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In this paper we use the method of stochastic integral due
to Gaveau to construct the heat kernel for the quaternionic
Heisenberg groups, and then follow the line of Coulhon et al.
to deduce the uniformly boundedness of the Riesz transforms
on these nilponent Lie groups.

0. Introduction.

As the heat kernel plays an important role in many problems in harmonic
analysis, an explicit usable expression is very much desirable.

An explicit expression for the heat kernel for the Heisenberg group Hn =
Cn ×R was obtained by Hulanicki [9] and by Gaveau [7]. Gaveau [7] also
obtained the heat kernel for free nilpotent Lie groups of step two. Cygan [4]
obtained the heat kernel for all nilpotent Lie groups of step two. But neither
Gaveau’s expression for free nilpotent Lie groups nor Cygan’s expression for
arbitrary nilpotent Lie groups of step two were as explicit as in the case of
Heisenberg groups.

The Hulanicki-Gaveau’s formula for the heat kernel for the Heisenberg
group has many interesting applications: Hueber [8] et al. used it to describe
the Martin boundary corresponding to the sublaplacian of the Heisenberg
group, Garofalo [6] et al. used it to study the regularity of boundary points
in the Dirichlet problem for the heat equation on the Heisenberg group,
while Coulhon [3] et al. used it to show the uniform boundedness of Riesz
transforms on the Heisenberg group. Although these applications are very
impressive, they depend heavily on explicit expressions for the heat kernel.
All of these works motivate the following question: Are there other nilpotent
Lie groups for which the expressions for the heat kernel are as explicit as in
the case of the Heisenberg group?

The first aim of this paper is to look for such formulae for the heat kernel
for the quaternionic Heisenberg groups. These groups are defined by replac-
ing the complex field C by the field of quaternions H in the definition of
Hn. More precisely, we make Hn×R3 into a nilpotent Lie group of step two
by suitably defining the group operation. On this group there is a natural
sublaplacian with an associated heat kernel. We use the method of Gaveau
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[7], i.e., the stochastic integral, to calculate the heat kernel for the quater-
nionic Heisenberg group and obtain a closed form expression which closely
resembles that of the heat kernel for Heisenberg groups. As we know, apart
from the standard Heisenberg group, the quaternionic Heisenberg group is
the only nilpotent Lie group on which an explicit formula for the heat kernel
has been obtained up to now.

The second aim of this paper is to use the explicit formula for the heat
kernel to study the uniform boundedness of the Riesz transforms on the
quaternionic Heisenberg group. That is, the Riesz transforms are bounded
on Lp spaces with norms independent of the dimension of the group. On the
standard Heisenberg group this problem was addressed by Colhon [3] et al..
We apply their method to the quaternionic groups and by overcoming con-
siderable difficulties in the process of calculation, finally prove the uniform
boundedness of Riesz transforms on the quaternionic Heisenberg group.

We hope that we can use this explicit expression of the heat kernel to solve
other problems in the harmonic analysis on the quaternionic Heisenberg
group.

1. Prelimilaries.

We identify the division ring H of quaternions with R × R3. For p =
(x0,x),q = (y0,y) ∈ H, the quaternionic multiplication is defined as:

pq = (x0,x)(y0,y) = (x0y0 − x.y, x0y + y0x + x× y),

where x.y and x× y are the inner and exterior product of x and y respec-
tively. For p = (x0,x) ∈ H, we use the notations x0 = Rep, x = Imp. The
conjugate of p is denoted as p = (x0,−x) and |p| = (p.p)1/2 is the norm of
p.

The product space Hn ×R3 together with the multiplication

(p1, . . . ,pn,u).(q1, . . . ,qn,v)

=

(
p1 + q1, . . . ,pn + qn,u + v + 2

n∑
r=1

Im (qr.pr)

)

constitutes a Lie group, called the quaternionic Heisenberg group, and de-
noted by HHn (Allcock’s notation [1]).

We know [2] that if

pr = (xr0,xr) = (xr0, (xr1, xr2, xr3)) ∈ Hn,

for 1 ≤ r ≤ n and u = (u1, u2, u3) ∈ R3,
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then the vector fields

Xr0 =
∂

∂xr0
− 2xr1

∂

∂u1
− 2xr2

∂

∂u2
− 2xr3

∂

∂u3
,

Xr1 =
∂

∂xr1
+ 2xr0

∂

∂u1
+ 2xr3

∂

∂u2
− 2xr2

∂

∂u3
,

Xr2 =
∂

∂xr2
− 2xr3

∂

∂u1
+ 2xr0

∂

∂u2
+ 2xr1

∂

∂u3
,

Xr3 =
∂

∂xr3
+ 2xr2

∂

∂u1
− 2xr1

∂

∂u2
+ 2xr0

∂

∂u3

form a basis of the Lie algebra of HHn. The commutators of these vector
fields satisfy

[Xr0, Xs1] = 4δrs
∂

∂u1
= [Xr2, Xs3],

[Xr0, Xs2] = 4δrs
∂

∂u2
= [Xr3, Xs1],

[Xr0, Xs3] = 4δrs
∂

∂u3
= [Xr1, Xs2]

with all other brackets equal to zero. So the quaternionic Heisenberg group
is a nilpotent Lie group of step two.

Following the case of the Heisenberg groups [5], we introduce on HHn

the group {δt : 0 < t <∞} of dilations defined by

δt(p,u) = (tp, t2u) = (tp1, . . . , tpn, t2u).

These dilations satisfy the distributive law

δt((p,u).(q,v)) = δt(p,u).δt(q,v).

We also define the norm function on HHn by

|(p,u)| = (|p|4 + |u|2)1/4 =

( n∑
r=1

3∑
i=0

|xri|2
)2

+
3∑
j=1

u2
j

1/4

,

which satisfies
|δt(p,u)| = t|(p,u)|.

