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By means of three fundamental structures we can define,
in a general way, a sheaf A of differential algebras containing
most of the special cases met in the theory of generalized
functions.

A convenient choice of these structures permits us to study
Burgers’ equation with §-Dirac measure as initial data, and we
can construct a generalized d-shock wave as an approximate
solution, self-similar to the initial data.

1. Introduction.

It is not easy to pose and a fortiori to solve the Cauchy problem for Burgers’
equation

ou ou
ot 1o
with initial data as irregular as the §-Dirac measure.

When the data are smooth enough or have weak singularities, the problem
has been studied in many classical or generalized ways, but when these
singularities become stronger, we first have to describe them.

In this paper, we do not consider solutions of entropy type satisfying the
Krushkov (or some other) criteria from the general theory of hyperbolic
conservation laws (e.g., [7]).

We try here to study traveling wave solutions self-similar to initial data
which can be as singular as § or even powers of § which do not exist in
classical distribution theory. So, we begin by giving a special family (. ), of
d-approximations such that for each fixed € > 0, p > 0, Burgers’ equation has
an exact weak self-similar solution corresponding to 6% as initial data. Then,
some models of tsunami or soliton are studied in the same way. However we
show that the distribution spaces are not convenient to solve our problem
by the help of a limit process.

To get out of this situation we define some other technics of approximation
thanks to association processes in (C,£,P)-algebras (e.g., [11]) which contain
most of the special cases met in the literature. Let us give an idea of their
construction.

=0, t>0
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K is the real or complex field and A a set of indices. C is the factor
ring A/I where I is an ideal of A, a given subring of K*. (£,P) is a sheaf
of topological K-algebras on a topological space X. A sheaf of (C,£,P)-
algebras on X is a sheaf A = H/J of factor algebras where J is a sheaf of
ideals of H, a subsheaf of £*. The sections of H (resp. J) have to verify
some estimations given by means of P and A (resp. I). In such algebras
we have good tools to pose and solve many non-linear differential problems
with irregular data.

The sketch of the procedure is the following: We begin by choosing &
and P in relationship with the problem. Here, for O = R x R, we define
E(Q) as C*°()) with its usual topology. Then, information about data
and equation are taken into account in the construction of C and finally
we can construct a (C,£,P)-algebra adapted to our problem. It is solved by
means of a two-parametric family of special mollifiers with an approximation
depending itself upon data and equation peculiarities.

The same methods and technics solve the problem for our models of
tsunami or soliton.

2. The weak form of Burgers’ problem.

The Cauchy problem for Burgers’ equation in the following non-conservative
form equation:

ou ou
(1) 5 i =0, 20, up=0) = uo
where f(u) = f owu, and f a function of the real variable, has well-known
solutions if f and wug are smooth enough and then (1) is equivalent to the
conservative form

ou 0
(2) Fr 873(10 =0,120, w=0} = uo
when taking §(u) = F o u, with F' = f.

If v and F(v) belong to Ll . (R x Ry), we define v as
v(z,t) = v (z,t) whent >0 and v(z,t) =0 when t < 0

and then it is clear that v belongs to L{. (R?) N Dy (R?) and 3(v) belongs
to L. (R?) C D' (R?) with

loc
Dp (R?) ={T € D' (R?),suppT CT =R xRy }.

If ug is in Li _(R), to say that v is a weak (distribution) solution of the
Cauchy problem (2) means that this problem can be interpreted ([10]) as
the equation

ou 0
(3) Fn + %3("&) = ug ® 04
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to be verified by v in the sense of distibution theory, or explicitly

//t>0< 1/1+8()8¢>(g;tda:dt— //t<0$thdxdt
= [ e Oa)dn, e @),

Then ug will still be called initial data for (3).

If ug has weak singularities, the problem has been studied in many clas-
sical or generalized ways ([1], [2], [4], [8], [18], [19] and many others).

For example, if §(u) = ;u and ug = Y, where Y is the Heaviside function,
the search of a self-similar solution, that is to say a solution of the form

(4) u(z,t) =Y (H)uo(z — @(t)), ¢ (0) =0, ¢' >0
leads to the well-known Hugoniot-Renkin condition
1
/
t) = —=.
plt) =

But now, if ug = § € D'(R), the research of a solution in the form (4) has
no sense for the Cauchy problem (3).

However, if we choose ug = Y, and if we search a self-similar solution u of
(3) on the form (4) with an unknown strictly increasing function ¢ € C* (R)
verifying ¢ (0) = 0, we can see from

FoY =F(0)+[F(1)—F(0)]Y
for any application F' from R to R, that we have also
(5) 5 () = F(0) + [F(1) — F(0)] u.
Then, with classical technics in distribution theory, it is easy to compute

ou _
ot
B,
%S(U) = [F'(1) = F(0)] 0gp=p(t),t>0}-

~(1z ® )0 a—p(t) 120 + Yo @ 3¢,

This leads to the necessary and sufficient condition for the existence and the
uniqueness of the required solution on the form

lo ® ¢ = F(1) - F(0)

that is to say
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2.1. Exact weak solutions of Heaviside type. We can try now to search
a self-similar solution of (3) in Dj(R?) of the form

(6) up(z,t) =Y (t)uoni(z — ¢(t))
by taking
ugp(z) = h[Y(z+1) = Y(z —1)]

where h and [ are two strictly positive given constants, and then the following
holds:

Proposition 1. A necessary and sufficient condition to have an unique so-
lution of (3) in Dp(R?) with the form (6) is

(7) vi 0, o) = DO,

and then we can explicit the required solution in the form

(8)

up(z,t) = Y(t)h[Y(a: +1- F(h);F(O)t> - Y<a: —1— F(h);F(O)t>] .

