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In this paper we will use one well-known modular equation
of seventh order, one theta function identity of S. MicCullough
and L.-C. Shen, 1994, and the complex variable theory of el-
liptic functions to prove some new septic identities for theta
functions. Then we use these identities to provide new proofs
of some Eisenstein series identities in Ramanujan’s notebooks

r “lost” notebook. We also derive a new identity for Eisen-
stein series and some curious trigonometric identities.

1. Introduction.

Suppose throughout that ¢ = exp(27mit), where 7 has positive imaginary
part, and set

[e.e]

(L.1) (2:@)o0 = [ [ (1 = 24™).

n=0
The Dedekind eta-function is defined by

oo

(12) 77(7') q%(q q) — 6% H(l _ e27rin~r).
n=1
For brevity, we define
13 b =TTy T g ey = 7208

nt(r)’ n(7r)’ n(r)

(
Throughout this article we will use (%) to denote the Legendre symbol.
The Eisenstein series T'(7), L(7), M (7), and N(7) are defined by

27rm7'

(14) T(T)_1+2§:1<7)1—q _1+22< )1—627”7”’

2minT

ne
=1-24 § j —,
—e TINT
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3 27rmT

(1.6) M(r _1+24021_q _1+24021_€2m7,

and

5 2minT

= 1_5042 i 27rznfr

In his lost notebook [17, p, 53], S. Ramanujan recorded without proofs
formulas for T'(r7), L(r7), M (r7), and N(r7), for certain positive integers
r, as sums of quotients of Dedekind eta-functions. These particular quo-
tients (called Hauptmoduls) frequently arise in the theory and applications
of modular forms and elliptic functions. In particular, Ramanujan claimed
that:

Theorem 1. Let k(7),h(7), M(7) and N(7) defined by (1.3), (1.6), and
(1.7), respectively. Then we have

(1.8)  M(r) = k(r)"3 (1 + 245h(7) + 2401h%(7))
(14 13h(7) + 490%())* |
(1.9)  M(77) = k(r)/3 (1 + 5h(r) + h2(r)) (1 + 13h(r) + 49h%())/*
(1.10)  N(7) = k(r)’ (1 75+ 2VT)h(r) - (21 + 8VT)H(7))
1—7(5 — 2VT)h(r) — T3(21 — 8ﬁ)h2(r)) ,

(1.7) N(r) =

and
(1.11)  N(7r) = k(r)? (1 (T +2VT)h(r) + (21 + 8\ﬁ)h2(r))
: (1 + (7= 2VT)h(r) + (21 — S\ﬁ)hz(r)) .

These identities reveal deep connections between Eisenstein series and
Dedekind eta-functions. The first published proofs of (1.8)-(1.11) are due
to S. Raghavan and S.S. Rangachari [16], who used the theory of modular
forms with which Ramanujan was unfamiliar. These proofs give a uniform
explanation of the existence of these identities but do not provide any insight
into how Ramanujan discovered the identities. These proofs are essentially
verifications. It is desirable to find more natural proofs of the aforementioned
identities without employing the theory of modular forms. B.C. Berndt,
H.H. Chan, J. Sohn, and S.H. Son [3] recently found proofs of (1.8)-(1.11)
based entirely on results found in Ramanujan’s notebooks [18]. In fact,
their proofs depend upon some modular equations of the seventh order of
Ramanujan.
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In the present paper, we present a quite different approach. Our main
tools are the following three Lemmas:

Lemma 2. The sum of all the residues of an elliptic function at the poles
inside a period-parallelogram is zero.

Lemma 3. Let 61(z|q) be Jacobi theta function defined by (2.1) below. Then:

01(2z > 13,20
(1.12) (mQmeiidE?::Q 3 (1) 1) cos(6n 4+ 1)z,
0’ 0’ 0’ 0’
(1.13) 5amm+§gmm+§ﬂam—@ﬁx+y+d@

01(x + y|q)01(y + 2|q)01 (2 + x]q)
01(x|q)01 (ylq)01(2|q)01(x +y + 2|q)

Lemma 4. Let h(7) and p(T) be defined by (1.3). Then
(1.14) 703(7) + 35p%(1) + 49p(7) + (P*(7) + Tp(T) +7)
\Ap3(T) + 21p2(7) + 28p(7) = 98h(7).

= 601(0lq)

Lemma 2 is a fundamental theorem of elliptic functions and can be found
in [5, p. 22]. Recently, in [9, 10, 11, 12, 13], we have used Lemma 2 to set up
many important theta function identities. Identity (1.12) is the well-known
quintuple identity [6, 7, 8, 21]. For an interesting account of this identity,
one can consult [2, p. 83]. Identity (1.13) was derived by S. McCullough and
L.-C. Shen in their remarkable paper [14], in which they used the properties
of theta functions to study the Sezgd kernel of an annulus. Identity (1.14)
is [22, p. 117, Equation (4.5)]. It plays a pivotal role in the study of the
modular equations of degree 7.

It should be emphasized that our method is constructive and can be used
to derive theta function identities and Eisenstein series identities, rather
than just to verify previously derived identities. This method provides
deeper insight into the theory of theta function identities and Eisenstein
series identities.

