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We extend Voiculescu’s microstates-free definitions of free
Fisher information and free entropy to the non-tracial frame-
work. We explain the connection between these quantities
and free entropy with respect to certain completely positive
maps acting on the core of the non-tracial non-commutative
probability space. We give a condition on free Fisher infor-
mation of an infinite family of variables, which guarantees
factoriality of the von Neumann algebra they generate.

1. Introduction.

Free entropy and free Fisher information were introduced by Voiculescu [13],
[14] and [16] in the context of his free probability theory [17] as analogs of
the corresponding classical quantities. These quantities are usually consid-
ered in the framework of tracial non-commutative probability spaces; not
surprisingly, the most striking applications of free entropy theory were to
tracial von Neumann algebras (see e.g., [15], [2] and [10]). Recently, how-
ever, it turned out that some type III factors associated with free probability
theory [5] have certain properties in common with their type II; cousins [9].
This gives rise to a speculation that there is room for free entropy to exist
outside of the context of tracial non-commutative probability spaces.

The goal of this paper is to initiate the development of free Fisher informa-
tion, based on Voiculescu’s microstates-free approach [16], in the non-tracial
framework. The key idea is that all of the ingredients going into the defi-
nition of free Fisher information in this case must behave covariantly with
respect to the modular group [11] of the non-tracial state. The principal
example of a family of variables for which free Fisher information is nontriv-
ial, and which belong to an algebra not having any traces, are semicircular
generators of free Araki-Woods factors, taken with free quasi-free states [5].

We describe another route towards free Fisher information, which is based
on first converting the non-tracial von Neumann algebra into a larger alge-
bra, the core (having an infinite trace), and then considering free Fisher
information relative to a certain completely positive map (in the spirit of
[7]). We should point out that it is this approach that is most likely to
connect with the microstates free entropy (as suggested by [3]; see also [8]),
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since it is at present unclear what a microstates approach to free entropy in
the non-tracial framework should be.

We finish the paper with a look at free Fisher information on von Neu-
mann algebras that have traces. Our first result is that once the algebra has
a trace, the free Fisher information is automatically infinite when computed
with respect to a non-tracial state. It is likely that on any von Neumann
algebra, free Fisher information can be finite for only very special states
(however, we do not have any results in this direction in the non-tracial
category). Another result of the present paper is a statement guaranteeing
factoriality of a tracial von Neumann algebra, once we know that it has
an infinite generating family whose free Fisher information is bounded in a
certain way.

2. Free Fisher information for arbitrary KMS states.

2.1. Free Brownian motion in the presence of a modular group. Let
M be a von Neumann algebra, ¢ : M — C be a normal faithful state on M.
Denote by Jf the modular group of ¢. Denote by L?(M* ¢) C L*(M, ¢)
the closure of the real subspace of self-adjoint elements M** C M.

Let X = X* € M and let B C M be a subalgebra. Assume that 0¥ (B) C
B for all t € R.

Consider the von Neumann algebra M = T(L?(M%* ¢) C L*(M,¢)),
taken with the free quasi-free state ¢q. Consider the element Y = s(X) €
M (see [5] for definitions and notation). Then ¢ (Y oPM(Y))=¢(Xo? (X)),
for all t € R. R

Consider the algebra N' = (M, ¢) * (M, prq), and denote by ¢ the free

product state on A. Note that of = oo™, The elements X, = X +,/2Y,
€ > 0 form a natural free Brownian motion, which behaves nicely under the
action of the modular group. In particular, note that for alle > 0 and t € R,

$(Xe0 (Xe)) = 9(Xo (X)) - (1 +2).

Furthermore, for each € > 0, the distribution of X, is that of a free Brownian
motion at time e, starting at X; this is because Y is a semicircular variable,
free from X.

2.2. Conjugate variables. Let B[X] denote that algebra generated by B
and all translates Uf) (X), t € R. Assume that {af) (X)} are algebraically
free over B, i.e., satisfy no algebraic relations modulo B. Denote by Ox :
B[X] — N the derivation given by:

L. 9x (0 (X)) = o7 (Y)

2. ax(b) =0,b€eB.
Notice that the range of dx actually lies in the subspace B[X] ~span{a§5 (Y):
t € R} - B[X] C N. Note also that since ax(J?(X)) is self-adjoint, we have
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that for P € B[X], Ox(P*) = 0x(P)*, i.e., Ox is a *-derivation. Observe

finally that dx is covariant with respect to the modular groups af’ and af’ :

dx(cf(P)) = o (0x(P)), P € BIX].