Proof. We begin to compute

ou
8:’1 =—h(1z @ ¢') [0{zti=p(t),20) — Sfa—i=p()t20}] + U0t ® O

and we have, according to (5)
S(uni) = F(0) + [F(h) — F(0)] un,-
This gives, in distributional sense
aax%(uh,l) = [F(h) = F(0)] [0fat1=p(t) 450} — Ofo—i=p(t)t>0})
and then (6) is a solution of (3) if and only if
h(le ® ¢') = F(h) — F(0).

Hence we deduce the equalities (7) and (8) of the proposition. O
Corollary 2. Let
1
9) Oc(x) = ug 1 o(7) = % Y(z+e)-Y(x—e),
1
(@) =up Ly = 5o V(e+1) Y@ 1),

oe(z) = upe =Y(@+e)—Y(z—¢)
and p > 0 a given real number. Then:
(i) Solution (6) of (3) corresponding to 6¢ as initial data is given by
1

Upe(z,t) = Y(t)m

Oc(x — cpet).
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(ii) Solution (6) of (3) corresponding to ¢ as initial data is given by
1

WT‘E(LE — Cp75t) .

upe(,1) = Y(1)
(iii) Solution (6) of (3) corresponding to of as initial data is given by

Upe(z,t) =Y (t)o(x — ct)

with

Cpe = (22)7 [F < (22)p> - F(O)} L e=[F (1) F(0)].

Proof. As YP =Y, we still have
oy 1 _ 1

o(z) = (27 Y(z+e)-Y(z—¢)= Wdé(x)a

@) = G W+ 1) =Y (= 1)) = o)

d?(x) =Y (@ +e)—Y(z—¢) =o0:(x),
and from (7) and (8), we obtain the results. O

2.2. Approximation in distribution spaces.

Proposition 3. For some real number p > 0, we give us 60X as initial data.
Then the generalized sequence of initial data (u,c|(1—oy)e has no limit in
D'(R) except in the case p =1 for which we have

lim (uy ¢|g=0}) = 9.

D'(R)
e—0
Moreover:
F
a) Suppose that we have: lim (z) =L>0.
r—o0 I
If p <1, then we have: lim u,. = 0.
D'(R?)
e—0
Ifp=1, th have: i = Oy .
fp en we have D/l(%lg)up,g {e=Lt,t>0}
e—0
If p > 1, then up . has no limit in D'(R?).
F
b) Suppose that we have: lim (z) = 00
r—oo I
If p <1, then we have: lim u,. = 0.
D'(R?)
e—0
I 1, and i lim ——— 1 — A > 0, then: i =
fp > 1, an Zf. wl_}n;.lomm = p = U, en. Dll(%g)upﬁ =

e—0

M,Y, 6.
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p 1
If p > 1, with: xli%o%xl_p = 00, then up. has no limit in
DL (R?).

Proof. The conclusions about the limit in D'(R) of the sequence of initial
data are obvious. Now, from Part (i) of Corollary 2 we have, for any test
function ¥ € D(R?)

(upe, ) = 26;) // — cpt)Y(x, t)dadt

1
o) 1// P(u~+ cpet, t)dudt.

From the hypothesis of Part a), we have: hmcpﬁ = L, from which we deduce

lim//Y (u+ cpet, t)dudt = /Y (Lt t)dt

e—0
= (Ofa=rLt,>0} V)

which gives the result of Part a).
So, we can write now

<up,€’w> Cpg 25 p— 1// <U+U Cps) dUdU

From the hypothesis of Part b), we have, for each p > 0: hII(l)Cp,g = o0, from
E—>

which we deduce

hm//(S <u +o, cp) dvdu — /Y(v)w(v, 0)du
) = (Y@ bu)

and we also have
1 1 ) zP 1

chlcy, (260 S F(zP) 217
which gives the result of Part b). O

Proposition 4. For some real number p > 0, we give us ¥ as initial data.

Then the generalized sequence of initial data (uyc|(1—oy)e has no limit in

D'(R).
Moreover:
. F(x) o
a) Suppose that we have: lim =L >0, then uy. has no limit in
r—o00 I
D (R?). -
b) Suppose that we have: lim (z) = 00

r—00 I
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2

x .
If zlggoF(g;) =M >0, then: Dlll(%g)upye =M@ *Y), ® .
e—0
2
If mlirgo Faz 7= = 00, then u,. has no limit in Dp(R?).

Proof. We can write
1
Te(z) = 2—59@), with §(z) =Y (z+1)-Y(x—1)

which proves the conclusion about the limit of the sequency of initial data.
Then from Part (ii) of Corollary 2 we can compute the corresponding solu-
tion as

1
upe(z,t) = WY(t)H(x — Cpet)

for each (x,t) € R x R;. That is to say that, for any test function ¢ € D(R?)
we have

(Upe, P) = — cpet)(z, t)dadt

oo // Y(u + cpet, t)dudt.

From the hypothesis of Part a), we have: hrr(l)cp@ = L, from which we deduce
E—>

lim / / Y (00w (u + cp ot £)dudt / / Y (0)0(u)ib(u+ Lt, t)dud.

Then uy . has no limit in Dj(R?).
Therefore we also have

<Up€7w Cps 25 // (U"—’U p€> dudv.

From the hypothesis of Part b), we have, for each p > 0

lime, . = c©
e—0 pe ’

from which we deduce

hm//Y (u—l—v)dudv—//Y Y(u + v,0)dudv
Cp,

Q*Y) ®5t,1/)>

and we also have
1 1 2P

lim— = |
61_r>r(1)cp7€ (2e)p—1 xggoF(x)

which gives the result of Part b). O
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Proposition 5. For some real number p > 0, we give us of as initial data.

Then the generalized sequence of initial data (uy |10} )e tends to 0 in D'(R).
Moreover, the generalized sequence (up)_tends to 0 in D'(R?).

