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In this paper, we studied the real vector bundle decom-
position problem. We first give a general decomposition re-
sult which relates a given vector bundle to some cohomol-
ogy classes with local coefficients in the homotopy group of
a Grassmann manifold; it is those classes that obstruct the
decomposition. Those classes are natural with respect to the
induced vector bundle by a map. For some special decom-
positions, we gave a relationship between those classes and
the well-known characteristic classes such as Stiefel-Whitney
classes and Chern classes. We determined the local coeffi-
cients in the cohomology group which contain the decompo-
sition obstruction classes. We find applications in the study
of subbundles of low codimension. In particular, codimen-
sion 1 decomposition classes are investigated in which we find
that one of the two decomposition classes for the universal
bundle over BO(2n + 1) is in H?2"t1(BO(2n + 1), Z). This
result gives rise to a new geometric interpretation for the or-
der two elements in the integral cohomology group in odd
dimension. We further make use of the cellular structure of
the classifying space BO(n) to see the ‘local’ structure for the
restriction of the universal bundle to each cell. In this way,
we can construct the obstruction classes for the codimension
1 vector bundle decomposition. We gave an example to calcu-
late the decomposition obstruction for the tangent bundle of
RP2", which turns out to be the generator in the cohomology
of RP?" with twisted integer coefficients. On the other hand,
we exhibit a trivial summand in the tangent bundle for any
odd dimensional cobordism classes.

1. Introduction.

The classification for vector bundles is a classical problem which has been
studied by many mathematicians. Grothendieck proved that every algebraic
vector bundle over C P! can be decomposed as a direct sum of complex line
bundles which gives rise to a complete classification for algebraic vector
bundle over C'P!. Hirzebruch [6] applied the Riemann-Rock theorem to the
vector bundles over C'P™ and obtained an integral condition on the Chern
classes of the vector bundle. Using the Hirzebruch’s results, Schwarzenberger
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[12] gave a partial classification for complex algebraic 2-vector bundles over
CP? and formulated the following conditions for the Chern classes ¢; and
co of a 2-vector bundle over C'P":

01 0
: A 2<k<
s <k>+<k>e <k<n,

where 61 + d9 = ¢1, 102 = co.

Atiyah and Rees [1] classified the complex topological 2-vector bundles
over CP3. In [2], Barth and Van de Ven gave a decomposability criterion
for complex algebraic 2-bundles over C'P™. Switzer [14] contributed in the
classification of complex topological 2-vector bundle over C'P" for n = 4,5
and 6.

In the real case the literature is sketchy at best. In this paper we shall
begin the study of the decomposition of real vector bundles. Unlike com-
plex vector bundles, the decomposition problem for real vector bundles will
involve cohomology groups with local coefficients. We give a general de-
composition result (Theorem 2.1.5) which relates a given vector bundle to
some cohomology classes with local coefficients in the homotopy group of a
Grassmann manifold; it is those classes that obstruct the decomposition.
Those classes are natural with respect to the induced vector bundle by
a map (see 2.1.7). For some special decompositions, we gave a relation-
ship between those classes and the well-known characteristic classes such as
Stiefel-Whitney classes and Chern classes (see 2.2.8, 2.2.9 and 2.2.10). We
find applications in the study of subbundles of low codimension. In partic-
ular, codimension 1 decomposition classes are investigated in 2.2.6 in which
we find that one of the two decomposition classes for the universal bundle
over BO(2n+1) is in H*"*(BO(2n+1), Z). This result gives rise to a new
geometric interpretation for the order two elements in the integral cohomol-
ogy group in odd dimension. We further make use of the cellular structure
of the classifying space BO(n) to see the ‘local’ structure (see 2.2.11) for the
restriction of the universal bundle to each cell. In this way, we can construct
the obstruction classes for the codimension 1 vector bundle decomposition.
In example 3.1, we calculated the decomposition obstruction for the tangent
bundle of RP?", which turns out to be the generator in the cohomology of
RP?" with twisted integer coefficients. On the other hand, in Example 3.4,
we exhibit a trivial summand in the tangent bundle for any odd dimensional
cobordism classes.

Our approach is based on the following considerations. Let G be a com-
pact Lie group and H be a closed subgroup of G. Designated by BG and
BH the classifying spaces of G and H respectively, classical results on com-
pact Lie groups and their classifying spaces give us an important fibration
BH — BG with fiber G/H [15]. The lifting problem for certain fibrations
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between the classifying spaces of classical Lie groups and their closed sub-
groups is an extensively studied problem during the past twenty years [7],
[8], [11] and [9]. We will discuss the following fibration in some detail:

B(O(n) x O(m)) — BO(n +m).

The fibre of the fibration is O(n+m)/O(n) x O(m) = Gy, 1, the Grassmann
manifold. Let X be a CW-complex and £” be an n-dimensional vector
bundle over X, then by classification theorem there is a continuous map,
the classifying map of £", f : X — BO(n) such that " ~ f*(n,) where n,
is the canonical n-dimensional vector bundle over BO(n). A vector bundle
€™ can be decomposed into a Whitney sum " = £ @ €% of two bundles
if and only if the structure group of £ can be reduced into the subgroup
O(k) x O(n—k) which means that the classifying map f of £ can be lifted to
the classifying space B(O(k) x O(n—k)) up to a homotopy. So the problem
of decomposing a vector bundle is equivalent to the lifting problem of its
classifying map for the fibration B(O(k) x O(n —k)) — BO(n). We apply
the obstruction theory to study the corresponding lifting problem for this
fibration.

2. Main results.

2.1. The general decomposition results. In this section we will use
the obstruction theory to consider some problems about vector bundles, in
particular the decomposition problem of vector bundles over a CW-complex.

Lemma 2.1.1. Let £™ be an m-dimenstonal vector bundle over a paracom-
pact space X, then €™ has a Whitney sum decomposition ¢ @ €™ % if and
only if there exists a commutative diagram up to homotopy:

B(O(k) x O(m — k))

N

X — BO(m)
f

where f is the classifying map of £™ and p is the map between the classifying
spaces induced by the inclusion O(k) x O(m — k) C O(m).

Proof. This result can be proved by considering the structure group of a
vector bundle. O

There are different ways to construct the classifying space BG for a com-
pact Lie-group G. Here I give a geometric way to construct B(O(k) x O(m—
k)) so that there is a natural fibration p : B(O(k) x O(m — k)) — BO(m)
with fiber Gi(R™), the Grassmann. Let 7,, be the universal m-dimensional
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vector bundle over BO(m) = G,,(R>). Define
Gr(nm) = {(X,Y)|Y is any k-dimensional subspace of X'}
C G(R™) x Gp(R™)
with the subspace topology.
Proposition 2.1.2. Gi(nm) is a classifying space for O(k) x O(m — k).
The natural projection p : Gr(nm) — Gn(R>) is a fibration with fiber
Gr(R™). The universal bundle over Gi(nm) s p*(nm) which is isomorphic
to wi ® Wy_k, whose total spaces are as follows:
E(w) ={(X,Y),v)|v e Y} C Gr(nm) x R™;
E@p—r) ={((X,Y),v)lve X,v LY} C Grp(nm) X R*.
Proof. The proof is based on the uniqueness of the classifying space for

compact Lie-group and the fact that the canonical inclusion ¢ : G (R*°) x
G-k (R>®) — Gp(R*) factors through G (n,). O

By the local triviality of the universal bundle 7,,, G(nm) is also a local
trivial fiber space with fiber G (R*°), therefore, the projection p is a fibration
with fiber Gi(R™).

