ON SOME POINTWISE INEQUALITIES CONCERNING
TENT SPACES AND SHARP MAXIMAL FUNCTIONS

ANDREI K. LERNER

Volume 209 No. 2 April 2003



PACIFIC JOURNAL OF MATHEMATICS
Vol. 209, No. 2, 2003

ON SOME POINTWISE INEQUALITIES CONCERNING
TENT SPACES AND SHARP MAXIMAL FUNCTIONS

ANDREI K. LERNER

We consider an abstract analogue of Sf f, the truncated
square function introduced by J.-O. Stromberg, and show that
it is closely related to operators appearing in the theory of
tent spaces. We suggest an approach to basic results for these
spaces which differs from that due to R.R. Coifman, Y. Meyer
and E.M. Stein. Also we discuss pointwise estimates involving
Sf f as well as different variants of sharp maximal functions.

1. Introduction.

Let RT‘I = {(y,t) : y € R™,t > 0} be the upper half space. For a,h > 0
define the truncated cone ' (z) = {(y,t) e R : |y — 2| < at, 0 < t < h}.
Let T'o(x) = I'®(z). When a = 1 we simply write I"(z), T'(z). Given a ball
B = B(z,r) in R™ centered at x of radius r, denote by T'(B) the tent over
B, that is, T(B) = {(y,t) : [y — 2|+t < r}. For two quantities a, b, we write
a = b if there exist absolute constants ¢y, co such that cia < b < csa.

For any measurable function F' defined on ]R’_T_H, set
dydt
A(F|h = F(y,t

(Flh)(e) /Fh($)| (v, 1) 2,

and d p
dydt
CF(x) =su / ,

W= B t

where the sup is taken over all balls B contammg x. Let AF = A(F|0); let
1/ 1/
for g > 0, 4,F(x) = (A|F|i(z) " and C,F(z) = (cIFle(@)) " Set
AF(@) = sup [F(y,1).
(y,t)eT ()

n [4], R.R. Coifman, Y. Meyer, and E.M. Stein introduced the tent spaces
0 =17 (erfl). These spaces provide a very useful tool for solving problems
in harmonic analysis. When 0 < p,q < oo the space T} consists of all F
such that

1E 7y = 1 AgF |l o(ny < o0
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The space T% (p < o00) is defined as the space of continuous functions F
which have non-tangential boundary limits a.e., and such that
[E 7z, = [ Aco Fll Lo (mn) < o0.
The space T, (g < o0) is defined by requiring that
[1Fllzge = [|CqF || oo (mny < o0
Under the latter definition, the pairing (F, G) = [pn+1 F(y,t)G(y, t)dydt/t
+
realizes T(;’,o as equivalent to the dual of qu. Also the above pairing gives

that the dual of T7 is Tlf,l, where 1 < p < 00,1 < ¢ < oo, and, as usual,
1/p+1/p=1and 1/¢+1/¢ = 1.

In this paper we show that, besides AF and CF, in the study of the tent
spaces the operator AfF , defined by

ALF(@) = s ((A(FIry))xs ) (B (0< A< 1),
ox

is also of considerable interest. Here the sup is taken over all balls B con-
taining x, r, and x, denote the radius and the indicator function of B,
respectively, and f*(¢) denotes the standard non-increasing rearrangement

of f. For ¢ > 0 set AZI%/\F(QJ) = (Af]FW(x))l/q. Note that the function
Afi\F is particularly interesting if ¢ = 2 and F' is the Poisson integral of
f, F = fxP(y). We denote such a function by Sf f and consider it be-
low in connection with some pointwise estimates for AfAF. (Note that the

function S;\%f was introduced and considered by J.-O. Strémberg in [14].)

The paper is organized as follows: In Section 2 we state and discuss our
main results which we prove in Section 4. Section 3 contains some additional
notation and auxilary results.

2. Main results: Formulations and discussion.

Let us discuss our main results and their applications to the theory of the
tent spaces.