Proof. We have here
ol(x) =0 (x)=Y(x+e)—Y(z—¢)
which proves the conclusion about the limit of the sequency of initial data.
From Part (iii) of Corollary 2 we can compute the corresponding solution as
Upe(,t) =Y (t)oo(x — ct) = 2eY (t)dc(x — ct)

and we have, for any test function 1 € D(R?)

(e ) = 2¢ / / (@ — ct)(a, t)dudt

—25//Y P(u+ ct, t)dudt
from which we deduce

lim / / Y(t (u+ ct, t)dudt = / Y (0)(ct, t)dt = (S(aeris0y, )

which gives the result. U

Remark 6. So, the distribution spaces are not convenient to describe the
above solutions of Burgers’ equation for at least two reasons. First, some of
these families of solutions have 0 as limit or no limit in D’(R?) and cannot be
distinguished, and secondly, except for only two cases, the family of initial
data has no limit in D'(R).

3. The sheaves of (C, €, P)-algebras.

In the theory of generalized functions, the following construction extends
many points of view met in the literature (e.g., [3], [9], [20]).

We give here a more general definition of the (C, &, P)-algebra than the
first previous one [11], [13], [15]. In such algebras we have good tools to
pose and solve many non-linear (and even linear) problem with irregular
data [12], [14], [16], [17]. The topological aspects are studied in [5], [6].
And we will choose the algebraic structure adapted to our Burgers’ problem.

3.1. The algebraic structure.
a) It is given:
e A set A of indices,
e a subring A of the ring K*, (K =R or C),
° A+:{(T)\)/\€AZT)\ZO},
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e the following stability by overestimation property for A: Whenever
(Isal)y < (ra)y (that is to say: For each A we have: [sy| < 7))
for any pair ((s))y,(ra)y) € K* x AT, it follows that we have:
(S)\))\ € Aa

e anideal I4 of A with the same stability by overestimation property,

e a sheaf £ of K-algebra on a topological space X, such that, for
each open set {2 in X, the algebra £ (Q2) is endowed with the family
P () = (pi)jer(q) of semi-norms verifying

VieI(Q),3(j,k C) eI(Q)xI(Q) xRy :p;i(fg) < Cp;(f)pr(g),

e the following property: For two open subsets of X such that Q; C
Qo, we have I(Qq) C I(£2), and that for every i € I(£;) and
u € & (22), we have p; (u\ o > =pi(u).

b) We put 1
(10)  Haem (@) = {(m)y € [E @ Vi € 1@ (i (wn)), € 47}

A .
(1) Tuaem (@) = {(m)y € (€@ Vi€ 1) (i (w), € If b,
(12) C=A/l,.
It may be easily seen that AT is not a subring of A, but is stable
under addition and product. It is the same for Ij.

At the end, we suppose that the sets [A| = {(|ra]), € RY : (ry)r € A}
and |14] = {(|ra]), € RY : (rA)x € L4} are respectively subsets of A and I4.
Then we have: |A| = AT and |I4] = I}.

c) From [11] it follows that under the above hypothesis, we obtain:

Proposition 7.
(i) Ha.ep) is a sheaf of subalgebras of the sheaf N
(i) J(1,.6,p) is a sheaf of ideals of H(a e p);
(iii) the constant factor sheaf H(A7K7|_‘)/‘7(1A7K7|.|) is exactly the factor ring
C=A/I4.

d) Now, we can give the following definition:

Definition 8. We call (C, &, P)-algebra every factor algebra

(13) A=Haer)/T1.eP)
and we denote by [uy] the class defined by the representative (uy)xea.

By a convenient choice of C, £ and P as parameters, we can describe many
algebras of generalized functions [11] and define some other operations than
algebraic ones such as differentiation, restriction and sheaf embeddings. We
also can define local or microlocal analysis. The association or weak equality
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previously defined by Colombeau [3] is a very useful process to study some
differential equation in non-conservative form as Burgers’ one.

3.2. Operations, processes and properties.

3.2.1. Nonlinear functions. If fis a sheaf mapping: £ — &, we can define

[ =f A — A as a sheaf extension mapping by putting f(u) = [f(uy)], for
any u € A, defined by the representative (ux)xea € Heagp) (©2) . Of course,
such an extension needs the following conditions:

If (ux)aen belongs to Ha e py (), then (fluy)), belongs to H 4 e p)-

If (ix)rea belongs to Zis g p) (), then (flux +ix) — flun)), belongs to
Liaep):

n
If P= Y fiU" is a polynomial with given coefficients in K, or in £ (X),

k=0
it is easy to see that the above conditions are fulfilled for the sheaf mapping

denoted by P : £ — £ and defined by

Pale) = fre® with e € £(9).
k=0

So, P has an extension P = B: A — A which is the sheaf mapping defined
by

n

PBa (u) = [kaulf\] with v = [uy] € A(Q).
k=0

Remark 9. Therefore we always have polynomials as non-linear functions

in any (C, &, P)-algebra.

3.2.2. Overgenerated rings. In view of applications, it is interesting to
define rings generated by some given elements. More precisely, let

B, = {(rn)\))\ c (Rj_)A, n= 1,2,...,p}
and B = span B, be the set of elements of (R%)" obtained as products,
quotients and linear combinations with coefficients in R*, of elements in
B,.
Define
(14) A= {(ay), €KY 3 (b)), € B:lay| <by}.

It is easy to see that A is a subring of KA with the stability by overestimation
property. Then, we set the following definition:

Definition 10. A is overgenerated by B),. And if 1,4 is some ideal of A with
the same stability by overestimation property, we can also say that C = A/I4
is overgenerated by Bp.
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Example 11. As an ideal I4 of A, we can take
In={(an), €K V(br)y € B:lax| <br}.