Let £€™ be any m-dimensional vector bundle over a CW-complex X with
classifying map f : X — G,,(R*). We define G;({™) — X, called the
Grassmann bundle associated with £, to be the pull-back of the fibration
p: Gp(m) — Gn(R>®) by f. To justify the definition, we need to prove
that if f is homotopic to g, then their pull-backs must be homeomorphism.
By the classification theorem, f*(7,,) ~ 9" (m) = ™. Now we can define a

homeomorphism 77 : f*(Gk(nm)) = g*(Gk(nm)) by
Wz, (f(2),Y)) = (2, (b(f(2)), h(Y))) = (z, (g9(x), h(Y)))

where Y is any k-dimensional subspace of f(x). Geometrically, Gy (£™) is
the space of all k-dimensional subspaces in the fibers of 7,,. As a special
case, G1(§™) is the well-known projective bundle space RP (™) associated
with ™.

Lemma 2.1.3. The projection pe : G(§™) — X is a fibration with fiber
Gr(R™). €™ has a decomposition £™ =~ £F @ 55”4“ if and only if there is a
section for the fibration pe.

Proof. Let f: X — G.,,(R>) be the classifying map for £, then we have
a pull-back diagram:

*

Gr(E™) —L = Gi(nm)

.| I
x L G.(Rr™).
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By 2.1.1 and 2.1.2 £™ =~ 5’1‘“ &) f;”fk if and only if there is a lifting for the
fibration p : Gi(nm) — G (R>) which is equivalent to the existence of a
section of the fibration pg¢ : G (™) — X. O

Let p: E — B be a fibration with fiber F', and let ¥, B and F be path-
connected CW-spaces. Then there exist fibrations ¢, and maps h, making
the digram

E
plk o I
B El En71<—En<—

q1 q2 qn

commute, and such that for n > 1 (if n = 1, 71 (F) needs to be abelian):

(1) gy is a fibration with fiber K (m,(F),n), the Eilenberg-Maclane space.
(2) hy, is (n + 1)-connected.

In the following, we will use the above so-called Postnikov decomposition
for a fibration to study p : Gi(9m) — Gm(R>) or pe : G(§™) — X. We
start with a typical fibration in the Postnikov decomposition.

Lemma 2.1.4. Let p : E — B be a fibration with fiber K(II,n), where
II is an abelzan group, and f : X — B be a map between connected CW-
spaces. Let H be the local coefficients and ob(p) € H" " (B;II p) be the
primary cohomology obstruction with respect to the trivial section on the
base point. Then f*(ob(p)) =0 € H”“(X;f*ﬁp) if and only if f can be
lifted to f : X — E.

Proof. See [3].

Now we can apply the above results to prove our general decomposition
theorem.

Theorem 2.1.5. Let £ be an m-dimensional vector bundle over a con-
nected CW-complex X, pe : Gk(ﬁm) — X be the Grassmann bundle of £™

with Postnikov decomposition {Xn, hn, Gn}. Let
obf (™) € H" N X1, Tn(Gonkr)),  n=1,2,...
be the n-th Postnikov invariance for pe. For n > 1 and a given homomor-
phism 6 : 71 (X) — 71 (X1), set
Bﬁyg(gm) = {sfl_l(ob,’fb(fm)) | for all sections

1: X — )Afn_l s.t. (q~2 - E]Vn_lsn_l)* = 9}
C Hn+1(X, e*ﬁ(Gm_k,k))
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where s, + H'" ™ (X, ;70 (Gom_ii)) — H" UX;0.7,(Grrr)) is the
induced homomorphism in the cohomology groups with local coefficients.
Then

{obf(e™)|n=1,2,...} and {OBfLﬂ( ™ n=12,...}
have the following properties:

(1) If obk(€™) = 0 for every n < dim X, then €™ can be decomposed as a
Whitney sum €™ = ¢k @ ¢m—k,

(2) If €™ can be decomposed as a Whitney sum ™ = R @™k then there
exists a homomorphism 0 : 7 (X) — m1(X1) such that 0 € OBE ,(¢™)
form=1,2,.... 7

(3) If N =dimX < oo and 0 € OB]fvag(fm), then €™ can be decomposed
as a Whitney sum ™ = 5 @ ¢m—F.

(4) €™ can be decomposed as a Whitney sum &™ = € @ ™ if and
only if there exists a section s : X — @n)?n for the fibration pr :

Liﬂlan — X.

Proof. By Lemma 2.1.3, the problem of decomposition &™ = & @ ¢m=F is
equivalent to the existence of a section for the fibration pg : G (§") — X
which has fiber Gy, 1.

If k=1, and m = 2, then Gy, = G1,1 = S1 and m(Giy) = Z. If
m > 2, then it is well-known that

Wl(Gmfk,k) ~ ’R’()(O(k)) = ZQ.

As a result, 71 (Gp,—k ) is always an abelian group so that we can apply the
obstruction theory for the fibration p¢ : G ({") — X.

Proof of (1). By Lemma 2.1.4, ob®(¢™) = 0 if and only if the fibration
Gn : )?'n — )?n_l has a section. So if obﬁ({m) = 0 for each n, then
there exists a section s : X — linnj(/n for the fibration pr : mnfn —
X, which is the composition of all sections g, : )N(n — Nn,l. From [3],
liLﬂn}an s Gp(E™) — Linn)zn is a weak homotopy equivalence. Since X
is a CW-complex, one can apply J.H.C. Whitehead theorem, which in our
situation says that h* : [X, Gx(§™)] = [X,liinnf(n], to get a section for the
fibration pe : GR(§™) — X. By Lemma 2.1.3, £ can be decomposed as a
Whitney sum: &m = ¢+ @ ¢mF,

Proof of (2). By Lemma 2.1.3, £&™ = &8 @ €™=F implies pe s Gp({") — X
has a sections s : X — G(§™) which gives rise to a sequence of sections
{sn = hpns : X — )?n| st. GnsSn = Sp—1, n = 1,2,...}. Take 0 = sy, :
71(X) — m1(X1). Then for every n, consider the pull-back diagram:
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By definition, obfi(fm) is the primary cohomology obstruction for the fibra-
tion ¢, : X;, — X, _1. Since s,_1 has a lifting s,,, by Lemma 2.1.4,

s5_1(obE(€™)) =0 € H"™NX; 501,70 (Cmkk))-

Now we look at the local coefficients. From the long exact sequence of the
fibration ¢, : X, — X, _1:

2 (K (ma(F),n)) — s m(Xn) 2 1 (Xply) —— 0

we see that ¢« : mp ()Zn) — m1(X,—1) is an isomorphism for n > 2. Notic-
ing that
42 Qn—15n—1 = 51,

we thus prove that s,—1,7n(Grm—k) = 070 (G m—r), and

st_1(obE(E™) =0 in H"™(X;0.70(Crrk))-

n—1

By definition, 0 € OBfw(fm), forn=1,2,....