2.1. Relations between the operators A,F,C,F' and A?AF . It is shown

in [4] that the operator CF can be used to give an alternate definition of 77
when 0 < g < p < o0, since in this case

(1) [AgF|lp = ICaF -

Roughly speaking, our first theorem investigates the relations between
AyF,CyF and Af)\F , and, in particular, allows us to define the spaces T} in
termsofAfLFforallO<q<oo,0<p§oo.
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Theorem 2.1. Let F' be any measurable function defined on R’}fl.
a) For all0 < ¢ < 00 and x € R™,

(2) CoF(z) < MyAY F(z) (0<A<1),
where My f = (M|f|9)"/9 and M is the Hardy-Littlewood mazimal func-
b) ;ico):’hall 1<g<ooandt>0,
Q APy O <a [ UHPrOT 0<a<)
Cc2

where c1,co depend only on A and n.

Some comments about these results are in order. For any measurable
function f on R™ consider the maximal function my f defined by

maf(z) = %gp(fxB)*()\!Bl) 0 <A <.

Since {myf > a} C {Mx{f|>a} = A}, we have (myf)*(t) < f*(cant), and
hence, for all p > 0,

(4) lmafllp < eppnll fllp-

Clearly, A;’;\F($) < my(AgF)(x), and so, ||Af/\F||p < cpanl|AgF|p for
all p,q > 0. Using the duality argument, one can show that the converse
also holds. However, the combining of (3) and classical Hardy’s inequality
(see, e.g., [2, p. 124]) immediately gives a direct proof of this fact. Moreover,
taking into account (2), we obtain that one can characterize the spaces Ty

in terms of A;\%F:
(5)  IFllp = A%, Fll, (0<q<o00,0<p<o0,0<A<1).

Inequality (1) is the other corollary of this theorem, which follows from (2),
(3) and the Hardy-Littlewood maximal theorem.

Define the maximal function M f f by
MF f(z) = sup inf ((f — v (@D (0 < A< 1),
ngceR
where the sup is taken over all cubes @ containing z. In [11], the following
rearrangement inequality was obtained for all ¢ > 0 and any measurable
function f with f*(+o0) = 0:

(© PO <y [ OFOT 0<x<n).

This will be a key tool in proving (3).

It is worth noting that the function M j\# f was also introduced in the above
mentioned paper [14], where its definition was motivated by an alternate
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characterization of the space BMO. Recall that BM O consists of all locally
integrable functions f on R"™ such that

1 1
||f||*—sgpm/Q|f<x>—fg|dx<oo (fQ—M/Qf).

By Chebyshev’s inequality, it is clear that )\HME\# flloo < |IfIl. However,

F. John [10] for 0 < A < 1/2 and J.-O. Stromberg [14] for A = 1/2 proved
that the converse is also true:

£l < eall M flloo (0< A < 1/2).

2.2. Real interpolation of tent spaces. It is proved in [4] that
(7) (TF°, TP )op =T7 (1 < g < 00),

where 0 <6 < 1,1 <py<pi <ooand 1/p=(1-6)/po+60/p1, and (-,)g,
is the real method of interpolation (cf. [2, p. 299]). A different proof of (7)
is given by J. Alvarez and M. Milman [1]. Generally speaking, both proofs
consist of two main steps: First (7) is proved under certain constraints on
the interval for pg,p; (without end-points), then the result is extended to
the whole range of pg, p1 by the duality and Wolff’s reiteration theorem.

Here we use our approach to prove (7) via sharp estimates for the K-
functional. Namely, in our next result we state that in the end-point case
Peetre’s K-functional for the couple (TC}, T7°) is explicitly characterized in
terms of Af)\F . Our proof works for all 0 < g < o0, so (7) can be extended
to the case 0 < q < 1. Recall that the K-functional is defined as

.l o0\ __ :
K(PGTHTE) = ot ([[Fylgy + 0] Fallry )

forallFequ—i-T;O and t > 0.

Theorem 2.2. Let 0 < g < co. Then for all F' € qu +T° and t > 0,
t
K(F T TX) < / (AT F)*(r)dr  (0<A<1).
0 K

This theorem along with (5) easily implies (7) in the case pg = 1,p1 = 00
for all 0 < g < co. Now one can apply the Holmstedt reiteration theorem
(see, e.g., [2, p. 307]) to describe the K-functional for any of the couples
(TP, TF") and get (7) for all 1 < pg < p1 < 0.