Define the conjugate variable Js(X : B) € L*(B[X], ¢) to be such a vector
¢ that

(2.1) (& Prapix)g) = YV, 0x(P))p2y.g), VP € BIX],

if a vector £ satisfying such properties exists. Formally, this means that
¢ = 9%(Y), where 0x : L*(B[X],¢) — L*(N, ngb) is viewed as a densely
defined operator.

It is clear, because of the density of B[X] in L?(B[X], ¢), that ¢ is unique,
if it exists.

It is convenient to talk about J4(X : B) even in the case that {o:(X)}ier

are not algebraically free over B (such is the case, for example, when ¢ is a

trace, and hence af(X) = X for all ¢). In this case, one can view Jx as a

multi-valued map, the set of values given by the results of application of the
definition of Jx in all possible ways; the definition of Jy is then that (2.1)
is valid for all values of Jx.

Note that J4(X : B) depends on more than just the joint distribution of
X and B with respect to the state ¢; it depends on the joint distribution of
the family BU {o?(X) : t € R}.

We continue to denote by af the extension of af’ to the Hilbert space
L?(M, ¢) (this is precisely the one-parameter group of unitaries AZ;? where
A, is the modular operator). In particular, if ¢ is a trace, then the defini-
tion of Jy is (up to a multiple) precisely that of the conjugate variable of
Voiculescu [16].

Lemma 2.1. Assume that § = J4(X : B) exists. Then & € L*(M*, ¢), and
of (J5(X : B)) = Jy(of (X) : B).

Proof. We note that, because 0x is a *-derivation,

(P*,6) = (Y, 0x(P*)) = (0x(P),Y) = (¢, P).
From this it follows that £ is in the domain of the S operator of Tomita

theory, and moreover that S¢ = ¢. Hence & € L?(M*®?).
One also has

(07 (©).P) = (YV.0x(P))
= (U?(Y)a 8021’()() (P)>>
since the joint distributions of B[X] and {af (Y) }ter is the same as B[X]| and
{02, ,(Y) e, for any s. Tt follows that o (J4(X : B)) = Js(of(X) : B). O
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Lemma 2.2. Let P,Q € B[X], and assume that £ = J4(X) exists and is in
M. Then

$(PEQ) = d(PYx(Q)) + ¢(0x (P)Y Q).

Proof. Recall that ¢ (and ¢) satisfy the KMS condition: For all a,b € M
(or € N), there exists a (unique) function f(z), analytic on the strip {z :

0 < §z < 1}, and so that (writing oy for either af or Uf )

¢aoi (b)) = f(b),
d(or(b)a) = f(t+1i), teR.
Fix P,Q € B[X] and let f be as above, so that
$(of (P)EQ) = [(t+1),
$(EQoP(P) = f(t).
Then
f() = (& Qa7 (P)
= (Y, 0x(Qof(P))) A
= (Y,0x(Q)of (P)) + (¥, Qo} (9x(P))),

where in the last step we used the fact that Ox intertwines af and Uf . Using
the KMS-condition for ¢, we then get

flt+i) = daf(P)YOx(Q)) + d(of(0x(P)Y Q)
= o (P)YOx(Q)) + d(dx (o7 (P)Y Q).
Since f(t+1i) = gf)(af’(P)fQ), we get, setting ¢ = 0, that
$(PEQ) = J(PYIx(Q)) + ¢(0x (P)Y Q),

as claimed. O
2.3. Conjugate variables as free Brownian gradients. As pointed out

above, X + /Y is a natural free Brownian motion, which is covariant with
respect to the appropriate modular groups. The following proposition shows
that Jy(X : B) plays the role of the free Brownian gradient of X:
Proposition 2.3. Assume that £ = Jy(X : B) exists and belongs to M C
L*(M, ). Let P(Zy,...,Zy,) be any non-commutative polynomial in n vari-
ables Z1, ..., Zy,, with coefficients from B. Write X; = Jf’(X), Y; = J;Z)(Y),
& =0l(€), teR.
Then for all tq,...,t, € R, we have
H(P(Xe, + VEY,..., X, + VEY,,))