Proof of (3). By definition, 0 € OB]fvae(fm) implies that there exists a
section sy_g such that s3,_,(oby_1(§™)) =0 in HN (X, 0. 7TN-1(Gm—kk)),
by Lemma 2.1.4, sy_o has a lifting sy_1 such that py_1sy_1 = Sy_2. Since
dim X = N, for any local coefficients Gon X

H'(X,G)=0  for i> N.

But s, (obn(€™)) € HN (X, sN_1,7N(Grm—k)) = 0, s0 s _,(oby (€M)
= 0, and by Lemma 2.1.4, there exists a section sy such that pysy =
sny—1. By repeating this procedure, we can obtain a sequence of sections
{sn|s.t. ppsn = sp—1} which gives a section for the fibration p¢ : G1({™) —
X and by Lemma 2.1.3, £™ = ¢k @ ¢m—F,

Proof of (4). Since linnﬁn :Gip(E™) — gnnf(/n is a weak homotopy equiv-
alence and X is a CW-complex, from Lemma 2.1.1 and J.H.C. Whitehead
theorem as in proof of (1) the result follows. O

Definition 2.1.6. The classes {ob®(¢™) € H"™ (X, 1, 7n(Gri)), 1 =
1,2...} in the above theorem are called the decomposition obstructions of
5m — fk oy gmfk_
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Corollary 2.1.7. {obF(¢™) € H”H()?n,l,%n(Gm_hk)), n=12...} are
natural in the following sense: If g : Y — X is a map, then g pulls the
tower
X — X, Xy —— X, e e
@ an

back over Y such that

g1 (0bE(E™)) = obli(g*(¢™)) and

9" (OBry(€™)) € OBy 4,6(g"(€™))

where gn—1 : g5 (X)p—1 — X,_1 is the induced map at (n — 1) stage, in
particular,

obyy (€™) = oby (f*(1hm)) = fr_1(0by (1hm)) and
F*(OBy. o(1hm)) C OBy, 15(6™)

where Ny, s the universal m-vector bundle, and f is the classifying map of
g
Proof. The proof is essentially based on the naturality of the primary coho-
mology obstruction and that of the Postnikov decomposition. By definition
ob¥ (£™) is the n-th Postnikov invariant in the induced Postnikov decompo-
sition. But the Postnikov invariants are natural since they are defined to be
the primary cohomology obstructions. N

To prove that g*(Obe@(ﬁm)) C OBng 0(g" (€M), let 51 : X — X
be a section such that (g2---@n-15p—1)« = 0, consider the commutative
diagram:

In—1 d

g* (Xn—l) — Xp-1

| |

y - X
Since s,—1 induces a section g*(s,—1) for the induced fibration by g such
that s,—19 = gn—1 g*(Sn—1), by the naturality of cohomology with local
coefficients, we have

g (s5-1(0b(€™))) = (5u-19)" (obyy(€™))

919" (sn-1))"(0byy (™))
*(sn-1))"gn-1(0by (™))
*(sn-1))"(obj (g"(€™)))

which means that g*(OB*™?(¢m)) ¢ OB¥ o(g*(EM)). U

ng*

(
= (
= (
= (

QQ
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In the following we study the decomposition obstructions in some details.
Consider the inclusions:
O(m—k)CO(m—k)xO(k) C O(m)
which induce fibrations in their classifying spaces:
BO(m — k) — B(O(m — k) x O(k)) — BO(m).
We look at the following two fibrations:
p: BO(m —k) — BO(m) and p’ : B(O(m — k) x O(k)) — BO(m)

which have fibers O(m)/O(m — k) = V,,, 1, and O(m)/(O(m — k) x O(k)) =
Gm—r,k respectively, and view the third fibration BO(m — k) — B(O(m —
k) x O(k)) as a map between the two fibrations. By the naturality of Post-
nikov decomposition, there exists a commutative diagram:

e L.
han h!,
E, I E
n—1 Tp—1
Ly & B,
Pn—1 Ph_1
BO(m) = BO(m)

where {E,, .qn, hyn} and {E), .q},,hl,} are the Postnikov decompositions of
p : BO(m — k) — BO(m) and p’ : B(O(m — k) x O(k)) — BO(m)
respectively.

Now we study the Postnikov decomposition {E,,, .qn, hy,} of p : BO(m —
k) — BO(m). Since g, is a fibration with fiber K (7, (Vy,x),n) and the
Stiefel manifold V},,  is (m — k — 1)-connected, the Postnikov invariant

ki(p) € HHEi_1;7i(Vink)
vanishes for 0 < i < m — k. Applying Lemma 2.1.4 repeatedly, we have:

Proposition 2.1.8. There exists a section: BO(m) — E,,_k_1 in the
Postnikov decomposition {Ey, qn,hn} of the fibration p : BO(m — k) —
BO(m).

Corollary 2.1.9. There exists a section: BO(m) — E! _, | in the Post-
nikov decomposition { E],, q.,, hl,} of the fibration p' : B(O(m—k)xO(k)) —
BO(m).
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Proof. This is a direct result of the Proposition 2.1.8 and the above com-
mutative diagram. O

Corollary 2.1.10. Let €™ be an m-dimensional vector bundle over a con-
nected N -dimensional CW-complex X. If N < m — k, then £™ can be
decomposed as a Whitney sum €™ = &5 @ ¢m—F.
Proof. By Corollary 2.1.9, we have a section: s : BO(m) — E! _, | in
the Postnikov decomposition {E/ , ¢/, h!,} of the fibration p’ : BO((m — k) x
O(k)) — BO(m). So there exists a section: s : X — X, 1 in the
induced Postnikov decomposition. By definition, 0 € OB%_k_Le(fm), using
Theorem 2.1.5 (3), one concludes that £™ can be decomposed as a Whitney
sum M = k@ ¢mk, O
In Theorem 2.1.5, the obstruction set OBfw({m) depends on 0 : m (X) —
m ()Z' 1). In the following, we will see that there are exactly two different 0’s
for the universal m-vector bundle n™.

Theorem 2.1.11. In the Postnikov decomposition {E),,q.,,hl,} of the fibra-
tion p' : BO((m — k) x O(k)) — BO(m), if m > 2, then there are exactly
two homomorphisms

01,02 : 11 (BO(m)) — mi(EY)
which are induced by some sections from BO(m) to Ej.
Proof. Recall that in the Postnikov decomposition {E},, ¢}, h.,}, ¢| : E{ —
BO(m) is a fibration with fiber K (m1(Gp—k),1). Consider the homotopy
sequence of the fibration
0
- — m(BO(m)) — Wl(K(Wl(Gm—k k) 1))

q*

2 (B =5 7 (BO(m)) — 0
and the fact that 71 (Gp—g k) = Z2 for m > 2 and 71 (BO(m)) = Zs. Since
B(O(m — k) x O(k)) ~ BO(m — k) x BO(k), we have

m1(B(O(m — k) x O(k))) = m(BO(m —k)) ® 71 (BO(m — k)) = Zy & Zs.
But A’ : B(O(m — k) x O(k)) — Ej is 2-connected, so
Ry« i w1 (B(O(m — k) x O(k))) — m1(E})
is an isomorphism and hence 1 (E}) ~ Z2 @ Zy. Therefore, the above exact
sequence actually is the following sequence:
T2(BO(m)) -2 Zy 5 Zy @ Zo 25 Zy — 0.