2.3. Factorization of tent spaces. For the tent spaces the following fac-
torization holds:

(8) TP =T, - T2
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This fact was proved in [4] in the case p > 2 and ¢ = 2. Recently, W.S. Cohn
and LE. Verbitsky [3] have extended (8) to all 0 < p,q < co. This result is
partially based on the next inequality [3]:

9) 1EGrp < cpgll Ellrg |Gl 7o

We propose a different proof of (9). It follows immediately from (4), (5) and
the next elementary estimate.

Proposition 2.3. For any functions F,G defined on ]Rfrl and for all x,
AF\(FG)(z) < mya(AF) (@) A%, ,G(x) (0< A< 1),

2.4. Pointwise estimates for S’ff. Let us return to the function Sj\#f
and discuss several pointwise estimates motivated by (2) and the well-known

C. Fefferman’s duality theorem. We consider the definition of Sj\éE f in the
following slightly generalized form. Let ¢ be a real-valued differentiable
function on R™ which satisfies:

(i) (@) < o1+ [al) ™, [Vip(@)] < o1+ [2l) ™,
(i) /;¢@M$:Q

Write ¢y (z) = p(z/t)t™™,t > 0. Given a function f with

(10) [ 5@l +[al) e < o

set F(y,t) = |f * vi(y)|, and define Sj\#f by (cf. [14])
S f(x) = AL, F(a).
Denote by S(R™) the class of Schwartz functions on R™. Assume that, in
addition to (i) and (ii), ¢ satisfies
(iii) there exists a function 1 € S(R™) such that

(x)dx =0, suppy C {|z| <1} and
R”

e~ dt
(11) / @(tf)ip(t{)? =1 forall &#0.
0
In particular, ¢ satisfies (iii) whenever ¢ is radial and @(£) > 0 [13, p. 186].
Define the maximal function F# f by
F¥ f(x) = CoF (x),

where, as above, F(y,t) = |f * pi(y)|. If ¢ satisfies (i)-(iii), then one of the
equivalent formulations of C. Fefferman’s duality theorem (see [5] and [6] or
[13, p. 159]) states that f € BMO < F#f € L™ and

1F 11 = 11 F % flloo-
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By (2), we see that F7 f(z) =< MgSj\é&f(x), and therefore || f|. =< HSffHoo
In view of (3), we also obtain that for all p > 0,

ISl = 15T, (0<Ax<1),

where Sf is the Lusin area integral. Hence,
|l = 185 Flle (0 <A <1).

This was proved by B. Jawerth [8]. His proof was based on atomic decom-
position. Note that the following characterization:

K(f,t: H', BMO) = /t(sff)*(f)m
0

was also established in [8]. It is interesting to compare this result with
Theorem 2.2.

Observe that inequality (2) may be viewed as an analogue of the following
two-sided estimate proved by B. Jawerth and A. Torchinsky [9]:

(12) (N () = MM f(z) (0< A< ),
whenever ¢ > 0 and f € LY+ BMO, where

N a0\ 1
(@) =iy [ 170~ salta) ™

A natural question arises from this: What is a pointwise connection be-
tween functions M f f and Sj\éé f7 The following estimate answers the ques-
tion in one direction:

(13) ST f(z) < ef#(x).

In essense, it was proved in [14]. It is clear that the reverse inequality
fails (e.g., for f € HP, p < 1). Nevertheless, using the quasi-orthogonal
decomposition of f [13, p. 166], we prove:

Theorem 2.4. Suppose f satisfies (10) and ¢ satisfies (i)-(iii). Then for
all z € R",

(14) M f(x) <eSEfx) (0 <A< ),
where ¢ depends on A and n.

This inequality also can not be reversed (e.g., for f € LP\ HP, p < 1).
However, using inequalities (2), (12-14), we obtain the following “pointwise”
version of C. Fefferman’s theorem:

Corollary 2.5. Let f satisfies (10) and ¢ satisfies (i)-(iii). Then
F#f(z) = MyST f(x) = MoM f(z) = (/)F () (0 <X < \y).
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3. Preliminaries.