= %QS(P(XM + 557&17 e ,th + €£tn)) + 0(62).
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Proof. We may assume, by linearity, that P is a monomial, i.e., P(Zq,...,
Zp) =boZ1b1 ...by—1Zyby, for b; € B. In this case, we have

d(bo( Xy, + VEYy )by ... by)
= ¢>(P(Xt17 R th)) + 0(52)

+e> dboXe, - biYi b1 Xy 06V b1 Xy - - X1,b0)
k<l

= d)(P(th? R th)) + 0(52)

1 R
+ 3¢ D bboXy, - XYy, Ox,, (0131 X, - - X, 00))
l

1 ~
+ 3¢ > 60, (00X, - - Xiybg) i1 Xoy - - X, bp)
k

= ¢(P(Xt17 R th)) + 0(52)

1
+3 > oo Xy, .. Xuybrelebe1 Xey - - Xi,bn),
k

the last equality by Lemma 2.2. O

2.4. Examples of conjugate variables.

2.4.1. Tracial case. We have seen before that if ¢ is a trace, then the
definition of Jy(X : B) coincides with the definition of conjugate variables
given by Voiculescu, up to a constant (which has to do with the fact that
we choose Y so that HY”L?((;B) = || Xl z2¢4), and not 1). In particular,

Js(X :B)=J(X:B)-

————, if ¢is a trace.
2 o !
X2

2.4.2. Free quasi-free states. Let u be a positive finite Borel measure on
R, so that p is symmetric, u(—X) = p(X) for all Borel subsets X C R.
Let Hg be the real Hilbert space of u-square-integrable functions, satisfying
f(—=z) = f(z) for all z € R. Denote by U; the representation of R on Hp,
given by

(Uef)(z) = ™ f(z), z,teR.
Let h denote the vector 1 € Hg, and consider
M = F(HR, Ut)”, ¢ =0y, X = S(h) eM

(see [5] for definitions and notation).
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Then X = Jy(X : C). Indeed, set X; = Uf)(X) = s(Uh); then we have
O(X - Xy oo Xy,) = Z (XX )p( Xty - Xty ) - 0(Xtyyy -+ - Xt,,)
k

= (Z)(YU& (Y))¢(Xt1 s th—l) ’ ¢(th+1 ce th)
k

~

=o(YOox(Xy, ... Xt,)),
so that X satisfies the defining property of J4(X : C), and hence Jy(X : C)
exists and equals X.

2.5. Free Fisher information. Following [16], we define the free Fisher
information ®3(X : B) to be

®5(X : B) = || Js(X : B)II3 - | X|Iy?

(the extra factor | X |52 comes from the fact that dx (X) does not have unit
norm in our definition). For several variables, we set

(I);(Xb .- aXn)
=) ®5(X; W0l (X1), .., Koy 0p (Xn) 1, ty ER))

(here X; means that X; is omitted).

3. Free Fisher information relative to the core.

Recall [11] that if (M, ¢) is as above, its core is defined to be the von
Neumann algebra crossed product P = M x_¢ R. There is a canonical
inclusion M C P, and P is densely spanned by elements of the form

mU;, teR,

where m € M, and U, satisty UymU; = af(m). The elements U; : t € R
generate a copy of the group von Neumann algebra L(R) C P; the map

E?®:mU; — ¢(m)U;, me M,teR

extends to a normal conditional expectation from P onto L(R).
For X € M self-adjoint, define the completely positive map nx : L(R) —
L(R) by

nx(9) = E*(XgX), g€ L(R).
Identify L(R) with L>°(R) via Fourier transform. For each t € R, set
n(t) = (X, 07 (X)) = EY(XU,X).
Then nx (f) == f,if f € L>°(R) = L(R); here 7 denotes Fourier transform.
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Define on P an L(R)-valued inner product
(a,b)r®) = E?(a*b), a,be P.

Denote by L?(P, E?) the L(R)-Hilbert bimodule arising from the completion
of P with respect to the norm induced by this inner product. Note that the
restriction of (-, -) L(r) to M C P is valued in the complex field, and coincides

with the inner product (a,b) = ¢(a*b) on L?(M).

Denote by (-, ), the L(R)-valued inner product on P® P (algebraic tensor
product) given by

(a®b,d @V), = E°(b*n(E®(a*ad)V)), a,d,b,b € P.

Denote by 1 ®;, 1 the vector 1® 1€ P® P.