Let e = (0, 0) be the identity element of the group HHn.
We know [5] that Kohn’s sublaplace operator on the quaternionic Heisen-

berg group is defined as

4 =
n∑
r=1

3∑
i=0

X2
ri.
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A simple calculation shows that

4 =
n∑
r=1

3∑
i=0

∂2

∂x2
ri

+ 4
n∑
r=1

3∑
i=1

(
xr0

∂2

∂xri∂ui
− xri

∂2

∂xr0∂ui

)

+ 4
n∑
r=1

3∑
i=0

x2
ri

3∑
j=1

∂2

∂u2
j

+ 4
n∑
r=1

∑
(i,j,k)

xri

(
∂2

∂xrj∂uk
− ∂2

∂xrk∂uj

)
,

where (i, j, k) means the cyclic permutation of (1, 2, 3).

2. The heat kernels of the quaternionic Heisenberg groups.

In this section we shall use the method developed by Gaveau [7] and Hulan-
icki [9] to derive an explicit expression of the heat kernel of the quaternionic
Heisenberg group. Firstly we have:

Lemma 2.1. The diffusion of the infinitesimal generator 1
24 starting at e

is the process
g(s) = (xri(s), uj(s))1≤r≤n, 0≤i≤3, 1≤j≤3,

where (xri(s))1≤r≤n, 0≤i≤3 are 4n standard Brownian motions, and

uj(s) = 2
n∑
r=1

∫ s

0
xr0dxrj(t)− xrjdxr0(t) + xrkdxri(t)− xridxrk(t).

Proof. As in [7], the projection on Hn = R4n of the diffusion to be found is

the diffusion of the infinitesimal generator 1
2

n∑
r=1

3∑
i=0

∂2

∂xri
2 , which is given by

4n standard Brownian motions (x1(s), . . . ,xn(s)). Hence it is sufficient to
compute the stochastic differentials duj(1 ≤ j ≤ 3).

We observe that the matrix of principal symbols of 4 is given by

G =


I4 . . . 0 A1
...

. . .
...

...
0 . . . I4 An
tA1 . . . tAn C


where, for 1 ≤ r ≤ n,

Ar =


−2xr1 −2xr2 −2xr3
2xr0 2xr3 −2xr2
−2xr3 2xr0 2xr1
2xr2 −2xr1 2xr0


and

C =

(
4

n∑
r=1

|xr|2
)
I3.
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In these expressions, Ik denotes the identity matrix of order k. Let

Σ =

 I4 . . . 0 A1
...

. . .
...

...
0 . . . I4 An

 .

It is obvious that
tΣΣ = G,

and we know that [7] the matrix Σ gives stochastic differentials of the dif-
fusion 1

24:

(dx1, . . . , dxn, du1, du2, du3) = (dx1, . . . , dxn)

 I4 . . . 0 A1
...

. . .
...

...
0 . . . I4 An

 .

It is easy to obtain

dui = 2
n∑
r=1

(xr0dxri − xridxr0 + xrjdxrk − xrkdxrj).

Let
1
2
4 =

∂

∂s
be the equation of propagation of heat, where s(≥ 0) denotes the time.
Assume that ps(e,g), for g ∈ HHn, be the heat kernel with pole at e. From
the definition we have

ps(e,g)dg = Prob (gω(s) ∈ dg),

where dg is the left-invariant measure on HHn. Let

y = (y1, . . . ,yn) = (y10, . . . , y13, . . . , yn0, . . . , yn3)

and v = (v1, v2, v3) be the dual variables of x = (x1, . . . ,xn) and u =

(u1, u2, u3) respectively. We write |x|2 =
n∑
r=1

3∑
i=0

x2
ri and

a = 4


0 v1 v2 v3
−v1 0 v3 −v2
−v2 −v3 0 v1
−v3 v2 −v1 0

 ,

A = diag (a, . . . , a︸ ︷︷ ︸
n

).

If X is a skew-symmetric matrix of order 4n and w ∈ R4n, we write

ψs(X,w) = exp

[
1
s

(
−|w|2 + tw

(
I4n −

s2X2

4π2

)−1

w

)]
det
(
I4n −

sX

2π

)−1



180 FULIU ZHU

where tw is the transpose of the vector w.

With these preparations, we have:

Theorem 2.2. The Euclidean Fourier transform of ps(e,g) is given by the
formula

p̂s(e, .)(y,v)

= (2πs)−2n

∫
R4n

exp

(
√
−1

n∑
r=1

3∑
i=0

yrixri −
|x|2

2s

) ∞∏
m=1

ψs

(
A

m
,x
)
dx.

Proof. By the definition, we have

p̂s(e, .)(y,v)

=
∫
R4n+3

exp

√−1

 n∑
r=1

3∑
i=0

yrixri +
3∑
j=1

vjuj

 ps(e, (x,u))dxdu

= E0

exp
√
−1

 n∑
r=0

3∑
i=0

yrixri(s) +
3∑
j=1

vjuj(s)


= E0

(
exp

√
−1

n∑
r=1

3∑
i=0

yrixri(s)

)

· E0

exp
√
−1

3∑
j=1

vjuj(s)|, xri(s) = xri

 ,

where E0(. . . |xri(s) = xri) denotes the conditional expectation given the
xri(s). So it is sufficient to evaluate

E0

exp

√−1
3∑
j=1

vjuj(s)

 |xri(s) = xri

 .

We express the 4n standard real Brownian motions as the Fourier series with
independent Gaussian variables as their coefficients, i.e., when s 6= 2π,

xri(s) =
sξ(ri)√

2π
+

∞∑
m=1

1
m
√
π

(
ξ(ri)m (cosms− 1)− ξ

′(ri)
m sinms

)
,

where ξ
(ri)
m and ξ

′(ri)
m are one-dimensional standard normal distributions

which are independent of each other, and xri(2π) = Uri.
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From Lemma 2.1 we get immediately

ui(2π) = 4
n∑
r=1

1
m

[
ξ(r0)m

(
ξ
′(ri)
m − Uri√

π

)
− ξ(ri)m

(
ξ
′(r0)
m − Ur0√

π

)
+ξ(rj)m

(
ξ
′(rk)
m − Urk√

π

)
− ξ(rk)m

(
ξ
′(rj)
m − Urj√

π

)]
.