In this paper we will also prove the following identities:

Theorem 5. Let k(7),h(7), and T(7) be defined by (1.3) and (1.4), respec-
tively. Then we have

n

2. /n\ n2q
(1.15) 8—7}2(?)1_¢1=kvx&+whv»
n=1

(1.16) T(7) = k()3 (1 + 13h(r) + 49h%(7))/*
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™

oo n oo
L ng ng
(1.17) A(T)._1+4n§11_qn —28) r

n=1

= T2(r) = k(7)2/3 (1 + 13h(7) + 49h%(7)) ™

and

qqn — k(7)%/3(16 + 49h(7))

(1.18) 16 + i (g) -
n=1

- (1+ 13h(r) + 498%(r))*? |

Equation (1.15) can also be found in [17, p. 53] and the first published
proof of (1.15) are due to S. Raghavan [15], who used the theory of modular
forms. Equations (1.16) and (1.17) are contained in Entry 5 (i) of Chapter
21 of Ramanujan’s second notebook [18]. In [2, p, 467-473], B.C. Berndt
has given proofs of (1.8) and (1.9) by using some modular equations of the
seventh order. Many wonderful applications of (1.16) have been given in
[10]. To the author’s best knowledge (1.18) is a new identity.

In the course of our investigations, we obtain the following intriguing
identities of theta functions:

Theorem 6. If k(7),h(T) and p(T) are defined by (1.3). Then we have
0(Fla)  (Fla) | O1(Fla)

- ) e ey
20 01<(£T’\qq)> - ZE::qg i
(3p )+ = \/4p )+ 21p2(7) + 28p(7),
20 ff%q;) B ng:g -0
(1.24) 90%((2;)) - Z%g:g; + 995((;?'(2) = 5742 x T°h(r) + T*h*(7),
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9%@_(%)%@@
N €PN Eary
= 289 + 18 x T3h(7) + 19 x T*h%(1) + 7°h3(7),
6Gzlg) 63zl ()
200 ezl " ozl T oE
_ \%772(7)771(77) (46 + 637h(r) + 49%h3(r)) ,
6l 0zl | 0u(Zlg)\’
(20 <6a$m> R NIE
=TV 2(T)n 1 (77) (1 + 13h(7) + 49h*(T))
and
oo (G- () o7 ()

=V " (7)n
- (14 13h(7) + 49h*(7))

“T(77) (14 7h(7))
1/3.

Using the product representation of 6;(z|q) given by (2.2) and letting
g — 01in (1.19)-(1.28), we readily find the following curious trigonometric
identities:
Corollary 7. We have:
sin(27/7)

sin(3w/7 sin(m/7)

(1.29) sin(7/7) _smgzwﬁi sin(37/7) L
) G S e =
s DD D
(132 i@%fﬂg%+$gﬂ>:%ﬁ
asm) - S 22&?%? = 7
1) G e e =
T e R
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sin®(37/7)  sin®(n/7)  sin®(2n/7) 368
(1.36) Sob(n/7)  swe(2n/T) | sntGa/T) 7
sin(27/7) sin(m/7) sin(37/7)
(1.37) sin?(37/7)  sin?(2n/7) | sin®(7/7) 2V7,

(1.38) csc” (g) — csc (2;) - <377r> = 2TVT.

Equations (1.31) and (1.37) have been found by Berndt and Zhang [4].

The rest of the article is organized as follows: In Section 2 we introduce
some basic facts about theta function 6;(z|q). In Section 3 we prove (1.19)
using the quintuple product identity. Section 4 is devoted to the proofs
of (1.20) and (1.21). In Section 5 we derive (1.22) and (1.23). Sections 6
and 7 are devoted to the proofs of (1.24)-(1.28). In Section 8 we prove (1.15),
(1.16), and (1.17). In Sections 9 and 10 we derive (1.8)-(1.11). Lastly, in
Section 11 we prove (1.18).

2. Some basic facts about 604 (z|7).

We begin with the definition of the classical theta function 6;(z|q) [23, p.
464]

[e.e]

(2.1) 01(2lq) = —igs Y (—1)nganrHDeri iz

n=—oo
[e.e]

= 2q§ Z(—l)"q%"(”ﬂ) sin(2n + 1)z.

n=0

Using the Jacobi triple product formula we have [23, p. 470]

(2.2) 01(2]g) = 245 (sin 2)(¢; @)oo (4% @)oo (g€ 2%; @)oo

Differentiating the above equation with respect to z and then putting z = 0
we find that

(2.3) 0,(0lq) = 245 (g; ¢)2 = 20°(7),

where and throughout this paper the prime means the partial derivative
with respective to z.
From the definition of 61(z|q), the functional equations

(2.4) 01(2 + mlg) = —01(2|q), 61(2 +77lg) = —q~ 27220, (2]q)

can be easily verified. Differentiating the above equations with respect to z,
and then setting z = 0, we find that

(2.5) 0, (nlq) = —01(0lq), 01 (w7lq) = —q /?6,(0]q).
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Taking z = 7, 27”, and 37”, respectively in (2.2) and then multiplying the
three resulting equations together we find that

(2.6)
0, (g Iq) 61 (2; \Q> 61 (377T |Q> = V705 (6:0)%(a7:4")oo = VTR ()0 (T7).