Let dx : B[X]- L(R) — P ® P be determined by

Sx(X)=1@,1, 6x(B-L(R))=0

and the fact that dx is a derivation.

Theorem 3.1. Let (M,$) be as above, and let P be its core. Let i :
L*(M, ¢) — L*(P,E?) be the extension of the inclusion of M C P. Then
¢ =1i(Jy(X : B)) satisfies

(31) <<7 Q>L(R) = <1 ®T] 1’ 5X(Q)>77X

for all Q € B[X]V L(R). Conversely, if there exists a vector ( € L?(P, E?),
so that (3.1) is satisfied, then Ju(X : B) exists and ( = i(J4(X : B)).

Proof. Assume first that J,(X : B) exists. Set ( = i(Jy(X : B)). We must
verify that (3.1) holds. By linearity, and the fact that L(R)BL(R) C BL(R),
it is sufficient to consider the case when Q = boU*' X3, 0:U%* ... Xy, b, U™,
with b; € B and X; = 0?(X). Then Q = P-U", where r = >.s; , and
P = boXy by ..., with 0, = 08 _ o...0f (b)), t; = sj1 + -+ 51+ 1.

n’

Note that for z,y,2’,y € P, (x ®y,a: ®Uy)n = (z ®y,2'U @ y),, and
<x®y,UT(JJ’ @y\U®)y = (U "z @yU*, 2’ ®y'),. Using this, we get
(¢ Qrwr
= (¢, >L(]R
=((, P2y - U”

= o(Yox(P))-U"
=D oo Xy - X b Xy, - X ) - S(VY,)U”

=D Xy, - Xp W)V Xy o Xy ) H(XUSXUTHU"

=Y b Xy Xp V)V Xy Xy br) - BY(XUSXUTSUT)
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=D Xy, - Xp b))V Xy o Xy br) - x (UD)U™™Y
J

= ux 0 B(bXy . .th_b;-UtQ) : JEqﬁ(U?"*té-b;HXt;+2 Xy b))
j
= (1@, L bpXy .. .Xt;b;UtQ' QU Yy Xy X W)y
j
= (1@, 1,boU Xy, ... Xy, U U @
! U500 Xy - Xe, b U U ")y
=3 (1@, LU Xy, ... Xy biU @ Ui 1 Xy, - Xy, bn U™y
j
= (1@, L,ox(Q))y-

Conversely, assume that ( satisfying (3.1) exists. Since the argument
above is reversible, it is sufficient to prove that ( is in the image of i :
L*(M) — L%*(P, E®). Let 6; be the dual action of R on P, given by 0,(Us) =
exp(2mist), O, (m) = m, m € M. Tt is sufficient to prove that 6;({) = (,
since i(L?(M)) consists precisely of those vectors, which are left fixed by 6.
It is sufficient to prove that 8,(E?(¢mU;)) = exp(2mist) if m € M. Since ¢
is assumed to be in the closure of B[X]V L(R), it is sufficient to check this
for m € B[X]. But then by (3.1),

E*(CmUy) = (¢ mU)pm)
= (1 ®n 175X(mU)>n
= (1®,1,6x(m)),U
c M-U,

which gives the desired result, since 0, acts trivially on M. U

Note that (3.1) means that ¢ is equal to J(X : BV L(R), n) in the notation
of [7]. (This is strictly speaking incorrect, since the setting of [7] presumes
the existence of a finite trace on B[X] V L(R); however, it is not hard to
check that the arguments in [7] go through also in the case of a semifinite
trace, which exists in our case.)

This fact has many consequences for the conjugate variables Jy(X : B),
coming from the properties of J(X : BV L(R),n). Note in particular that if
W*(D, {af(X) :t € R}) is free from B with amalgamation over D C B with
respect to some conditional expectation £ : B — D, and E is ¢-preserving,
then X is free from BV L(R) with amalgamation over D V L(R) (see [12],
[6]). We record this as:
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Theorem 3.2. Assume that E : B — D is a ¢-preserving conditional ex-
pectation. If W*(D,{c?(X) :t € R}) is free from B over D, then

Js(X : B) = J4(X : D).

In a similar way, one can generalize to J(X : B) all the properties of the
conjugate variable J(X : B,n) proved in [7].