We say that f* is the non-increasing rearrangement of f if it is non-increasing
on (0,+00) and equimeasurable with |f(z)|. We shall assume that the re-
arrangement is left-continuous. Then it is uniquely determined and can be
defined by the equality

f7(t) = sup inf [f(z)].

|B|l=t 7€

Throughout the paper, we shall use the following simple inequality (see,
e.g., [2, p. 41)):
(f +9)"(t +12) < f7(t1) + g™ (t2).
We will prove one more property of rearrangements, though it is appar-

ently known. For any measurable set £ C R™ we shall denote its complement
R™\ E by E°.

Proposition 3.1. Let a+ 0 < t. Then for any measurable functions f,g,
(f9)* () < f*(a)g"(B).

Proof. Let By = {x : |f(x)] < f*(a)},E2 = {x : |g(x)| < ¢*(#)}. Then
|ES U ES| < a+ 3. Thus, for any measurable set £ C R" with |E| =t we
have |E N (E1 N E2)| > 0, and so

inf [fg(z)| < f*(a)g"(B),
zel
which completes the proof. O

Now, let us define

, dydt
AEN@ = [ Pl
I3 (z)

We shall need two following lemmas:

Lemma 3.2. Let § C R™ be an arbitrary closed set whose complement §¢
has finite measure. There is a subset §* C § such that |F*°| < ¢,|F¢|, and
for any non-negative F' the following inequality holds:

/ F(y,t)t"dydt < c;hb/ / F(y,t)dydt | dx.
§ \/T'(@)

Usegs T2(@)
This result is well-known (see [4] or [13, p. 126]).
Lemma 3.3. For any ball B containing x, we have
(A (FIr))xs) (B < ed?, Fla) (0<A<1),

where c1 depends on \ and n, while co depends only on n.
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Proof. Set D = J,c5 5% (x) and
§ = {z: A(Fxp) (@) < (A(Fx,))"(AlB[/2¢n)},

where ¢, is the same as in Lemma 3.2. A simple geometric argument shows
that A(Fx,,) is supported in 8B. Thus (A(F'x,))*(A\|B|/2¢,) < Aﬁ\F(aﬁ)
Let E C B be an arbitrary measurable set with |E| = A|B|. Choose §* C §
as in Lemma 3.2. Then |§*¢| < ¢,|§¢| < A|B|/2, and hence [F*NE| > | B|/2.
Applying Lemma 3.2 and Fubini’s theorem, we get

f A'(F < inf AY(F < —— A(F
nf AFre)(©) < Jnf  AWEx)©0) < 57 [ A Ex) O

c dy dt

< — F t)|——

<m0 P

Ugeg* F2(€)
< 1] L AFXO)OE < e1Af\F ).
To complete the proof take the sup over all E C B with |E| = \|B|. O

Also in this section we recall some useful ideas when dealing with Sf I
Suppose [ satisfies (10) and ¢ satisfies (i)-(ii). Set

1/2
shf<a:>:(/Fh()uwt(y)r?ffff) | SF(@) = S f(a).

Let € B and let fi = fx,5, f2 = [X(4p).- Since S is of weak type (1,1)
(see [12]), we have

* * c
(1) (5., W) (B < (SH) (IBD < 375
Further, standard arguments (see, e.g., [13, p. 160]) yield

t
ol e[ Ol gy

whenever z € B and (y,t) € Uyepl'y;(n), and hence,
(16)  ((Sr, f2)xz)"(AIB])

1/2
1 ody dt "B
— aa d
~cC <B’ L(gB)(t/TB) ¢ ) /Rn\4B |f(£)| (TB n ‘.ﬁ — {’)n+1 3

B
= C/R"\w 76 (rp+ |z — §|)"+1d€'

To extend (14) from Schwartzian functions to those satisfying (10) in the
proof of Theorem 2.4, we use that [, [f;(€)|(1+ [£))™""'d¢ — 0 implies
(Sr_ fi)*(A|B]) — 0 as j — oo. This readily follows from (15) and (16).