The Fourier series expansion for the logarithmic derivatives of 61 (z|q) [23,
p. 489)] is

7 > n
(2.7) 6—1(z|q) =cotz + 42 o sin 2nz.
1 e -4
Substituting
1z 28 20 27
2.8 tz=-——— — — — —
28) VT LT3 T o5 4
and
1 1 1
(2.9) sinz:z—az?’—i—azg’—ﬁz?%—---
into (2.7) gives
0, 11 1 2
2.10 — =-_—-L — =M 3_ 2 5
(210)  GLGlo) = - 3Lz - S ME - N ()
1 0 n7qn
- — |1+4 7
4725( - 80;1_(1” 27+

By the infinite products expansion for 6;(z|q) and direct computation, we
find that

3
(740 T T
2.11)  01(7z|¢") = —~——"220,(z|q 01(2——(])9 (z—i—fq).
211) (7eld) =~ el [0 (o= Fla) o (+ 7
We now take the logarithmic derivative of this equation and obtain

T T > 9, T 61 o 0]
(212) gt (== la) + 30t (24 7 la) = g (7la)) ek,

Using (2.10) on the right-hand side of (2.12) yields
>0, T 9 T
A, D 21 -
213) > 7 (=== 1a) +;01 (=+ = la)

(L(r) — T2L(77)) = + 415 (M(r) — 7'M (77)) 2 + O().
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Differentiating with repect to z and then setting z = 0 gives

(2.14)

(5 G+ () (59 (1) () - -ra

Differentiating (2.13) with repect to z, three times, and then setting z = 0
we obtain

e () G (5 )+ () (5

= 11—5 (M(r) — 7'M (77)).

3. The proof of (1.19).

We recall the quintuple product identity (see Lemma 3)

(3.1) (¢;9) 2Z\q —9 Z q%(?’"%r") cos(6n + 1)z.

n=—oo

When z =0, (3.1) reduces to the Euler identity

oo

(3.2) (@@ = Y (~1)g2CFm),
n=—oo
Denote
6 1 2(6 1 3(6 1

(3.3) s(n) 1= cos DT (2nt D 36n+ D

7 7 7
By taking z = 7, 2 = —27”, and z = 37”, respectively, in (3.1) and then
adding the resulting equations we obtain
- o LB 00 | 0l

01(%1a) 91(2;frq> 01(F )

-9 Z 3n +n) (TL)

n=—oo

From the following easily verified elementary trigonometric facts:

-3, n=1 (modT)
(3.5) s(n) = { 1 m#1 (mod7),
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we have the evaluation

(3.6)
2 Z 1(3n%+n) ( )
n=-—oco
LS o . .
=2 ) (D"EETTsmy 2 Y0 (<1)"g T s(n)
n#l _(_mosd 7) n=1 :(_mod 7)
oo [e¢)
= Z (_1)nq%(3n2+n) —6 Z (_l)nq%(3n2+n)
n;‘éln:(:noc?d 7) nEln:(;rlosd 7)
0o 0o
— Z (—1)PgBn?+m) | 742 Z (—1)n g3 (1470 +49n)
n=-—00 n=-—00

= (4 @)oo + 70*(¢"%; ¢") 0
In the last step we have used Euler’s identity (3.2). Substituting the above
equation into (3.4) we obtain (1.19). This completes the proof of (1.19).
4. The proofs of (1.20) and (1.21).

We first prove (1.21) and then prove (1.20).
Let

03 (2lq)
(4.1) f(z) = :
01(z = Fla)01 (2 = )01 (= — Fla)’
Using (2.4) we can easily show that f(z) is an elliptic functions with periods
7 and 77. It has three simple poles 7, 27” , and 47” and no other poles.
Let res(f;z) denote the residue of f(z) at x. We have the following
evaluations:

(4.2) res (f; g) = lim (z - %) f(2)

=7
_r 3
= hm 771 X lim 27:91(2|q)
=2 01(2 = Flg) =2 01(z — Z|q)01(z — Z|g)
By L’Hopital’s rule,
) 1
(4.3) lim e = .
=7 0(z—Zlg)  01(0lq)

It is plain that

3 H2(=
(4.4) lim 61 (zla) 1(719)

=2 00z — Zl)0(z— Z|g)  61(3|q)
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Therefore we have

™ 0% (%lg
(4.5) res (fio ) = 3
( 7> 07(019)01 (%% |q)
In the same way we find that
21 01 (% |q)
4.6 res| = )| =0 0o
0 (15F) = ~swantz
4 01(Fq)
4.7) res < ;) = —77T
| ) Hon ()
On the other hand, Lemma 2 gives
4
(4.8) res <f;§>+res (f;Q;T)—i-res (f,;) =

Substituting (4.5)-(4.7) into the above equation we obtain (1.21).
We are now ready to prove (1.20). Letting

(49) 0 6Tl AFle)
01(%lq) 61(%q) 01(%F|q)

and recalling (1.3), we find that (1.19) can be rewritten as

(4.10) a+b+c=1+p(7).

Using (4.4) we find that (1.21) can be written as

(4.11) ab* —a*+c=0.

It is obvious that

(4.12) abc = —1.