By the exactness, the image of @ must be 0, and we get a short exact
sequence:

0— Zy 5 Zo® Zy 25 Zy — 0.
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It is easy to see that there are exactly two homomorphisms
01,00 : Zo — Zo @ Zo
which satisfy the condition: p, o 6; = pl, 0§ = 1. By the 2-extendability
thorem [3], we get two sections: s, s : BO(m) — E} such that
si+ = 0; : m(BO(m)) = Zo — w1 (E}) = Z2 ® Zo fori=1,2.

This is what we need to prove. O

2.2. Codimension 1 decomposition. Now we consider two special cases
in which there is only one decomposition obstruction. The first one is that
the dimension of the vector bundle is 2. The other one is the case in which
the codimension is 1.

Proposition 2.2.1. For any two dimensional vector bundle 2 over a con-

nected CW-complex X, there is only one decomposition obstruction
ob1(€2) € HX(X; f % Z)

such that oby (&%) = 0 if and only if €2 can be decomposed as €2 = &' @ nt,

where f : X — BO(2) is the classifying map of €2, and Z is the twisted
integer.

Proof. In the fibration p : B(O(1) x O(1)) — BO(2), the fiber is
0(2)/(0(1) x O(1)) = Gy ~ S' ~ K(Z,1),
so the fibration itself is the Postnikov decomposition, and
ob,(£2) =0  for n> 1.

Since ob1(£?) is the only none trivial decomposition obstruction, by The-
orem 2.1.5, oby(£2) = 0 if and only if ¢2 can be decomposed as &2 =
ot O
Corollary 2.2.2. Let ny be the universal principal O(2)-bundle, then for

any two dimensional vector bundle €2 over a connected CW -complex X with
classifying map f,

f*(ob1(n2)) = 0 if and only if £ can be deconposed as &> = &' @ nl.
Proof. By the naturality of the decomposition obstruction

f*(ob1(n2)) = ob1(f*(n2)) = ob1(€?).

From Proposition 2.2.1, we have this corollary. U

Now we turn to consider the second special case where the dimension of
the vector bundle is same as that of the base space. The decomposition is
such that one of the bundles in the sum is a line bundle.

In our definition of decomposition obstructions ob” (£€™), we use the Post-
nikov decomposition induced by the classifying map of the vector bundle ™
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from the fibration p : B(O(k) x O(m — k)) — BO(m). The advantage of
this approach is that those decomposition obstruction classes obfl(ﬁm) only
depend on the vector bundle £™ and are natural in the sense as indicated
in Corollary 2.1.7. If one has a section s to the (n — 1)-level in the induced
Postnikov decomposition, then the vanishing of s*(ob%(£™)) is equivalent to
the existence of the n-level lifting for s. So the class s*(ob%(£™)) has the
similar property as that of the obstruction cohomology class for a section.
On the other hand, as stated in [3], the construction for the Postnikov de-
composition is much more difficult than that of CW-decomposition. In some
special cases, one may give a detail description of the Postnikov decompo-
sition [14]. However, Eckmann and Hilton [5] showed that the cohomol-
ogy obstructions for Postnikov and CW-decompositions are equivalent. To
say precisely, let (X, A) be a relative CW-complex with CW-decomposition
X =lim, Xy, and let p: E — X be a fibration with Postnikov decompo-
sition {Ey, qn, hn }, then there is a bijection:

A (X, BV | Xy~ (X Byy)

where u : A — p~1(A) = E_; is a partial section, 6 : 7 (X) — 7 (E) is a
splitting of p (see [3]) and @' = hy« 06 : m(X) — m(E1), and (X, B)»?
denoted the section homotopy classes relative to u and compatible with 6,
and (X,,, E)*?| X,,_1 is the set of all the restrictions on X,,_1. The bijection
mapping A is given in the following way:

Let ¢, € (X, E)*Y, then hy,_1¢n | Xp_1: X1 — E,_1 has an exten-
sion h,_1¢, : X, — E,_1. But the fiber of the fibration: E,_1 — X has
no non-vanishing homotopy groups in dimension greater than n — 1, so the
section hp,_1¢, : X, — FE,_1 can be extended to a section over X which
is defined to be A(¢,|X,—1). From [3], this is well-defined bijection. Under
this bijection, Eckmann and Hilton’s result says that

[obn(¢n)] = ¢" " * (kn(gn)) € H" (X, A;0 % 7, (F))

where ¢"! = A, | Xpo1), and kn(qn) € H" H(Ep_1; 710 (F)g,) is the n-th
Postnikov invariant for the fibration ¢, : £, — E,_1.

Using the above result, we see that from the Postnikov invariants, one can
recover all the obstructions classes defined by using the CW-decomposition
of the base space. It is because of this, we can compute the obstruction
OBF,(¢™) without knowing the Postnikov decomposition. This makes it
possible to compute OBQe(gm) by using only the CW-decomposition of the
base space.

In order to actually compute OB¥,(¢™) ¢ H" (X, 0.7,(Gp_r.x)), one
still needs to know the local coefficients 7, (G, —k ). By the naturality 2.1.7,
we know that f*(OB’fLﬂ(nm)) C OBfi,f*e(fm), where f is the classifying
map for the vector bundle £, and 7,, is the universal m-plane bundle over
BO(m). So it will be enough to determine the local coefficients for the
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fibration p : B(O(k) x O(m — k)) — BO(m) which is difficult in general
because one does not know 7, (G m—r) for each n. In order to relate this
coefficients to some known coefficients, we need the following lemma:

Lemma 2.2.3. Let By -2 E; -2 X be a tower of fibrations, and let
Fy and Fy be the fibers of qiqo and q1 respectively, then for each n, the
induced homomorphism qox : mp(Fy) — mp(F1) is a homorphism qo» :
T (Fp) 12 — 0, (F1)? between the two systems of local coefficients deter-
mined by the fibrations q1q2 and q;.