3.2.3. Relationship with distribution theory. We can adapt the
(C, &, P)-algebras to the multiplication of the distributions in 4. So we
have first to embed D’ in A. If (p.) c€o,1] is some given family of mollifiers

1 x n _
90€($)—6—ncp(g),x€R ,/gp(az)dm-l,

we can prove that if one has: T € D’ (R™), the convolution product family
(T * c), is a slowly increasing in % family of smooth functions of C> (R™).
So we can choose the subring A such that it is overgenerated by some subset

B, of R]J?’l] containing the family (e)..

Example 12. If B, contains only that family, it is easy to prove that we
have

(15) A= {(7‘5)8 eR% 3peN,3C>0: (|re]). < <C> },

P
and we can take

(16) Iy= {(rg)s e RO Vg e N,AD > 0: (Jre]), < (ng)e} :

Example 13. Now, for each open set 2 in X = R", let us take £(2) =
C>(Q2) with the usual P (2) topology of uniform convergency of all the
derivatives on the compact subset of 2. So, we have then:

Hiaer(Q) = { (ue), € [ ()% VK cc Q,Va e N", Fp e N,

3C > 0: (Sup | DY u, ($)) < (C) },
reK I3 510 £

Tiaep)(Q) = { (ue). € [C= (Y VK cC Q,Ya e N", Vg €N,

iD > 0: (sup | D ue (93)]) < (De?), }
zeK €

Then, in this case, the algebra A (2) = Ha g p) (Q) /T(1,.6,p) () is ex-
actly the Colombeau’s simplified one, [3], and we can embed D’ (R") into
A (R™) by the mapping
(17) T — [T * @]
because (T * o). belongs to H4 ¢ py (R") .

In the same way, with the help of a cutoff function, we can define, for

each open set © in R", an embedding of D’ () into A (2), and finally a
sheaf embedding: D' — A.
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This embedding depends on the choice of the mollifier ¢.. And it is easy
to define a canonical embedding from C™ into .A. But we can have a CF
embedding only through the D’ one.

3.2.4. On some embeddings. In a more general way, if ' is a given sheaf
of K-vector spaces with a linear sheaf embedding: [ : £ — F, some problems
about existence of embeddings from £ to A and from E to A are solved by
the following results:

Lemma 14.

(a) There exists a canonical sheaf morphism
j:E€—A, e, jo:E(Q)— A(Q) for each open set Q C X
such that
(18) VI CE®) alf) = ()
if and only if we have
(19) (1), € A
(b) There exists a linear sheaf morphism
(20) k:E— A, ie., ko:E(Q) — A(Q) for each open set @ C X
if and only if, for each A € A and each open set 2 C X, there exists a
linear embedding ky o : E(Q2) — £ (), such that we have
(21) Vu C E(Q): (kaa (u), € Haep) ().

Proof. (a) Suppose (18) holds, and suppose f # 0. There exists i € I ()
such that p; (f) = @ > 0. Then (p; (f)), = (a), € A. But we have also
(1) y € 4, and (19) holds. Reciprocally, if (19) holds, we have obviously:
(pi (f)), € A for each f C £(2). So, (18) defines a mapping jo from & ()
to A (€2) which is obviously a morphism of algebras.

(b) Suppose (20) holds. For each u € E (2), we have kq (u) = [uy] for
some (ux)y € Hiae,p) (). Then, for each A € A, we can put ky o (u) = ux
and (21) is fulfilled. Conversely, if there exists a linear embedding k) o :
E () — £(1), such that (21) holds, when putting kq (u) = [k q (u)], for
each u € E (2), we define a linear sheaf morphism which verifies (20). O
Proposition 15. We suppose that the mappings j and k verify the condi-
tions of the previous lemma and moreover there exists a linear sheaf embed-
ding

[:€&— FEie,lg:E(Q)— A(Q) for each open set Q C X.
Then the subsheaf Im | can be canonically equipped with an algebraic struc-

ture for which k is an algebra sheaf morphism from Iml to A if, for each
open set Q C X

(22) Yu C Imlg : ((k)\’Q — l_l)(u)))\ € I(A7g773) (Q) .



NONLINEAR ALGEBRAIC ANALYSIS 177

Proof. For u = I7(f) and v = [7!(g) in Im Ig, we can define the product
uv by putting

uv =1(fg)

which gives Im g an algebraic structure.
Now, if (22) is fulfilled, for v = I(f), we have

VECEQ): (haal(f)) = f)y € Liacep) (),
which is a necessary and sufficient condition to have
j=kol.

As j and [ are sheaf morphisms of algebras (from € to A and £ to Imlq), it
is the same for k£ (from Imlg to A). O

Remark 16. This result summarizes some questions posed in [20] about
the construction of A from given £ and E. For example, let us put A =
(p,e) € A = {p} x]0,1], with £ =C* and F = D', with a given special
mollifier ¢ € S (R™) such that [¢(z)z*dz = 0 (resp. 1) for « € N"-{0}
(resp. @ = 0). In this case, it is proved in [3] that for f =C> () and
(1), ¥) = [ f(x)Y(z)dz when ¢p € D (Q), we have

(Eao((f)) = f)y = (pe x (Xef) = fle € Laep) ()

with ¢c (z) = Z¢ (£) and x. € D () such that x.(z) = 1 if d(z,0Q) < ¢
and d(z,0) %
Then, the sheaf embedding D' — A defined, for T € D'(Q2) by

(23) ko (T) = [ee * (xT)]
is an algebra sheaf morphism from Im [ = £ to A.
3.2.5. The restriction. When £ = C°, the restriction to the submanifold
{z = (z1,22,...,2j5,...,2,) 12 =0} CR"
of the generalized function u = [uy] € A (R") is the generalized one:
Definition 17.
U |(g;=0y= [T — ur (21,22, ..., Tj—1,Tj41, .-, Tn)] -

That restriction belongs to a subalgebra of A (R™) which is canonically
identified with A (R"il) and agrees with the similar process met in the
literature.
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3.2.6. The derivation. When & =C°, the derivation is defined for each
u=[uy] € A(Q), by:

D% = [D%uy]
where D% is the classical derivation. Naturally the restriction of D% to C*°
or D' agrees with the classical derivation.