Reformulating gives the following properties of ®4, which we list for
reader’s convenience, since they are needed in the rest of the paper:

Theorem 3.3. Let ¢ be a normal faithful state on M, B C M be globally
fized by the modular group (i.e., af)(B) = B for all t), and X; € M. Then:
(a) ®5(AX1,...,AXy, : B) = A2®5(X1, ..., X, : B) for all A € R\ {0}.
(b) If BC A C M and A is globally fized by o, then ¢Z(X1,...,Xn :

A) > d*(Xy,..., Xy B).

(c) If C C M s globally fized by o®, and W*(X1,...,X,) and B are free
with amalgamation over C (with respect to the unique ¢-preserving
conditional expectation from M onto C), then @’;(Xl, o, Xp BV
C) = ¢Z(X1,...,Xn :C).

(d) If Y; € M are self-adjoint, D C B, D C C subalgebras of M, which
are globally fized by 0®, and B[X1, ..., X,] is free from C[X1,..., X,]
over D (with respect to the unique ¢-preserving conditional expecta-
tion from M onto D), then CIJ;S(Xl,...,Xn,Yl,...,Ym : Bv () =
O3 (X1, ..., Xy B) + @5 (Yi,..., Y : C).

() ®5(X1,..., X0, Y1, Yy ¢ B) > @5(X1,..., X,y 2 B) + S5(V0,...,
Y : B).

(f) ®5(X1,..., Xt B) - ¢(X X} X;)? > n?. Equality holds iff {of,(X1),
...,Uf; (Xn) : t1,...,ty € R} have the same distribution as the semi-
circular family {/is(afl(Xl)),...,ms(afn(Xn)) Dty ..ty € R} with
respect to the free quasi-free state, k > 0.

We mention that all of the statements in Sections 3 and 4 of [7] remain
valid for ®3; we leave details to the reader.

One can also define and study free entropy XZS(Xl’ ..., X,) by setting
X? = X; + /Y] to be the free Brownian motion described in the beginning
of the paper, and letting

1 n

00
_ * t t
Xj;(Xl,...,Xn)_z/O (1+t—<13¢(X1,...,Xn)> dt.

The properties of x*(...,n) once again generalize to X5 (compare Section 8
of [7]).
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4. States on a II; factor.

4.1. <I>Z) vs. ®X. The following theorem is somewhat surprising, since it
shows that @7 is identically infinite for most states ¢ on a II; factor (the
analogy with classical Fisher information would instead suggest that ¢ — @2
would have some nice convexity properties). This, on the other hand, goes
well with the “degenerate convexity” property of the microstates free entropy
X [15] (which is reflected in that it is identically —oo on generators of any
von Neumann algebra with more than one unital trace).

Theorem 4.1. Let M be a tracial von Neumann algebra, ¢ a faithful nor-
mal state on M, B C M a subalgebra so that Uf(B) = B for all t, and
X = X* € M. Then if Jo(X : B) exists, the modular group of ¢ must fix
X.

Proof. Let d € M be a positive element, so that ¢(x) = 7(dz), where 7 is a
normal faithful trace on M, and d is an unbounded operator on L?(M,T),

affiliated to M. The modular group of ¢ is then given by af’ () = dtaxd™ ",
x € M. Denoting by X; the element U?(X), we then get

X =Xo=d "X, d", teR.
Consider
O(X3) = ¢(Js(X : B) - Xo) = ¢p(Jo(X : B)d~ " X,d").

Let by and by be two elements in the domain of dx, so that by = b5. Then
we get, writing Y; = af’(Y):

G(Jy(X = B)biXiba) = (Yo Yibs)
+ Qg(y(JaX (b1)Xbo) + QE(YOletaX(bQ))
= ¢(b1)p(b2) (VoY)
+ G(YoOx (b1) X1b2) + ([0 (b5) X:b7Yol*)
= ¢(b1)B(b})P(YoYs)
+ G(Yox (b1) Xeb7) + ([0 (b1) X:b7Yo]").

Now, for all m,n € M, we have

d(YomYon) = ¢(m)é(n) = ¢(m¥onYy),



FREE FISHER INFORMATION FOR NON-TRACIAL STATES 385

so that

It follows that

S(YoOx (b1)X:b7) + H([0x (b1) X1b7 Yol ")
(YoOx (b1)Xbi) + &([Yoox (b1) X:bi]")
(Yo

= Qg Ox (b1)X1b}) + G(Yo[0x (b1) X:b3])
c R.

S (Js(X : B)by1 Xsb}) = S(Yob1Yib}).