Thus

E0

exp

√−1
3∑
j=1

vjuj(2π)

 |xri(2π) = Uri


=

∞∏
m=1

E0

(
exp

4
√
−1
m

{
3∑
i=1

vi

n∑
r=1

[
ξ(r0)m

(
ξ
′(ri)
m − Uri√

π

)
− ξ(ri)m

(
ξ
′(r0)
m − Ur0√

π

)
+ ξ(rj)m

(
ξ
′(rk)
m − Urk√

π

)
− ξ(rk)m

(
ξ
′(rj)
m − Urj√

π

)]}∣∣∣xri(2π) = Uri

)
.

In the last expression, all conditional information is exhausted, so the con-
ditional expectation is actually reduced to the expectation. Hence it is
sufficient to consider the terms

Jm = E

(
exp

4
√
−1
m

{
3∑
i=1

vi

n∑
r=1

[
ξ(r0)m

(
ξ
′(ri)
m − Uri√

π

)
− ξ(ri)m

(
ξ
′(r0)
m − Ur0√

π

)
+ξ(rj)m

(
ξ
′(rk)
m − Urk√

π

)
− ξ(rk)m

(
ξ
′(rj)
m − Urj√

π

)]})
.

Setting ξ”(ri)
m = ξ

′(ri)
m − Uri√

π
, we first integrate with respect to ξ(ri)m , which

yields

Jm = E

(
exp

(
− 1

2m2

n∑
r=1

3∑
i=0

(µ(ri)
m )2

))
,

where

µ(r)
m =


µ

(r0)
m

µ
(r1)
m

µ
(r2)
m

µ
(r3)
m

 = 4


0 v1 v2 v3
−v1 0 v3 −v2
−v2 −v3 0 v1
−v3 v2 −v1 0




ξ
”(r0)
m

ξ
”(r1)
m

ξ
”(r2)
m

ξ
”(r3)
m

 = aξ”(r)m ,

written briefly as
µm = Aξ”m.

The skew-symmetric matrix A is more simple than that in [7], which
makes the calculation from now on easier than that in [7], and causes the
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heat kernel of the quaternionic Heisenberg groups to be more simple and
more concrete than those of the general nilpotent Lie groups of step two.

Thus
n∑
r=1

3∑
i=0

(µ(ri)
m )2 = (Aµ′′m, Aµ

′′
m) = −(A2µ′′m, µ

′′
m).

Let B = 1
m2A

2, as in [7]. Then we have

Jm =
1

(2π)2n

∫
R4n

exp
1
2

[
(Bξ′′m, ξ

′′
m)−

(
ξ′′m −

Um√
π
, ξ′′m −

Um√
π

)]
dξ′′m

= exp
(
−|Um|

2

2π
+

1
2π

tUm(I4n −B)−1Um

)/√
det(I4n −B).

This yields

E0

exp

√−1
3∑
j=1

vj

n∑
r=1

3∑
i=0

xri(s)

 |xri(s) = xri

 =
∞∏
m=1

ψs

(
1
m
A,x

)
.

Thus the proof of Theorem 2.2 is finished.

We may explicitly give the diagonalization by 2× 2 block matrices of the
skew-symmetric matrix A as follows: Let ρ =

√
v2
1 + v2

2 + v2
3, σ =

√
v2
2 + v2

3,
and set

Y0 =


1
0
0
0

 , Y1 =
1
ρ


0
v1
v2
v3

 , Y2 =
1
ρσ


0
−σ2

v1v2
v1v3

 , Y3 =
1
σ


0
0
−v3
v2

 .

It is easy to see that these vectors are orthonormal and

aY0 = −4ρY1, aY1 = 4ρY0, aY2 = −4ρY3, aY3 = 4ρY2.

Now we introduce an orthogonal matrix ω = (Y0, Y1, Y2, Y3). It is readily
seen that

tωaω = diag
((

0 4ρ
−4ρ 0

)
,

(
0 4ρ
−4ρ 0

))
= p.

Furthermore, if we set
Ω = diag(ω, . . . , ω︸ ︷︷ ︸

n

),

then

tΩAΩ = diag

( 0 4ρ
−4ρ 0

)
, . . . ,

(
0 4ρ
−4ρ 0

)
︸ ︷︷ ︸

2n

 = P.

Now we can give the explicit expression of the heat kernel:
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Theorem 2.3. The heat kernel on the quaternionic Heisenberg group HHn

is given by

ps(x,u) = ps(e, (x,u))

= (2πs)2n(2π)−(4n+3)

∫
R3

exp(−(
√
−1u.v + |x|2ρcoth2sρ))

·
(

2sρ
sinh2sρ

)2n

dv.

Proof. After the orthogonal transformation represented by matrix Ω,
Theorem 2.2 can be rewritten as

p̂s(e, .)(y,v)(1)

= (2πs)−2n

∫
R4n

exp

(
√
−1

n∑
r=1

3∑
i=0

yrixri −
|x|2

2s

)

·
∞∏
m=1

exp

[
1
s

(
−|x|2 + txΩ

(
I4n −

s2P 2

4π2m2

)−1
tΩx

)]

· det
(
I4n −

sP

2πm

)−1

dx.