Multiplying (4.11) by a~! and ¢, respectively, and then using (4.12) in the
resulting equations we find that

(4.13) be? —b* +a =0,
(4.14) ca’* —c* +b=0.
Denote

(4.15) Q:=ab+bc+ca, P:=a+b+c=1+p(1), R:=abc=—-1.
Multiplying (4.11) by a, (4.13) by b, and (4.14) by ¢ and then adding the
resulting equations we find that

(4.16) (a®b* + b%c* + c*a?) — (a® +b° + ) + ab+ be + ca = 0.

Using the theory of elementary symmetric polynomials, we readily find that
the above equation can be rewritten as

(4.17) Q% + (3p(1) +4)Q — (p°(7) + 3p*(7) + p(7) — 4) = 0.
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Solving the above equation for @), we obtain

(4.18) Q- —%(3;)(7) 44y — %\/4p3<’r) F21%(7) + 28p(7).

Noting the definitions of a,b, and ¢, (4.9), we find that (4.18) is (1.20).

5. The proofs of (1.22) and (1.23).
Using (2.6) and (4.9) we readily find that

2
o = a'b ==V () 091%(&;;’
3
52 yo 1= ble = =T (7)n(77) m |
7
= c3aq = 2(r - w
(5:3) = o= VI (O e

From (4.11)-(4.14) and some straightforward evaluations we find that

(5.4) y1y2 = —y1 — 1,
(5.5) Yays = —y2 — 1,
(5.6) ysyr = —y3 — 1,
(5.7) y1y2ys = 1.

We now compute y; + y2 + y3 and y1y2 + y2y3 + y3y1. Noting (4.12)
and (4.15), we have the evaluation

(5.8) PQ = (a+ b+ c)(ab+ bc + ca)
= ac® + cb® + ba® + ab® + bc? + ca® - 3.
Adding (4.11), (4.13), and (4.14), we find that

(5.9) ab®> + b +ca’? =a®> +0*+F —a—b—c
=(a+b+c)*—2(ab+bc+ca)—a—b—c
=P?2_2Q-P

Substituting the above equation into (5.8), we find that

(5.10) ac® + cb? +ba* = —P? + PQ + P +2Q + 3.

Using (4.11), (4.13), (4.14), and the above equation, we readily find that

(5.11) ab® + b + ca® = a(c? = b) +b(a® —¢) + c(b* — a)

= ac® + cb® + ba® — ab — be — ca

=-P*+PQ+P+Q+3.
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Employing (4.11), (4.12), (4.13), (4.14), and the above equation, we find
that

(5.12) a®b+ b+ Pa = (a® + b* + ) (ab + be + ca)
—ab® —bc® —ca® +a+b+c
=(P*-2QQ+P*-PQ-P-Q-3+P
= P?Q + P*-2Q* - PQ - Q - 3.

Therefore, by using Lemma 4, (4.10), (4.18), and the definitions of yi, yo,
and y3, we obtain

(5.13)
Y1+ y2 + Y3 =a’b+ bPc + Aa
=P Q+P>-PQ—-2Q°-Q -3
= (p*(7) + Tp(T) + )Q — 2p° (1) — 5p*(7) + 6

= 7%(/)2(7') +7p(T) +7) (3p(T) +4+ /43 () + 21p2(7) + 28p(7)>

—20%(1) — 5p%(1) + 6

— 2 (0P(r) + Tp(r) + T) VA(T) T 2107(7) + 280(7)

2
— % (7p3(7) + 35p2(7') + 49p(7')) -8
(7T
_ g 497374<(T)) = —8 — 49h(7).

The above equation is equivalent to (1.22).
Adding (5.4), (5.5), and (5.6) and then using the above equation we im-
mediately have

(5.14) Y1y2 + yoys + ysy1 = —(y1 + y2 + y3) — 3
4
n*(77)
— 5449 — 5+ 49h(T).
n(7) ™

The above equation is equivalent to (1.23).

6. The proofs of (1.24) and (1.25).

Multiplying (4.11) by ab, (4.13) by bc, (4.14) by ac, and noting the definitions
of y1,y2, and y3, we find that

(6.1) AP =y +1, PSP =y+1, Ed®=uy;+]1.



SOME EISENSTEIN SERIES IDENTITIES 115

Multiplying (4.11) by b, (4.13) by ¢3, (4.14) by a®, and using the definitions
of y1,y2, and y3, we obtain

(6.2) ab® = a?b® —yy, b =023 —y3, cd® =P — .
Combining (6.1) and (6.2) we have

63) b’ =yi—y+1, b =y—y3+1, ca’=yz -y + 1.
Multiplying (4.11) by a®, (4.13) by b and (4.14) by ¢®, we find that
(6.4) a' =dPc+yi, b =ba+yl =+

From (6.3) and (6.4) we find the following relations:

(6.5)

a' =yl —p+ys+1, b =ys—m+un+l, =yl -yt tl
Using the above relations, (5.13), and (5.14), we immediately have
(6.6) a’ +b" 4"

=yi +ys+y3+3

= (y1 +y2 +y3)° = 2(0192 + y2u3 + y3y1) + 3
= (84 49h(7))? — 2 (5 4 49h(7)) + 3
=574 2 x T3h(r) + 7' h* (7).