Let be £ a sheaf on X, with a “derivation operator”, that is to say a sheaf
endomorphism D% such that:

e DB = D> DP = DP o D,
« Vh.g € E Q) D (fg) = % it DfD" Py
<«

Then it is possible to define a sheaf endomorphism D% on A, with the
same properties as D® under the only condition:
If (’u)\))\ S J(1A7g77>) (Q), then: (DQU)\))\ € J(IA,S,P)'

In this case, we can give as above the following definition:
Definition 18. If u = [uy] € A (), then, the D¥derivation is given by
D% = [D%u,] .

3.3. The association process. We suppose that A is left-filtering for the
given (partial) order relation < .
Let us denote by:
e () every open set in X,
e F a given sheaf of topogical K-vector spaces containing £ as a subsheaf,
e & a given application from A to K such that (® (X)), = (®y), € A.

We also suppose that we have

(24) Jraer) (82) C o (ur)y € Hiaep) () : éi(lgll)m =0
A

Then, for u = [uy] and v = [vy] € € (), we define the ®-F association.

Definition 19. We denote by
D
u v
EQ)
the ®-F association between u and v defined by

25 lim ® — =0.
(25) s Aluxy —vy)

A

That is to say that for each neighbourhood V of 0 for the E-topology,
there exists A\g € A such that

)\-<)\()Z>(I))\(U)\—U,\)€V.
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To be sure that the above condition is independant of the representatives
of u and v, we have to verify that if éi(rg)@)\(w)\) = 0 holds, for some (wy)y €
A
Haepy (), then, for any (ir)y € J(14.6P) (Q), éi(rg)@k(w)\ +1iy) = 0 also

A
holds. To prove the last condition, it is sufficient to show that

(@rin)y € T(14.6.7) (22).

But for each i € I (), we have p; (®yiy) = |Px|p; (in). And, according
to the definitions and the stability properties given in Section 3.1, we have
(|®5])y € AT and (p; (ir))y € I. Then we also have (|®y|p; (ir))y € I},
which proves the required above condition.

Remark 20. When we have ® = 1, it is clear that the above association
is weaker than equality. And when taking £ = D', £ = C>, A =10,1],
and ® = 1, we find again the association process defined by Colombeau
[3] or Egorov [9] who works in the (C,&,P)-algebra defined by choosing
c =cloly I where 0,1 is the ring of complex numbers families (2:),
such that z. = 0 if ¢ is small enough, and where £ is the sheaf of C*°-
complex valued functions. However it is possible to give stronger forms of
association, as in the following definition:

Definition 21. Let be A and I4 respectively given by (15) and (16).

~

The E-association u = v, between two elements u and v € A(Q) is
B(92)
defined by: For each p € N we have

Then, by taking £ = £, we obtain:
Proposition 22. The E-association is equivalent to the equality in A(Q).
Proof. 1If one has u & v, then for each i€ I(Q2) and pe N, p; (Eip(u€ — vg))

£(Q)
is bounded, that is to say: (ue — v:)e is in the set:

{(w). € e @)1 vie 1(9), ¥ €]0,1]: (i (we), € If} = Traep) ()
0

4. The Burgers problem in (C, £, P)-algebras.

The first step is to choose the algebra A(R) and the initial data by means
of convenient parameters. The second is to give an as good as possible
approximation of corresponding self-similar solutions of the Cauchy problem
(1) in a convenient algebra A () with @ = R x R.
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4.1. The algebra A(R) and the initial data. We choose £ = E =C.
We define £(R) as C*°(R), with the usual P (R) topology of uniform conver-
gency of all the derivatives on the compact subset of R and we define E(R)
as D' (R). According to (13), we have here

AR) =Haep)/Tiaer) R).

We choose A =0, 1] x ]0, 1], left-filtering for the partial order < defined
by

(26) (e1,m) < (e2,m2) if €1 < eg and 1 < 1o.

Now, for a given ¢ € D (R), with suppy = [-1,1], 0 < p < 1, 9 (0) = 1,
and ¢®) (0) = 0 for each k € IN*, let us consider, for z € R

1 T
Ple () = 2¢ <77>

Then, we define .. ), T(c,n)> o(c,y) € P(R) in the following way:

Ple) (T +¢€) Q%QO (””jf) for x € |—o0, —¢|
@1) by (2)={ Lforze[
80(5,7,) x—e€) % (%) for x € |e, +o0]
P (T =L (:”771) for x € |—o0, —1]
(28) T(e,n) (37) = 1 for x € [ 1 1]
‘P(&m) (x—1)= 2%?()0 (wT_l) for x € |1, +o0]
P (T +e)=¢ (Lﬁ) for x € ]—00, —¢]|
emn) - ,
(29) O(em) (x) = 1 for z € [—¢,¢]

£

Plen) (x—e)=¢ (%) for x € Je, +o00].
It is easy to see that these functions belong to D(R) and we have:

SUPP () = SUPP O (e ) = [N — €,€ + 7] and supp 7.y = [-n — 1,1+ 7).
Proposition 23. If A is the subring of RIOUXI0 gyergenerated by the set
By = {( (em) ,n)}
then, for any real number p > 0, AP = [5@,7;)}’ TP = [T{;’n)}, and ZP =

|:0-1(7577])i| belong to A(R).
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Proof. First, we can see that, for each compact K € R and each a € N
1 1

sup |D*¢?. | (x ‘ < —— sup |DYP (x

zeK e (%) (2¢)" 77%6[—171}| -
and then for each seminorm pg; of the P (R) topology of £(R) = C*°(R),
one has: pr;(dcy) € AT, that is to say: d., belongs to Haep) (R).
The same proof holds for 7 ,) because we have the same estimation for
sup [D*7Z,, (z)| . Then, from
zeK