B
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Observe also that taking fi = (f — faB)X,p: fo = (f — faB)Xp)e vields
that the right sides of (15) and (16) are at most ¢y, f# (). Since [¢ =0,
we have S, f < V2(S., f1 + Sy f2), and, by (15) and (16),

((Sry /)x5) " (AIBJ) < V2((Sr, fi)x5)" (A BI/2)
+V2((Sr, f2)xp)" (AIB/2) < exnf* (@),
which gives (13).

4. Proofs of the main results.

First of all, let us show that, as we mentioned after (4), the inequality
(A7) [ AgFlp < erxpgl ALl (0<p g <00, 0<A<1)

can be derived by duality. Suppose first that 1 < p < 00,1 < ¢ < 0. We
use the following standard argument: For g > 0 define the “stopping-time”

h(zx) by
h(z) = sup{h > 0 : Ag(F|h)(z) < A¥, F(x)}.

Then Ay(F|h(z))(z) < A¥\F(z) and [{z € B : h(z) > r,}| > (1—X)|B| for
each B. By Fubini’s theorem and Holder’s inequality we have

dydt dydt
F —_— < -
J 006005 < 25 [ 606l gl
< 7_ Ag(Flh(x))(x) Ay G (x)dx
< L A \F(2)AyG(x)dx
]_—>\ R ’

(note that in [4] different variants of such inequality were obtained with C,F
or A F instead of Aﬁ/\F on the right side). Applying Hoélder’s inequality
again, we get

dydt
Lo P0G < 251Gy 145,

t
+
which gives (17) by duality. The restrictions on p, g are easily removed by
replacing |F| by |F|® with appropriate § > 0.

Proof of the first part of Theorem 2.1. It is clear that it suffices to consider
the case ¢ = 1. Let ¢ =1 and let h as above. Then for 0 <t <r,,y € B
we get

[{z €3B: (y.t) € I"@(@)}] = en(l = Ni",



312 ANDREI K. LERNER

where ¢, denotes the volume of the unit ball in R™. Applying Fubini’s
theorem gives

dy dt 1
/T(B)‘F@J)‘ t = (1_)\)/ A(F|h(z))(x)dz

#
<
< 1_ /AF

and thus CF(z) < c)\ynMAfF(:n).
Let us prove the converse. Let z,£ € B and let B’ be an arbitrary ball
containing £. If B C 3B’, then

((AFIr, )X, ) NBY)

< NE s A(F|r,,)(x)dx
c dy dt
< F —— < c¢CF
<mr [ Fe0®E <)
U "5 (2)

zeB’/

since (J,ep I"# () C T(3B'). Assume now that B ¢ 3B’. Then B’ C 3B
and in this case

(A )% ) B < ma (AF[Br,) x5 ) ©)
Therefore, for all £ € B,
AL F(€) < cCP () +m ((AFI3r,))x5 ) (6):

Using (4), we get

‘B|/A#F €t < eCP(z) + o Hm,\((A(FBrB))X33>

!

< ¢CF(x |B‘/ A(F|3r,)(2)dz < cCF(z).

Hence MA?%F(:):) < canCF(x), and (2) is proved. O

Proof of the second part of Theorem 2.1. Choose a function ® € S(R™) such
that x,0,1) <P < Xp(0,3/2), and define

= /OOO/ |F(y, 1)@ (2 _y)dde?

Clearly, A(F)(x) < A(F)(x). The crucial observation to prove (3) is that

(18) M (A(F))(z) < A%, F(z) (0<A<1).
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Let x € @, dg and z¢g denote the diameter and center of @) respectively, and

oe dydt
— [ [ 10l - ).
2dq "

Then, for z € Q we have

dydt
/ / (Y, t)|@e(2 — )L_CQ
dQ n

2k+2dQ

(19)

dydt
<CdQZ / / ’F(yat)lm'
2k+1dQ (Z,3t/2)UB($Q,3t/2)
Note that for all z € Q, ¢ € 28Q and t > 2¥+1dg we get |2 —¢| < 2Fdg < t/2,

and hence B(z,3t/2) U B(zq,3t/2) C B(£,2t). It follows from this and
Lemma 3.3 that the right side of (19) is at most

dydt
(20) CZ 2k geng /2’““%(@ [F(y, 1) tntl

= CZ ok ((A,(F‘2k+2dQ)>X2kQ) (2"1Ql) < cAf F(x).
k=0
Therefore, using Lemma 3.3 again, we get

((AF) = eg)xg) (@)

< (((Fl2dg))xg ) (NQI) + et F(x) < eA, F(a),

which proves (18).