Now fix t € R and choose a,, in the domain of dx, ||ay,| < 1, so that

an — d, af —d " strongly.

One can choose ay, for example, to be elements of the algebra B[X]. Then

Since ¢(YpY;) =

we get that

Thus

0 =S¢(X5) = S¢(Js(X : B) - Xo)
= Sp(J4(X : B)d " X,d")
n] im ¢(J¢(X : B)anXta;)

= lim 3¢(YoanYiay)
= lim 3(¢(an)d(ay)d(YoYs))
= lim ¢(an)d(ar)IG(YoY:)
= ¢(d")p(d ") I (YoYs).
$(XoXy), for t sufficiently close to zero (so that ¢(d') # 0),

d(X X;) €R.
= 7(dX X;) — 7(d(X X))
= 7(dXd"Xd™" — d"Xd""Xd)
(dX — Xd)d*Xd™™)
= 7([d, X]d"® Xd~").

=T

Differentiating this in ¢, and noting that (d/dt);—o(d*Xd~") = i[d, X] gives

ir(|d, X]?) = 0.

Since [d, X] is anti-self-adjoint, this implies that 7(|[d, X]|?) = 0, so that
[d, X] = 0, because 7 is faithful. This means that af (X)=Xforallt. O
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Corollary 4.2. Suppose that X1, ..., X, are self-adjoint generators of a 114
factor M. Let ¢ be a normal faithful state on M, and denote by T the unique
faithful normal trace on M. Then (I)Z(Xl’ .o, Xp) < oo implies that:

(1) ®X(X4,...,X,) < oo, and

(2) ¢ is a multiple of the trace T on M.

Proof. Clearly, the second statement implies the first. To get the second
statement, write ¢(-) = 7(d-) and apply the theorem to conclude that
[d, X;] = 0. Since Xj,..., X, generate M, d must be in the center of M,
which must consist of multiples of identity, since M is a factor. But then d
is a scalar multiple of identity, so that ¢ and 7 are proportional. O

4.2. Factoriality. Voiculescu showed [15] that for his microstates entropy
x the following implication holds:

X(X1,...,X,) > —00=W*"Xy,...,X,) is a factor.

In fact, the conclusion is stronger: Not only is the center of W*(X71,..., X,,)
trivial, but so is its asymptotic center. Unfortunately, we don’t know if
the same implication holds for the non-microstates free entropy x* intro-
duced by Voiculescu in [16], or even under the stronger assumption that
*(Xq,...,X,) is finite. We prove a weaker version of the assertion above
for ®* = ®7. We first need a technical lemma:

Lemma 4.3. Let ¢ be a normal faithful state on M. Let X € M be self-

adjoint and B C M be a subalgebra, so that Uf(B) = B for all t. Assume

that p € B is a self-adjoint projection, ¢(p) = «, and so that Jf(p) =p for

all t. Assume that ||[ X, pl|l2 < 0. Then

N a?(1—a)?

Proof. Let (A,7) be a copy of L(F2), free from B[X]. Since ®3(X : B) =

®%(X : BV A), and since the centralizer of {af(B)}t V A is a factor [1], we
can find a projection ¢ € BV A, which is fixed by the modular group, and
so that ||[X,q]||2 < J, and 7(q) = 8 = m/n is rational and close to ae. We
may moreover find a family of matrix units e;; € BV A, 1 <14,j < n, fixed
by the modular group, and so that

*
€i; = Cji, €ij €kl = O4k€41
m
(eis) = - >
T Cii) = — q= €ii-
n
i=1

Denote by C' the algebra generated in B V A by {e;;}i<ij<n. Note that
C =2 M, «n, the algebra of n x n matrices. The restriction of ¢ * 7 to C' is
the usual matrix trace. Then

®5(X : B) = 5, (X : BV A) > &5, (X :O).
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Write X;; = e1;Xej1. Then the inequality [|[X, ¢]|l2 < 0 implies that
d > ||lzq — qx||2
= llgzg + (1 = @)zq — qzq — qz(1 — q)]|2
=1 = q)zq — qz(1 - q)|]2
= V2 [lqz(1 = q)||2,

since (1 — q)xq and gx(1 — gq) are orthogonal. Hence

lgX (1= q)ll2 < 6/v2.