Proof. Let Eg, E;, be the mapping cylinders of g1¢2 and ¢; respectively, then
g2 induces an obvious map ¢ : (E2, F2) — (E7, Eq) which induces operator
homomorphisms between the two homotopy exact sequences:

D mg(B2) — 2 1y(Bn) —L 1y(Ba, B2) —2— i (B2) ——— -

qz*l q}*l qu*JV qz*l

e mg(Br) — 1y(Br) —L (B, B) —2— mgo1(Br) —— -

In particular, go= : WQ(EQ,EQ) — Fq(El,El) is an operator homorphism.
Recall that m,(F1)? is defined via an isomorphism: A’ : wy(Ey, Ey) —
mg—1(F1). In fact, the isomorphism is given by the following composition:

—1

b 9
A mg(Br, Br) —— (B, F) —— g1 (F)

where k; is the inclusion which induces an isomorphism [15]. Thus we have
a commutative diagram:

—1

ky d
(EQ,EQ) —> 7Tq(F27F2) _— 7Tq_1(F2)

‘72*\[ az*J( qz*l

—1

Wq(El,El) SN 7Tq(F1,F1) E— 7Tq,1(F1).
Therefore go« : my, (F2)1% — 7, (F1)? is a homomorphism between the two

local systems. U

Corollary 2.2.4. With the above notations, for any n-skeleton section s :
X" — E5 (n > 2), there is an induced homomorphism:

g2, H'"PH (X sy (Fy)) — H™ (X g2 0 sumy(F1))

such that
G2, (0by(s)) = obp(g2 0 s).
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Proof. By Lemma 2.2.3, qo2, : mp(F2) — m,(F1) is a homomorphism g9, :
T (F2) 092 — 1, (F1 )9 between the two systems of local coefficients deter-
mined by the fibrations q1g2 and ¢;. The sections s : X" — FEy and ¢
s: X™ — Fj pull the two systems of local coefficients back on X™ so that
G2, @ Tn(F2)1%2 — 7, (F1)? induces a homomorphism of the systems of
local coefficients:

Q2 8+ (Fo) — (q28)+mn(F1).

From [15], g2, induces a homomorphism for the cohomology groups with
local coefficients:

G2t H"TN( X s0mp (Fy)) — H" (X g9 0 summ, (FY)).

Now we consider the diagram:

o
Tt (B3 B —2— my(Bp) —— 1, (F)

. | . | . |

) (q25)
a1 (BYTY EY) —— m(B}) —5 m(F1)

where all the spaces and homomorphisms are the same as in the definition

of obstruction cocycle (see [3]). We only need to check the commutativity

of the right square.
Let o € m,(EY), by definition, we have

15G2, 54 (@) = g2, iu5(a) = g2, (o — 5:(q192)«())
= 2. (@) — q2,54(q12) ()
= q2.() — (28)+(q1(q2.(a))) = ix(q2 © 8) 2. ().
Since i, is injective, we obtain that ga,s4 = (¢205)44q2,. Therefore, we have
12,5400, = (q2 0 8)40.
By the definition of cocycle, and that of the induced homomorphism,
G2, (0bp(s)) = obp(g2 0 s).
This completes the proof. O

Corollary 2.2.5. The inclusions O(m) C O(m)x O(n) C O(m+n) induce
a tower of fibrations BO(m) -2 B(O(m) x O(n)) % BO(m + n). Let
m>n and m—+n > 2. Then qo induces a homomorphism:

42 : Hq+1(BO(m+n)§Wq(vm—i-n,n)thqz) - Hq+1(BO(m+n)§Ql*Wq(Gm,n))

where 01 : T (BO(m + n)) = 71 (BO(m)) = Zy 2% 1(B(O(m) x O(n))) =
Zo @ Zsy. If s is a q-skeleton section with q > 2, then

Q2*(Obq(5)) = Obq(Q2 0 s).
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Proof. The fibers of ¢; and q1q2 are Gy, , and Vi, 4y, respectively. By our
assumption, m > 2, s0 Vy,4n.p, is at least 1-connected and the fibration g g2
has a unique (up to homotopy) 2-skeleton section s and

sy 1 m(BO(m+n)) = Zy — m(BO(m)) = Zy

is an isomorphism. The result follows by Corollary 2.2.4 if we simply think
S, as an identity. O

The following theorem is the main result about the codimension 1 decom-
position which reveals an obstruction class in H?"*'(BO(2n + 1); Z), the
cohomology with ordinary integer coefficients.

Theorem 2.2.6. Let 7, be the m-dimensional universal bundle over
BO(m) with m > 3, then there are exactly two obstruction classes in di-
mension m for the decomposition 0, ~ ™' @ X. Furthermore, one of the
two classes is the primary obstruction for the decomposition nm ~ £ 1oR,
which is in H™(BO(m); Z), where Z is the twisted integers; the other is in
H™(BO(m); Z) if m is even and is in H™(BO(m); Z) if m is odd.
Proof. Consider the tower of fibrations:

BO(m —1) £ B(O(m —1) x O(1)) % BO(m)
by Corollary 2.2.5, g2 induces a homomorphism:

424 * HqH(BO(m)SWq(Vm,l)m%) - HqH(BO(m);gl*wq(Gm—l,l))

where

01 . Wl(BO(m)> = 7r1(BO(m — 1))

= Zy 25 1 (B(O(m — 1) x O(1))).

Noticing that V;,, 1 = S™=1 and Gm-1,1 = RP™ 1 we know that ¢» induces
an isomorphism ¢2,mm—1(Vin1) & Z — mm—1(Gm-1,1) = Z between the
two systems of local coefficients. As is well-known, the coefficients in the

first cohomology is the twisted integer Z when q = m—1, so is the coefficients
in the second one. Thus g5 induces an isomorphism

¢, : H"(BO(m); Z) — H™(BO(m); Z).

Let s be any (m — 1)-skeleton section for the fibration ¢; ¢2 : BO(m—1) —
BO(m), then g2 s is (m — 1)-skeleton section for the fibration ¢; : B(O(m —
1) x O(1)) — BO(m). From Corollary 2.2.5, we obtain that

QQ*(Obm—l(S)) = Obm—l(q2 © 5)~
From [15], ob,,—1(s) is the primary obstruction for the vector bundle
decomposition 1, ~ £~ ! @ R. From the primary obstruction theorem,
the primary obstruction is independent with the choice of sections. Hence
ob;,—1(g2 © ) is one of the primary obstruction for the decomposition 7,, ~
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¢m=1 ® A\, But gox is an isomorphism, so we may regard ob,, 1(s) =
obm_1(q2 0 5) € H™(BO(m); Z).

In the following, we will prove that the other obstruction for the decom-
position 7, ~ ¢m~! @ X is either in H™(BO(m); Z) if m is even, or in
H™(BO(m); Z) if m is odd. As in the proof of Theorem 2.1.11, there is an
exact sequence:

0 — 1 (Gm11) — m(B(O(m —1) x O(1))) 25 71 (B(O(m))) — 0

and m1(Gp—1,1) = m1(B(O(m))) ~ Zy. Therefore the above sequence splits
and there are exactly two splitting homomorphisms:

01,09 : T (BO(m))
— m(B(O(m —1) x O(1))) = m1(B(O(m))) ® 71(Gm—1,1)

which are given by () = (a,0) and 02(«v) = (v, 3), where «, 3 are the gen-
erators of m1(BO(m)) and 71 (Gy,—1,1) respectively. We have already proved
that 01(a) = («,0) corresponds to the obstruction class of the decomposi-
tion 7, ~ ™1 @ R. In order to see the local coefficients determined by
02(a) = («, 3), we first recall the action of m1(Gm—1,1) on Tpm—1(Gm—1,1)-
The universal covering space of Gy,—1,1 = RP™ ! is S™~1. The only non-
trivial covering translation is the antipodal map h which corresponds to .
From [15], there is a commutative diagram

51, 5m] P [S™ s RP™ #] = 1 (Gine1,1)

| I

[5m1, 5m ] s [S™ s R 4] = 1 (Gine1,1)-

It is well-known that the degree of the antipodal map on S™ 1 is (—1)™,
from the above diagram, we know that the action of 3 is given by
Tﬁ(g) = (_1)m£’ for any 6 in Wmfl(Gmfl,l) =Z.