1
sup [D% (. ) (2)] < — sup [DP ()]
zeK M ze[-1,1]

we can easily prove the result for =. In this last case, the result holds if A
is overgenerated by {(77)(5’77)}, and a fortiori by Bs. O

4.2. The algebra A(ﬁ) and the delta shock wave solutions. For
Q = R xRy, we define £(Q) as C(Q) with the usual P (Q) topology of
uniform convergency of all the derivatives on the compact subset of Q. And

we define E(Q2) as C*(2), with the (pw)wep(RQ)—topology, such as

(30) py (f) =

/Qf(x)w(x)dw

for each f €C*(Q). It is clear that the (pw)wGD(RQ)—topology is weaker that

the P (ﬁ) one.
Then the algebra A (ﬁ) is defined as

A(Q) =Haer)/Tuser) ().

The main results are the two following propositions:

Proposition 24. We suppose that F' is a polynomial function with real co-
efficients and increasing with F(0) = 0, we suppose that A is overgenerated
by Ba, we take ®p(e,n) = ﬁ, and we put respectively AP or YP as

(29)P
wnitial data. Then,

o = [ep,(em)] D(%R) [(25);, r ((2i)p)]

is a necessary and sufficient condition to have in A (ﬁ) a ®,-E approrimate
solution of the Cauchy problem (1) with the respective self-similar form

AP(x —cpt) = [(aﬁ,t) - ?em) (- Cp(&n)t)}
or

TP(z —cpt) = {(a:,t) — Tém) (x — cp(em)t)] .
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Proof. To simplify the proof, we suppose that p = 1. As F' is polynomial,

(F (2*15))(5,77)’ and <T]F(€21€)> - belong to A. Let be F the sheaf mapping

& — & induced by F, and §: A — A the sheaf mapping extension of F. As
F (5(5777)) belongs to H 4 ¢ p) (R), according to the hypothesis on F, we can
consider the difference

1
F (Oem) = 2¢F (25> Je

Then, if z € [—¢, €], we have

17 ()] (@) = 2eF <21€> Oe,n) (2) -

For ¢ € D (R), we compute

1
<<f (Oem) —2¢F <2€> 5<s,n>> a¢> = A + Bew
with

b= [ (rner=r (2)+()
B = / - <F (O (@)] = F <215) ; (x - g>

As F is increasing, we have when z € [—e — n, —¢]

(3)-(5) ]2 )

1 —&
[Aen| < F (2€>/ | (x)| dx.

—e—7

and then

Therefore, we have finally

1
[Aen| < CnF <2€>

for some positive constant C', with a similar estimation for B, ;). Then we
have

€ 1
31 lim — —oer (o ~0.
(31) B 0P (D) (7 (Sem) —2¢ <2€> 5<s,n)> 0
(em)

—0

From the hypothesis on F and A we can see that (]: (5(&,])))(5 . and

€

—_— belongs to A.
F (% )

K ( ) (em)

(QEF (2—16) 5(5’77))(5,77) belong to H 4 ¢ p) and (
2e
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That is to say
o 1
F Gen)] 5, 22 (52) ]

. L. .. . €
according to our definition of association process, with ®;(e,n) =

—
nF (3)

And that is a good approximation because if p is given as large as we
want, we can have

B1(2,1) > — by choosi !
1(g€,n) > — Dby choosing n < ———.
e F(5)
Now, if we put A = [5(5,77)] € A(R), we can write
g 1
2 A) =~ |2eF (| — || A.
32) 8 )D’(R) [ ) <2€>]

Let be f: A — A the sheaf mapping defined from F: & — &£ and F by
the derivation F’ = f. It is easy to see that if one has: § (u) D%}R) v, with

o
uw and v in A (R), then we have: f(u)u/ D’?R) v in the sense of generalized

functions. And then we have also

F(A) A ‘i%) [25F <1>} A

D'(R 2e

Now, for (z,t) € Q, for each compact K € R and each (ky,k2) €EINxIN
we have

1 1 3
E1,k 2
sup |[DEF)5 (2 — 01,(5,77)75)’ < g gt [een|” sup

‘Dkl +k2
zeK z€[—1,1]

@ (w)‘
from which it is easy to prove that the family ((z, ) —>(5(E7n)(w—cl(8m)t))(s ")
belongs to H4.¢ p) (ﬁ) . Then, with ¢; = [cl(sm)], we can put

A(a; — Clt) = [(JI, t) — 5(5777) (:IZ — Cl,(s,n)t)]
and prove, from (32) that we have
(33) (A —at) = [25F (1)] Az — ert).
E@) 2e
To do that, we first have to compute
Dicy = Py (1(6,7)G(cm))
with

1
e (1) = (F (O (@ = cremt)) - 2¢F (25> Sem (&= 01,<s,n>t)> :
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Thus we can write

Diey = / / Y (£)B1 (2. 0)Gey) (x,t)w(:v,t)d:vdt‘: / Hi..pp (1)t

where

(34)

Hcp(t /Y )®1(e,n [ (O(en) (w))
_9eF < ) Se (1 )]w(u 1ot Hdu.

From (31), we can see that for each ¢t € R: . hgn OHEW( ) = 0. Moreover,
777 -
if A > 0 is chosen such that suppvy C [—A, A] x [-A, A], we can see from

(34) that we have
[Hiem ()] < Cxpo.a)

for some constant C, x[o_4] being the characteristic function of [0, 4], and so,

by the Lebesgue majorant convergence theorem, we obtain: ( lu)n D,y =
&,1)—0
0, which proves (33).