It follows that
o e(XpXg)+ Y, b(XXy) <6

1<i<m, m<j<n m<i<n, 1<i<n

Denote by ¢’ the state n(¢ * 7)(e11 - e11) on e;3W*(X, C)e11. Then
o5 ({X551) = > 05 ({ X))

/[:7j
> 2m(n — m) !
m(n —m
n(02/2m(n —m))
B (2m(n — m))2
N nd?
4,020 B’
52 ’
Arguing exactly as in [4, Proposition 4.1], we get that
L s 31 ﬁ)
¢*T(X O) 3 ¢’({XU}) >d——— 52
Since [ was a rational number, arbitrarily close to «, we get the desired
estimate for ®%(X : B). O

Theorem 4.4. Assume that M is a von Neumann algebra with a faithful
normal trace T, and X; are a family of self-adjoint elements in M, || X;|| = 1.
Assume that B; form an increasing sequence of subalgebras of M, so that
M =UB;". Assume further that for some normal faithful state ¢ on M,

sup lim inf ®3(X; : Bj) < +o0.
j 3

Then M is a factor.

Proof. In view of Theorem 4.1, we may assume that ¢ is a trace, 7. Assume
that M is not a factor. Then there exists a central projection p € M of
some trace a = 7(p), (1 — a)) # 0. Moreover, [p, X;] = 0 for all 7. Since B;
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increase to all of M, given § > 0, there is a large enough j and a projection
q € By, so that [|g — p||2 < 0/2. Then for any F,

g, Xi]ll2 = lla Xk — Xkql|2
= |l(¢ = p)Xx — Xx(q — p) + pXp — Xipll2
< [[(g = p)Xkllz + [[ Xx(g = p)ll2 + 0
< 2[[(q = p)ll2/ Xkl

<2(0/2) = 0.
Now applying Lemma 4.3, we deduce that for any i > 7,
* a2(1 — a)Z
Hence liminf; ®%(X; : Bj) > 4a?(1 — «)?/62, which is a contradiction, since
0 was arbitrary. O

The hypothesis of the theorem is satisfied for some von Neumann algebras.
For example, let M = L(Fo ) generated by an infinite semicircular family
Xi, i =1,2,3,.... Then if B; = W*(X; : j < 1), the assumptions of the
theorem are satisfied. In fact if Y; is any family of elements of a tracial
von Neumann algebra, so that ||Y;|| = 1, and X; are a free semicircular
family, then letting Z;(e) = Y; + e X;, M. = W*(Zi(¢), Z2(¢),...) and B; =
W*(Zi(¢e),...,Zj(e)), we see that M. is a factor. In other words, generators
of an arbitrary tracial von Neumann algebra can be perturbed (in a certain
representation of this algebra) by an arbitrarily small amount € in uniform
norm, to produce a II; factor. Another way of putting it is to note that the
free Brownian motion € — Z;(¢) started at {Y7,Y5,...} generates a factor
at any time € > 0.

4.3. Factoriality in the non-tracial case. In a similar way, we get the
following:

Theorem 4.5. Assume that M is a von Neumann algebra with a faithful
normal state ¢, and X; are a family of self-adjoint elements in M, || X;|| = 1.

Assume that B; form an increasing sequence of subalgebras of M, Uf(Bi) =

—_— W
B; for all t and i, and assume that M?® = U(B;\ M®) . Let R; be the
operator of right multiplication by X; densely defined on L*(M,¢). Assume
that sup, ||R;|| = C < +oo. Assume further that

sup lim inf @3 (X; : Bj) < +o00.
j 7

Then M is a factor.

Proof. Assume that M is not a factor. Then there exists a central projection
p e M, a=¢p), a(l —a) # 0. Moreover, [p,X;] = 0 for all 7. Since
automatically p € M? and B; N M increase to all of M?, given § > 0, there
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is a large enough j and a projection ¢ € B;NM?, so that ||[g—pl|2 < §/(14C).
Then for any k,

g, Xklll2 = [la Xk — Xkall2
= |[(qg = p)Xr — Xi(q — p) + pXp — Xipll2
< (g = p)Xgll2 + | Xr(g = p)ll2 +0
< || Rellll(q = »)ll2 + I(g = ) ll2/| Xkl
<(1+C)0/(1+C)) =0.

The rest of the argument proceeds just like in the tracial case. O

Note that the assumption on the norms of R; is satisfied if each X; is
analytic for af and satisfies sup;, HO’?(X].C)H =C < 4o0.
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