But the action of (0,8) on mp—1(Gpm—1,1) is the same as that of 3, and
the action of (a,0) on my,—1(Gm—1,1) is the same as that of & which is the
twisted action, i.e.,

To(§) = =&, forany £ in 7y 1(Gp-1,1) = Z.

Now the action induced by 603(a) = (a,3) is simply the product of the
actions of a and 3. So we have fa(a)(¢) = (—1)™*1¢ and thus the action

is either the twisted integr Z if m is even or the ordinary integer Z if m is
odd. O

The most interesting part in the theorem is the following corollary:
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Corollary 2.2.7. There is an element 0g,41 in H*" 71 (BO(2n+1); Z) such
that for any map f : X*"*' — BO@2n + 1), if f*(0o2n41) = 0, then
F*(M2ny1) =~ €27 @ X\, where X?"! is a (2n + 1)-dimensional CW -complex
and Nop41 @8 the universal vector bundle over BO(2n + 1).

Proof. Let 09,41 be the obstruction corresponding to the decomposition
€2 @ X as in Theorem 2.2.6. By the primary obstruction theorem, there is
a (2n)-skeleton section s for the fibration p : B(O(2n) x O(1)) — BO(2n +
1) such that og,4+1 = ob(s). By cellular approximation theorem, we may
assume that f is a cellular map. By the naturality of the primary obstruction
class, we have

f*(02n11) = [ (0b(s)) = ob(f"s)
where f*(s) is the induced section by f over the (2n)-skeleton of X?"*1. So
if f*(02n41) = 0, then f*(s) can be extended to a section over X2"*! hence
f: Xt — BO(2n + 1) has a lifting for the fibration p : B(O(2n) x
O(1)) — BO(2n +1). By Lemma 2.1.1, f*(n2,41) = £2" @ \. O

The following corollary gives us some relationship between the decompo-
sition obstruction and the well-known characteristic classes such as Stiefel-
Whitney classes, Euler classes and Chern classes.

Corollary 2.2.8. If the coefficient is reduced to Zs, then one of the two
obstruction classes in Theorem 2.2.6 will be the top Stiefel-Whitney class of
the universal bundle.

Proof. By definition, the top universal Stiefel-Whitney class can be de-
fined as the primary obstruction class for the vector bundle decomposition
Nm ~ €™ 1 @ R reduced the coefficient to Z. The corollary follows by
Theorem 2.2.6. U

Recall that the classifying space for oriented m-dimensional vector bun-
dles is BSO(m), and the inclusion SO(m) — O(m) induced a universal
covering map

7w : BSO(m) — BO(m)

which is the classifying map for the universal oriented m-dimensional vector

bundle ¢, over BSO(m).
Corollary 2.2.9. Let OB}n_wl () and OBL _1,0,(m) be the two decom-

m
position obstruction classes as in Theorem 2.2.6, and ® : BSO(m) —

BO(m) be the projection, then
7 (OB,_1,0, (1)) = 7*(OBy, _1,, (1)) € H™(BSO(m), Z),

which is the Euler class of the universal oriented m-dimensional vector bun-

dle ¢ over BSO(m).
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Proof. By the naturality of the obstruction classes, both 7T*(OB717%1791 (Mm))
and 77"‘(OB71n_1792 (nm)) are the primary obstruction classes corresponding to
the splitting homomorphism 67, and a7, for the codimension one decom-
position of {,,. But BSO(m) is 1-connected, hence 17, = fom, = 0. By the

uniqueness of the primary obstruction class, we have w*(OB}n_lﬁl (Mm)) =

7T*(OB,17%176,2 (nm)) € H™(BSO(m), Z). Noticing that any line bundle over
BSO(m) is trivial, we see that ﬂ*(OB}n_wl (mm)) is the obstruction for the

decomposition ¢, = (™! @ R. But Euler class can be defined to be the
primary obstruction of the decomposition ¢, = ("™~ ! @ R. O

Recall that any n-dimensional complex vector bundle (" can be regarded
as a 2n-dimensional real vector bundle Re (¢"). In terms of the structure
groups, one has an inclusion U(n) C O(2n) which induces a fibration p :
BU(n) — BO(2n). If v, is the universal n-dimensional complex vector
bundle over BU(n), then Re (v,) = p*(n2n). Let ¢,(¢™) be the n-th Chern
class of a complex vector bundle (™, then we have the following corollary:

Corollary 2.2.10. With the above notations,

cm(Vm) = p*(OB%m—l,Gl (n2m))
= p"(OB3y,_1,0,(12m)) € H™(BU(m), Z).

Proof. Since BU(m) is 1-connected, Re (y,) = p*(n2,) is oriented vector
bundle, as in Corollary 2.2.7, we know that

P* (0B, 19, (n2m)) = p*(OBS,,, 1 9, (112m)),

which is the Euler class of Re (v,,). But the top Chern class of 7, is just the
Euler class of Re () (see [10]). O

In the following, we further consider the codimension 1 decomposition,
that is the decomposition £ ~ ™1 @ A. We try to begin from CW-
structure of the classify space to see the restriction of the universal bundle
to each cell.

Recall that a partition of » > 0 is an unordered sequence (i1, 2, ... ,is)
of positive numbers such that the sum of the numbers is equal to r. For
our purpose, we define a partition of » > 0 with length n is an unordered
sequence (i1,1i9,...,1,) of non-negative numbers such that the sum of the
numbers is equal to r. We can always assume that 0 < i7 < ip < --- < 4y,
Then there is an one to one correspondence (i1, 19, ...,iy) < (01,092,...,04)
given by o; = i; + j, for j = 1,2,...,n. From [10], the Schubert symbol
o = (01,09,...,0,) determines an unique 7-cell e(o), which is the set of
n-planes in R™ such that:

e(o) = {X| dim(X NR%) = i, dim(X NR%1) =i —1; i = 12n}
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From [10], we know that the Grassmann manifold G,,(R™) has the following
CW-structure:

Gn(R™) = { Ue(a)|o = (01,00, ..., 00)

is such that 0<01<02<--~<0n§m}.

Taking the direct limit as m — o0, one gets the infinite Grassmann mani-
fold G,,(R*°), which is the classifying space BO(n).

Proposition 2.2.11. Let e(o) be a (2k + 1)-dimensional cell in Gy (R>),
then

Mokt | €(0) ~ €7 @ A
where nog11 s the universal vector bundle over Gy (R).