The above equation is equivalent to (1.24).
By using (6.5) and (5.4)-(5.7) we find that

6.7)  db =gy + 1% VT =y +1)% a” = ys(ys + 1)

Adding the three equations together in (6.7) and then using (5.4)-(5.7),
(5.13), and (5.14), we obtain

(6.8) a’b 4+ b +c"a”
=y1(y1 +1)* +y2(y2 + 1)° + y3(ys + 1)
= (1 +y2+y3)° = 3(y1 + y2 + y3) (W1y2 + y2ys + ysy1)
+ 3y1y2ys + 2(y1 + y2 + y3)® — 4(y1y2 + y2ys + ysy1)
+y1+y2 +y3
=(y1 +y2+ y3)3 +5(y1 +y2 + y3)2 + 14(y1 + y2 + y3) + 15
= —289 — 18 x T°h(1) — 19 x T*h%(1) — T°h3(7).

The above equation is equivalent to (1.25).
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7. The proofs of (1.26), (1.27) and (1.28).
Multiplying (4.11) by a*b?, (4.13) by b%c?, (4.14) by a?c*, and using (5.1)-
(5.4), we find that
(7.1) At =ity Vet =3y, ot =15 s
Therefore we have
(72) @b 0+ at =y by by e yE s
= (y1 +v2+ y3)* — 2(y192 + y2u3 + Y31
+ Y1+ Y2 +ys.
Substituting (5.13) and (5.14) into the above equation we obtain
(7.3) a®bt + b2t + Pat = 46 + 13 x 49h(7) + 492h3 (7).

The above equation is the same as (1.26).
Now we prove (1.27). By a direct evaluation,

(7.4) (x1+ z2 + .%'3)3
= .I':l)’ + 1’% + a:g + 6&313?2.%‘3
+ 3Tz + 3zi23 + 32371 + 3w573 + 3w3Ty + 3TiTe.

Taking x1 = {/13y2, 22 = {/ysy3, and 3 = /y3y; and using (5.4)-(5.7),

we obtain

(7.5 (ko + 3fos + 3fin)

= yiy2 + Y3y + Y3y + 3(y1 + Y2 + ys3)

+ 3(y1y2 + y2y3 + y3ya) + 6
=-yi(y1+1) —y2(y2+1) —ys(ys + 1)

+3(y1 +y2 +y3) + 3(y1y2 + y2y3 + y3ys) + 6
= —yi — 5 — v3 +2(y1 +y2 +3)

+ 3(y1y2 + y2ys + Y3ya) + 6
=—(+y2+y3)* =31 +y2+ys)— 9
= —49 (1 + 13h(7) + 49h*(7)) .

Noting the definitions of y1,y2, and y3, we find that the above equation is
equivalent to (1.27).
Finally we prove (1.28). Denote

(7.6) A = —8 — 49h(T).
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Then (5.13) and (5.14) can be written in the following forms, respectively:

(7.7) ity +ys=A
7.8) Y1y2 + y2ys + yays = —A — 3.

By (5.4)-(5.7), (7.7), and (7.8),

(7.9) Ui+ ys i =A%+ 20 +6,

(7.10) yd 4+ s +ys = A3+ 3A% +9A + 3,

(7.11) Yt 4+ ys +ys = AT+ 4N + 14A% + 16A + 18,

(7.12) Yo +ys +y5 = A%+ 5AT + 20A3 + 35A% + 50A + 15.

Taking z1 = {/yiy2, 22 = V/ysys, and x5 = /yjy1 in (7.4) and us-

ing (5.4)-(5.7), we obtain

(7.13) ({’/yi”w + {udvs + {’/yé’y1>3

= Ytz + y5ys + Y3y + 3(Yiys + yiye + yiy1)
+ 315 + ¥5u3 + y3yi) + 6
—(y7 + 95 +93) — (i +vs +y3)
+3(y7 + 95 +u3) +3(u7 + 93 +43) +3(u1 +y2 +y3) -3
—(AZ+3A +9)(A+1)3
= 79(1 + 13h(7) + 49h%(7))(1 + Th(7)).

Substituting (5.1)-(5.3) and (7.6) into the above equation, we obtain (1.28).

8. The proofs of (1.15), (1.16) and (1.17).
We recall the following identity (see, for example, [20]):

(8.1) cot’y — cot?z + 8 Z (cos 2nx — cos 2ny)

1—q

G 7y’q)91(x+y|Q)
= 07(0q) 03 (x]q)03(zlq)

Dividing both sides of this equation by x —y and then letting y — =, we get

2. n
q . / 301(2z(q)
sin 2nz = 01(0|q)° ———~.
1091 alg)

> n
2 2cot (1 t22)—1
(8.2) cot z(1 + cot® z) 62141"
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Taking z = 7, 27“, and —37”, respectively, in the above equation and then
adding the resulting equations we get

(8.3)

s—16 Z s(n)
n=1

Here
(8.4) S—QCOtE<1+COt3z)+2COt2i 1+c0‘532—7T
' B 7 7 7 7
3T 3T
—2cot — ( 1+ cot® —
co 7 ( + co 7 ) ,
2 4 6
(8.5) s(n) = sin ;m + sin 77177 — sin T;W.