It is easy to verify that

det
(
I4n −

sP

2πm

)
=
(

1 +
4s2ρ2

π2m2

)2n

,

tΩx = (tωx1, . . . ,
tωxn),

(tωxr)20 + (tωxr)21 =
1
ρ2

ρ2x2
r0 +

(
3∑
i=1

vixri

)2
 ,

(tωxr)22 + (tωxr)23

=
1
ρ2

[(
−σxr1 +

v1v2
σ

xr2 +
v1v3
σ

xr3

)2
+
(
−ρv3
σ

xr2 +
ρv2
σ
xr3

)2
]

=
1
ρ2

ρ2
3∑
i=1

x2
ri −

(
3∑
i=1

vixri

)2
 ,

and hence
3∑
i=0

(tωxr)2i =
3∑
i=0

x2
ri, |tΩx|2 = |x|2.
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From the expression of matrix P we have

exp

[
1
s

(
−|x|2 + txΩ

(
I4n −

s2P 2

4π2m2

)−1
tΩx

)]

= exp

{
1
s

n∑
r=1

(
−|xr|2 + txrω

(
I4 −

s2p2

4π2m2

)−1
tωxr

)}

= exp

{
1
s

n∑
r=1

3∑
i=0

(
−1 +

π2m2

π2m2 + 4s2ρ2

)
x2
ri

}
,

since

u

sinhu
=

∞∏
m=1

(
1 +

u2

π2m2

)−1

,

and

cothu =
1
u

+
∞∑
m=1

2u
π2m2 + u2

,

therefore

∞∏
m=1

exp

[
1
s

(
−|x|2 + txΩ

(
I − s2P 2

4π2m2

)−1
tΩx

)]
det
(
I − sP

2πm

)−1

= exp

(
1
s

n∑
r=1

3∑
i=0

∞∑
m=1

−4s2ρ2

π2m2 + 4s2ρ2
x2
ri

) ∞∏
m=1

(
1 +

4s2ρ2

π2m2

)−2n

= exp
(
|x|2

2s
(1− 2sρcosh2sρ)

)(
2sρ

sinh2sρ

)2n

.

Substituting this equality into the right-hand side of (1) and taking the
Euclidean Fourier transform, we obtain at once the desired result.

3. The Green functions of the quaternionic Heisenberg groups.

It is known that the Green function can be derived from the heat kernel by
the formula

G(g) =

+∞∫
0

ps(e,g)ds.
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So using Theorem 2.3, the Green function of the quaternionic Heisenberg
group can be written as

G(x,u) =

+∞∫
0

ps(e, (x,u))ds

= (2π)−(6n+3)

+∞∫
0

s−2nds

∫
R3

exp
(
−
(√
−1v.u + |x|2ρcoth2sρ

))

·
(

2sρ
sinh2sρ

)2n 3∏
j=1

dvj .

First by performing the change of variables vj→svj , then it follows that
ρ→sρ, and

G(x,u)

= (2π)−(6n+3)

+∞∫
0

s−(2n+3)ds

∫
R3

exp
{

1
s
(
√
−1v.u + |x|2ρcoth2ρ)

}

·
(

2ρ
sinh2ρ

)2n 3∏
j=1

dvj

= (2π)−(6n+3)Γ(2n+ 2)
∫
R3

(|x|2coth2ρ+
√
−1v.u)−(2n+2)

·
(

2ρ
sinh2ρ

)2n 3∏
j=1

dvj ,

where Γ(.) is Euler’s Gamma-function.
In Euclidean space R3, we use polar coordinates and let the positive

direction of the z-axis coincide with that of vector u, i.e., we set

u = |u|(0, 0, 1), v = ρ(sinθcosϕ, sinθsinϕ, cosθ).

Thus



186 FULIU ZHU

G(x,u)

(2)

= 2n(2π)−(6n+3)Γ(2n+ 2)

+∞∫
0

ρ2

(
ρ

sinh2ρ

)2n

dρ

·
∫ 2π

0

∫ π

0
(|x|2ρcoth2ρ+

√
−1ρ|u|cosθ)−(2n+2)sinθdθdφ

= 22n(2π)−(6n+2) Γ(2n+ 2)
2n+ 1

∫ +∞

0

(
1

sinh2ρ

)2n 1√
−1|u|

·
[
(|x|2coth2ρ−

√
−1|u|)−(2n+1) − (|x|2coth2ρ+

√
−1|u|)−(2n+1)

]
dρ.

For n = 1 it is easy to complete the last integration, and we obtain:

Proposition 3.1. The Green function G(x,u) of the quaternionic Heisen-
berg group HH1 is

G(x,u) = 4(2π)−8(|x|4 + |u|2)−2.

Proof. When n = 1, performing the integral in the right-hand side of Equa-
tion (2) gives us

G(x,u) = (2π)−8 1√
−1|u||x|2

·
[
(|x|2coth2ρ−

√
−1|u|)−2 − (|x|2coth2ρ+

√
−1|u|)−2

]ρ=+∞

ρ=0

= 4(2π)−8(|x|4 + |u|2)−2.

For general n ∈ N, there is some difficulty to evaluate the integration in
Equation (2), while the above proposition and the corresponding results for
the Heisenberg groups [5] motivate us to pose:

Theorem 3.2. The Green functions G(x,u) of the quaternionic Heisenberg
groups HHn are

G(x,u) = cn(|x|4 + |u|2)−(n+1),

where

c−1
n = 4(n+ 1)(n+ 2)

∫
HHn

|x|2(|x|4 + |u|2 + 1)−(n+3)d(x,u).

The method of proof is completely analogous to that for the Heisenberg
groups [5].
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4. Riesz transforms on the quaternionic Heisenberg groups.

In this section we shall study the uniformly boundedness of the Riesz trans-
forms with respect to the dimensions of the quaternionic Heisenberg groups.

Stein [11] first studied the Riesz transforms on Euclidean spaces. After-
ward various authors investigated the Riesz transform on Riemannian man-
ifolds. Although the boundedness of the Riesz transform on every nilpotent
Lie group is well-known [10]. It was Coulhon [3] et al. who first showed the
uniform boundedness of Riesz transforms with respect to the dimensions of
the Heisenberg groups.

