k−q−r∑

s=0

Cs
k−r−q(−1)[

s+1
2

]As
j

· Lk−q−r−s(2T )sLr−1ui ·XjL
q−1ui
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+
k−q−r∑

s=0

Cs
k−q−r(−1)[

s
2
]As+1

j Lk−q−r−s(2T )sLr−1ui · YjL
q−1ui

]

, (2n + 4)k
m∑

i=1

∫
Lk−1ui · ui + 4

∑
i,j,q

k−q−1∑
r=1

(I3 + I4)

where we have used Lemma 2.4. We obtain that

I3(s odd) + I4(s odd)

(5.7)

=
∑

s≤k−q−r,s odd

[∫
Cs

k−q−r

(
−(−1)[

s
2
]
)

YjL
k−q−r−s(2T )sLr−1ui ·XjL

q−1ui

+
∫

Cs
k−q−r(−1)[

s
2
]XjL

k−q−r−s(2T )sLr−1ui · YjL
q−1ui

]
= −

∑
s≤k−q−r,s odd

∫
Cs

k−q−r(−1)[
s
2
](YJXj −XjYj)

· Lk−q−r−s(2T )sLr−1ui · Lq−1ui

= −
∑

s≤k−q−r,s odd

2sCs
k−q−r(−1)[

s
2
]

∫
T s+1Lk−q−s−1ui · Lq−1ui

= −
∑

s≤k−q−r,s odd

2sCs
k−q−r(−1)[

s
2
]

∫
T s+1ui · Lk−s−2ui

where T = YjXj −XjYj . Similarly,

I3(s even) + I4(s even) =
∑

s≤k−q−r,s even

2sCs
k−q−r(−1)[

s
2
]

∫
T sui · Lk−s−1ui.

(5.8)

First let k be odd. If s is odd, then by (2.14)

(−1)1+[ s
2
]

∫
T s+1ui · Lk−s−2ui(5.9)

= (−1)
s+1
2

+[ s
2
]+1

∫ (
T

s+1
2 L

k−s−2
2 ui

)2

≤ 1

2(2n− 1)
s+1
2

[∫
L

k−1
2

+1ui · L
k−1
2 ui +

∫
L

k−1
2 ui · L

k−1
2
−1ui

]
=

1

2(2n− 1)
s+1
2

[∫
Lkui · ui +

∫
Lk−2ui · ui

]
,
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and if s is even, then

(−1)[
s
2
]

∫
T sui · Lk−s−1ui(5.10)

= (−1)
s
2
+[ s

2
]

∫ (
T

s
2 L

k−s−1
2 ui

)2

≤ 1
2(2n− 1)

s
2

[∫
L

k−1
2

+1ui · L
k−1
2 ui +

∫
L

k−1
2 ui · L

k−1
2
−1ui

]
=

1
2(2n− 1)

s
2

[∫
Lkui · ui +

∫
Lk−2ui · ui

]
(k ≥ 3).

Summing (5.9) and (5.10) yields

I2 ≤ (2n + 4)k
m∑

i=1

∫
Lk−1ui · ui

(5.11)

+ 4
∑
i,j,q

k−q−1∑
r=1

 ∑
s≤k−q−r(s odd)

2sCs
k−q−r

1

2(2n− 1)
s+1
2

·
(∫

Lkui · ui +
∫

Lk−2ui · ui

)

+
∑

s≤k−q−r(s even)

2sCs
k−q−r

1
2(2n− 1)

s
2

(∫
Lkui · ui +

∫
Lk−2ui · ui

)
≤ (2n + 4)k

m∑
i=1

∫
Lk−1ui · ui

= 2
∑
i,j,q

k−q−1∑
r=1

 ∑
s≤k−q−r(s odd)

2sCs
k−q−r

(2n− 1)
s+1
2

+
∑

s≤k−q−r(s even)

2sCs
k−q−r

(2n− 1)
s
2


·
(∫

Lkui · ui +
∫

Lk−2ui · ui

)
≤ (2n + 4)k

m∑
i=1

(∫
Lkui · ui

) k−1
k

+ C1(n, k)
m∑

i=1

[
λi +

(∫
Lkui · ui

) k−2
k

]

≤ (2n + 4)k
m∑

i=1

λ
k−1

k
i + C1(n, k)

m∑
i=1

[
λi + λ

k−2
k

i

]
,
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where we have used Lemma 2.3. Note that

C1(n, k) ≤ 2n

k∑
q=1

k−q−1∑
r=1

(
1 +

2

(2n− 1)
1
2

)k−q−r

.

Substituting (5.11) in (5.3) leads to

(λm+1 − β)s ≤ (2n + 4)k
m∑

i=1

λ
k−1

k
i

+ C1(n, k)
m∑

i=1

(
λi + λ

k−1
k

i

)
−m2n2

 m∑
i=1

λ
1
k
i

β − λi

−1

.