Proof. Let 0; =i; +j, for j =1,2,...,2k + 1, then

2k+1

dime(a): ZijZQk—f—l, and 0<1 <ig <o iopy1-

j=1
It is easy to see that the only (2k + 1)-cell such that i; > 0 is the cell
with partition (1,1,...,1). The corresponding Schubert symbol is ¢ =
(2,3,...,2k+2). By definition, e(o) consists of all the (2k+1)-subspace X in
R%+2 such that dim(X N R') = 0. It is not difficult to count all the faces of
this cell, in fact, all the faces in the partition form are (0,0,...,0,1,...,1).
So the closure (o) for this cell is just Gopy1(R*¥72) = RP?*+1 And
Nok+1|Gons 1 (R?#12) is the canonical (2k + 1)-plane bundle of Gy 1 (R?*+2)
which is the tangent bundle for k£ > 0. It is well-known that there exists an
nowhere 0 vector field for 7(S2%*1), in fact,

(20, T15 - - - s Tk, Tog41) —

((wo, 15 - -+, T2p, Tog41), (T1, =0, - - -, Tok+1, —Tak))
is such a vector field. It is easy to see that this vector field induces a section
for the fibration RP(n2i+1/€(0)) — €(o), the projective space bundle. By
Lemma 2.1.3

Mo+t |€(0) = €7 @A
where 0 = (2,3,...,2k + 2).

For any other (2k + 1)-cell e(0), o1 must be equal to 1 and each face
of e(0) must also have the first entry 1 which means that X N R! = R!
for any X € €(o). So RP(nar+1leé(0)) — €(o) has a section given by
X — (X, RY). Again by Lemma 2.1.3,

N2k+1 ’E(U) ~ §2k DA
where A can be even chosen to be trivial line bundle. Thus we complete the
proof of the proposition. O
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3. Two examples.

In this section, we will give two examples. In the first example, we demon-
strate a method to calculate the obstruction classes. In the second one, we
try to find as many as possible the trivial lines in the tangent bundle of a
manifold up to cobordism.

Example 3.1. H2(RP>,Z) ~ Z and the generator is the obstruction
class for the tangent bundle decomposition 7(RP?") ~ £~ 1 @ \.

Let p : S — RP?" be the covering map and 7 : $?» — S?" be the
antipodal map. By Eilenberg Theorem H?"(RP?*", Z) ~ E?"(S%", Z), where
E2n (S, Z ) is the equivariant cohomology group which can be determined
by the complex

{Hy (57,877 2) <2 Hyy (5771, 8774 2) [p=1,2,..., 20 ).

From [15], one can choose the orientation e? of the cell EY, the upper
hemisphere so that H,(S?, SP~1; Z) = (P, 7eP) and the boundary operator
is given by
d(el) = el 4 (—1)Prel?

where 7eP is the induced orientation on the cell of lower hemisphere by the
antipodal map. As an equivariant group H,(SP,SP~1; Z) has one generator
eP, so the set of equivariant homomorphism Hom?#2 (H,(SP,SP=1; Z), Z) has
one generator cer which maps eP to 1, where the antipodal map generates

Zy and acts on integers by multliplying (—1). Now we can calculate the
coboundary operator:

5(cer)(€PT) = con (0ePT) = con(eP + (—1)PTh7eP) = 1 + (—1)P

where we use the fact that cer(7eP) = 7(cer(eP)) = —1. Now it is easy to see
that E2"(S2", Z) = Z with generator cer. So H2"(RP?", Z) ~ Z.

In the following obstruction class for the decomposition 7(RP?") ~ £27=1)
is generator of H2"(RP2?" Z) ~ Z. Consider the fibration

p: RP(r(RP*)) — RP?"

whose fiber is RP?"~!. The obstruction for the existence of a section for p is
the same as that of for the decomposition 7(RP?") ~ £2"~1 ¢ \. If we have
a section sg, 1 for p : RP(T(RP?")) — RP?" on the (2n — 1)-skeleton of
RP?". Let

h - (BQTL,SQ’nfl) . (RPanRPQHfl)

be the characteristic map of the only 2n-cell of RP?". In the pull-back
diagram



THE VECTOR BUNDLE DECOMPOSITION 335

h*(RP(r(RP?))) —“— RP(r(RP>))

l l

(B2n752n—1) h (RPZn,RP2n_1)

h*(RP(T(RP?"))) ~ B?>" x RP?>"~! since B®" is contractible. The section
son—1 induces a section for the trivial fibration S?"~! x Rp?n—1 — §2n—1
which determines a map

h/ . SQn—l _ RP2n_1.
The obstruction cocycle ob(sa,—1) is just defined to be the correspondence:
Ob(SQn_l(QQn)) = [h/] € WQn_l(RPQn_l) SV
which in turn determines an element
[ob(s2,_1)] in H*(RP?, 7y, 1(RP*1)).
We claim that the local coefficients 7o, _1(RP?" 1) is the twisted integer
Z. To see this, we consider the natural inclusion:
i: RP*™ = G, (R*" ™) C G2,(R>) = BO(2n).
From Theorem 2.2.6, the obstruction for the decomposition 72,, = £2"~1 @ X
is in N
H?*™(BO(2n); Z).
But the inclusion ¢ induces an isomorphism on the fundamental groups:
i* : Wl(ng(R2n+1)) ~ ﬂl(ng(Rm)) ~ ZQ.
By the naturality of the decomposition obstruction classes, ¢ induces a ho-
momorphism:
i* + H¥(Gon(R™®), Z) — H*(Gon(R*1Y), i, Z)
which maps the decomposition obstructions of 7, to that of i x (12,) =
T7(RP?"). So Tap_1(RP?* ') ~i,Z = Z. Thus
[ob(san_1)] € H*(RP?", %g_1(RP?" 1)) ~ H**(RP*", Z).

In order to calculate [1/] € mo,—1(RP* 1) ~ Z, we need to choose a
specific characteristic map h for the 2n-cell, and find the trivilization of the
pull-back of fibration p : RP(1(RP?")) — RP?". Let

q: Vk(Rm) — Gk(Rm)

be the principal O(k)-bundle, where Vj,(R™) is the Stiefel manifold, then
the pull-back of the canonical k-bundle over G (R™) by ¢ is isomorphic to
the trivial bundle

Vie(R™) x RF — Vi, (R™).
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The isomorphism is given by

k
((Vl, Vo, ... ,Vk), (tl,tg, N ,tk)) —_— <<I/1, Vo, ..., l/k>7 <<V>, Ztil/i))
1

where vy, 14, ..., are k unit orthogonal vectors in R™, and (V') is the k-
dimensional subspace in R generated by vy, 19, ...,v;. The inverse is given
by

(v, v, vk), ((V),v) — ((v1,v2, .y v), (V- v, v - oy oo V- 1))

So any vector bundle factors out though ¢ : Vi (R™) — Gi(R™) is trivial
and the trivilization is given by the above isomorphisms. In particular, we
know the trivilization on any subspace of V;(R™). The following theorem
[10] states that the characteristic map for any cell in Gi(R™) can be chosen
to be the restriction of g : Vi (R™) — G (R™) to some subspace of Vi (R™).

Theorem 3.2. In the CW-structure of G, (R™),

Gn(R™) = { Ue(o)|o = (o1,09,...,00)
is such that 0 < o1 < og--- <Jn§m}
the characteristic map of the cell e(o) can be given by
Aot Va(R™) A - x AT — Gu(R™)
where H™' = { (21, xa, . .. yZs;,0,...,0) € R™ | x4, > 0}.