In our investigation there are many properties analogous to that in [3],
and for completeness we quote briefly these points. One part which differs,
however, is the so called “main estimate” in [3], so this part is presented in
detail.

4.1. The vector of the Riesz transforms. For the quaternionic Heisen-
berg groups, the skew-adjoint Riesz transforms are defined analogously to
that in [3] by

R̃ri = Xri4−1/2 +4−1/2Xri, 1 ≤ r ≤ n, 0 ≤ i ≤ 3.

In [3] Coulhon et al. proved the following results:

Lemma 4.1. The skew-adjoint Riesz transform has the expression

R̃rif(x,u) =
∫
HHn

Xrip1(e, (y,v))H(y,v)f(x,u)d(y,v),

where

H(y,v)f(x,u) =
∫ +∞

0
[f((x,u)δt((y,v)−1))− f((x,u)δt(y,v))]

dt

t
.

In fact, this formula is valid for every stratified Lie group.

Lemma 4.2. For every p∈(1,+∞), there exists c > 0 depending only on p,
such that

‖H(y,v)‖p→p≤c, ∀n∈N, ∀(y,v)∈HHn.

Lemma 4.3. There exists c′ > 0 such that

‖Xrip1‖L1(HHn) ≤ c′, ∀n∈ N, ∀1 ≤ r ≤ n, 0 ≤ i ≤ 3.

This follows from the fact that one can express the heat kernels for the
quaternionic Heisenberg groups HHn as pns , then it is easy to verify that

pn1 (x1, . . . ,xn,u) = [p1
1(x1, .) ∗ · · · ∗ p1

1(xn, .)](u).

For f∈C∞0 (HHn) and (x,u)∈HHn, we define a vector field

R̃f(x,u) = (R̃10f(x,u), . . . , R̃n3f(x,u))
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and its Euclidean length

|R̃f(x,u)| =

(
n∑
r=1

3∑
i=0

|R̃rif(x,u)|2
)1/2

.

Let Sn be the unit sphere in the quaternionic Heisenberg group HHn, i.e.,

Sn =

{
h = (z,w) ∈ HHn

∣∣∣ z = (z1, . . . , zn) ∈ Hn, w ∈ R3,

(
n∑
r=1

3∑
i=0

z2
ri

)2

+
3∑
j=1

w2
j = 1

}
.

As in [3], we can deduce that

|R̃f(x,u)| =
∫
Sn

∫ +∞

0

n∑
r=1

3∑
i=0

λriXrip1(δt(h))H(h)f(x,u)t4n+5dtdσ(h),

where dσ(h) is the surface element on Sn, the λri are dependent on f and

(x,u), and
n∑
r=1

3∑
i=0

λ2
ri = 1(we have also used the fact that Hδt(y,v) = H(y,v)).

Applying Hölder’s inequality with respect to dσ, we get, for 1/p+ 1/q = 1,

|R̃f(x,u)|

(3)

≤

∥∥∥∥∥
∫ +∞

0

n∑
r=1

3∑
i=0

λriXrip1(δt(h))t4n+5dt

∥∥∥∥∥
Lq(dσ(h))

‖Hhf(x,u)‖Lp(dσ(h)).

After a rotation on Sn
⋂

Hn, one can send
n∑
r=1

3∑
i=0

λriXri to X10, and it is

clear that the heat kernel p1(δt(h)) is invariant under this rotation, hence∥∥∥∥∥
∫ +∞

0

n∑
r=1

3∑
i=0

λriXrip1(δt(h))t4n+5dt

∥∥∥∥∥
Lq(dσ(h))

(4)

=
∥∥∥∥∫ +∞

0
X10p1(δt(h))t4n+5dt

∥∥∥∥
Lq(dσ(h))

.

Via Lemma 4.2, the argument analogous to that in [3] implies that there
exists c(p) > 0 such that

‖‖Hhf(x,u)‖Lp(dσ(h))‖Lpd(x,u) ≤ c(p)[σ(Sn)]1/p‖f‖Lp(dx,u).(5)
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4.2. The main estimate. Let

Φ(h) =
∫ +∞

0
X10p1(δt(h))t4n+5dt, h∈Sn.

Theorem 2.3 gives us

p1(x,u)=
1

(2π)6n+3

∫
R3

exp
{
−(
√
−1v.u + |x|2ρcoth2ρ)

}( 2ρ
sinh2ρ

)2n 3∏
j=1

dvj .

Since X10 = ∂
∂x10

−
3∑
i=1

2x1i
∂
∂ui
, it follows that

X10p1(x,u) =
1

(2π)6n+3

∫
R3

−2x10ρcoth2ρ+ 2
√
−1

3∑
j=1

vjx1j

(6)

· exp{−(
√
−1v.u + |x|2ρcoth2ρ)}

(
2ρ

sinh2ρ

)2n 3∏
j=1

dvj

=
2

(2π)6n+3
(−F1(x,u) +

√
−1F2(x,u)),

where

F1(x,u) = x10

∫
R3

exp{−(
√
−1v.u + |x|2ρcoth2ρ)}

·
(

2ρ
sinh2ρ

)2n

ρcoth2ρ
3∏
j=1

dvj ,

F2(x,u) =
∫
R3

exp{−(
√
−1v.u + |x|2ρcoth2ρ)}

·
(

2ρ
sinh2ρ

)2n 3∑
j=1

vjx1j

3∏
j=1

dvj .

Thus

Φ(h) =
2

(2π)6n+3

∫ +∞

0
[−F1(δt(h)) +

√
−1F2(δt(h))]t4n+5dt(7)

=
2

(2π)6n+3
(−Φ1 +

√
−1Φ2)(h).
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Let h = (z,w) = (z10, . . . , zn3, w1, w2, w3)∈Sn. So we get

Φ1(h) =
∫ +∞

0
F1(δt(h))t4n+5dt

= z10

∫
R3

∫ +∞

0
exp{−t2(

√
−1v.w + |z|2ρcoth2ρ)}

·
(

2ρ
sinh2ρ

)2n

ρcoth2ρt4n+6dt
3∏
j=1

dvj

=
1
2
Γ
(
n+ 7

2

)
z10

∫
R3

(|z|2ρcoth2ρ+
√
−1v.w)−

4n+7
2

·
(

2ρ
sinh2ρ

)2n

ρcoth2ρ
3∏
j=1

dvj .