Setting ¢ = 0 in (8.3) and then using (1.32) we have
sin(2m/7)  sin(w/7) sin(3m/7) 64

8.6 = = 7.
(8.6) sin*(7/7)  sin*(37/7)  sin*(2w/7) 7
From [13, p. 145, Equation (7.18)] we know that

. 2nm . dnm . 6n7r
(8.7) s(n) = sin — + sin —— —sin—— ( )

Substituting (8.6) and (8.7) into (8.3) and then using (1 22) in the resuting
equation we obtain (1.15).

To prove (1.16), we recall the identity of Mccullogh and L.-C. Shen (see
Lemma 3)

9! 9 0 9
(8.8) L(zlg) + Lylg) + 2 (2l9) — 2z +y+ 2|q)
o, o, o, o,

01(x + y|q)01(y + 2|q)01(2 + z|q)
01(]q)01(ylq)01(2|q)01 (x +y + 2|q)

Taking (z,y,2) = (%,—37”,—37“),(%—27”,—27”), and (%,%,27”), respec-

tively, in the above equation we obtain

= 01(0lg)

0 0 e 01(%2q)
9 (T —(r) ( |q> — 0, (0)q) 71D
o, (7 ) 01\ 7 B3 g)
0, s 0’ T 37 61(%q)
8.10 0 —21< >+1< >:0’0 s
(8.10) & ( ‘q) o \ 710 T\ 7l 1 |q)9%(27”|q)
0, /m 0, (2r 0y (31 N\ o 01(El)
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Adding (8.9), (8.10), and (8.11) gives

2m
(8.12) 2 (cot7 +cot7 —co t?);)

0 n
2 4 6
O ( 7+77)

_ 01(Fla)  61(%la) | 61(3Flg)
‘”@m<ww@ 2l T Ry

Setting ¢ = 0 and then using (1.35), we obtain

7

2
(8.13) cot?—kcot%r—c t——\f

Substituting (8.7), (8.13), and (1.27) into the above equation we obtain (1.16).
To prove (1.14), we construct the following elliptic function:

01(2 + %19)01(= + Fq)01 (2 — Fla)

03 (lq)
By using (2.4), it is easy to check that f(z) is an elliptic function with
periods m and 77. Also, f(z) has only one pole at 0, and its order is 3. We

now compute res(f;0).
It is plain that

(8.14) f(z) =

L L[RGER)
(8.15) res(f;0) = B [dzz] s
Set
(3.16) FE) =216, 00 =10

By logarithmic differentitation we easily find that

223 2
(8.17) nmﬁmziﬁ(ﬁgﬁ}ozi

Using (2.10) we find that
/ /
71 71
9 01
0] 1
9< - > &<_m>
/
71
25 (= + 7 )

01 27 01 3 3
+01<z+7|q>+0(z—7|q>+0(z ).

F(0) (¢(0)* + ¢/(0)) .

z

(8.18) d(2) = (zlq) +

(++210)
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Setting z = 0 and then using (8.7) and (8.13), we obtain

(8.19) $(0) = g< |)+9'(\>—9/( r)

— (cot T + cot 2T — cot 5T
—CO7 CO7 CO7

. 2nmw dnm . bnm
+4Zl—q ( 7 +S1n7—Sn7>

_f<1+zz< )1_”q>

Differentiating (8.18) with respect to z, setting z = 0, and using (2.14), we
find that

o - (8 200+ () (5]« (5) (4

> nqn & nq7n
=—7|1+4 — 28 — .
+ gl_qn Zl_qﬁz

n=1

Note that

01 (2 1)01 (219)01 (1)
AGHE 70

Substituting (8.19) and (8.20) into (8.17) and using Lemma 2, we find that

0 n oo 2
(8.22) 1+4Z:11”qqn—282_:11 <1+2Z( )1q) .

Combining (1.16) and (8.22) we obtain (1.17).

(8.21) F(0) = —

9. The proofs of (1.8) and (1.9).
To prove (1.8) and (1.9), we introduce the function

01(22|q)01(3z|q)
9.1) flz)= .
| ) 09(21q)01(72q7)
By using (2.4) we readily verify that f(z) is an elliptic function with pe-
riods 7 and w7. The poles of f(z) are 0 and %, 7”, . 67”. Furthermore,
= 27”, e 67” are simple poles and 0 is a pole of order 5.
From Lemma 2, we have

(9.2) res(f;0) +Zres< > =0.
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Now,

09 w(r) = (- 2) s
0 Flo6 (Flo) _ 1 () g (Z10)
701(01q7)07(%1a) 270 (7r) t T

and we also find that

T T 2(1) o m
(9.4) res (f; 67> = res (f;;) = _2\1ﬁ7;72((77>)017 (? |q> .

In the same way we find that

(95)  res (f; %) - <f; 5;T> - 2177722((7?) o <277T ’q) ’
()0 ) i ()

To compute res(f;0), we define

0.7) F(2) = 20(2), 6(z) = Z((j;
It is plain that
6 3

(9.8) F(0) =

70,(0[¢7)0; (0]g)* — 11203 (77)n2(7)’

By an elementary calculation,

(9.9)  res(f;0) = 214 [F92)]

= PO (454(0) + 662(0)6/(0) + 46(0)6(0) + 36/ (0)? + ¢"(0)
Using (2.10), we find that
910)  6(2) = 2 651 ela) + 201 25la) + 33) (3l) — T (72l
= (7L(7T) —L(7)) 2
+ 4—75 (343M(77) — 13M (7)) 2° + O(2°).