Before further considering the characteristic map for the top cell in
Gaon(R?™*1), we need the following lemma:

Lemma 3.3. Let (v1,va,...,vx) € Ve(R¥1Y) be written in matriz form:
g Vi1l VY12 ot Vik+l
2| (g a2 o Vgt
VL Vel Ve2 - Vikk+1
then the vector (vi,...,v,)" = (A1, Ag, Apy1), where
I L SR 7 RS 2 S
A; = (—1)"
Vki t Vkg o Vkkdl

is an unit vector and orthogonal to each v; for 1,2,... k.
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Proof. Let w = (w1, wa, ..., wkr1) be the unique unit vector that is orthog-
onal to each v; for i = 1,2,...,k and such that
Vl,l e Vl,i e V17k+1
* = (—1)".
(*) Vea - Vki -~ Viktl (=1)
wy v Wk ot Wiyl
From the determinant properties we know that (vy,...,vx)*" = (Ay, As, .. .,
Ag41) is orthoganal to each v; for i = 1,2,...,k and so
(1/1, .. .,I/k)J' =tw
hence ((v1,...,v)", w) = t{w,w) = t. Expanding the determinant (%) on

the last row, we see that (—1)¥ Zfill w;A; = (—1)¥, that is ((v1,...,v0)", w)
= 1. Thus we proved that (vq,...,v;)" = w and hence (v1,..., )" is an
unit vector and orthogonal to each v; for i =1,2,... k.

Now we consider the 2n-cell in ng(RZ"“) which corresponds to the
Schubert symbol (2,3,...,2n + 1). In this special case, we can further give
a specific homeomorphism:

h2n . IQn . V2n(R2n+1) OHZ e x ﬁ2n+1

by
hon(x1, 22, ... ,22n) = (V1,V2...,V2p)

vy =x1e1 +4/1 *ZC%GQ
_ / 2 / 2
Vo = X9 < 1—zxe1 — :E1€2> +4/1—z5e3

_ 1 / 2
v = op(V1, . Vp—1)T F /1 — Tierpq

with inverse given by

where

hon (V15 V2, van) = ((vi,e1), (va, (1)), s (Von, (V1 van-1) ).
Now we consider the (2n — 1)-skeleton section sg,_1 for the fibration
p: RP(7(RP*")) — RP*" = Ga,(R*"*")
given by
52n71(X) = (X7 [61])‘
In fact, for any cell e(0) in BO(2n) and X € e(o), dim(X N R') =1
if dime(o) < 2n. So sa,—1 is a section over the (2n — 1)-skeleton for the

fibration
RP(n2,) — BO(2n).
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Now we can calculate the obstruction cocycle for the section so,_1 as
follows: In the pull-back diagram

h(RP(r(RP?))) —“— RP(r(RP>))

| &
(_BQn7 SQn—l) h (RPQn, RPQn—l)
if we choose the characteristic map to be

ghan : I*" — Vo (RPN H — Gap (R
then the pull-back diagram will be equivalent to the following diagram

2n+1 2n+1

x H

2 x Rp2n—t M, pp(r(RP2MY)

| l

2n qhan Gan (R2n+1 )

h*
where 120 x Rp2n—1 12 RP(7(RP?")) is given by

qhs, ((z1, ..., Ton), [t1, .- -y x2n]) = (qhgn Tly...,Tom), Zt VZ>

where hop(21,22,...,%2,) = (V1,V2,...,v2,). The induced section s, ;
over 9(I*") ~ S?"~! is given by
Son_1(x1, .., 2n) = ((T1, ..., Tan), [(e1, 1), - - (€1, 20)])

which induces a map h : (I?") ~ §?"~1 — RP?"~! given by

h(z1,...,29,) = [(e1,11), ..., (e1,an)].

Taking a close look at the formula for hoy,(z1, xo, ..., x2,)=(v1,v2,...,Von),
we find that

[{e1,v1),...,(e1,v9n)] = [xl,xm/l—a:%,...,xgn\/l—x%---\/1—36%”_1] .
Thus h(zy, ..., xop) = [zl,mgx/l—ac%, ...,asgn\/l—x%--w/l—azgnfl}

which is homotopic to the map (x1,...,z9,) — [z1,...,22,] via the fol-
lowing homotopy

Hy(x1,...,29,) = {wl,xm/l—tx%,...,xgn\/l—tx%---\/l—tx%n_l] )

Therefore [h] represents the generator in ma,,—1(RP*"~1), hence the obstruc-
tion class [ob(sa,_1)] for the decomposition 7(RP?*") ~ ¢*~1 @ X is the
generator in H?"(RP?*"Z) ~ Z. Thus we complete our first example O
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In the following example, we will see that the decomposition &2"+! ~
52” @ A is often possible. Let MO, denote the Thom cobordism ring. It
is well-known that MO, = Y o MO, = Zs[X,, |n # 2% — 1] is a graded
polynomial algebra over Z, with one generator in each dimension n not in
the form 2F — 1 for all k£ > 0.

Example 3.4. Let [Mog11] € MOgxy1 be a (2k+1)-dimensional cobordism
class, then we can choose My 11 such that 7(Mogi1) = £k o R.

Proof. For any odd dimensional generator, we will choose such a representa-
tive. Consider the vector bundle Ay & - - - ® A\, over RP(n1) X - -+ x RP(nyy,),
where \q is the pull-back of the canonical line bundle over i-th factor. Let
RP(nq,...,ny) be the projective space bundle of \; & - -+ @ A, then it is
a n-dimensional smooth manifold, where n = Y |"n; + m — 1. From [13],

RP(ni,...,ny) is indecomposable in MO,, if and only if <nn—1 1) + -+

(” - 1> — 1mod 2.
Nm

Let n be a positive odd number that is not in the form 2* — 1, then n can
be uniquely written as n = 2PT1q + 2P — 1, where p, ¢ are positive integers.
Let X,, be the manifold RP(2P,1,...,1,0) where the number of 1’s is 2P¢g—1
which is greater than 0. Noticing that 2P and 1 do not appear in the binary
expression of n—1, one can check that RP(2P,1,...,1,0) is indecomposable.
From Borel-Hirzebruch [4], the tangent bundle of the projective space bundle
RP(¢) associated with a vector bundle £ over a smooth manifold M always
splits:

T(RP(§)) = p*(T(M)) & 72
where p : RP({) — M is the projection, and 75 is the bundle along the
fiber. From this result, noticing that the tangent bundle of RP! is trivial, we
see that the tangent bundle of RP(2P,1,...,1,0) has a (2Pg—1)-dimensional
trivial summand.

For even number n, we may just choose RP™ to be the generator. From
the polynomial structure of MO, any [Mog11] € MOy has the form:

M2k+1 § 5IXZ1 t z,«

where € € Zg, and 22:1 1j = 2k+1. So at least one of the generator has odd
dimension. Therefore the tangent bundle of ) ;e7X;, --- X;, has a trivial
summand. (]

Since the characteristic numbers are cobordism invariants, noticing that
Wan11(£2"®R) = 0, and using the above example, we get a different proof of
the fact that (won+1[M?** 1)) = 0 for any odd dimensional closed manifold
M2n+1‘
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