Taking the polar coordinates in R3 as in the proof of Proposition 3.1, the
above function becomes

Φ1(h) =
1
2
Γ
(

4n+ 7
2

)
z10

∫ +∞

0

∫ π

0

∫ 2π

0
(|z|2coth2ρ+

√
−1|w|cosθ)−

4n+7
2

·
(

2ρ
sinh2ρ

)2n

ρ−
4n+1

2 coth2ρsinθdθdφdρ

=
22n

4n+ 5
2πΓ

(
4n+ 7

2

)
z10

∫ +∞

0
ρcosh2ρ

(
ρ

sinh2ρ

)−3/2( 1√
−1|w|

)
·
[
(|z|2cosh2ρ−

√
−1|w|sinh2ρ)−

4n+5
2

− (|z|2cosh2ρ+
√
−1|w|sinh2ρ)−

4n+5
2

]
dρ.

On Sn we perform the change of variables given by |z|2 = cosψ, |w| =
sinψ. Then

(|z|2cosh2ρ−
√
−1|w|sinh2ρ)−

4n+5
2 − (|z|2cosh2ρ+

√
−1|w|sinh2ρ)−

4n+5
2

(8)

= cosh−
4n+5

2 (2ρ−
√
−1ψ)− cosh−

4n+5
2 (2ρ+

√
−1ψ)

= 2(4n+ 5)
√
−1cosh−

4n+7
2 2ρsinh2ρψ +O(|ψ|).

Noting that |ψ|
|w| = |ψ|

|sinψ| ≤ c, we obtain the inequality:

|Φ1(h)| ≤ 22n+1(2π)Γ
(

4n+ 7
2

)
|z10|

·
∫ +∞

0
cosh−

4n+5
2 2ρ sinh22ρ

(
ρ

sinh2ρ

)−1/2

dρ.
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Since sinh2ρ
ρ = 2cosh(2θρ) ≤ 2cosh2ρ, with 0 < θ < 1, we finally obtain an

estimation for Φ1(h):

|Φ1(h)| ≤ 22n+3/2(2π)Γ
(

4n+ 7
2

)
|z10|

∫ +∞

0
cosh−2n2ρdρ(9)

≤ c.24n(2π)Γ
(

4n+ 7
2

)
|z10|B(n, n),

where B(n, n) is Euler’s Beta-function, since
∫ +∞
0 cosh−2n 2ρ dρ =

22n−2B(n, n).
Now we begin to estimate Φ2(h). This is different from the case of

the Heisenberg groups. In the present situation the method to evaluate
Φ2(h) is not analogous to that for Φ1(h), so we record its details. Let
z′1 = (z11, z12, z13). Then

Φ2(h) =
∫ +∞

0
F2(δt(h))t4n+5dt

= −
√
−1
∫ +∞

0

∫
R3

exp{−t2(
√
−1v.w + |z|2ρcoshρ)}

·
(

2ρ
sinh2ρ

)2n

t4n+6
3∑
j=1

vjz1jdt
3∏
j=1

dvj

= −
√
−1
2

Γ
(

4n+ 7
2

)∫
R3

(|z|2ρcoth2ρ+
√
−1v.w)−

4n+7
2

·
(

2ρ
sinh2ρ

)2n

z′1.v
3∏
j=1

dvj .

In the w-space we take polar coordinates, and let the positive direction of
the z-axis coincide with that of the vector w, i.e.,

w = |w|(0, 0, 1),

v = ρ(sinθcosφ, sinθsinφ, cosθ),

z′1 = |z′1|(sinθ′cosφ′, sinθ′sinφ′, cosθ′),

where θ′ is the angle between vectors w and z′1. Therefore
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Φ2(w) = −
√
−1
2

Γ
(

4n+ 7
2

)
|z′1|

·
∫ +∞

0

∫ π

0

∫ 2π

0
(|z|2ρ coth 2ρ+

√
−1ρ|w| cos θ)−

4n+7
2

· (sin θsinθ′ cosφ cosφ′ + sin θ sin θ′ sinφ sinφ′ + cos θ cos θ′)ρ3 sin θ

·
(

2ρ
sinh 2ρ

)2n

dφ dθ dρ.

First, integrating with respect to φ yields

Φ2(h) = −22n−1(2π)
√
−1Γ

(
4n+ 7

2

)
|z′1| cos θ′

·
∫ +∞

0

∫ π

0
(|z|2 cosh 2ρ+

√
−1|w|sinh2ρ cos θ)−

4n+7
2

·
(

ρ

sinh 2ρ

)−7/2

ρ3 sin θ cos θ dθ dρ.

Let

K(ρ) =
∫ π

0
(|z|2cosh2ρ+

√
−1|w|sinh2ρcosθ)−

4n+7
2 sinθcosθdθ.