This yields
(9.11)  ¢'(0) = ! 5 (TL(77) = L(7)) = 14A(7),  $(0) =0, ¢"(0) =0,

Qbm(()) 14

I+ (343M(77) — 13M (7).

121
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Substituting the above equations into (9.9) we arrive at

912)  res(f:0) = ﬁyf?’(m 12(7)
- (630A%(7) + 343M (77) — 13M (7)) .
Substituting (9.3)-(9.6) and (9.13) into (9.2) we obtain

(9.13)  630A%(7) + 343M (77) — 13M (7)
= Do) (07 (Z1a) - o7 (F1a) -0 () )
Substituting (1.28) into (9.13) we obtain the following interesting result:
Lemma 8. We have
(9.14) 630A%(7) 4 343M (77) — 13M (1)
— 960k(7)Y/3 (1 + 7h(r)) (1 + 13h(r) + 49h%(7)) />
From [1, pp. 24, 48, 69] we know that

(9.15) n(=1/7) = v/—irn(7),
(9.16) L(—-1/7) = —% + 72L(71),
(9.17) M(=1/7) ="M (1),

(9.18) N(=1/7) = 7°N(r)

It follows that

(9.19) n(—=1/771) = /=Titn(77),
(9.20) A(=1/77) = =T1%A(7),
(9.21) M(=1/77) = (77)* M (77),
(9.22) N(=1/77) = (77)5N(77),
(9.23) h(—=1/71) = 7271 (7).

Replacing 7 by —1/77 in (9.14) and then using (9.20), (9.21), and (9.23) in
the resulting equation we deduce that:
Lemma 9. We have
(9.24) 90A%(1) — 91M(77) 4+ M(7)
= 960k(7)"/3 (Th(r) + h2(r)) (1 + 13h(r) + 49h2(r))"/* .

By solving the linear system of equations, (9.14) and (9.24), for M (7) and
M (77) we deduce the following theorem:
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Theorem 10. We have
(9.25) TM(71) = 15A%(1) — 8k(7)*? (1 + 20h(7) + 91h%(T))

- (1+ 13h(r) + 4982(r))/?
(9.26) M (1) = 105A%(7) — 8k(7)"/3 (13 + 140h(7) + 343h*(7))

- (14 13h(r) + 49h2(r))/* .

Substituting (1.17) into the above equations, respectively, we obtain (1.8)
and (1.9).
10. The proofs of (1.10) and (1.11).

Let

01(2]q)601(22]¢7)

0t (zl¢")
It is easy to check that f(z) is an elliptic function with periods 7 and 777.
Also, f(z) has only one pole at 0, and its order is 9. From lemma 2 we have

(10.1) 1) =

(10.2) res(f;0) = 0.
Set
(10.3) F(z) = 2f(2), o(z) = 1;;/((;)

Using (2.10) we find that

9 0 Ly L ol 7
(10.4) P(2) = -+ = (2lq) = 11=(zlq") +2,-(2z2]|q")
z 91 91 91
Lo, 2 A5 246 7~ 4"
=2z 152 352 47252 +4;1—qn sin 2nz
oo ™
+4Y 5 z 7 (250 4nz — 115in2n2) + 0(=9).
n=1
It follows that
(10.5) ¢'(0) = 2A(7),
2
(10.6) " (0) = T (M(7) +5M(77)),
(10.7) 59(0) =~ (N(r) + 53N(7r)),

(10.8) $(0) = ¢"(0) = ¢!V (0) = 99 (0) = 0,
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and

7 ™
(10.9)  ¢™(0) = (1 + 480 Z 4+ 245 + 245 x 4807 nd > .
—q"

Employing the identity [1, p. 199], [19]
n7qn

(10.10) M?(1) =1+ 480 i 1

n=1

Equation (10.9) can be written as

16

(10.11) »(0) = T

(M?(7) + 245M*(77)) .

Using the fact that ¢(0) = ¢”(0) = ¢ (0) = $(®)(0) = 0, we find that by

a direct computation,

(10.12) res(f;0) = 'F( )(105¢/(0)4 + 210¢/(0)2¢///(0)

+28¢/(0)6%)(0) + 356" (0) + 67 (0) ).

8!

Substituting (10.5), (10.6), (10.7), and (10.11) into (10.12) and then us-
ing (10.1) yields

(10.13) N(r) + 53N(7r)

= B 42(r) (154(r) - M () ~ M (7))

1
©324(7)

(M?(7) — 14M (1) M (77) + 553M>(77)) .
Replacing 7 by —1/77 in the above equation and then applying (9.20)-

(9.23) in the resulting equation, we deduce that

(10.14)  53N(r) + 7N (77)
441

= ——-A(r) (15 x T2A%(1) — 5M(T) — T*M(77))
*miuﬁmM%ﬂ—2x#MﬁMﬂ%Hﬂ”ﬁWﬂ%

Solving the above two equations for N(7) and N(77) we obtain the fol-
lowing lemma:
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Lemma 11. We hcwe

(10.15)  N(r) = MA( 7) (135 x T2A%(1) — 2 x T*M(77) — 388M (7))
1

 27840A(7) (77M 2(T7) = 6 x TXM(r) M (77)
+ 923M2(7)>,

(10.16) N(771) = A(r) (—135A4%(7) +2M (1) + 388M (7))

7

2320

TN S (M2(r) — 42 (7) M (77)
27840A(r)

+ 6461M2(77')).