Now we can compute

0
i@ =ert) = [@1) = vl (@ = erent)]

= — [017(5777)] A/(:L' — Clt)
and from (33)

0 1
—F (A(x —ct)) = f(A(z — c1t)) Al (2 — c1t) gi |:25F <>] Al(x — crt).
ox E(Q) 2e

So, we have proved that the condition is necessary. And it is obviously
sufficient. Particularly, we can take ¢y (. ,) = 2eF (é) .

Iristead of F (5(57,7)) — 2eF (2%) (e = 0 on [—¢,¢] we have: F (Tl(gm)) -
F (2—5) T(eq) = 0 on [=1,1]. But on [-n—1,-1], .7:(7'(577,)) - F (2—5) T(e.n)
is deduced by translation from .7-'(6(87,7)) — 2eF (i) d(em)- So, the same
estimations, computations and conclusions holds for Y(z — cit) as well as
for A(z — e1t).

The case p > 0 follows with slight modifications. U

Proposition 25. We suppose that F' is a polynomial function with real co-
efficients and increasing with F(0) = 0, we suppose that A is overgenerated

by
By = {( (em)> m)}
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we take W(e,n) = nFL(l)’ and for any integer p > 1, we put P as initial
data. Then,
v
35 d=|d ~ F(1
(3) [den] o 5 [F (D)

is a necessary and sufficient condition to have in A (ﬁ) a V-E approximate
solution of the Cauchy problem (1) with the self-similar form

(36) D(a—dt) = [(@,0) = of. (@ = diegt)] -

Proof. We can consider the difference

7 (ﬁan)) - F) Ufs,n)'

Then if x € [—¢,¢], we have

[f (a@m)] (x) = F(1)ol, (z).
For 1) € D (R), we compute

<<’7: (Uém)) -FQ) 0'](35777)) ,¢>

N /_E (]: (J](i,n)) - F(l)gém)) (@) (e)de

P
e+n
+/€ (’7: (0%78,17)) - F(l) O{s,n)) ($)¢($)dx
_ / /
= At Blewy

We can compute

Mew= [ (Pl @] - P (255)) vy

—e—7

As F is increasing, we have when x € [—e — ), —¢|

Faye (T55) - r o, @] < F )

and then
—€

Al <r0 [ W)

-
Therefore, we have finally

|Al.y| < EnF ()

for some positive constant C, with a similar estimation for BE ) Then we

have
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& p _ P _
7 D@ 7F (1) (7 (oh) - FaL,) =0.
(e,m)—0

From the hypothesis on F and A it follows that (]—' (U?E n)))( | and
K 8777

F(1)o? belong to H R), with (‘5) in A. That is
( (1) (6777))(5,77) & (A’S’P)( ) nF (1) ()
to say

[]: (Uﬁfv’?))} D%{R) [F(l) Uf&n)} )

The next steps can be easily deduce from the previous proof, with slight
modifications, and we can choose F'(1) as the speed of propagation of the
P-approximate solution. O

Conclusion 26. For any p > 0, one can say that AP(x — cyt), YP(x — cpt),
YP(x — dt) are some modelizations of p-power of delta-waves, tsunamis, or
solitons and approximate self-similar solutions of Burgers’ equation. The
generalized function P(x — dt) propagates approximatively with a finite
speed d = F' (1), but AP(z — cpt) and YP(x — ¢pt) have the same generalized
speed ¢, ~ [(25)’? F (ﬁ)} depending only upon the generalized height
(and not thickness) of the initial data AP and YP. And in each case, the
solution lies in an algebra adapted to the problem by the choice of the al-
gebra £(Q) and the ring C of generalized numbers. Indeed &£1%1Ux10:1(Q)
contains the representatives of our expected approximate solutions and C is
overgenerated by some elements connected to equation and data singulari-
ties. Moreover, these singularities also are connected to the required (®,-E
or U-F) approximation processes.

References

[1] H.A. Biagioni and M. Oberguggenberger, Generalized solutions to Burgers’ equation,
J. Differential Equations, 97(2) (1992), 263-287, MR 93j:35151, Zbl 0777.35071.

[2] J.-J. Cauret, J.-F. Colombeau and A.Y. Le Roux, Discontinuous generalized solutions
of nonlinear nonconservative hyperbolic equations, J. Math. Anal. Apl., 139 (1989),
552-573, MR 91¢:35085, Zbl 0691.35057.

[3] J.-F. Colombeau, Elementary introduction to mew generalized functions, North-
Holland Math. Studies, 113, 1985, MR 87f:46064, Zbl 0584.46024.

[4] V.G. Danilov and G.A. Omel’yanov, Calculation of the singularity dynamics for qua-
dratic monlinear hyperbolic equations. Example the Hopf equation, Nonlinear The-
ory of Generalized Functions, Research Notes in Mathematics Series, Chapman &
Hall/CRC, 1999, 63-74, CMP 1 699 862, Zbl 0932.35144.

[5] A. Delcroix and D. Scarpalezos, Sharp topologies on (C,E,P)-algebras, Nonlinear
Theory of Generalized Functions, Research Notes in Mathematics Series, Chapman
& Hall/CRC, 1999, 165-173, MR 2000£:46049, Zbl 0934.46049.


http://www.ams.org/mathscinet-getitem?mr=93j:35151
http://www.emis.de/cgi-bin/MATH-item?0777.35071
http://www.ams.org/mathscinet-getitem?mr=91c:35085
http://www.emis.de/cgi-bin/MATH-item?0691.35057
http://www.ams.org/mathscinet-getitem?mr=87f:46064
http://www.emis.de/cgi-bin/MATH-item?0584.46024
http://www.ams.org/mathscinet-getitem?mr=1699862
http://www.emis.de/cgi-bin/MATH-item?0932.35144
http://www.ams.org/mathscinet-getitem?mr=2000f:46049
http://www.emis.de/cgi-bin/MATH-item?0934.46049

7]

8]
[9]
(10]

(11]

(12]

(13]

(14]

(15]

[16]

(17]

18]

(19]

20]

NONLINEAR ALGEBRAIC ANALYSIS 187

, Topology on asymptotic algebras and applications, Monatsh. Math., 129
(2000), 1-14, MR 2001b:46065, Zbl 0952.46029.