Then a simple calculation gives us

K(ρ) =
1√

−1|w|sinh2ρ

∫ π

0

[
(|z|2cosh2ρ+

√
−1|w|sinh2ρcosθ)−

4n+5
2

−|z|2cosh2ρ(|z|2cosh2ρ+
√
−1|w|sinh2ρcosθ)−

4n+7
2

]
sinθdθ

=
1

(
√
−1|w|sinh2ρ)2

{
2

4n+ 3

[
(|z|2cosh2ρ−

√
−1|w|sinh2ρ)−

4n+3
2

−(|z|2cosh2ρ+
√
−1|w|sinh2ρ)−

4n+3
2

]
− 2

4n+ 5
|z|2cosh2ρ

[
(|z|2cosh2ρ−

√
−1|w|sinh2ρ)−

4n+5
2

−(|z|2cosh2ρ+
√
−1|w|sinh2ρ)−

4n+5
2

]}
.
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Similar to (8), we have

K(ρ)

= − 1√
−1|w|2 sinh2 2ρ

{
2

4n+ 3

·
[
cosh−

4n+3
2 (2ρ−

√
−1ψ)− cosh−

4n+3
2 (2ρ+

√
−1ψ)

]
− 2

4n+ 5
|z|2 cosh 2ρ

·
[
cosh−

4n+5
2 (2ρ−

√
−1ψ)− cosh−

4n+5
2 (2ρ+

√
−1ψ)

]
+O(ψ)

}

= − 4
√
−1

|w|2 sinh2 2ρ

{
cosh−

4n+5
2 2ρ sinh 2ρψ(1− |z|2) + O(ψ)

}
,

and hence we obtain the estimation

|K(ρ)| ≤ c.
1

|w| sinh2 2ρ

∣∣∣∣∣ cosh−
4n+5

2 2ρ sinh 2ρ
(√

−1ψ
sinψ

)

− |z|2 cosh−
4n+5

2 2ρ sinh 2ρ
(√

−1ψ
sinψ

) ∣∣∣∣∣
≤ c

(1− |z|2)
|w| sinh 2ρ

cosh−
4n+5

2 2ρ ≤ c

sinh 2ρ
cosh−

4n+5
2 2ρ.

The last inequality follows from the fact that 1 − |z|2 = |w|2
1+|z|2 ≤ |w|2 ≤ 1,

since (z,w)∈Sn. Substituting the estimation of K(ρ) into the expression of
Φ2(h), we finally obtain

|Φ2(h)| ≤ c.22n−1(2π)Γ
(

4n+ 7
2

)
|z′1|

∫ +∞

0
cosh−

4n+5
2 2ρ

(
ρ

sinh2ρ

)−5/2

dρ

(10)

≤ c.22n(2π)Γ
(

4n+ 7
2

)
|z′1|

∫ +∞

0
cosh−2n2ρdρ

≤ c.24n(2π)Γ
(

4n+ 7
2

)
|z′1|B(n, n).

Lemma 4.4. The surface measure of the unit sphere Sn of the quaternionic
Heisenberg group HHn is

σ(Sn) = 2π2n+3/2 Γ(n)
Γ(2n)Γ(n+ 3/2)

.
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Proof. Let f∈L1(HHn) and

I(f) =
∫
HHn

f(x,u)d(x,u)

=
∫ +∞

0

∫ +∞

0

∫
Σ4n−1

∫
Σ2

f(Rz, ρw)R4n−1ρ2dwdz dρ dR,

where

Σn−1 =

{
x = (x1, . . . , xn)∈Rn

∣∣∣ n∑
i=1

x2
i = 1

}
is the unit sphere in Euclidean space Rn. Performing the change of variables
R2 = l2cosθ, ρ = l2sinθ, we get

I(f) =
∫ +∞

0

∫ π/2

0

∫
Σ4n−1

∫
Σ2

f(lz cos1/2 θ, l2w sin θ)

· l4n+5 cos2n−1 θ sin2 θ dw dz dθ dl.

Hence

∫
Sn

f(h)dσ(h) =
∫ π/2

0

∫
Σ4n−1

∫
Σ2

f(zcos1/2θ,wsinθ)cos2n−1θsin2θdwdzdθ.

(11)

In particular,

σ(Sn) =
∫ π/2

0

∫
Σ4n−1

∫
Σ2

cos2n−1θsin2θdwdzdθ

= |Σ4n−1|.|Σ2|
∫ π/2

0
cos2n−1θsin2θdθ =

1
2
|Σ4n−1|.|Σ2|B(n, 3/2).

Then Lemma 4.4 follows from the expression of the surface measure
|Σn−1| = 2πn/2

Γ(n/2) of the unit sphere in Euclidean space Rn.

Now we turn to evaluate the following integral:

Lemma 4.5. We have∫
Sn

|z10|qdσ(h) =
2π2n+1Γ(n+ q/4)Γ( q+1

2 )
Γ(n+ q/4 + 3/2)Γ(2n+ q/2)

.

Proof. Let Σ4n−1 = {z = (z1, z′)∈R4 ×R4n−4 | |z1|2 + |z′|2 = 1}. We
introduce new polar coordinates by setting z1 = acosφ, z′ = bsinφ with
a∈Σ3, b∈Σ4n−5, 0 ≤ φ ≤ π/2. Then formula (11) reads as∫

Sn

f(h)dσ(h)

=
∫ π/2

0

∫ π/2

0

∫
Σ3

∫
Σ4n−5

∫
Σ2

f(acos1/2θcosφ,bcos1/2θsinφ,wsinθ)

· cos2n−1θsin2θcos3φsin4n−5φdwdbdadθdφ.
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In particular, we have∫
Sn

|z10|qdσ(h) =
∫ π/2

0

∫ π/2

0

∫
Σ3

∫
Σ4n−5

∫
Σ2

|a0cos1/2θcosφ|q(12)

· cos2n−1θsin2θcos3φsin4n−5φdwdbdadθdφ.

Furthermore, on the unit sphere Σ3 of the a-space, we employ the spherical
coordinates, i.e.,

a =


a0

a1

a2

a3

 =


sinψ1

cosψ1sinψ2

cosψ1cosψ2sinφ3

cosψ1cosψ2cosψ3

 ,

with −π/2 ≤ ψ1, ψ2 ≤ π/2 and −π ≤ ψ3 ≤ π. Then the integral on Σ3 in
(12) becomes∫

Σ3

|a0|qda

=
∫ π/2

−π/2

∫ π/2

−π/2

∫ π

−π
|sinψ1|qcos2ψ1cosψ2dψ3dψ2dψ1 = 4πB

(
q + 1

2
,

3
2

)
.