Substituting (1.8), (1.9), and (1.16) into the above two equations, respec-
tively, we obtain (1.10) and (1.11).

11. The proof of (1.18).

In this section we first evaluate some elementary trigonometric sums. Let
w —eXp(QT”) It is well-known that

6

(11.1) 1-2)JJa—aw)=1-2",

r=1
It follows that for = # 1,

2 4
(11.2) <1 — 2z cos 77T + :1:2> (1 — 2xcos77r + :c2> <1 — 2xcos677r + :c2>

1—27

11—z
Letting z — 1 gives

96 g2 7 9 2m . 5 3m

(11.3) sin - sin - sin - = 7,
and from this we obtain

2
(11.4) smgsm%sm— ,\f

Similarly, setting x = —1 in (11.2), we have

2 3 1
(11.5) (:osgcos?Wcos?7r =3

Combining the above two equations we obtain

2 3 1
(11.6) cot = cot - cot & = —.

O SR N
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We recall the identity (see (8.13))
2 3
(11.7) cotg—l—cot%r—(:0‘577r =7
Taking ¢ = 0 in (2.14), we obtain

2 3

(11.8) cot? g + cot? 77T + cot? 7” =5.
From (11.6), (11.7), and (11.8), we readily find that

2 3
(11.9) cot%, cot 77T, and —cot77T
are the roots of cubic equation

1
11.10 23—Vt +—=0.
(11.10) 7
Let
2 3

(11.11) Sp = (:0‘5”%4—(:0‘5"77r + (—1)”60'5”%.

Then from (11.10) we obtain the following recurrence formula:

1

(11.12) Sp+3 = \ﬁsn+2 — Sn+1 — \an’ So — 3, S1 = \ﬁ, S9 = 5.

It follows that
25 103

11.13 S3=—=, sS4=19, s5=——.

( ) 3 N 4 5 N
It can be easily verified that

(11.14) cot™® 2 = 16 cot = + 40 cot® z + 24 cot® .

Therefore we have

2 3 3584
(11.15)  cot™® ; + cot™ 77r + cot™ 77T = 1651 + 40s3 + 2455 = NE
Now we begin to prove (1.18). Using (2.4) we can verify that

(11.16) () = 01(22]q)01(2 + §qu)?1(izq;r q)6:1(z — *Flq)

is an elliptic function with only one pole, namely, at 0 with order 6.
Set

(11.17) F(z):=2%f(z),  ¢(z):=
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We find that

/

(1118)  6(2) =2~ TpLGla) + 251Gl

+ﬁ<+f|)+ﬁ _|_2£| +g _3£|
g, ) Ty \FT ) Ty \F T e

3 /

=L(1)z — %M(T) —i—% (z+ g |q>

0} 0}
+E <z+277r\q> +€— <z— 3;\(1) +0(2%).
Setting z = 0 and then using (8.19), we find that
9/
a9 o0 =g (Zlo) + g (1) - 2 (X )
—f<1+22( )1_q )

Differentiating (11.18) with repect to z and then setting z = 0 and finally
using (2.14), we obtain

o o=z (4 540+ (3 (59) - () (54

= —TA(7).

Differentiating (11.18) twice with repect to z , seting z = 0, and using (8.6)
and (8.7), we obtain

wan o= (@) G+ () (F0) - (5) (51)
B \8f7 (8 B 750; (7) 1nqq”> '
Using (2.15), we find that

(11.22) ¢ (0) = —gM(T) + (gi)m (E |q)

() (7= () (74

_ 115 (TM(r) + 2401 M (77)) .
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From (11.16) and (8.7), we have

(11.23) ¢ (0) = <zi>(4) (*I ) <0/1>( | <277r IQ> - (Z)M) (3; q)

2 3
= cot(4) 7 + cot™® a + cot™® 77T
0 4. n
2 4 6
+ 64 Z; 1n_qqn (sin g + sin g — sin T)

o0 n n4qn
=32 1 — .
3 f?( 6+nz::1(7) -
By logarithmic differentiation we find that

(1120)  res(f:0) = 72 F(0)(6(0)° +106(0)°6(0) + 56(0)¢" (0)

120
+109(0)*¢" (0) + 15¢(0)¢’(0)*

+106/(0)6" (0) + 64)(0) ).
Substituting (11.19)-(11.23) into the above equation and then using (8.19)

in the resulting equation and finally using the fact that res(f;0) = 0, we
obtain

(11.25) 96 (16 + Z (7;) — )

(1 + 22 ( ) r ) (17M(7) + 2401 M (77))

—882<1+2Z< )1_q )5.

Substituting (1.8), (1.9), and (1.16) into the above equation we immediately
obtain (1.18).
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