F. Demengel and D. Serre, Nonvanishing singular part of measure valued solutions for
scalar hyperbolic equations, Comm. Partial Differential Equations, 16 (1991), 221-254,
MR 92d:35186, Zbl 0733.35021.

N. Djapic and S. Pilipovic, Approximated traveling wave solutions to generalized Hopf
equation, Novi Sad J. Math., 29 (1999), 103-116, MR, 2002g:35139.

Y.V. Egorov, A contribution to the theory of generalized functions, Russian Math.
Surveys, 45(5) (1990), 1-49, MR 92d:46097, Zbl 0754.46034.

L. Hérmander, Lectures on Nonlinear Hyperbolic Differential Equations, Mathéma-
tiques & Applications, 26, Springer-Verlag, 1997, MR 98e:35103, Zbl 0881.35001.

J.-A. Marti, Fundamental structures and asymptotic microlocalization in sheaves
of generalized functions, Integral Transforms Spec. Funct., 6(1-4) (1998), 223-228,
MR 99f:58187, Zbl 0902.18005.

, Fized points in algebras of generalized functions, International Conference
ICIMAF, La Habana Cuba, 1997.

, (C,E,P)-sheaf structures and applications, Nonlinear Theory of Generalized
Functions, Research Notes in Mathematics Series, Chapman & Hall/CRC, 1999, 175-
186, MR 2000f:46050, Zbl 0938.35008.

J.-A. Marti and P. Nuiro, Génération d’algébres différentielles et applications, Pro-
ceedings of the 3™ Catalan Days on Applied Mathematics, Lleida, Espagne, 1996,
139-150, MR 99¢:46037, Zbl 0897.46022.

, Analyse algébrique d’un probléme de Dirichlet non-linéaire et sin-
gulier, Topol. Methods Nonlinear Anal., 13 (1999), 301-311, MR 2001e:35070,
Zbl 0959.46028.

J.-A. Marti, S.P. Nuiro and V.S. Valmorin, On a nonlinear Goursat problem, Integral
Transforms Spec. Funct., 6(1-4) (1998), 229-246, MR 99d:35025, Zbl 0912.35043.

, Sur un probleme de Goursat non-linéaire a données irréguliéres, Annales
de la Faculté des Sciences de Toulouse, VII(1) (1998), 135-159, MR 99k:35012,
7Zbl 0915.35006.

V.P. Maslov and G.A. Omel’yanov, Geometric Asymptotics for Nonlinear PDE 1,
Translations of Mathematical Monographs, 202, A.M.S.,; 2001, MR 2002k:35280,
Zbl 0984.35001.

M. Nedeljkov, Infinitely narrow soliton solutions to scalar conservation law in
Colombeau sense, Integral Transforms and Special Functions, 6(1-4) (1998), 257-263,
MR 99d:35099, Zbl 0911.35030.

Ya.V. Radyno, Extensions of algebras, mnemofunctions and their applications, Non-
linear Theory of Generalized Functions, Research Notes in Mathematics Series, Chap-
man & Hall/CRC, 1999, 209-218, MR 2000j:46082, Zbl 0938.46044.

Received June 30, 1999.

DEPARTEMENT DE MATHEMATIQUES ET INFORMATIQUE
UNIVERSITE ANTILLES-GUYANE

97157 POINTE A PITRE

GUADELOUPE

FRENCH WEST INDIES)

E-mail address: jean-andre.marti@Quniv-ag.fr


http://www.ams.org/mathscinet-getitem?mr=2001b:46065
http://www.emis.de/cgi-bin/MATH-item?0952.46029
http://www.ams.org/mathscinet-getitem?mr=92d:35186
http://www.emis.de/cgi-bin/MATH-item?0733.35021
http://www.ams.org/mathscinet-getitem?mr=2002g:35139
http://www.ams.org/mathscinet-getitem?mr=92d:46097
http://www.emis.de/cgi-bin/MATH-item?0754.46034
http://www.ams.org/mathscinet-getitem?mr=98e:35103
http://www.emis.de/cgi-bin/MATH-item?0881.35001
http://www.ams.org/mathscinet-getitem?mr=99f:58187
http://www.emis.de/cgi-bin/MATH-item?0902.18005
http://www.ams.org/mathscinet-getitem?mr=2000f:46050
http://www.emis.de/cgi-bin/MATH-item?0938.35008
http://www.ams.org/mathscinet-getitem?mr=99c:46037
http://www.emis.de/cgi-bin/MATH-item?0897.46022
http://www.ams.org/mathscinet-getitem?mr=2001e:35070
http://www.emis.de/cgi-bin/MATH-item?0959.46028
http://www.ams.org/mathscinet-getitem?mr=99d:35025
http://www.emis.de/cgi-bin/MATH-item?0912.35043
http://www.ams.org/mathscinet-getitem?mr=99k:35012
http://www.emis.de/cgi-bin/MATH-item?0915.35006
http://www.ams.org/mathscinet-getitem?mr=2002k:35280
http://www.emis.de/cgi-bin/MATH-item?0984.35001
http://www.ams.org/mathscinet-getitem?mr=99d:35099
http://www.emis.de/cgi-bin/MATH-item?0911.35030
http://www.ams.org/mathscinet-getitem?mr=2000j:46082
http://www.emis.de/cgi-bin/MATH-item?0938.46044
mailto:jean-andre.marti@univ-ag.fr