Finally we obtain∫
Sn

|z10|qdσ(h)

= 4πB
(
q + 1

2
,

3
2

)
·
∫ π/2

0

∫ π/2

0

∫
Σ4n−5

∫
Σ2

cos2n+q/2−1θsin2θcosq+3φsin4n−5φdwdbdφdθ

= π|Σ4n−5||Σ2|B
(
q + 1

2
,

3
2

)
B

(
n+

q

4
,

3
2

)
B

(
q + 4

2
, 2n− 2

)
,

as required.

Corollary 4.6. We also have∫
Sn

|z′1|qdσ(h) =
q + 1

2

(
π2n+1Γ(n+ q

4)Γ( q+1
2 )

Γ(n+ q+6
4 )Γ(2n+ q

2)

)
.

Proof. Since

|z′1| =

(
3∑
i=1

a2
1i

)1/2

cos1/2 θ cosφ = cosψ1 cos1/2 θ cosφ,
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an analogous calculation to that in the proof of Lemma 4.5 gives:

∫
Sn

|z′1|qdσ(h)

= π|Σ4n−5||Σ2|B
(
q + 3

2
,
1
2

)
B

(
n+

q

4
,
1
2

)
B

(
q + 4

2
, 2n− 2

)
,

which is exactly the conclusion of Corollary 4.6.

Lemma 4.7. There exists a constant c = c(q) > 0, such that, ∀n∈N,

(∫
Sn

|Φ(h)|qdσ(h)
)1/q

≤ c[σ(Sn)]−1/p.

Proof. We know ([10]) that when x→+∞,

Γ(x)
Γ(x+ a)

∼x−a, a > 0,(13)

and Stirling’s formula

Γ(x)∼
√

2πxx−1/2exp(−x).(14)

From Equations (7), (9), (10), it follows that

|Φ(h)| ≤ c.
24n

(2π)6n+2
Γ(2n+ 7/2)B(n, n)max{|z10|, |z′1|}.

Via Lemmas 4.4 and 4.5 and Corollary 4.6 we get
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[σ(Sn)]1/p.
(∫

Sn

|Φ(h)|qdσ(h)
)1/q

≤ c.
24n

(2π)6n+2
Γ(2n+ 7/2)B(n, n)

·

(
π2n+1Γ(n+ q/4)Γ( q+1

2 )

Γ(n+ q+6
4 )Γ(2n+ q/2)

)1/q (
2π2n+3/2Γ(n)

Γ(n+ 3/2)Γ(2n)

)1/p

≤ c.
24n

(2π)4n+1
Γ(2n+ 7/2)B(n, n)

·
(

Γ(n+ q/4)
Γ(n+ q/4 + 3/2)Γ(2n+ q/2)

)1/q ( Γ(n)
Γ(n+ 3/2)Γ(2n)

)1/p

≤ c.Γ(2n+ 7/2)B(n, n)
(

1
Γ(2n+ q/2)

)1/q ( 1
Γ(2n)

)1/p

≤ c.B(n, n)
(

Γ(2n+ 7/2)
Γ(2n)

)(
Γ(2n)

Γ(2n+ q/2)

)1/q

≤ c.(2n)3B(n, n)

≤ c.(2n)3
(

(
√

2πnn−1/2 exp(−n))2√
2π(2n)2n−1/2 exp(−2n)

)
≤ c,

which completes the proof of Lemma 4.7. (In the proof of this Lemma, we
have used formulas (13) and (14).)

Due to Lemma 4.7 and the inequalities (3), (4), (5) we have proved:

Proposition 4.8. For every p∈(0, +∞), there exsists a constant c(p) > 0,
such that

‖R̃f‖Lp(HHn) ≤ c(p)‖f‖Lp(HHn), ∀f∈C∞0 (HHn), ∀n∈N.

4.3. The full Riesz transforms. We consider the full Riesz transform
Rf(x,u) = (R10f(x,u), . . . , Rn3f(x,u)), where

Rrif(x,u) = (Xri4−1/2f)(x,u)

= lim
ε→0+

∫
HHn

Xrip1(y,v)
∫ 1/ε

ε
f((x,u)δt((y,v)−1))

dt

t
d(y,v).

Analogous to (6), we have

Xrip1(y,v) =
2

(2π)6n+3
(−F1 +

√
−1F2)(y,v) =

2
(2π)6n+3

F (y,v),
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hence

(Xri4−1/2f)(x,u)

= − 2
(2π)6n+3

lim
ε→0+

∫
HHn

(F1 −
√
−1F2)(y,v)

·
∫ 1/ε

ε
f((x,u)δt((y,v)−1))

dt

t
d(y,v),

where

F1(x,u) = x10

∫
R3

exp{−(
√
−1v.u + |x|2ρcoth2ρ)}

·
(

2ρ
sinh2ρ

)2n

ρcoth2ρ
3∏
j=1

dvj ,

F2(x,u) =
∫
R3

exp{−(
√
−1v.u + |x|2ρcoth2ρ)}

·
(

2ρ
sinh2ρ

)2n 3∑
j=1

x1jvj

3∏
j=1

dvj .

From these equations it is easy to see that

F (−x,u) = −F (x,u),

and hence we can write

(Xri4−1/2f)(x,u)

=
1

(2π)6n+3

∫
HHn

F (y,v)

·
∫ +∞

0
[f((x,u)δt(−y,−v))− f((x,u)δt(y,−v))]

dt
t

d(y,v).

Similar arguments to those in [3] show that:

Theorem 4.9. For every p∈(1, +∞), there exists a constant c = c(p) > 0,
such that for all n∈N,

1
c
‖f‖Lp(HHn) ≤ ‖|Rf |‖Lp(HHn) ≤ c‖f‖Lp(HHn), ∀f∈C∞0 (HHn).
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