Along with the method in [10], we obtained (5.1).
Now let k be even. If s is odd, then by Corollary 2.2

(−1)[
s
2
]+1

∫
T s+1uiL

k−s−2ui =
∫

T
s+1
2 L

k−s−3
2 ui · T

s+1
2 L

k−s−3
2

+1ui

≤ 1

(2n− 1)
s+1
2

∫
L

k−2
2

+1uiL
k−2
2 ui

=
1

(2n− 1)
s+1
2

∫
Lk−1ui · ui

and if s is even, then

(−1)[
s
2
]

∫
T suiL

k−s−1ui =
∫

T
s
2 L

k−s−2
2 ui · T

s
2 L

k−s−2
2

+1ui

≤ 1
(2n− 1)

s
2

∫
L

k−2
2 uiL

k−2
2

+1ui

=
1

(2n− 1)
s
2

∫
Lk−1ui · ui.
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Summing two inequalities above yields

I
′
2 ≤ (2n + 4)K

m∑
i=1

∫
Lk−1ui · ui

+ 4
∑
i,j,q

k−q−1∑
r=1

 ∑
s≤k−q−r(s odd)

2sCs
k−q−r

(2n− 1)
s+1
2

+
∑

s≤k−q−r(s even)

2sCs
k−q−r

(2n− 1)
s
2

∫ Lk−1ui · ui

, (2n + 4)k
m∑

i=1

∫
Lk−1ui · ui + C2(n, k)

m∑
i=1

∫
Lk−1ui · ui

≤ (2n + 4)k
m∑

i=1

λ
k−1

k
i + C2(n, k)

m∑
i=1

λ
k−1

k
i .

Note that

C2(n, k) ≤ 4n
k∑

q=1

k−q−1∑
r=1

(
1 +

2

(2n− 1)
1
2

)k−q−r

.

Then proceeding with the same way for proving (5.1) we deduce (5.2). �

6. Eigenvalues for generalized Baouendi-Grushin operator.

Consider the eigenvalue problem{
−Lu = λu, in Ω
u = 0 on Ω

(6.1)

where L denote the generalized Baouendi-Grushin operator

L =
M∑
i=1

X2
i +

N∑
j=1

Y 2
j(6.2)

with the nonsmooth vector fields

Xj =
∂

∂xi
, i = 1, . . . ,M, Yj = |x|α ∂

∂yj
, j = 1, . . . , N,(6.3)

α ≥ 1, α ∈ R, M,N ≥ 1 and M + N = n. Ω is a bounded domain in Rn

with smooth boundary ∂Ω.
The existence of eigenvalues for the problem (6.1) can be proved with the

method in [12] and the embedding theorem in [6] and then (6.1) possesses
a system of eigenfunctions {uh} that forms an orthonormal base, with the
corresponding eigenvalues {λh} : 0 < λ1 ≤ λ2 ≤ . . . .
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By choosing the trial functions

ϕhxi
= xiuh −

m∑
i=1

ahlxj
ul, ϕhyi

= yiuh −
m∑

i=1

ahlyj
ul, h = 1, . . . ,m,(6.4)

we have

(λm+1 − λm)
m∑

h=1

 M∑
i=1

∫
ϕ2

hxi
+

N∑
j=1

∫
ϕ2

hyj

(6.5)

≤ −2
m∑

l=1

 M∑
i=1

ϕhxi
Xiuh +

N∑
j=1

∫
|x|αϕhyj

Yiuh

 .

Noting that

M∑
i=1

m∑
h=1

∫
ϕhxi

Xiuh = −mM

2
,

N∑
j=1

m∑
h=1

∫
ϕhyj

Yiuh = −N

2

m∑
h=1

∫
|x|2αu2

h

and Schwarz’s inequality, we get

mM

2
≤ mM

2
+

N

2

m∑
h=1

∫
|x|2αu2

h

≤
m∑

h=1

 M∑
i=1

∫
|ϕhxi

Xiuh|+
N∑

j=1

∫
|x|α|ϕhyj

Yjuh|


≤ max(1, dα)

 m∑
h=1

 M∑
i=1

∫
|ϕhxi

|2 +
N∑

j=1

∫
|ϕhyi

|2
 1

2

·

[
m∑

h=1

∫
(−Luh)uh

] 1
2

where d is the diameter of Ωy, the projection of Ω in the y-space. Then

m∑
h=1

 M∑
i=1

∫
|ϕhxi

|2 +
N∑

j=1

∫
|ϕhyj

|2
 ≥ m2M2

4 max(1, d2α)
∑m

h=1 λh
.

Returning to (6.5), we prove the following:
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Theorem 6.1. Let m ≥ 1, then

λm+1 = λm ≤ 4n

mM2
max(1, d4α)

m∑
h=1

λh.

Remark 6.1. This shows that the upper bounds for eigenvalues of (6.1)
depends on the domain.
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