Let A F = (A(|F|7))Y4,q > 1. Applying (6), (18) and the fact that
Mf(\f\l/q)(w) < (MY f)"4(x), we obtain

~ 00 d
(21) (AgF)*(t) < (AgE)*(t) < c/ (Ai)\F)*(T); (0<A<A\)
t

provided (AF)*(+00) = 0. However, if F is compactly supported, then ﬁqF
is also compactly supported, and so (A,F)*(+00) = 0. Hence this latter

assumption can be removed by taking an increasing sequence of functions
Fj, 1 F with compact support, and using the fact that |fx| T |f| implies

FE@) 1 £7(2) (see [2, p. 41]).
It remains to prove (3) for A\, < A < 1. This follows immediately from (21)
and the next lemma, which will also be crucial in the Proof of Theorem 2.2.

Define the E-functional by
Eq(Fyt) = it [|Co(Fxp ) oo,

where the infimum is taken over all sets D C R’ with [suppA,(Fx . )| < t.
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Lemma 4.1. For any 0 <n,A <1 and 0 < g < co we have
(AR, FY (/) < By(F,t) < (AR F)*(') (> 0),

with constants ¢, ¢’ depending only on n, and constants c1,co depending on
n,n, A and q.

Proof. Since (AfyF) (1) < (mnAgF)'(t) < (AgF)(tn/3) and, by (2),
|AZ, Flloo < ¢||C4F ||oo, for any D with |suppA,(Fx,.)| <t and ¢ = 3y, we
have

1/q

(Af, By (t/n) < (AL 1F1e) + A%, (1F1x,) ) (¢t/n)
g N q 1/q
< ((AUFIx0))*(34/2) + cllCFIX,) oo )
= MCy(Fxp)lloo-

To prove the converse, deﬁne Q= {z: A;%/\F(x) > (AZ’;\F)*(cnt)},
where ¢, is chosen so that |2 = {x : Mx,(z) > 1/3"}| < t. Now set
D =U_ g.I'(z). Then suppAy(Fx ) = (.

Let B be an arbitrary ball. If B N Q¢ # (), then, obviously,

((Aa(Fxplra)xs ) (AIBI) < (AZ,F)*(eat).
If B C Q, then 3B C €, and thus T(3B) C D¢. Since Uyepl"5 (z) C T(3B),
we get that ((Aq(FXD|rB))XB> (A|B|) = 0. Hence, by (2),
1Co(Fxp)llow < el A\ (FXp) oo < (A F)* (cnt).
The lemma is proved. O

Clearly, this lemma along with (21) implies (3) for any 0 < A < 1. Thus,
the proof of Theorem 2.1 is complete. O

Remark 4.2. Note that in [7] a Fefferman-Stein sharp function estimate
of A(F) was obtained to give an alternate proof of (1).

Proof of Theorem 2.2. We have to prove only that

’7Tq g

t
K(F,t, T}, T®) < c/o (AT F)*(r)dr

since the proof of the converse is easily follows from (5). Choose D as
in the proof of Lemma 4.1. Set Fy = Fx,.,F» = Fx,. Then we have

1Fbllzge < c(AF\F)*(cat) and [suppAg(F1)| < . Thus [suppAZ, (F1)| < e,
and hence (see [2, p. 53]),

ct
JA% (Bl < ¢ /0 (A%, )" (r)dr.
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From this and (5) we get

ct
I1Filry + 1Pl < ¢ [ (A5 F) (i
as required. O

Proof of Proposition 2.3. It is easy to see that for any h > 0,

dyat\ dyat\
FG(y,t)|? < A (F / G(y,t)|? .
(/m@' (v.1) th) ( )(5)( [ 6w th)

From this estimate and Proposition 3.1 we obtain
((Ag(FGlry))xz)"(AB)
< (Ao (F)x )" (AIBI/4)(Aq(Glry))x )" (A B[/4),

which completes the proof. O

Proof of Theorem 2.4. Since the function M j\% f is non-increasing in A, it
suffices to prove that

M (@) < eanSEf(@) (0<A<1),

Then the statement of the theorem will follow for 0 < A < A,,. Assume first
that f € S. Then (11) is equivalent to the fact that

(22) f(§) = / IEXIE: wt(ﬁ)% for all £ € R™.

Let 2, € Q. Define F(y,t) = f * ¢i(y) and set

2dg dud
f1,0(&) / /n (y, )e(€§ — y)yt
dydt
Rol@= [ [ 0.0 (0e =) —ontrg —0) %
dyd
Colf) = [~ [ Flotyintog - ™.
2dg JR™
By (22), f — Cqo(f) = fi,0 + f2,0- Using (19), (20) and Hélder’s inequality,

we get
(23) 2ol \<c2 (P12 2dg))xag) H1QD = Ti(1: Q).

We now estimate (fl,QXQ) (AQ]). Set D =U,cq I'%4e (z) and
§ = {z: A2(Fxp)(x) < (A2(Fxp))" (AQI/2¢n)},

where ¢, is the same as in Lemma 3.2. Choose also §* C § as in Lemma, 3.2.
Let E C @ be an arbitrary measurable set with |E| = A|@Q|. Then, arguing
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as in the proof of Lemma 3.3, we see that |[§* N E| > A\Q|/2. Next, let
D1 = Uxeg*mEIQdQ (I’) and

~ 2dq dydt
Fay= [ [ P, e -,

Note that f1(¢) = f(€) for all & € §* N E. Write f(£) = Y ag, 7, (€),

where

boy

dyd
X, (a6~ ) T

CL
dt 1/2
o [ )

and the summation is carried over all dyadic cubes @’ (¢¢ denotes the side
length of Q). Using the quasi-orthogonal argument (see [13, p. 171-172]),
Lemma 3.2, and the fact that supp A2(Fx,) C 5¢/nQ, we get

Vo (€)

¢ ¢ c ~y 1/2
. P _
inf [fLe@)] < inf |fig(x)l < <|Q| /Ifl >

€F*NE

1 1/2 d dt 1/2
_c(@Z\aQﬁ) <c(|Q‘ /D (. t)!“’t)

( / / e )1/2
n+1 dx
|Q| I'(z) t

< (A2 F|2dQ))X5fQ) (AIQ/2¢p).

Taking the supremum over all £ C @ with |E| = \|Q)| gives
(24)  (froxe) (M@ < c((A2(F2dQ))X; mg )" (AQ]/2¢n) = Ta(f; Q).

Now let f be an arbitrary function satisfying (10). Choose a sequence
f; € S such that (f;)#(z) < cf#(x) and

[ sy,

no (L fa])
as j — oo. Using (13), (15) and (16), we obtain that

Ti(f—f;;Q)+Ta(f— f;;Q) =0 as j— oo.
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Applying also (23), (24) and Lemma 3.3, we get
inf((f = )x@)* (AQ)

<t (((/ = £)xe) (MQI/2) + ((f; ~ calfi)xe) (AQ1/2)
<t {((/ = [)xa) (NQI/2) + Ta(f = [1:Q)

+T2(f = f5; Q)} + ch\i/\f(x)

= CSj\t/\f({E).
The theorem is proved. O
Proof of Corollary 2.5. Taking A\ = \,, and applying then (14) along with
(12) and (2), we obtain
(N5 (@) = My(M f) () < eMa(ST () < T# f(2).
To prove the converse, we need also the following simple estimate:
(25) My(M f(x)) < cMaf ().

In fact, this follows from elementary geometry of balls and from the L2
boundedness of the Hardy-Littlewood maximal operator. We leave the de-
tails to the reader. Now, using (2), (13) and (25), we get

T# f(x) = Ma(ST ) (@) < eMa(f#)(x) = My(MM f)(x)
< eMy(MF f) (@) = (N5 (@),
and this completes the proof. U
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